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ABSTRACT 

Einstein's standard 1915 general relativity or geometrodynamics introduces a new dynamical participant 
on the scene of physics : geometry. Nowhere did the dynamics of geometry originally show up more 
impressively than in the expansion of the Universe. Today the role of curved space geometry, both static 
and dynamic, lends itself to investigation from space platforms or from the ground, or both, in many other 
contexts; among them, discussed here, are : properties of a superdense or neutron star; pulsar physics; 
collapse of a star with big dense core to a superdense star in a supernova event, or complete collapse 
to a black hole; physics of the black hole; galactic centers, jets, and quasi-stellar sources; gravitational 
radiation; Misner's mixmaster model of the universe; the primordial fireball radiation; the time-scale 
of the expansion of the Universe; the Universe as a lens, magnifying the apparent diameter of a far-away 
galaxy; the mystery of the missing matter; the formation of galaxies; reaching out via radiation receptors 
for more information on the physics of these phenomena; and finally the solar system itself as a testing 
ground for relativity including the traditional three tests of relativity; the retardation of light as it passes 
close to the Sun on its way to Venus and back; relativistic effects in planetary motion and searches via 
corner reflectors on the Moon for relativistic effects in the motion of the Moon, as predicted by Baierlein. 

* Expanded version of the lecture given at the Colloquium. 
** ESRO-NASA Postdoctoral Fellow. 
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1. INTRODUCTION 

1.1 THE DOUBLE CHALLENGE: MORE PRECISION IN KNOWN EFFECTS: THE 
SEARCH FOR NEW EFFECTS 

" ...the opinion seems to have got abroad, that in a few years all the great physical constants 
will have been approximately estimated, and that the only occupation which will then be left to men 
of science will be to carry on these measurements to another place of decimals ". These words were 
pronounced by James Clerk Maxwell at the inauguration of the Devonshire (Cavendish) Physical 
Laboratory at Cambridge1. Decades later Albert A. Michelson made the idea of " the search for 
the next decimal place " even more famous to a still wider audience. This great tradition of precision 
physics flourishes still more actively in our own time, thanks not least to the development of the atomic 
clock, radar, the Môssbauer effect and the laser. Hopes are high that within a few years we shall 
have tests, with greatly improved accuracy, of the three famous predictions of general relativity, the 
precession of the orbit of Mercury, the bending of light by the Sun and the red shift of light from the 
Sun; at present none of these effects is reliably established with a precision better than 10 per cent. 
Ideas for these and other precision tests of Einstein's theory today receive more attention from more 
skilled experimenters than ever before. 

Measure known effects with improved precision; or explore for new effects. Those who prefer 
the one activity find relativity as challenging as those who prefer the other. The reason is clear. 
Einstein's standard 1915 geometrodynamics makes new predictions-not only about the numbers but 
also about the nature of physics. The geometry of space is dynamic. The Universe is closed 2. The 
Universe starts its life unbelievably small, reaches a maximum dimension and recontracts. It under
goes complete gravitational collapse. In many ways a similar gravitational collapse overtakes certain 
stars with big dense cores. This collapse terminates in some cases (" supernova events ") with the 
formation of a neutron star. In other cases, where the star core is more massive, the collapse goes to 
completion. A black hole is formed. Given such a black hole, one has no way, even in principle, 
of measuring or even defining — one believes — how many baryons and leptons this object contains. 
In this sense one thinks of the law of conservation of baryons (and leptons) as being transcended in the 
phenomenon of complete collapse. Black holes formed in the gravitational collapse of stars with big 
dense cores are dotted here and there about this and other galaxies, if present expectations are 
correct. A star in the final stages of collapse to a neutron star or a black hole is a powerful source of 
gravitational radiation : waves in the geometry of space. Gravitational radiation also emerges with 
great strength from two compact masses in close gravitational interaction, whether the two objects are 
neutron stars or black holes, or one of each. 

1.2 SPACE FROM RIEMANN TO EINSTEIN 

Space itself, until Bernhard Riemann's Gôttingen inaugural lecture3 of 10 June 1854, could be 
viewed as an ideal Euclidean perfection standing unmoved high above the battles of matter and energy. 
Einstein translated Riemann's vision of a dynamic geometry into clear-cut mathematical terms. 
Einstein geometrodynamics has withstood test and attack for over half a century. In the conception of 
Riemann and Einstein space tells matter how to move. But matter in turn tells space how to curve. 
Only so can the principle of action and reaction be upheld ! In a revolution, chained-up space broke 
loose and ceased to be the passive arena for physics. It became an active participant. The agent of 
this revolution, the Einstein who endowed geometry with a life of its own, also established rules for 
the governance of this new dynamic entity. Those rules tell us what we have now known for a decade, 
the structure of an edifice more magnificent than space : superspace. Superspace is the rigid and per
fect arena, infinite in number of dimensions, in which the geometry of the Universe executes its dyna
mic changes : expansion, vibration, undulation, attainment of maximum dimensions, recontraction and 
collapse. Important as it is to mention superspace for a fuller perspective of what Einstein's geome
trodynamics is today, it is also true that one can dispense with mention of superspace so long as one 
looks apart, as we shall here, from quantum fluctuations in the geometry of space, and from the quan
tum effects that dominate the final stages of gravitational collapse. Classical geometrodynamics is 
rich enough as a field of investigation! 
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1.3 THE LOCAL CHARACTER OF GRAVITATION4 

Matter gets its moving orders from spacetime; and spacetime is curved by matter : these are 
the two central principles of classical general relativity. Each admits of ready illustration. Observe 
the pea " dropped " at lunchtime in the spaceship. It stays in the center of the craft. Seen by X-ray 
vision from outside, it is travelling around the Earth in the same Kepler orbit as the ship itself. How 
is this miracle possible? Shut away inside the vehicle, it can see neither Earth, Sun nor any star. 
From what source then does it derive its movement? From the geometry of spacetime right where it is, 
says Einstein; from far away, says Newton. 

Newtonian theory says the satellite moves relative to an ideal God-given never-changing Eucli
dean reference frame that pervades all space and endures for all time. That theory goes on to say that 
the satellite and the pea would have moved along an ideal straight line in this global frame had not 
" forces of gravitation " deflected them. It adds the postulate that the " force of gravitation " acting 
on each object or, more directly, the " gravitational mass " of each object, is proportional to the inertial 
mass of that object. By this combination of postulates it ensures that both objects have the same 
acceleration relative to the ideal straight line. But nothing explains why gravitational mass should be 
equal to intertial mass. And nothing, not even light, ever moves along the ideal straight line — it 
is a purely theoretical line. 

Einstein's theory says there is no ideal Euclidean reference that extends all over space, despite 
anything to the contrary that Euclid wrote 2270 years ago. And why say there is when there is nothing 
that directly evidences that hypothesis? To try to describe motion relative to far-away objects is the 
wrong way to do physics! Physics is simple only when analysed locally. And locally the world line 
that a satellite follows is already as straight as any world line can be. The pea feels no " force of 
gravitation ". The traveller feels no " force of gravitation ". The space ship feels no " force of gravi
tation ". So let us forget about " force of gravitation ". Recognise that every one of these objects 
has simple moving orders : " Follow a straight line in the local inertial reference frame ". Each has 
only to sense the local structure of spacetime, right where it is, in order to follow the correct track. No 
more talk of" inertial mass " and " gravitational mass "; and no more talk of gravitation, so long as 
one follows the motion of a single test object. 

1.4 TIDE-PRODUCING ACCELERATION AND SPACETIME CURVATURE 

One has to observe the relative acceleration of two nearby test objects to have any proper local 
measure of a gravitational effect. Denoting their separation by 7ja(a = 0, 1, 2, 3), the 4-velocity of 
the fiducial particle relative to the local Lorentz reference system by wa, and absolute differentiation with 
respect to proper time by D/DT, one has the effect of geometry on relative motion expressed in the so-
called law of geodesic deviation, 

D2YJ7DT2 + R ^ t / V " 5 = 0 (1) 

For objects at rest or moving very slowly compared to the speed of light in the local Lorentz frame, 
one has 

D V / D T 2 + R^o>ln = 0 (2) 

Here the quantities R™no (m, n = 1, 2, 3) are the components of the tide-producing acceleration or 
otherwise stated, components of the Riemannian curvature of spacetime, at the location in question. 

The contrast with electromagnetism is striking. There one speaks of the deflection of a single 
test particle, 

D2jca/Dx2 = (e/m)F|«P (3) 

or, for a slowly moving test particle, 

D V / D T 2 = (e/m)Fn
Q, (4) 

where the F{| (n = 1, 2, 3) are the components (Ex, E*, E1) of the electric field. To speak of the force 
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of gravity on a single test mass has no well-defined meaning in Einstein's geometrical theory of gravi
tation; one has in it the identity 

D ^ / D T 2 H= DMŒ/DT = 0 (5) 

It takes two nearby test particles to measure even a single component of the meaningful local feature 
of gravitation, the tide-producing acceleration. 

1.5 SPACET1ME VS SPACE 

Why curvature of spacetime ? Why not curvature of space ? If space curvature had sufficed 
to tell the story of gravitation, Riemann would have discovered that story long ago. Great geometri
cian that he was, he was working on a theory for gravitation when he died at 39. It took 1905 and 
special relativity to open the door to spacetime; and it took spacetime to open the door to a geometrical 
explanation of gravitation. No one could account for gravity who considered only curvature in space. 
The ball that crosses the 10 m-wide room in I sec has to arch up the center of its track by 1.2 m. The 
photon that crosses the 10 m-wide room has to arch up the center of its track by the tiniest amount. The 
curvatures of the two tracks evidently differ fantastically in order of magnitude. No one curvature 
of space is going to account for these completely different deflections. However, turn from space to 
spacetime (Fig. 1). The baseline of the photon arch remains of the order of 10 m. The baseline of the 
ball's arch is stretched out in the time dimension (geometrical units!) to 

(1 sec) x (3 X 108 m/sec) = 3 X 108 m 

Even with its higher arch this track now has a curvature of the same order as that of the photon track. 
Curvature of spacetime is the geometrical machinery behind gravitation! 

Figure 1. Tracks of ball and photon through space have very different curvatures; 
through spacetime, comparable curvature. 

1.6 CURVATURE AND DENSITY 

How much does matter curve spacetime? Newtonian theory gives a quick route to the answer. 
Put a test particle in a cïose-in orbit around a planet of radius a and of uniform density 

p(cm-2) = (G/C*)Pc(mv(g/cm3) = (0.742 x 10"» cm/g)Poonv (6) 
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Equate the kinematic acceleration of the test particle, going around with angular velocity u(cm-1) = w 
(radian/cm of light travel time) = (l/c^co^sec -1), to Newton's inverse square law acceleration of 
gravity; thus, 

(ù2a = (4-7ta3p/3)/a2 (7) 

Find 
co2 = 4TTP/3 (8) 

a circular frequency independent of the radius of the planet — whether its radius be 10 000 km or 10 m ! 
Bore holes through the center of the planet along the Jt-axis and along the z-axis. Test masses dropped 
in these holes execute simple harmonic motion with circular frequency to. The circular motion of the 
orbiting test particle can even be regarded as the superposition, with 90-degree phase differences, of 
two such vibrations along the x- and z-axes. Once one notes the simple harmonic character of the 
motion of one test particle, one also recognises the simple harmonic character of the relative motion 
of two nearby particles oscillating along the x-axis. Their separation YJ satisfies the equation, 

D Y / D T 2 + <•> Y = 0 (9) 

Comparing with the equation of geodesic deviation, one finds the (x, x) components of the tide-
producing acceleration : 

RJ10 = o>2 = 4TCP/3. (10) 

Identical values obtain for R§20 and Rjj30 throughout the interior of the planet. In this simple case of 
a planet of uniform density and spherical symmetry one has only to observe the full repetition time T 
between crossing of the world lines of two test particles (T(cm) = cTconv(sec)) in order to have at once 
(T -> to -> p) a value for the density. 

1.7 EINSTEIN'S EQUATION CONNECTING CURVATURE WITH DENSITY 

In the case of an attracting object of no special symmeti-y and of non-uniform density, ordinarily 
no single one of the indicated components of the tide-producing acceleration has the value 47rp/3. 
Only a certain combination of the components of the curvature tensor is fixed by the density. Compare 
Newtonian theory, where p determines neither (û2/ôx2) x (gravitational potential) = tfyjdx2 nor 
b2<p/5v2 individually, but only the combination 

tf<p/bx2 + Ôtyôj* + 52<p/ôz2 = 4TCP (11) 

The principle of correspondence with Newtonian theory, plus other compelling considerations of prin
ciple, gave Einstein a unique equation. It ties the density to none of the cited components of the cur
vature tensor directly. Rather, it gives as basic formula the following : 

ftg + ft» + ftg = 8:rp (12) 

Here the carat superscripts indicate use of a local Lorentz reference system (—g00 = | u = g2%—£33=! \ 
Smn = 0 for m # K) rather than a completely general coordinate system. (In a general coordinate 
system Einstein's equation reads 

R«p — U«pR = 8reTap (13) 

where Tap is the tensoi measuring the density of mass-energy, momentum, and stress). When space-
time is static or, even if not static, when spacetime admits a moment of time symmetry (as for example 
a model universe at the phase of maximum expansion) then the key equation t?ikes the simple form 

<3>R=16rcp (14) 

Here (3)R is the scalar curvature invariant of the 3-dimensional space-like hyper-surface that slices 
through spacetime at the moment of time symmetry. When, in addition, this 3-geometry possesses 
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spherical symmetry, one can write the element of distance in the form 

rfr2 

dss = + rs(dQ2 + sin2 0dip2) 
1— 2m(r)/r 

Then the equation relating curvature and density takes a form easy to remember, 

dm(r)Jdr =•- 4nr2p(r) 

(15) 

(Î6-) 

So much for recalling what Einstein's geometrodynamics has to say about the effect of curvature on 
matter and the effect of matter on curvature. 

2. THE PHYSICS OF A SUPERDENSE STAR 

Mass-energy curves space, and enough mass-energy curves space up into closure. Space, 
curved up into a 3-sphere of uniform curvature and radius a, has a scalar curvature invariant of magni
tude 

»>R = 6/a* = 16rcp (17) 

From this formula one finds how large a system ca«\ be before it can't be (Table I). An object of solar 
mass will not curve space up into closure even when compacted to the density of nuclear matter. In 
such a system general relativity effects have not yet reached the point where they are all-powerful; 
but they are nevertheless significant. These effects force one to give up the Newtonian equation of 
hydrostatic equilibrium for the variation of pressure with depth, 

- # ) / * = p(r)m(r}/r2 (18) 

and replace it by the corresponding Tolman-Oppenheimer-Volkoff (T-O-V) equation 6, 

- dp(r)/dr = (±±Mn±4]^p) 
r(r — 2m) 

To integrate the system of Equations (16) and (18) or (16) and (19) we need to have a relation between 
pressure and density, p — p(p). Once this additional equation is given we choose a value for the 
central density p(0) = p0 with corresponding pressure/>(Po) = p0. We assume the boundary condition 
m(0) = 0 and integrate outward from r = 0. For every value of r we find the value of the pressure 
p(r), of the density p(r) and of the mass m{f) contained inside a sphere of radius r. The integration is 
continued to the surface of the star, defined as the place where the pressure drops to zero. 

TABLE I 

Radius of curvature of space, static or at phase of maximum expansion, 
for selected values of the density of mass-energy 

(the last column refers to a closed three-sphere universe of the given density). 

Illustrative 
system 

tylodel universe at 
phase of maximum 
expansion 

Sun (80 g/cm3 at 
center; lg/cm3ave-

White dwarf star . . . 

An average 
or representative 

density 

10-30 g/cm3 

1 g/cm3 

107 g/cm3 

1014 g/cm3 

Same, 
in geometrical 

units 

0.742 x 10-58cm-2 

0.742 x 10-28cm-2 

0.742 x 10-21 cm"2 

0.742 x 10-14 cm-2 

Critical 
radius 

4 x 1028 cm 

4 X 1013cm 
1010cm 

4 X 106 cm 

Critical Mass, 2Tc2a3p 
Mass of Sun 

6 x 1023 

6 x 108 

2 x 106 

60 
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TABLE II 

Equation of state of cold catalyzed matter as given by Harrison and Wheeler (47 entries) 
as extended by B. K. Harrison to 72 entries for the purpose of numerical calculations 

(first quoted by Hartle and Thome 7). 

p 

8.31 E-41 
4.17 E-40 
S.31 E-40 
4.17 E-39 
8.31 E-39 

2.79 E-38 
2.38 E-37 
1.37 E-36 
7.00 E-36 
6.96 E-35 

4.79 E-34 
1.74 E-33 
5.95 E-33 
1.56 E-32 
4.62 E-32 

2.67 E-31 
9.63 E-31 
4.83 E-30 
2.32 E-29 
5.19 E-29 

1.65 E-28 
8.23 E-28 
2.37 E-27 
7.19 E-27 
2.69 E-26 

7.86 E-26 
1.93 E-25 
6.60 E-25 
1.65 E-24 
4.18 E-24 

1.35 E-23 
3.29 E-23 
8.07 E-23 
2.67 E-22 
6.53 E-22 
1.21 E-21 

E 

5.82 E-28 
5.84 E-28 
5.86 E-28 
5.97 E-28 
6.04 E-28 

6.32 E-28 
8.52 E-28 
1.23 E-27 
2.34 E-27 
6.54 E-27 

1.56 E-26 
2.95 E-26 
5.22 E-26 
8.52 E-26 
1.53 E-25 

3.71 E-25 
7.41 E-25 
1.86 E-24 
4.68 E-24 
7.41 E-24 

1.48 E-23 
3.71 E-23 
7.41 E-23 
1.48 E-22 
3.71 E-22 

7.41 E-22 
1.48 E-21 
3.71 E-21 
7.41 E-21 
1.48 E-20 

3.71 E-20 
7.41 E-20 
1.48 E-19 
3.71 E-19 
7.41 E-19 
1.17 E-18 

E 

1.00 E-45 
7.11 E-43 
2.77 E-42 
4.16 E-41 
1.12 E-40 

8.64 E-40 
3.36 E-38 
3.21 E-37 
3.47 E-36 
5.01 E-35 

3.76 E-34 
1.52 E-33 
5.18 E-33 
1.45 E-32 
4.73 E-32 

2.72 E-31 
1.05 E-30 
5.82 E-30 
3.03 E-29 
6.82 E-29 

2.27 E-28 
1.11 E-27 
3.59 E-27 
1.12 E-26 
4.84 E-26 

1.42 E-25 
4.03 E-25 
1.53 E-24 
4.07 E~24 
1.07 E-23 

3.77 E-23 
9.57 E-23 
2.41 E-22 
8.17 E-22 
2.04 E-21 
3.72 E-21 

P 

2.73 E-21 
6.49 E-21 
1.10 E-20 
1.88 E-20 
3.05 E-20 

4.58 E-20 
6.59 E-20 
9.55 E-20 
1.50 E-19 
2.54 E-19 

4.49 E-19 
9.14 E-19 
1.88 E-18 
6.09 E-18 
2.63 E-17 

8.23 E-17 
2.60 E-16 
1.09 E-15 
3.25 E-15 
9.71 E-15 

3.93 E-14 
9.71 E-14 
2.42 E-13 
7.34 E-13 
1.65 E-12 

3.60 E-12 
1.01 E-ll 
2.08 E-ll 
4.28 E-ll 
1.10 E-10 

2.26 E-10 
4.64 E-10 
1.19 E-09 
2.43 E-09 
4.91 E-09 
1.23 E-08 

E 

2.34 E-18 
4.68 E-18 
7.41 E-18 
1.17 E-17 
1.86 E-17 

2.95 E-17 
4.68 E-17 
7.41 E-17 
1.17 E-16 
1.86 E-16 

2.95 E-16 
4.68 E-16 
7.41 E-16 
1.48 E-15 
3.71 E-15 

7.41 E-15 
1.48 E-14 
3.71 E-14 
7.41 E-14 
1.48 E-13 

3.71 E-13 
7.41 E-13 
1.48 E-12 
3.71 E-12 
7.41 E-12 

1.48 E-ll 
3.71 E-ll 
7.41 E-ll 
1.48 E-10 
3.71 E-10 

7.41 E-10 
1.48 E-09 
3.71 E-09 
7.41 E-09 
1.48 E-08 
3.71 E-08 

s 

9.21 E-21 
2.25 E-20 
4.05 E-20 
7.21 E-20 
1.28 E-19 

2.25 E-19 
3.88 E-19 
6.60 E-19 
1.11 E-18 
1.88 E-18 

3.17 E-18 
5.39 E-18 
9.28 E-18 
2.18 E-17 
7.27 E-17 

1.90 E-16 
5.16 E-16 
2.02 E-15 
5.70 E-15 
1.61 E-14 

6.30 E-14 
1.69 E-13 
4.34 E-13 
1.43 E-12 
3.37 E-12 

7.71 E-12 
2.23 E-ll 
4.87 E-ll 
1.04 E-10 
2.82 E-10 

5.89 E-10 
1.22 E-09 
3.19 E-09 
6.52 E-09 
1.33 E-08 
3.41 E-08 

Both the pressure and the density are given in geometrical units (cm~%). Multiply p(cm-2)by 
cifG= 1.21 X 1049g cm/sec2 to obtain pressure in conventional units (gfcm see2) and p(cm-*) by 
c2/G =1.35 X 1028 g I cm to obtain pressure in g/cm*, (see text for discussion of range of validity). For 
densities over p = 3.7 X 10~8 cm~2 (pconv = 5 X 1020 gjcmz) in default of other information the 
simplest procedure is to assume p = p/3. 

We restrict attention for simplicity to " cold catalyzed matter "; that is, matter which has 
reached the endpoint of thermonuclear burning. We consider densities so great that the mass-energy 
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of compression is appreciable in comparison to the rest mass of the individual baryons (special rela
tivity effects in both pressure and density!). Thus p includes not " matter density" alone but density 
of mass-energy from all local sources : rest mass, kinetic energy, short range particle-particle interac
tions. 

Question : For a star model of a given central density, how sensitive is the mass to (1) the differ
ence between Einstein's geometrostatics and Newtcn's gravitational theory; (2) the difference between 
Einstein's theory and the scalar-tensor theory of gravitation of Brans and Dicke 6; and (3) uncertainties 
in the equation of state? To clarify issues (1) and (2) first, we pick one equation of state and compare 
the predictions of the three theories. Then we pick one theory and compare the predictions of different 
equations of state. In the first part of our investigation we pick for the sake of definiteness the Harri
son-Wheeler equation of state (Table II) the derivation and details of which are given in the literature 5. 

2.1 RESULTS OF NEWTONIAN TREATMENT 

The Newtonian equilibrium configuration for any selected value of the central density is imme
diately obtained by the integration of Eqs. (16) and (18). In strict Newtonian theory the outcome of 
the integration out to the surface of the star (place where p goes to zero) is threefold : (1) a value for 
the radius, R, of the star; (2) a value for the amount of " matter " in the star; and (3) enough supple
mentary information to calculate a value for the'energy of the star. However, according to special 
relativity energy has mass. This blurs the distinction between (3) arid (2). The distinction is re
established already in special relativity when we give up the idea of measuring amount of" matter" by 
amount of mass and use instead for the measure of that quantity the number of baryons (law of conser
vation of baryons !). Here we have not taken the trouble to calculate the baryon number for Newton
ian configurations. We do calculate the mass, with all its contributions : (l) rest mass of the particles; 
(2) mass-energy of compression (positive); and (3) gravitational binding (negative). In actuality (1) 
and (2) are automatically combined in our definition of the density p of mass-energy (rest mass plus 
kinetic energy plus energy of local interactions) in the equation of state. Therefore the " mass " that 

comes out of our Newtonian analysis, M = / 47cpr2 dr, is neither the strict Newtonian mass (inclu-
«/o 

ding as it does mass-energy of compression) nor the strict special relativity value for the mass. It 
fails to correct for the mass-energy equivalent of gravitational binding, 

Egr = - p (m(r)lr)dm(r) (20) 

It is simple to make the necessary correction; thus, 

Mtol = M + Egr (21) 

2.2 EQUILIBRIUM CONFIGURATIONS FOR GENERAL RELATIVITY 

The general relativity equilibrium configuration for any p0 is obtained by integrating Equations 
(16) and (19). The results are given in Fig. 2 and Table IIL Comparison of the Newtonian and general 
relativity results in Table III shows that in the white dwarf region the corrections introduced by general 
relativity are extremely small (0.01 per cent at the first maximum). General relativity has a much 
greater effect at the second maximum, moving it from ~ 1016 g/cm3 to ~ 6 x 10lS g/cm3. Moreover, 
the location of the maximum indicates the point of change of stability, according to the general relativity 
theory of equilibrium configurations. Thus general relativity lowers the central density required to 
reach instability by a factor of the order of two. In addition it reduces the critical mass for the largest 
stable neutron star from 1.2 MQ to 0.7 M0. Thus, in the physics of a neutron star general relativity 
does not introduce those small effects so well known in the three traditional tests of general relativity. 
Instead it makes a difference of the order of a factor of two both in density and in critical mass. 
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Figure 2. Mass of a cold star calculated by numerical integration from center to surface for selected 

values of the central density. Upper curve, Newtonian equation of hydrostatic equilibrium 

with mass M = / 4npr2 dr including rest mass and mass-energy of compression but omit-

ting mass-energy of gravitational binding. Middle curve, same corrected for mass-energy 
of gravitational binding (MM = M -f EgT). Lower curve, result of integrating T-O-V 
general relativity equation of hydrostatic equilibrium, including effect of space curvature. The 

mass is again given by the formula M — J 4-npr2 dr but this expression now automatically 
J o 

includes the contributions of rest mass, energy of compression, and energy of gravitational 
binding. To make the comparison of general relativity and Newtonian theory meaningful, 
the same equation of state was used in both integrations (Harrison-Wheeler equation). 

TABLE III 

General relativity versus Newtonian gravitation theory for configurations of hydrostatic equilibrium, 
in both cases for the same equation of state (Harrison-Wheeler, Table II). 

p 
(g/cm3) 

7.781 X 1013 

2.729 X 1014 

6.127 X 1014 

1.082 X 1015 

1.660 X 1015 

2.361 X 1015 

3.214 X 1015 

4.400 X 1015 . . . . . . . . . 
5.852 X 1015 

7.653 X 1015 

General Relativity 

M / M Q 

0.260 
0.423 
0.528 
0.593 
0.642 

0.674 
0.700 
0.715 
0.715 
0.708 

R(km) 

41.9 
21.4 
16.7 
14.1 
12.3 

11.0 
10.0 
9.2 
8.6 
8.0 

: 1 | 

Newtonian Theory 

M/M 0 

0.279 
0.495 
0.671 
0.816 
0.961 

1.090 
1.232 
1.355 
1.445 
1.516 

R (km) 

42.1 
22.3 
17.8 
15.4 
13.8 

12.6 
11.7 
11.0 
10.4 
9.9 

• 
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p 
(g/cm3) 

9.993 x 1015 

1.238 X 1016 

1.543 x l u " 
1.927 X loi6 

2.362 x loi6 

2.895 x lois 
3.558 X l u " 
4.379 X 1016 

5.358 X 1016 

6.463 X l u " 

7.834 X l u " 
9.518 X l u " 
1.148 X 10" 
1.386 X 10" 

General Relativity 

M/M 0 

0.694 
0.676 
0.657 
0.637 
0.616 

0.595 
0.574 
0.554 
0.534 
0.515 

0.497 
0.479 
0.463 
0.448 

R(km) 

7.6 
7.0 
6.7 
6.4 
6.2 

5.9 
5.7 
5.6 
5.4 
5.3 

5.2 
5.1 
5.1 
5.0 

Newtonian Theory 

M / M 0 

1.564 
1.598 
1.627 
1.648 
1.660 

1.666 
1.666 
1.658 
1.644 
1.624 

1.601 
1.574 • 
1.514 
1.512 

RQcm) 

9.4 
8.9 
8.5 
8.2 
7.9 

7.6 
7.3 
7.1 
6.9 
6.6 

6.4 
6.2 
6.1 
5.9 

Column 1, central density in gjcms; columns 2 and 4, mass-en'jrgy as sensed at infinity, in units 
of the solar mass MQ = 1.987 X 1033 g; columns 3 and 5, radius in km (integrations by R.R.). 

2.3 SCALAR TENSOR THEORY AND EQUILIBRIUM CONFIGURATIONS 

The scalar-tensor theory of Jordan and Brans and Dicke 6 leads to a system of equations for 
hydrostatic equilibrium more complicated than either the Newtonian or the simple standard Einstein 
theory. The necessary equations, previously given in isotropic coordinates by Salmona 8, take the 
following simplified form (R.R.) in Schwarzschild coordinates : 

dr L 9 16rop2 r <p 3 -f- 2o> J 
(22) 

(the J.B.D. version of Equation 16) 

(the J.B.D. version of Equation 19) and finally we have the scalar wave equation with source term 

9 ^lr r* % ^ P) 2<p2^ ' <p(3+2<o)J9 

8TT 

(3 + 2co) 
(3/>-p) 

(r —2m) 
(24) 

Here we indicate the scalar field with ç and with the prime its derivative with respect to r. The quantity 
CÙ is a dimensionless constant for which Dicke favours a value in the range 4 ^ w < 6. To recover the 
general relativistic equations it is sufficient to make <o -> co. 

The integration of this system of equations with to = 4 gives results which are qualitatively 
identical to the general relativistic ones. The only quantitative difference is an increase of approxi
mately two per cent (Mcrit = 0.730 M0) in the value of the critical mass for a neutron star and an 
increase of a similar order of magnitude in the radius of the neutron star. 
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2.4 EQUATION OF STATE 7 

If general relativity makes a difference by a factor c f two in the critical mass for a neutron star, 
compared to Newtonian theory, what are the prospects for measuring this effect as a new test of Eins
tein's theory? Poor today; perhaps better tomorrow. The principal difficulty is an uncertainty by 
a factor of the order of two in the critical mass arising from ignorance about the equation of state at 
supranuclear densities (from 1014 g/cm3 (nuclear matter) to 5 X 1015 g/cm3 (central density for initiation 
of instability)). No such uncertainties apply to the equation of state at nuclear and sub-nuclear den
sities where interpolations and extrapolations of existing experimental and theoretical evidence can be 
applied with some confidence. A look at this region of lower densities will illustrate the kind of 
information that one would also like to have for the high-density region. The entire discussion will 
refer to the idealised and well-defined case of matter at the end point of thermonuclear evolution. How 
close to this end point matter does matter end up after the violent and high temperature implosion 

white dwarf -> neutron star? 

Remnants of past history may persist in the topmost fraction of a kilometre of a neutron star of near-
critical mass. However, below that depth the density exceeds 1013 g/cm3. The pressure is enormous. 
All traces of the past history of thermonuclear reactions in the material are wiped out. The idealisation 
of " cold catalyzed matter " would therefore appear to be legitimate throughout the interior. 

For a first study of this situation it is helpful to define a " local gamma law " in the equation of 
state by the equation 

P dp 

and this quantity is illustrated as a function of density in Fig. 3. Values of y > I are regions of stabi
lity. On the right-hand side we show the regions of stability and instability as obtained by integration 
of the equation of hydrostatic equilibrium correlated with the regions where y is less than § and 
greater thanf. Now to more detailed considerations! 

The following regimes are encountered as one goes down in depth from the surface : First, 

7.8 g/cm3 ^ p < 15 g/cm3 

1 
7 

EQUATION OF STATE 

3. -

2. -

I. -

T — ! l i I 
! I 

H-W |A.J 

.I-LAJV..J • 5 8 *» « l • « 

t.n.p, . 
I i | i 

8 10 12 14 16 18 0 

EQUILIBRIUM 
CONFIGURATIONS 

8.38 ' -

o 

log ,o />(g/cm3) log lo R(km) 

Figure 3. Equilibrium configurations of cold catalyzed matter (diagram adapted from K. S. Thome, 
Varenna Lectures 1966). On the right-hand side the total mass (mass at infinity in units of solar 
mass) is given as a function of the radius ( Schwarzschild coordinate of the surface). On the 
curve values for log10p0 (central density) are shown. The black dots appearing under 15.78, 
13.43 and 8.38 mark a place of change in the stability of the equilibrium configurations. 
On the left-hand side the factor y = (p + p) (dp/dp)fp is plotted as a function of the 
density. The dots on the curve represent loglopfcz measured in g)'cmz. 
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densities where one knows the equation of state of iron from laboratory measurements. Second, 

15 g/cm3 s$ p < 10* g/cm3 

the region where considerations based on the Fermi-Thomas statistical atom model suffice to give the 
equation of state (Feynman, Metropolis and Teller). Third, 

104 g/cm3 < p < 107 g/cm3 

the region where the electron Fermi energy exceeds the atomic binding, and we have a. gas of iron nuclei 
and electrons with pressure arising almost exclusively from the electrons. These electrons become 
relativistic at the upper end of this density regime. Fourth, 

10r g/cm3 ^ p ^ 1011 g/cm3 

the region where the electrons transform bound protons to neutrons, bound or free. Under norma), 
conditions the total packing of a nucleus, under the two conflicting effects of nuclear and electrostatic 
forces, is minimised for a value of Z = 28 and A = 56. A relativistic electron transmutes a nucleus 
of charge Z and atomic number A by inverse beta decay 

e + (Z, A ) ^ ( Z — 1 , A) + v 

The nuclei become neutron-rich compared to nuclei unpressured by electrons. For such neutron-rich 
nuclei the mass number A = 56 no longer represents the point of maximum stability. Stability shifts 
to higher A-values. The detailed mechanisms of shift are complicated and numerous and have not yet 
been analysed in detail. However, they are irrelevant for the determination of the final equilibrium 
itself. Symbolically — and only symbolically — we can represent the relevant transformation in 

A atoms of (Z, A — 1) -* (A — 1) atoms of (Z, A) 

At any one electron pressure there is one nucleus with a fixed value of Z and A which is in beta equili
brium with the electrons and has the most favourable packing fraction under the specified pressure. 
Fifth, the regime 

1011 g/cm3 < p < 4.5 x 1012 g/cm3 

At 1011 g/cm3 nuclei become so heavy (A ~ 122) and so neutron-rich (N/Z ~ 83/39) that they 
" drip " neutrons and form an atmosphere of unbound neutrons. With a further increase in the elec
tron pressure the nuclei become still richer in neutrons and the number of unbound neutrons increases. 
The new system now has three components : 1) degenerate relativistic electron gas; 2) nuclei; and 3) 
degenerate neutron gas. In the formula for the pressure the nuclei always give a very small contri
bution. However, the contribution of the neutrons does not remain negligible as the density rises. 
Already at a density of p ~ 4.5 X 1012 g/cm3 the pressure due to the neutrons, already large in compa
rison to that due to the nuclei, is also larger than the pressure due to the electrons. Sixth, the regime 

4.5 x 1012 g/cm3 < p < 10" g/cm3 

where individual nuclei disappear and the center of the star becomes itself in effect one giant nucleus, 
composed of a mixture of electrons, neutrons and protons. The condition of electrical neutrality 
imposes ne (density of electrons) = np (density of protons). This condition immediately implies iden
tity in the Fermi momentum of electrons and protons. Enough is known empirically and theoretically 
about nuclear matter (p ~ 1014 g/cm3) to enable one to estimate with some confidence the pressure-
density for this kind of matter up to 1014 g/cm3 and a little beyond. In the simplest approximation 
one neglects interactions between the particles and considers a mixture of three ideal non-interacting 
Fermi gases. Although the result of this calculation is not badly out of line with experience even for 
p ~ 1014 g/cm3, one can do better by allowing for the influence of nuclear forces. Seventh, the regime 

1014 g/cm3 < p 

where the Fermi momenta of even the baryons move up towards relativistic values. Different conclu
sions emerge about the equation of state in this domain according as the emphasis is put on one or 
another of three important physical effects : relativistic baryons; nuclear interactions; and creation of 
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new particles. One does not know how to treat either of the latter two effects from first principles. 
Therefore, for the sake of simplicity and definiteness Harrison and Wheeler neglected altogether both 
of these complications. They considered a mixture of three ideal non-interacting Fermi gases (e~, p, n) 
even up to the highest densities. At extreme relativistic conditions the condition of beta equilibrium, 

Ee -f- Ep = E„ (total mass-energy) 

implies that the neutron Fermi momentum is equal to twice the Fermi momentum of either charged 
particle. Consequently the calculated particle abundances stand to each other in the ratio 

njnp/nn = 1/1/8 

For such a relativistic gas the equation of state could not be more simple, 

H = p/3 

(asymptotic limit of H - W equation of state). 

The effects of particle-particle interactions on the equation of state (" hard core " and other 

2.5 

MASS VS CENTRAL DENSITY 

GRAVITATIONAL MASS 

PROPER MASS 

10 | l 12 19 

LOG CENTRAL DENSITY 

r\ 

15 

Figure 4. Equilibrium configurations for the Cameron-Cohen-Langer-Rosen equation of state, as 
reproduced from their paper9. " Gravitational mass " is the mass as seen from infinity; 
" proper mass " the product of the number ofbaryons by the mass of the proton plus the mass 
of the electron. 
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assumptions about the nucleon-nucleon coupling) have been treated by a number of workers, with 
varied results ! As an example, Cameron, Cohen, Langer and Rosen9 consider a two-particle interac
tion between nucléons of the type given by Brueckner10. A certain difficulty arises with their calculated 
pressure, in that it gives a speed of sound greater than the speed of light (" violation of causality "!) . 
However, this happens for densities ~ 1016 g/cm3, beyond the domain of interest for stable neutron star 
configurations. For the peak mass of a neutron star they obtain the figure M = 2.4 M s , and for the 
minimum mass M = 0.065 M 0 (Fig. 4). As another example, Wang, Rose and Schlenkeru 

making use of the phase shifts observed in high energy nucleon-nucleon scattering experiments, and 
making appropriate corrections to the effective baryon mass by reason of the finite density of the 
nuclear medium, obtain a " softer " equation of state. From it they calculate a minimum mass for a 
neutron star of M = 0.13 MQ or M = 0.18 MQ (depending upon details). Their analysis does not 
go to high enough densities to allow them to evaluate the maximum mass with any reliability. How
ever, at the highest density at which they can rely upon their analysis, p = 1015 g/cm3, the calculated 
mass is 0.16 MQ or 0.26 MQ, again depending upon the details of the analysis. They give reasons 
based upon the careful treatment of nuclear forces by R. Reid12, to doubt previous analyses of the effect 
of nuclear forces upon the equation of state. 

The third effect in the high-density regime, particle creation, was first considered in any detail 
by Ambartsumyan and Saakyan13. They also neglected potential energy of interaction between par
ticle and particle, about which one knows so little, and treated the medium as a mixture of ideal non-
interacting gases, many more than three in number. The new feature of their work was the allowance 
for such particle production reactions as 

er -f- « -*- yr + n 
e~ -\- n -»• 2~~ + v 
e~ + /l->TC~ + V + K 

and their inverses. The existence of these reactions opens up more cells in phase space and lowers 
Fermi energies and pressures. They calculate equilibrium configurations with this equation of state 
and find limiting masses for a neutron star of 

Mmin = 0.136 M© and Mmax = 0.634 M© 

(g/cm3) 
Figure 5. The mass at infinity (measured in units of solar mass) for the equilibrium configurations of 

the Hagedorn equation of state are given as a function of the central density. For a direct 
comparison the results of the treatment based on the Harrison-Wheeler equation of state 
for a degenerate non-interacting neutron gas are given. 
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At higher and higher densities new particles of higher and higher rest masses can be formed. 
Ambartsumyan and Saakyan cut off the analysis with the known particles. Hagedorn, in a recent 
CERN preprint14, assumes an infinite spectrum of particle masses, governed by a simple statistical 
law. In this way he arrives at an asymptotic equation of state of the form 

P~PoHpJpo) +Po 

— one which at high densities evidently falls indefinitely low compared to usual relativistic law 

P = p/3 

Rhoades and Ruffini15 have integrated the general relativity equation of hydrostatic equilibrium for 
this equation of state (p > 1015 g/cm3; pure neutron gas without interaction, for simplicity (Harrison-
WTieeler), for p < 101S g/cm3). They calculated a critical mass of M = 0.67 M (Fig. 4). 

A few details of the Hagedorn picture of high-density matter may be in order : 

1) Mixture of pions, kaons, nucléons, hyperons and all their possible resonances. 
2) These hadrons — non-elementary hadrons; each is viewed as consisting of the others. 
3) A universal effective highest " temperature " T = 160 MeV. 
4) Spectrum of hadronic masses m growing exponentially with a law 

^ T ___ a m_ 
~(m0

2 + m2)5lieT0
dm 

where the constants a and m0 are determined by fitting the 1432 particles and resonances 
existing at January 1967 : a = 2.63 x 104 (MeV)3'2 and m0 = 500 MeV. 

Under these assumptions the constants in the Hagedorn equation of state have the values 

p0 = 1.344 x 108 MeV4 (p0 conv = 0.314 x 1014 g/cm3) 
p0 = 5.415 x 108MeV4 (Po oonv = 1.253 x 1014g/cm3) 

Out of this review of equations of state in the regime of supranuclear densities we conclude (1) the 
existence of a stable family of neutron stars is invariant with respect to any change in the equation of state 
and (2) the minimum mass of this family lies very close to Mmin=0.16 M 0 but (3) the maximum mass is 
uncertain by a factor of the order of four. This uncertainty makes it impossible to look forward to 
an immediate test of general relativity vs newtonian or other theories of gravity, despite the factor 
~ 2 in critical mass between the different gravitational theories. However, if we assume the correct
ness of Einstein theory and can work out a way to measure the masses and radii of a considerable 
number of neutron stars, then Gerlach16 supplies us with a prescription to work backward from this 
information to deduce the equation of state. Thus, over the longer time-scale, observations of neutron 
stars offer a prospect of a deeper understanding of the behaviour of large collections of matter at nuclear 
density. 

Let us make a final consideration on the use of an equation of state. In the preceding para
graphs we have seen how in the treatment of superdense stars two different physics have to be consi
dered : 

0) A " local physics " which is determined by the constitution of matter, fully described by 
giving the equation of state. All the details of solid state physics, nuclear, electromagnetic 
interactions, etc. are here contained. 

b) A •". non-local physics " which is determined by the generation of the gravitational field 
from this matter and is described by solving the Einstein equations or an equivalent set of 

. equations (depending on the particular gravitational theory adopted). 

Is this separation legitimate or do we have to consider a direct influence of the gravitational 
field on the local properties of matter? This problem has recently been treated in detail by Ruffini and 
Bonazzola 17. They describe a neutron star by a self-consistent field approach without any use of an 
equation of state. Their main assumptions are : 

1) Consider the relativistic Dirac equation for a free neutron field in a curved background 
metric. 
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2) Evaluate the expectation value of the energy momentum tensor operator of the spinor 
field relative to a state vector of a degenerate system of neutrons. 

3) Make the limit for high quantum numbers, using a JWKB approximation. 

4) Use the expectation value of the momentum energy tensor obtained by this limiting process 
as a source of Einstein equations. 

They conclude that the use of an equation of state is perfectly legitimate up to densities of the 
order of 1032 g/cm3 ! 

3. PULSARS 

There are no richer signals from neutron stars nor signals more amenable to study from a space 
platform than those that come from pulsars. The pulsating sources of radiation, found by ground-

TABLE IV 

Pulsar data (adapted, extended and updated from Maran and Cameron19). 

Source 
*~*\s U1WÇ 

NP 0532 
PSR0833 — 4 5 . 
MP 1449 
PSR 1929 -I- 10 . 
PSR1451 — 6 8 . 
CP 0950 
MP 1240 
JP 1933 + 1 6 . 
MP 0736 
PSR 1642—03. 
AP 0823 + 26. 
PSR 2218+ 47 . 
MP 0450 
AP 2015 + 28 . 
PSR 1749 — 28 . 
MP 1818 
MP 0940 

HP 1506 
MP 1747 
AP 1541 + 09 . 
MP 0835 
MP 1426 
MP 1727 
MP 0031 
CP 0943 
CP 1133 . . . . . 
MP 0628 
CP 0834 
CP 0808 . . . . . 
CP 1919 
MP 1530 
AP 1237 + 25 . 
MP 0959 
PSR 0904 + 77 . 
PSR 2045 — 1 6 . 
NP 0527 . . . . . 

Period 
(sec) 

0.033 090 14 
0.089 208 296 
0.180 
0.226 517 015 9 ± 0.2 ns 
0.264 
0.253 065 032 861 ± 0.005ns 
0.388 
0.358 735 173 39 ± 0.02 ns 
0.375 
0.387 688 727 ± 16 ns 
0.530 659 586 55 ± 0.05ns 
0.538 461 
0.553 7 
0.557 953 383 05 + 0.01 ns 
0.562 553 309 1 ± 0.3 ns 
0.598 072 601 
0.662 
0.714 518 550 76 ± 0.02 ns 
0.739 677 616 
0.742 
0.748 39 
0.765 
0.788 
0.835 
0.940 
1.09 
1.187 911013 4 0 + 0.04 ns 
1.24 
1.273 763 151 5 
1.292 241 325 
1.337 301 109 
1.372 
1.382 448 51 + 170 ns 
1.438 
1.579 05 
1.961566 351 9 ± 0.4 ns 
3.745 49 

P 
(ns/yr) 

+ 13 500 ± 580 
+ 391 0 ± 40 

unknown 
0.007 28 ±0.00001 

unknown 
0.036 ± 0.001 

unknown 
unknown 
unknown 

0.052 7 ± 0.0001 
0.190 35 + 0.00003 

unknown 
unknown 

0.065 35 + 0.00003 
0.118 6 + 0.0001 

unknown 
unknown 

0.004 72+ 0.00002 
unknown 
unknown 
unknown 
unknown 
unknown 
unknown 
unknown 
unknown 

0.261 ± 0.001 
unknown 

+ 160+30 
< 10 

+ 35 + 20 
unknown 
unknown 
unknown 
unknown 

0.348 ± 0.001 
unknown 

Af 
(ms) 

9.5 
2.0 
5 ' 

10 
25 
21 
60 

unknown 
40 

< 20 
13 

< 30 
20 
28 
4.7 

20 
30 
7 

20 
20 

100 
20 
10 
30 
25 

unknown 
43 

100 
38 
90 
40 
25 
60 
50 

< 80 
100 
190 

(pc cm-3) 

56.88 
63 
90 

8 
12 
2.98 

220 
143 
100 
40 
19.4 
43.8 
10 
14.2 
50.88 
50 

145 
26.75 
19.60 
40 
35 

120 
60 

140 
12 
17 
4.87 
5 

12.80 
5.77 

12.55 
20 

8.5 
90 

unknown 
11.40 
49.3 

Epoch of 
Observation 

20 Oct. 68 
2 Dec. 68 
Oct. 68 

29 June 68. 
— 

5 Sept. 69 
— 

23 Dec. 68 
Oct. 68 
7 July 69 
12 Feb. 69 
Dec. 68 

6 Sept. 68 
11 May 69 

_ 
Dec. 68 
5 Sept. 68 
Aug. 68 
Dec. 68 
Feb. 69 
Oct. 68 
Oct. 68 
Oct. 68 

. 
25 Oct. 69 

_̂ _ 
Apr. 68 
Aug. 68 
Apr. 68 

' 
March 69 
Dec. 68 
Dec. 68 
Jan. 69 
Dec. 68 
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based radio observations, also give off X-rays, a valuable clue to the physics of neutron stars and only 
to be picked up by detectors based above the atmosphere. 

The identification of pulsars was a lively issue for months following their discovery. Toward 
the end of 1967 Anthony Hewish and his co-workers at Cambridge University1S discovered extraordi
nary astronomical radio sources characterised by the emission of sharp pulses of radio energy at exactly 
spaced intervals of time- To these objects they gave the name of pulsars. In Table IV we list these 
sources as of December 1969. For each pulsar we give the period P in sec, the first derivative of the 
period, P, in nanoseconds per year, the width of the main pulse At in msec, the so-called " dispersion 
measure " (electrons per c m 2 in the intervening space along the line of sight) and finally the approximate 
epoch at which these observations were made. We have ordered the pulsars by increasing values of 
their period, in the following a few experimental facts are summarised. 

One of the most surprising features of these objects is the extreme sharpness (one part in 106, 
or better, over a one-day interval for all known pulsars) with which the repetition period of the signal 
is defined. The value of the periods (Table IV) ranges from a minimum of 33 ms in the case of NP 0532 
to a maximum value of 3.7 sec in the case of NP 0527. For thirteen of the thirty-seven pulsars known 
today we have the value of the time derivative of the period. In every case the period is increasing. 
The most rapid increase occurs for the pulsars with the shortest periods. The shape of the pulse 
detected optically and averaged over 103-104 pulses is different from pulsar to pulsar but is sharply 
constant in time for every single pulsar. Associated with the main pulse there are in general one or 
two sub-pulses with different spectral and polarization properties. The width of the main pulse is 
usually very short in comparison with the repetition period and is larger for longer period pulsars. 
The radio pulses are often nearly 100 per cent linearly polarized and the power emitted at radio wave
lengths by pulsars of period ~ 1 sec is of the order of 1030 erg/sec19. In the case of PSR 0833—45, the 
pulsar associated with the Vela X supernova remnant, the pulse has been found to be completely pola
rized (linear polarization > 95 %) with the direction of the plane of polarization varying systematically 
with time through the main peak of the pulse 20. 

The distance of a pulsar is established by measuring the dispersion of the pulse. More preci
sely it has been noticed that the time of arrival of a given pulse at the Earth's surface is a function of the 
frequency and is delayed by the amount 

a Cu L e2 
dl where a = 

2rzmc 

From the value of the integral / nedl (for example, 20 pc/cm3 or 6 x 1019 electrons/cm2) by assuming 

a value for the density of the electrons (for example ne = 0.1 electrons/cm3), we can obtain an estimate 

of the distance of the source (here 200 pc). Knowing the value of the integral J nedl we can also eva

luate the component of the magnetic field in the direction of the line of sight of the pulsar. In fact, 

linearly polarized radiation passing through an ionized medium changes its angle of polarization by 

an angle 

A6 oc \*fneïl, dl 

where X is the wavelength of the radiation and H„ is the component of the magnetic field parallel to 
the line of sight. 

The majority of the pulsars are concentrated near the galactic plane. Some pulsars are asso
ciated with supernovae remnants and some do not have any presently visible trace of debris in their 
neighbourhood. Some supernova remnants show no trace of a pulsar; but the two shortest period 
pulsars NP 0532 and PSR 0833 — 45 are both associated with supernovae remnants : with the Crab 
Nebula and with Vela X respectively. Very near NP 0532 and only 1.2° away from the center of the 
Crab Nebula is the longest period pulsar NP 0527. The dispersion integrals of these apparently 
nearby pulsars are very similar (within 15 %) and if we take into account the dispersion due to the shell 
of debris we could give to the two objects approximately the same distance. The idea has been 
advanced that both objects originated in the same supernova event of 4 July 1054. 
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The Crab Nebula pulsar is the first and only one to be detected both in the optical region (16.6 
magnitude star suggested as central to the Crab Nebula by Minkowski in 1934 m) and in the X-ray 
region. Optical reception not only explores an extremely important region of the spectrum but also 
improves the timing of the period and its first and second time derivative for NP 0532. The second 
derivative of the period P, obtained from observations of optical data over six weeks in the months 
of June and July 1969, has given ** a value of 

P = 0.110 ± 0.02 ps/day2 

Measurements over a longer period of time (November 1968 to July 1969) using radio techniques have 
given21 a value of 

P = 0.024 ± 0.006 ps/day2 

Unfortunately, no other accurate measurement of the second derivative of NP 0532 or of any other 
pulsar is available at the moment. This measurement is extremely important for theoretical models; 
it gives the so-called " slowing exponent " which states the power, n, of the frequency to which the 
rate of loss of rotational energy is proportional : 

M = 3 — PP/P2 

Discontinuous changes in the period and in the slowing down rate have been observed both for NP 0532 
and for PSR 0833. The observed speeding up has been Aco/co ~ 2 x 10~6 in the case of the Vela 
pulsar24 '25 and ACÙ/O ~ 10"8 for the Crab pulsar. The possibility of a " wobbling " in the period of 
NP 0532 with a period of three months has also been reported26 but not yet confirmed by a more 
accurate data analysis. 

On 13 March 1969 an Aerobee rocket flight provided forty seconds of observations of the Crab 
pulsar in the X-ray region at wavelengths in the range 1.2 to 13 keV and also at 0.65 keV. The X-ray 
flux emitted by the pulsar amounts to approximately five per cent of the integrated X-ray flux of the 
entire nebula27. Moreover, the power emitted by the pulsar in the X-ray region is about 200 times 
the optical power and about 2 x 10* times the radio power. 

3.1 PULSARS AS NEUTRON STARS 

Nothing did more in the end to drive one to neutron stars as being the explanation for pulsars 
than the order of magnitude of the repetition period and the slow increase of this period with time. 
However, many other possible interpretations were proposed and require mention. 

That a pulsar cannot be a body of planetary mass follows from its energy output. Thus the 
" dispersion measure " gives the order of magnitude of the distance (a few pc to ten thousand pc). 
This distance allows the flux of radio energy observed at the Earth to be translated into an absolute 
output of radio energy of the order of 1030 erg/sec, as compared to the output of the Sun, integrated 

. over all frequencies, of 2 x 1033 erg/sec. 

That a pulsar cannot be a body as large as the Sun follows from the existence of periods of the 
order of a second. This fixes an upper limit to the dimensions of the order of one light second or 
~ 105 km. A much more stringent limit comes from the discovery of the Crab pulsar (NP 0532), 
with a period of 33 ms, or corresponding light travel distance of 10* km. 

No one has ever been able to propose any object other than a white dwarf or a neutron star 
compatible with these energy and size requirements; and no mechanism for its precise time-keeping 
other than pulsation or rotation has received general attention. 

The white dwarf model, attractive at first, was soon abandoned because of difficulties about the 
period and its time rate of change (quite apart from the failure to see any white dwarf in the telescope 
at any pulsar location!). If the white dwarf turned once a second, its equatorial velocity would exceed 
the critical value for loss of mass. Therefore a rotating white dwarf could be excluded at once. A 
vibrating white dwarf has a fundamental pulsational period larger than two seconds, and therefore too 
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large to explain the pulsar periods28. However, there is abundant evidence for the excitation of 
overtone modes in certain stars. Such a mode could have a period of the right order of magnitude. 
However, in the usual cases where such an overtone is observed in stars, it is mixed with other vibra
tional modes. Such a mixing would be incompatible with the sharply defined repetition period of the 
pulses. Moreover, a vibratory motion as it loses energy almost always increases in frequency (mole
cular vibrations; vibrations of springs that are not perfectly elastic; vibrations of gas spheres and globes 
of fluid) contrary to the observed increase in period. Therefore the interpretation of a pulsar as a 
vibrating white dwarf was given up. 

Still another way to drive a white dwarf is to put it into orbit around another white dwarf. 
However, the period calculated for this motion (P ~ 4 sec or more) also makes this model inadequate 
to explain the pulsars. 

, "White dwarfs being excluded, only neutron stars remain. A pulsational model was not possible. 
The pulsational period of a neutron star is in the millisecond region 2S far away from the observed 
period of pulsars. A model based on orbital motions was also easily excluded. A double neutron-
star system could have a period of revolution in the region of milliseconds to seconds. However, 
emission of gravitational radiation would be extremely large, the lifetime of the system quite short29 

and most important the period should decrease in time in contradiction with the experimental evidence. 

The only model left is therefore a rotating neutron star. With this model the observed periods 
are easily compatible in four respects. 

1) The surface velocity even for the most rapidly turning neutron star (~ 20 km 2-TT/0.033 sec 
~ 4000 km/sec) is negligible in comparison with the speed required for mass loss 

(v ~ (2GM/R)~* ~ 105 km/sec) 

2) The angular momentum calculated on the neutron star model 

(I(o ~ 4 x 1044 g cm2 x 200 rad/sec ~ 1047 g cm2/sec) 

is smaller than the angular momentum of such a typical star as the Sun (1.7 x 1048 g cm2/sec, 
or more, according to Dicke) and therefore compatible with the idea of formation of a neu
tron star by stellar collapse. 

3) The gradual slowing of the rate of pulsation in every instance is exactly what one would 
expect from the loss of rotational energy. 

4) A survey of all mechanisms for powering the Crab Nebula, published shortly before the 
discovery of pulsars 30, led to the conclusion that, " Energy of rotation of the [neutron] 
star itself or energy of bulk motion of the ion clouds ejected at the time of its formation seems 
to be a stockpile of energy more rewarding [than vibration or thermal energy] for further 
investigation... Presumably this mechanism [energy of rotation] can only be effective, if 
then, when the magnetic field of the residual neutron star is well coupled to the surrounding 
ion clouds " . 

Accepting the interpretation of pulsars as neutron stars, we have to ask three central questions : 
(1) what is the dominant mechanism for the loss of rotational energy; (2) what is the mechanism for 
the emission of the pulses; and (3) why did the period suddenly drop in two instances? 

Two mechanisms for the loss of rotational energy immediately come to attention : magnetic 
dipole radiation and gravitational quadrupole radiation. The one puts energy into the surrounding 
plasma; the other radiates straight out into the space. That some energy must go into the plasma is 
suggested by the great output of the Crab Nebula. Radiating at the present rate, the high energy 
electrons should be emptied of energy in a time of the order of a yea»-, according to simple estimates; 
but the nebula has been radiating for 900 years. Is not therefore the rotating neutron star the source 
of much of this energy? (Table V). Moreover, such a star, formed by collapse of a star with white 
dwarf core, will be expected to conserve the original magnetic flux, as its precursor will be expected to 
conserve in turn the flux of the original main sequence star. Thus 100 gauss for a star with core 
7 x 1010 cm in diameter will become 100 gauss (7 x 1010 cm/2 x Ï06 cm)2 or 1.2 x 10u gauss. Magneto-
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TABLE V 

Energy balance for Crab pulsar. 

Effect 

Observed radiative output from the Crab pulsar 
itself (primarily in X-ray region; less by factor 
102 in visible ; less by factor 104 in radio) 27 

Observed radiation output from Crab Nebula 
(~ 3 lyr radius; believed to be driven by Crab 
pulsar) 30 

Calculated loss of energy from a neutron star of 
mass 0.405 MG, radius 20.8 km, central density 
3 x 1014 g/cm3, moment of inertia 4.4 x 10" g 
cm2, turning with a rotation period of P = 33 m 
sec, and rotation energy of 7.9 x 1048 erg 
slowing at a rate P = 13.5 [isecjyt30 

Component of magnetic dipole moment perpendi
cular to the rotation axis required to give the 
observed rate of slowing down if 30-cycle magne
tic radiation alone is to account for the observed 
rate of slowing down 32 

Equivalent " effective magnetic field " 31 (<x=7t/4) . 
Eccentricity e = (a — b)/\/ab of neutron star in 

equatorial plane required to provide the observed 
rate of slowing down assuming that gravi
tational radiation is the predominant mode of 
loss of energy 32 (simplified model of uniform 
density!) 

Power assuming 
distance 5 x 1021cm 

0.48 X 1036 erg/sec 

6 x 1037 erg/sec 

Power assuming 
distance 3 x 1021cm 

0.17 x 1036 erg/sec 

2 x 1037 erg/sec 

2.0 x 1038 erg/sec 

2.5 X 1030 gauss cm3 

1.2 x 10u gauss 

s = 1.1 x m- 3 

implying (a-— b) ~ 23 m 

hydrodynamical stability considerations also raise the question whether an alignment of the magnetic 
moment parallel to the spin axis is stable. Thus a magnetic moment may be anticipated of the very 
rough order of mx ~ 1025 gauss cm2 perpendicular to the rotational axis, and turning with the neutron 
star. Such a rotator will act as a magnetic dipole radiator, losing energy at the rate 

(rfE/c/Omag = — (d/dt) (I Ico2)raag = (2mx
2/3c>4 2rr 

3c3 a
6B2 CÙ4 sin2 a 

Here B is the polar magnetic field, a the angle between the rotation axis and the axis of the magnetic 
dipole, and a the radius of the neutron star 31. The value of mx required to account for the observed 
slowing of the Crab pulsar is of a reasonable order of magnitude (Table V); so also in the case of 
other pulsars 32. The " slowing exponent " 

n = 4 = (oio/à)2 + 1 = 3 - - PP/P2 

for this mechanism of retardation is 4. 

Thirty-cycle electromagnetic radiation, as such, will not be able to penetrate the plasma. For 
example, even at so low a density as 0.01 electron/cm3 (a figure ridiculously low for the region where 
the debris is located) the critical frequency required for penetration of the plasma is 

v = (nee
z/mn)2 

~ 103Hz 
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Thus the radiated energy will accelerate particles ; but where, to what energies, and with what conse
quences, are complicated questions of plasma physics still unanswered. Most puzzling of all is how 
the short, sharp pulses are produced with their characteristic shapes, the same from month to month 
for one pulsar, but different from pulsar to pulsar. Does every pulsar produce the same kind of pulse 
wave front which, however, has different wave forms for different angles between the rotation axis 
and the line of sight? 

Additional to the loss of energy by magnetic coupling to the outside is gravitational radiation. 
It takes place only when the neutron star departs from rotational symmetry about the axis of rotation 
( " time varying quadrupole moment "). Denote by 

z = (a — b)l(abY 

the eccentricity in the equatorial plane and by I the moment of inertia. Then the rate of emission on 
the simplified model of a system of uniform density is 

— (dE/dt) = (288 G/45 c5)(Iew3)2 

and the slowing exponent is 6. 

To measure the slowing exponent is a simple way to get a first indication whether magnetic 
dipole or gravitational quadrupole radiation dominates the slowing process. Unfortunately the value 
of the second derivative of the period is known today only for one pulsar, the Crab (NP 0532). For 
this object we have two different values of the second derivative. One, by radio observations on a 
time-scale of ~ 8 months gives23 

n = 3.6 ± 0.6 

compatible with dominance of magnetic but not of gravitational radiation. The second, by optical 
reception on a time-scale of ~ 2 months gives 22 

n = 5.76 ± 0.65 

compatible with dominance of gravitational radiation but not of magnetic radiation. Too much 
significance should not be attached to either number because both measurements were made before 
one had recognised — thanks most of all to the later work of the observing teams — the possibility 

that a star quake, even a very small star quake, could affect the apparent values of P and n. 

A slowing exponent of 6 is one test for gravitational radiation. Reasonableness of the value 
of the eccentricity required to account for the observed energy loss is another test. What does this 
test give? An equatorial eccentricity of 10 m (Table V) is required for the Crab pulsar if gravitational 
radiation dominates in its slowing. A magnetic field of 1011 gauss acting on a star with the density of 
nuclear matter is estimated to produce an " upwelling " of material in the strong field region less than 
a micron in height ! Nobody yet knows how to calculate from first principles whether 10 m is an eccen
tricity naturally to be expected in some other way. We can certainly say that if the neutron star were 
completely liquid and turning as " slowly " as it is today, it would have no equatorial eccentricity. 
However, it turned much more rapidly in the past and it is not liquid. Moreover, a globe of ideal 
incompressible fluid in sufficiently fast rotation has a natural equilibrium configuration which is a 
prolate spheroid with its principal axis perpendicular to the axis of rotation 32 (e positive!). The crust 
of the neutron star (density from 109 to 5 x 1013 g/cm3) has a calculated depth from a few hundred 
metres to a few kilometres, depending on the mass of the neutron star. The calculated melting tempe
rature for a Coulomb lattice, of the rough order of 109 °KS3, exceeds the temperature estimated for 
a short time after formation. Thus an initial deformation could well be frozen in. But could a 10 m 
high bulge remain frozen in? 

One way to find out is to look directly for gravitational radiation from the Crab pulsar. An 
emission of 1038 erg/sec at a distance of 5 x 1021 cm implies a flux at the Earth of 3 X 10-7 erg/cm2 sec 
gravitational radiation of very sharply defined frequency — a radiation quite susceptible to being 
detected. 
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Another way eventually to judge the reasonableness of a 10 m bulge is to investigate star 
quakes due to possible discontinuous changes in the shape of a neutron star as it slows down and 
transforms from an oblate spheroid towards a sphere. The discontinuities in period observed in the 
Vela pulsar (PSR 0833 — 45) and in the Crab pulsar (NP 0532) have been interpreted as " quakes " 
caused by sudden release of stress in the crust. From the observed change in period one deduces 
the change in moment of inertia and from this the change in dimensions : of the order of 1 cm in one 
case and tenths of a mm in the other. If a star cannot support more than this much departure from 
equilibrium one can ask, how can it possibly support a 23 m bulge? Though the question is simple 
the answer may not be as simple as it seems ! 

3.2 THE CRUST AND INTERIOR OF A NEUTRON STAR 

So much for gravitational radiation; now for the crust and interior of a neutron star as matters 
of interest in their own right. Table VI shows the calculated variation of pressure, density and compo
sition with depth going down step by step into the interior of a neutron star under two assumptions : 
(1) the idealised case of complete combustion to the endpoint of thermonuclear evolution and (2) some 
incompleteness of combustion (as, for example, H burned to He but not burned to iron) and some 
formation of compounds (as, for example, FeHe in upper layers). The FeHe compound listed in the 
last column is purely illustrative; nobody has yet calculated the course of thermonuclear combustion 
in the collapse of a white dwarf in sufficient detail to state precisely what nuclear species will be pro
duced and in what amounts in the upper layers of the resulting neutron star. The important point is 
the incompleteness of the combustion, implying the presence in any given layer of more than one 
nuclear species. Moreover, the pressures are so high and densities so great (108 g/cm3 < p < IO12 g/ 
cm3) that these nuclei find themselves in a practically ideally degenerate electron gas. Under such 
conditions they can and will crystallize 34. Multiple-component lattices probably complicate typical 
«-star " geo " logy. However, the simpler case of a binary lattice lends itself to detailed analysis. 
Dyson 35 finds that a particularly stable configuration is given by a lattice with NaCl structure and with 
a ratio of 0.07 between electric charges of the two kinds of constituent nuclei; hence the use as a purely 
illustrative example of FeHe in Table VI. 

TABLE VI 

Properties of a superdense star of central density 3.5 x 1013 g/cm3. 
(Calculations based on HTWW equation of state 5. The calculated mass is 0.18 MG). 

Schwarzschild 
radial coordinate 

(km) (approx.) 

210 (top ~ 1 cm) 
210 (next few cm) 
170 
50 
30 

20 
2 

Density 
(g/cm3) 

gaseous 
7.85 

8.00 E-6 
1.67 E-10 
3.18 E-ll 

4.5 E-12 
3.49 E-13 

Pressure 
(g /cm sec2) 

gaseous 
" 0 " 

8.96 E-23 
1.56 E-28 
5.83 E-29 

6.62 E-30 
1.85 E-32 

Dominant nucleus 
in an idealised 

neutron star 
at the absolute 

endpoint of 
thermonuclear 

evolution 

26 Fe 56 
26 Fe 56 
26 Fe 56 
31Ga78 
39 Y 122 

[ Fermi gas 
J neutrons 
) protons 
( electrons 

Sample of 
conceivable 

constitution for 
an actual neutron star 

(incomplete thermo
nuclear combustion) 

gaseous Fe 
[ Fe—He compound 

« VFe—He compound 
S J Fe—He compound 

( Fe—He compound 

J Superfluid 
l neutrons plus 

g> l superconducting 
8 J protons plus 

[ degenerate elec-
•[':• trons 
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The memory of the past history of combustion, carried by the fossil composition of the crust 
at various levels, is wiped out below a certain depth. Nuclear reactions intermediated by neutron loss 
and neutron pick-up become important below a certain depth (p ~ 3 x 10 u g/cm3) and bring the mate
rial quickly to a standard " end point condition " , uniquely determined by the density (Table VI). 

At densities of the order of 5 X 1013 and more nuclei as such disappear and neutrons dominate, 
protons (and electrons) are less numerous by about one order of magnitude. Ginzburg and Kirzh-
nitz3fi pointed out that the neutrons should form a Bardeen-Cooper-Schrieffer superfiuid. The calcu
lated temperature of transition from superfiuid to normal fluid, governed by the neutron-neutron pai
ring force, T ~ 3 x 109 °K or more, is smaller than the temperature to be expected at the center of the 
neutron star after formation (~ \012 °K) but larger than the temperature estimated for one year after 
formation (~ 107°K3 7). 

The neutron superfiuid carries a substantial fraction of the angular momentum of the n-star. 
However, this part of the angular momentum is not distributed smoothly over the neutron fluid. It is 
concentrated in quantised vortex lines, with separation from line to line of the order of 10~2 cm. Clear 
evidence for similar vortex lines has been found in superfiuid helium and there is every reason to believe 
they should exist in a neutron superfluid. They make possible the propagation of Tkachenko-Dyson38 

waves through the neutron superfiuid at a velocity of the order of 1 cm/sec (stacking density wave, 
similar to the effect of a puff of wind passing over a wheat field). 

The proton gas is similarly coupled by proton-proton pairing forces and should therefore be 
a Bardeen-Cooper-Schrieffer superconductor, according to Baym, Pethick and Pines 39. The calculated 
temperature for the transition to superconductivity is in excess of 109 °K. Pines and his collaborators 
reason that this superconducting proton medium does not expel the magnetic field of the neutron star 
(estimated to be ~ 1011 or 1012 gauss) but " channels " it within the star (type II superconductor; 
estimated lifetime for expulsion or decay of the field of the order of 1013 yr). 

Electron gas, proton superconductor, neutron superfluid and the crystalline crust are coupled 
together by the magnetic field. This coupling is calculated to have an important effect on the rate of 
rotation of the crust (" starquake " 40). The crust should not immediately re-adjust its rate of rotation 
to the new and smaller moment of inertia. Instead, there should be relaxation phenomena. The 
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Figure 6. Height in the Earth's atmosphere to which detecting apparatus must be carried in order 
to detect more than 50 % of the incident cosmic electromagnetic radiations. ( We are indebted 
to B. Rossi for this figure.) 
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diagnosis of the several relaxation times should do much to test and extend our preliminary information 
about the internal constitution of the neutron star. It should also yield information on the mass and 
radius of the n-star. Central to such diagnosis are high precision measurements of the timing of the 
pulses by optical and radio observations. 

On-the-ground measurements thus hold forth prospects of learning about the deep interior of 
a neutron star. By contrast, measurements from a space platform in the infrared (dip in Crab pulsar 
spectrum 41), the X-ray region and the gamma-ray region, safe from atmospheric absorption (Fig. 6) 
promise insight into what goes on outside the neutron star. From the spectral distribution and pola
rization of this radiation one hopes to learn something about the mechanism of emission of the observed 
pulses themselves, the intensity and shape of the magnetic field involved, and the density of the electrons. 
The Crab pulsar puts out more energy in X-rays than in any other form of radiation of which we have 
evidence. If the same is true of other pulsars, then an X-ray telescope in space via this one application 
alone may come to dominate a whole rich new field of physics. Already X-ray telescopes in brief 
flight above the atmosphere have discovered a whole family of new objects. Some of these so-called 
X-ray stars may be related to neutron stars or other collapsed objects. 

4. SUPERNOVAE 

The physics of the formation of a neutron star is more complicated than the physics of the neu
tron star itself. It is believed that in this process a star (late giant or other) having a dense core with 
a radius of a few thousands of kilometres collapses to a compact object with a radius of a few tens 
of kilometres. The dense core has slowly evoived over thousands of years to a degree of compac
tion where it is unstable against gravitational collapse. This does not necessarily mean that its mass 
lies precisely at M ~ 1.2 MQ, the first peak in Fig. 2. It may be two, or five, or ten times more massive 
and still not collapse when sufficiently inflated by sufficiently high temperature. But cooling of such 
a system will automatically bring it to the point of collapse. Colgate, May and White at Livermore 42«43 

have made computer investigations of what then happens, under the simplifying assumption of spherical 
symmetry. The material of the star starts moving inwards slowly at first, then more and more rapidly, 
with a characteristic time of speed-up of less than a tenth of a second. Soon the substantial inner 
portion of this mass, the "core " (of the dense core!), becomes sufficiently compacted to greatly 
increase the strength of the gravitational fields acting to draw this core together. In consequence the 
core accelerates more rapidly than the surrounding envelope. Two very different results ensue accord
ing as the core mass and its kinetic energy of implosion do. or do not, suffice to drive the system on 
beyond nuclear densities to the point of complete gravitatior.ai collapse. Complete collapse produces a 
black hole (Chapter 5). On the other hand, when the mass is too small or the velocity of implosion is 
too low, or both, the collapse is halted at nuclear or near-nuclear density. The stopping of so large 
a mass implies the sudden conversion of an enormous kinetic energy into an enormous heating (~ 1012 °K), 
as if a charge of dynamite had been set off at the center of the system. The high temperature develops 
high pressure. The envelope, falling in on a slow time-scale, suddenly feels this pressure. The implo
sion is reversed. The envelope is propelled outward to give cosmic rays (the outermost 10~4 or 10 -5 of 
the mass) and an expanding ion cloud (as, for example, the Crab Nebula itself; estimated mass some 
substantial fraction of a solar mass). Some details of this process as calculated by Colgate and White 
appear in Fig. 7. These and other investigators are working towards calculations that will include still 
more detail. Of special interest is the relative importance and the consequences of two conflicting 
factors : (1) nuclear reactions in the core and the envelope which could go far enough under certain 
circumstances to heat up the system prematurely, thereby reinflating the star and spoiling the implo
sion, and (2) angular momentum. 

Recent work of LeBlanc and Wilson 44, also at Livermore, shows in a simple situation how 
important rotation, and magnetic fields coupled to rotation, can be for changing the character of the 
implosion. As the center shrinks, it turns faster and faster by reason of the law of conservation of 
angular momentum, winding up the magnetic lines of force like string on a spool. The Faraday-
Maxwell repulsion between the lines of force causes the spool to elongate. The lines of force carry 
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Figure 7. Formation of a neutron star by the implosion of the inner 49% of a dense star of mass 2M0 

(core of a late giant or other star), according to Colgate and Whiteiz. The inner region 
falls inward more and more rapidly. The energy set free goes out as neutrinos. At first 
this radiation easily penetrates the outer layers of the dense star : soon those outer layers 
fall inward and become sufficiently compact to absorb neutrinos emitted from the core. A 
shock is generated in the material just outside the core, the explosion releasing enough energy 
to form a supernova. 

matter with them. Thus, jets shoot out from the two poles. It would be interesting to see how these 
effects are modified when the calculations include all the physical details that were taken into account 
in the Colgate-May-White analysis and nuclear reactions as well ! 

The more supernova implosion calculations progress the more insight one gains into the rich 
phenomenology of these events, both those that lead to neutron stars and those that lead to black holes. 
For surveys of relevant physics and literature one may refer to the books of Zel'dovich and Novikov 46 

and of Schklovskii 46 or the review article of Wheeler 30. Excluding from attention the debris of the 
explosion and the neutron star left behind, what can one learn from the explosion itself and the period 
of some months following? The light curve in the visible has been well studied not only for the numer
ous supernovae located during this century in other galaxies but also a few historic supernovae in our 
own galaxy via old records of comparisons from night to night with other stars of known magnitude. 
If a nuclear bomb exploded in our atmosphere reaches a maximum brightness only ten seconds later, 
because of the need for the fireball to open out, it is not surprising that a supernova reaches maximum 
brightness in the visible only after a few days. A more detailed study of supernova hydrodynamics 
indicates, according to Colgate 47, that layers at successive depths in the envelope should become the 
chief emitters of light at successive times, with successive temperatures characterising each one in turn. 
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Thus the time-temperature curve should provide a means of diagnosing the hydrodynamics of the enve
lope. The envelope first commences opening out in a substantial way when the shock wave from the 
core reaches the outer surface of the envelope and is returned towards the interior as a rarefaction. 
The outermost layer goes into particles of relativistic velocities, but each layer deeper down is impeded 
in its outward propulsion by more and more matter in its way and reaches lower and lower velocities. 

It is natural to consider as pre-supernova star a late giant star with dense core plus very thin 
but enormous envelope. Simplifying, Colgate 47 has analysed the dynamics of a bare core with 
mass M ~ 5 M 0 . The surface layer, by reason of shock wave temperature plus superposed Doppler 
effect is calculated to emit a ~ 10 - 5 sec flash of photons at temperature of ~ 2 GeV. Following this 
peak the calculated radiation temperature drops oft" from moment to moment. The integrated flux of 
energy expected at a receptor above the Earth's atmosphere from a supernova of this kind at a distance 
typical of our galaxy, 104 pc, is ~ 50 erg/cm2. Colgate estimates that a properly designed detector 
of gamma rays located on a space platform should detect such flashes from supernovae in nearby 
galaxies, with an expected rate of the order of ten events a year. 

In addition to gamma rays and X-rays produced in the flash and immediately thereafter by 
direct thermal radiation, other gamma rays of highly characteristic energies will be given off in the 
radioactive decay of products of thermonuclear combustion. These gamma' rays are attractive as 
tools to diagnose the nucleosynthesis. Clayton, Colgate and Fishman 48 take as a starting point a star 
already very rich in silicon (as a consequence of earlier thermonuclear evolution). This star is consi
dered as undergoing collapse to a neutron star, throwing off in the process a shell of mass ~ 0.5 MQ. 
During the shock developed in throwing off this mass, a substantial pDrtion of the shell-to-be is calcu
lated to be shocked to a temperature ~ 5 X 109 °K, a density ~ 1.3 x 107 g/cm3 and to expand in a 
time ~ 0.1 sec. These conditions are estimated to be favourable to a process of burning of Si28 to 
Ni58, followed by the beta decays, 

Ni56 (6.1 days) -> Co56 (77 days) -> Fe56 

0.81 MeV, 0.85 MeV 
Y-rays 

The estimated production of Ni56 is ~ 0.16 M 0 . The estimated output of gamma rays is ~ 1049 ergs, 
released over ~ 106 sec. From the observations made at the time of the Tycho supernova one inde
pendently deduces energy in the visible of this order of magnitude in the same time interval. 

One kind of detector for such characteristic gamma rays would have a " window " extending 
from 0.5 MeV to 3 MeV, and be located on a satellite in order to escape the absorption of the Earth's 
atmosphere (Fig. 6). It is estimated by Colgate et al.48 to be capable of detecting 4 x 10~5 photons/ 
cm2 sec. Such a detector should pick up <~ 10 - 3 gamma quanta/cm2 sec of characteristic energy from 
a supernova at a distance of 106 pc, and pick up a detectable signal from a supernova source as far away 
as 107 pc. Recalling that there are of the order of 3000 galaxies out to this distance, and taking the 
rate of supernova events in one galaxy to be of the order of one in thirty years 49, one estimates of 
the order of tens of useful events a year, or perhaps even a hundred. This is an example of the kind 
of observation from a space platform that would contribute to knowledge of nucleosynthesis and 
hydrodynamics in supernova events. 

5. BLACK HOLES 

When the core of the collapsing star is too massive, or imploding with too much kinetic energy, 
or both, the implosion may still slow down as nuclear densities are encountered; but nuclear forces 
will not stop the implosion. Gravitational forces become more and more overwhelming, the system 
zooms through the neutron star stage, and complete collapse ensues. The resulting system has been 
variously termed " continuing collapse " , a " frozen star " and a " black hole " . Each name empha
sises a different aspect of the collapsed system. The collapse is " continuing " because even in an 
infinite time, as seen by a far-away observer, the collapse is still not complete. However, the departure 
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from a static configuration of Schwarzschild radius r = 2 m, still as seen by a far-away observer, dimi
nishes exponentially in time with a characteristic time of the order of 2 m (3 km light travel time, 
or 10 (xsec, for an object of one solar mass). In this sense the system is a " frozen star " . In another 
sense — as followed by someone moving in with the collapsing matter — the system is not frozen at all. 
On the contrary, the dimensions shrink in a finite and very short proper time to indefinitely small values. 
Moreover, a spherical system appears black from outside — no light can escape. Light shot at it 
falls in. A particle shot at it falls in. A " metre stick " let down upon it attempts in vain to measure 
the dimensions of the object. The stick is pulled to pieces by tidal forces and the broken-off pieces 
fall in without a trace. In all these senses the system is a black hole. 

At least three processes offer themselves for the production of a black hole : (I) direct catas-
trophical collapse of a star with a dense core, a collapse that goes through neutron star densities 
without a stop; (2) a two-step process, with first the collapse of a star with a dense core to a hot 
neutron star, then cooling, and finally collapse to a black hole; and (3) a multi-step process, with first 
the formation of a stable neutron star and then the accretion bit by bit of enough matter to raise the 
mass above the critical value for collapse. 

What happens in the collapse has been well analysed in the case of a system of spherical symmetry 
(see following three Sections : Collapse of a Cloud of Dust; the Kruskal Diagram; " No Bounce " ) . 
Also, small departures from spherical symmetry lend themselves to analysis by perturbation methods 
(subsequent Section). However, in the general and very important case of large departures from 
spherical symmetry only a few highly idealised and simplified situations have so far been treated. This 
fascinating field is largely unexplored. The central question is easily stated : does every system after 
complete gravitational collapse go to a " standard final state ", uniquely fixed by its mass, angular 
momentum and charge, and by no other adjustable parameter whatsoever (see penultimate Section)? 
The detection from a space platform of collapsed objects by X-ray, y-ray and infra-red emission from 
accreting matter seems attractive and feasible (last Section). 

5.1 COLLAPSE OF A SPHERICALLY SYMMETRICAL CLOUD OF DUST 

Start with a cloud of dust of density 10~16 g/cm3 and radius 1.7 X 1019 cm (mass = 2 x 1042 g 
= 109 M 0 = 1.5 X 1014 cm). Let the cloud be imagined as drawing itself together by its own 
gravitational attraction until its radius falls to 10~5 of its original value, or 1.7 x 1014 cm. The density 
rises by a factor of 1015 to 10 -1 g/cm3. The dust is still dust. No pressure will arise to prevent the 
continuing collapse. However, despite the everyday nature of the local dynamics, the global dynamics 
has clearly reached extreme relativistic conditions. How then does one properly describe what is 
going on? 

Various treatments of this problem have been given, from the original analysis of Oppen-
heimer and Snyder50, to the treatments of O. Klein and others "•52. The simplest case for our purpose 
is that of Beckedorff and Misner 53 in which the geometry interior to the cloud of dust is identical with 
that of a Friedmann universe : a 3-sphere of uniform curvature. The radius of curvature, a, is 
connected with proper time T (in a frame attached to any test particle) by the parametric relation 

a = (a0/2) (1 + cos rj) 
T = (a0/2) (?) + cos yj) 

Here the increment dr\ of the " time parameter" TJ measures the " arc distance " covered on the 
3-sphere within the corresponding time interval : 

j t • A- i. • j - \ «/(distance travelled by photon) , , , 
J(arc distance in radians) = — — • = dj/a = dt\ 

radius 

The geometry within the 3-sphere is 

ds* = a%ri)[— drf + dy? + sin2 x(rf02 + sin20 <#p2)] 

Here the hyperspherical angle would go from x = 0 to x = ^ if the sphere were complete. It is not. 
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It extends from y = 0 (center of cloud) out to x = Xo (surface of cloud), where 

r0 = a0 sin Xo 

is the radius, in Schwarzschild coordinates, of the cloud of dust at the instant when it is " released from 
rest " and starts to fall (T = 0). 

The density of the cloud at the starting instant is given by the standard formula for the Fried-
mann universe, 

p 0 = 3/87tûfl
2 

The mass of the cloud is 

J^o fit 

p0r2 dr = (3/2)a0 / sin2 x <fy 
= (3«a/8) (2xo — sin 2Xo) ^ a„Xo8/2 

As the collapse proceeds more and more of the gravitational potential energy of the cloud of 
dust is converted into kinetic energy. However, the total mass-energy remains constant. The quantity 
m does not change (measurable, for example, by time of revolution of a planet in a Keplerian orbit). 
Outside the cloud of dust the geometry remains the static geometry of Schwarzschild (Birkhoff theo
rem) : 

ds2 = — (1 — 2m/r) dP + (1 — 2/w/>0~i dr2 + r2 (dd2 + sin2 6 dp2) 

The Friedmann geometry and the Schwarzschild geometry match at the boundary of the cloud 
of dust. A particle located at this boundary is predicted to fall according to one law, 

r = KT) 

as calculated from the Friedmann solution; and according to another law, 

r = r(x) 

as calculated from the Schwarzschild geometry. But the two must agree — and they do! This checks 
the concordance of the two geometries. Specifically, the law of fall of a test particle in the Schwarz
schild geometry is given by the same " cycloidal law " which applies to the Friedmann universe and even 
to the fall of a test particle in elementary Newtonian physics : 

r = (r0/2)(l + cos 7)) 
T = (r0/2m)1/2(r0/2)(v) + sin YJ) Schwarzschild 

r = (a0/2) sin x0(l + cos TJ) 
T = (a0/2)(7) -+- sin •/)) Friedmann 

The identity of the two expressions gives 

r0 = a0 sin Xo 
m = r0

3/2a0
2 = 4jrPor0

3/3. 

Although proper time is the same in the two geometries, for a test particle that remains at the interface, 
coordinate time is very different (Fig. 8). Thus in the Friedmann geometry, coordinate time t agrees 
with proper time T; but in the Schwarzschild geometry, where the test particle is moving, we have 

rfTa = (1 _ 2m/r) dt2 — dr2/(l — 2m/r) 

and 

l (r0/2m— l)1/2 — tg(ij/2) \2w / L ' 4mv ' ^ Uj) 

For the analysis of the final stages of collapse it is often sufficient to abstract away from the precise value 
r = r0 at the start of the collapse. Thus we go to the limit r0 •-»» co. In this case it is also convenient 
to displace the zero of proper time to the instant of final collapse. In this limit we have 

r — r 
r/2m = — (2/3)(r/2m)3'2 

f/2m = — (2/3)(r/2w)3'a — 2(r/2w)1/2 +/«[(r/2/n)1/2 + ll/Kr/2/w)1/2 — 1] 
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Figure 8. Fall towards a Schwarzschild black hole as seen by co-moving (proper time x) 
and far-away observers (Schwarzschild time t). 

Thus, for large negative time (particle far away and approaching only very slowly) we have 

r = (9mT2/2)1'3 ~ (9#nf«/2)1/8 

whether we refer to coordinate time or to proper time. However, there is a great difference between 
the complete infall that is seen to occur in test particle proper time 

r = (9mx2/2yi3 at T -> 0~ 

and the slower and slower approach to r = 2m that shows up in the Schwarzschild time coordinate t 
(time as appropriate for a far-away observer), 

(r/2m) = 1 + 4e-8/3e-'/2'" 

The metric coefficients, following the part of the motion that can be seen from far away, approach 

e* ~ (l/4)e8/3e'/2w ->• oo 

and 
é' ~ 4e-8/3e-!/2m _^ g 

(mere coordinate singularities). Despite these singularities in the metric no physical singularity occurs 
at r = 2m. Thus the bilinear scalar of curvature approaches the finite value 

Rapv8R*^3 = (3/4m4) 

and the density of matter of the cloud of matter approaches 

p = (3/32 urn2) = (2 X 1016 g/cm3)(M0/M)2 

Light given off from a particle at the periphery of the cloud of dust, before arrival at the Schwarzschild 
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Figure 9. Allowed cone as seen in a local Lorentz frame having zero radial velocity. A photon emitted 
in a direction not included in the allowed cone falls into the Schwarzschild black hole (adapted 
from ZeVdovich and Novikov45). 

radius, will always escape if emitted radially outward. However, if it makes an angle to the radial 
direction in its own local Lorentz frame, it will make a still larger angle to the radial direction in a local 
Lorentz frame that happens to have zero radial velocity (and, of course, zero tangential velocity) at the 
moment in question. The photon will be trapped unless emitted in the allowed cone shown in Fig. 9. 
The allowed cone shrinks to extinction when the cloud of dust contracts within the Schwarzschild 
radius. Light that emerges radially " outward " from a particle after the cloud has contracted within 
the Schwarzschild radius never escapes to a far-away observer. It is caught, not in the matter, but 
in the collapse of the geometry that surrounds the matter. 

A photon emitted radially outward from a peripheral atom in the cloud of dust will experience 
a red shift first, because the component g„o °f t ne metric goes to zero ; and second, because the source 
is falling inward. The emergent frequency is given by the formula 

v/v0 = co/uo = *oA = [(1 - P)/(l 4- PFV/2 
with 

P = (2m//*)1/2 

and approaches 
v == v02e-8%-'/2m . ' . . . . . 

The luminosity of the source (erg/sec) goes to zero because of the contraction of the light cone and 
because of the red shift. Podurets 54 gives a formula for the luminosity as a function of time that' 
takes into proper account (a) the contraction of the light cone; (6) the red shift; and (c) the fact that 
a photon emitted in a non-radial direction requires longer to reach the far-away observer than one 
emitted radially. He finds for late times a formula of the type 

__4 L 

L = L0e *&2m 
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The system goes exponentially quickly to darkness. It no longer emits but it still absorbs, 
sense it is really a black hole. Table VII lists characteristic e-folding times. 

In this 

TABLE VII 

Times for relevant effects to change by a factor l/e = 1/2.718 
in final stages of approach to Schwarzschild radius as seen by a far-away observer. 

Red shift from 
falling object 

Red shift from 
object at fixed r 

ku = 4 m 
19.7 (is 
19.7 ms 

Luminosity 
(ergs/sec) 

tl!e = 3\/3 m/2 
12.8 p-s 
12.8 ms 

5.2 THE KRUSKAL DIAGRAM 

Fall ends at r = 2 m as seen by a far-away observer. Fall ends at /• = 0 according to someone 
falling with the test mass itself. How can two such different versions of the truth be compatible? 
For answer it is enough to focus attention on the Schwarzschild geometry itself, and a test particle fal
ling in this geometry. It makes no difference for this question whether the Schwarzschild geometry 
is " freshly created " at the r-values in question by a cloud of dust falling in just ahead of the test par
ticle, or whether the pure Schwarzschild geometry existed as such for all time. The motion of the test 
particle is the same in either case. However, the discussion will be simplified if in the beginning we 
think of the Schwarzschild geometry as having been present for all time. 

The central point is simple. The range of coordinates 1m ^ r < oo, —oo < / < + oo fails 
t o cover all the Schwarzschild spacetime. Time " goes on beyond t = oo " just as Achilles " goes on 
beyond the tortoise " in the famous paradox of Zeno. In no way can one see the incompleteness of the 
traditional coordinate range more clearly than by reference to the Kruskal coordinates 55 : 

u = space-like coordinate 
v = time-like coordinate 

I n the Kruskal coordinates the Schwarzschild metric takes the form 

ds* =fH— dv2 + du2) + r2(dQ2 + sin2 0 tfcp2) 

P = (32m3/r)e-^2,n 

Here 

and 

forr > 2 m 

and 

for/* < 2 m 

u = (rjlm — \)V*^l*m c o s h (//4 m) 
V = irjlm — l)V2er/4m s i n h (j/4 m ) 

u = (1 — r/2w)1/2er/4w sinh 0/4 m) 
v = (1 — r/2m)1/2e'-/4"1 cosh (t/4 m) 

The inverse transformation is given by the formulas 

{r\2m — l)eri2m = u2 — v2 for all r 
icoth (tj4m) for r < 2m 

V/M = ] tanh (t/4m) for r > 2m 
( 1 for r = 2m 

Thus, in the (u, v) diagram of Kruskal (Fig. 10) points of the same /-value fall on the straight line 
V/M = const. Points of the same r-value fall on the hyperbola u2 — v2 = const, with asymptote 
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Figure 10. Section of Schwarzschild spacetime 0 = const, <p = const, as depicted in terms of the Krus-
kal coordinates u (space-like) and v (time-like). Radial light rays are straight lines with 
slope dv/du — ± 1. The relation to the usual Schwarzschild coordinates (r, t) is shown. 
Only the region free of dots is covered by the usual range of Schwarzschild coordinates, 
2m < r < oo, — oo < t < -f-oo. The heavy line is the world line of a particle that 
starts at rest at A and falls straight in. A far-away observer receives the signals given out at 
A and B. The ray C is the " last ray " that ever escapes to infinity — and it only gets to 
a far-away observer after an infinite Schwarzschild coordinate time t. Rays D and E get 
caught in the collapse of the geometry; they never reach a far-away observer. The curvature 
and geometry of space are perfectly normal on the cross-over from B through C to D. How
ever, curvatures and tide-producing forces rise to infinite values on approach to r — 0 (point 
F). This point is reached in a perfectly finite proper time : 

A B C D E F 
t(inunitsm) 0 2 oo — — — 
x(in units m) 0 1.14 3.97 4.59 5.24 5.77 

A naked Schwarzschild black hole could only be self-luminous if a photon were coming out 
of it (y.). There is as little reason to expect such radiation to travel outward across the 
inner boundary of everyday space, r = 2m, as there is to expect radiation (" advanced 
waves-") to travel inward across the outer boundary of everyday space, r = oo. 
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u = ± v. A light ray travelling radially outward is always represented by a straight line of slope 
àv/du = ~\-\; one travelling radially inward, by a line of slope dv/du — — 1. 

It can be seen that r is a reasonable " position coordinate " for values of r greater than 2m; 
but for values of r less than 2m this coordinate changes character; it becomes a time coordinate rather 
than a space coordinate. The reverse happens to t; it changes from a time coordinate to a position 
coordinate. A fixed value of r, with r > 2m, can be maintained by means of a rocket lift or otherwise. 
However, a fixed value of r < 2m cannot be maintained any more than time can be made to stand still. 
One is forced by the evolution of time from r = 1.9m to r = 1.8m and so on all the way to r = 0. 
Hemmed in by the light cone no escape is possible. 

The freely falling test particle (heavy world line in Fig. 10) falls in to r = 0. but no information 
after stages A, B, C of the fall ever gets to a far-away observer; hence the different conclusions of such 
an observer, and of the particle itself, about what is going on. To go from the Schwarzschild coordi
nates (2m < r < oo; — o o < t < + o o ) t o the Kruskal coordinates is to extend a geodesically incom
plete geometry, free of singularity at its boundary r = 2m, to a geometry that does have a singularity, 
at r = 0, but still no singularity at r = 2m. 

Now turn from the pure Schwarzschild geometry to the geometry associated with the falling 
cloud of dust, Schwarzschild outside, Friedmann inside. We cut out from the Kruskal diagram in 
Fig. 10 everything to the left of the world line A, B, . . . F of the test particle. What remains on the 
right is the external solution — still a static Schwarzschild geometry. On the left is the Friedmann 
geometry, depicted in Fig. 11. 

Hlllllllllf.-.lllllflt,^. 

3 - r=o 

CAUGHT 
'AT r = o 

/'LAST RAY" 

ESCAPES 
TO 00 

r=o 
iiiit/>iwi))\r»iiiiniii/ 

0.5 0.955 

Figure 11. Friedmann geometry representing the interior of a cloud of dust. It joins at right to the 
Schwarzschild geometry. In this join the points A, B, C, D, E, F are to be identified with the 
points with the corresponding names in Fig. 10. Light rays are still lines inclined at ± 45°. 
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Figure 12. Dynamics of 3-geometry as revealed by making space-like slices through Friedmann-Schwarz-
schild spa ce time (problem of collapsing cloud of dust). " Time" in general relativity has 
a " many-fingered quality " . The slice can be pushed forward in time at one rate at one 
place, at another rate at another place. There is a multiple infinity of ways of taking space
like slices. Only a few are illustrated here to stress four points (I) join between Fried-
mann and Schwarzschild geometries (2) collapse of geometry as time advances (3) tube
like quality of Schwarzschild geometry on a space-like surface of constant r when r < 2m 
(slice EG in diagram) (4) option of he who explores the geometry as to where the space-like 
hyper surface will first experience collapse (slice QE vs slice QSE). 

Slices through this Friedmann-Schwarzschild geometry are shown in Fig. 12. One sees that 
collapse takes place. However, where collapse " first " occurs is not a well defined notion; it depends 
upon the choice of the space-like slice. It may at first sight seem preposterous to conceive of particles 
originally three-quarters of the way from center to surface as collapsing before those which were only 
one quarter of the way from center to surface. Would not such collapse require the outer shell of 
particles to " move through " the inner shell? Not at all! The proper circumference of the shell can 
shrink at a greater rate than the proper radius, as illustrated by the uppermost sample 3-geometry in 
Fig. 12 (" tying the neck of a bag " ) . 

5.3 " NO BOUNCE " 

When we turn from a cloud of dust to matter endowed with pressure, but not enough pressure 
to support it, collapse again ensues. Again the region that " first " experiences total collapse is not 
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a well-defined concept. One has the choice of how fast to arrange to push ahead in time the space-like 
hyper-surface upon which the 3-geometry is to be registered. According as it is pushed ahead faster 
here or faster there, collapse will seem to occur first here or first there. This circumstance helps one to 
interpret the May and White diagrams of geometry during collapse of a neutron star 43. One realises 
he should not ask the question " why did such and such a region of the star turn out in the calculations 
to experience total collapse first " ! 

For matter to be endowed with pressure complicates the calculation of collapse hardly at all 
when the system under study is a completely closed Friedmann universe. The entire computation is 
focused on the single equation 

/ extrinsic \ , / intrinsic \ _ /energy \ 
\ curvature/ \ curvature/ \ density/ 

or 
(6/a*)(daldty + (6/a2) = 167rp(a) 

Here p is the density of mass-energy as a function of the volume compression factor, a0
3/a3. The time 

from maximum expansion to complete collapse depends in only a minor way on the exact form of the 
equation of state (Table VIII). 

When we turn back from the case of matter enough to curve space up into closure to the more 
limited amount of matter in a star at the start of collapse, we have to allow for the pressure differential 
between interior and surface. In the center that differential may not greatly alter the already calculated 
time of collapse but at the surface it causes a new effect : ejection of a shell of matter. 

A closer look (Colgate, May and White 42>43 Zel'dovich and Novikov 56) reveals some of the 
same factors at work that control the disassembly of a fission bomb. The center, already denser at 
the start than the outer parts, by gravitational collapse is still further compacted than its surroundings. 
In consequence a shock wave runs from the center outward. On arrival at the surface the wave is 
returned to the interior as a rarefaction. If this rarefaction arrives at the center before the latter has 
collapsed, the center may never undergo complete collapse. If the rarefaction arrives after the center 
has undergone complete collapse it can at most prevent some of the outer parts of the core from being 
caught in the collapse. Thus the critical factor is the time from center to outside and back compared 
to the time for collapse. The collapsing star differs in one essential way from the bomb. Once the 
core has collapsed inside its Schwarzschild radius, no pressure whatsoever that may subsequently 
develop can possibly reverse the collapse. This conclusion can be seen in at least three ways : 

(i) No equation of state compatible with the principle of causality (speed of sound less than speed 
of light) can give more pressure thanp = p; and even this critical pressure (cf. last entry in Table VIII) 
does not help in avoiding the collapse to a singularity. 

(ii) Every particle (cf. Kruskal diagram) has to move along a time-like world line and every 
time-like world line is forced in the region r < 2m to converge to r = 0. 

(iii) Under well-specified and reasonable conditions, matter located inside a " trapping sur
face " necessarily undergoes complete collapse to a singularity. 

A trapping surface is a closed, space-like two surface with the property that the two systems of 
null geodesies which meet the surface orthogonally converge locally in future directions. Given Cauchy 
data for matter and geometry on an initial space-like hypersurface C, and given the 4-manifold M 
which is the causally determined future time development of this initial value data, Penrose " has 
proved that it is impossible for M to fulfil simultaneously all five of the following conditions : (1) a 
trapping surface can be found in the empty region surrounding the matter; (2) the manifold M is a non-
singular Riemann manifold with the null half cones forming two separate systems : past and future; 
(3) for every point of the manifold M and for every time-like vector t^ we have 

( - R n v + § ^ v R ) ^ v ^ 0 

(non-negative density of mass-energy) ; (4) every null geodesic in M can be extended into the future to 
an infinite value of the affine parameter; and (5) every time-like or null geodesic can be extended into 
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TABLE VIII 

Time to go from condition of uniform density, at rest, to complete collapse, 
as affected by equation of state, when the amount of material is enough to curve up the 

homogeneous and isotropic space into closure. 

Description 

Dust 
(Friedmann) . 

Hagedorn . . . 

Radiation 
(Tolman) . . . . 

Zel'dovich . . . 

Equation 
of state 

/> = 0 

P =Po 
+ Po l°g p/po 

/> = p/3 

P = ? 

(*) 7tr(5/2) ^ 
W \Jl x 3 x T2(5/4) 

Radius 

cr = t70sin2(7]/2) 
0 ^ 7) =̂  2 -

a = fl0F(y]) 

a = a0 sin TQ 
0 ^ Y) < 7C 

a = a0 v/sin 2TJ 
0 < YJ < 7T/2 

Radius at 
moment of 
maximum 
expansion 

«o(̂ ) = *0 

tf0(lj = 0) 

fl0(7] = TU/4) 

8TTP/3 

a0/a
3 

r**\ 

alia* 

al/a« 

Time 

T = ^ ( y ] - s i n y , ) 

«'0 

T "= Gf0(l COS 7)) 

J o Vsin2x<*x 

Time to 
collapse 
from the 
expansion 

to the 
singularity 

in units 
of a0 

1.570 8 

r**\ 

1.000 0 

0.456 6 * 

the past until it meets C. This theorem has been proved under general conditions and does not require 
the distribution of matter to be spherically symmetric. However, it requires the existence of a trapping 
surface. So, and only so, does a singularity seem to be unavoidable, provided that general relativity 
is correct, that the manifold is maximally extendable, and that the density of mass-energy is positive 
definite. 

Matter on its way in from a finite spread to complete collapse at r = 0 appears to a far-away 
observer as " arrested in flight " (" frozen star " ; Zel'dovich and Novikov) as it approaches the Schwarz-
schild radius r = 2m. What density the matter happens to have at this phase of its motion is very 
different according as the original system was a dilute cloud (10~16 g/cm3) of mass 109 M 0 (density of 
rough order of 0.02 g/cm3 on reaching Schwarzschild radius) or a white dwarf or neutron star of mass 
~ M0 (average density of rough order of 1016 g/cm3 at phase of passage within the Schwarzschild 
radius; central density higher by one or two factors of 10). In the one case one can expect to learn 
nothing new about the properties of matter at high density by looking in from outside. In the other 
case one can, but only by looking at radiation with sufficient penetrating power to go through the super
vening cloud of ejected matter : gravitational radiation (Chapter 7) and neutrinos (output in case of 
formation of a black hole of solar mass comparable to output in case of formation of a neutron star; 
cf. Colgate, May and White for details42-43). 
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The metric is 

— ds2 = c2drz — O2(T) (dy* + sin2 y^dQ- + sin2 0 rfb2)) (/) 
aw/ assuming 

c* d~ = a-(?i) drf (2) 
we have 

— ds* = a%rj) (Aja — dy_- — sin2 x (^62 + sin2 0 dip*)). (J) 

77?e Einstein field equations reduce to 

3 /"o i 2\ 8TIG ~ da dp , t 

a4 c4 a p -f p 

Here ?/;e dot indicates derivations with respect to the parameter TJ. /H the case of the Hagedorn equation 
of state we have introduced two new dimensionless variables F(TJ) = a(yj)/a0, Y(YJ) = p(7))/p0 and we 
have assumed that TJ = 0 corresponds to the moment of maximum expansion (F(0) = 1, Y(0) = 1). 
The equations (4) reduce to 

gg = _ F v / F a Y - l ; dY^_ 3(Y + A + logY)rfF ^ 
cfï) di) F rfyj 

a«d //?e /A//ne T _/TOWJ //ie moment of maximum expansion to the point of complete gravitational collapse 
is given (in units of a0/c) by 

= I F ( T I ) dv\ where F(TQC) = 0 . 
Jo 

In choosing the value ofa0 or, equivalently the value ofp0, (in fact p0 = 3/(8TO/§X), we have to take into 
account that both the ZeVdovich and the Hagedorn equations of state are supposed to be valid asymptotically 
for large densities; therefore and appropriately small value for a0 has to be considered. In the following 
we tabulate the values of the function F(YJ) for selected values of TJ. ( We have chosen for A = p0/p0 

the value 1/4,). 

7) F ( T ) ) TJ F ( Y J ) 7] F ( T ) ) 7) Ffa) 73 F ( T J ) 

0.00 1.000 0.10 0.984 0.20 0.932 0.30 0.826 0.40 0.585 
0.02 0.999 0.12 0.977 0.22 0.916 0.32 0.794 0.42 0.485 
0.04 0.997 0.14 0.968 0.24 0.897 0.34 0.757 0.44 0.306 
0.06 0.994 0.16 0.958 0.25 0.877 0.36 0.712 0.46 0.123 
0.08 0.990 0.18 0.946 0.28 0.853 0.38 0.656 

To speak about what can be seen from outside is not. to exhaust the physics of the situation. 
Also of interest is what is to be seen by an observer moving with the matter. He will follow on a " labo
ratory scale " a gravitational collapse little different from what the Universe itself is expected to undergo 
in the final stages of its calculated recontraction. Densities will go to unlimited values. For densities 
of the order of 1049 g/cm3 the calculated scale of the curvature of spacetime becomes comparable to the 
Compton wavelength of an elementary particle. Under such conditions a direct influence of general 
relativity on the structure and internal constitution of elementary particles is to be anticipated. 

Another critical point is reached on the way to complete collapse when the Planck density is 
attained, 

•m 1 J •* N (Planck mass) 
( P l a n G k d 6 n S l t y ) ~ (Planck length)3 

„ W O ? " ~ 2 - 2 X 1 Q"5 g ~ 10*4 g/cm3 

(AG/c3)3/2 (1.6 X IO-33 cm)3 

Here the dimensions of the system as calculated classically become of the same order as the character
istic scale of quantum fluctuations in the geometry. Quantum effects dominate. Any classical ana
lysis of this and subsequent features of the collapse would seem to be completely out of place. One 
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is forced at this stage, if not earlier, to go to the language of quantum geometrodynamics. There one 
no longer speaks of geometry as undergoing a deterministic evolution with " time ". Instead, one has 
to do with a probability amplitude for this, that and the other 3-geometry 58. Thus gravitational 
collapse, studied from a space platform or otherwise, takes one to one of the great explored frontiers of 
physics. 

5.4 SMALL DEPARTURES FROM SPHERICAL SYMMETRY 

A spherical cloud of dust falls into a Schwarzschild black hole. What happens if the cloud 
departs in a minor way from sphericity? It still collapses to a Schwarzschild black hole provided only 
that it is not endowed with angular momentum; if it has less than a critical angular momentum it still 
ends up in a uniquely defined but deformed standard black hole configuration (Kerr geometry; see 
next Section) : this is the conclusion to which one has been led by the analysis of IsraelS9 and of Dorosh-
kevich, Zel'dovich and Novikov60. The latter ask what would happen if the system ended up in a 
final state which is not the standard configuration; a configuration which though static and axially 
symmetric is endowed with a quadrupole moment, Q (positive Q, cigar-shaped; negative Q, pancake-
shaped). They solve the equations for a sequence of quasi-static small perturbations in the Schwarzs
child geometry 61, and find 

goo — teoo)sch = h00 ~ Q(l — 2m//-) In (1 — 2m/r) 
hxx ~ Q(l — 2mfr) In (1 — 2iw/r) 
h22~ h33 ~ Qln( l—2/H/r) 

They assume that near the surface of the collapsing star, that is, in the near zone, the metric has approxi
mately the same form as for this sequence of quasi-static configurations. The appearance of this per
turbation to the infalling matter is to be found by a transformation to the co-moving coordinate 
system (fall in the radial or 1-direction). This transformation leaves unchanged the " transverse " 
components h22 and h2Z of the perturbation. If Q remains constant, the calculated perturbation goes 
to infinity as the bit of matter under study approaches the Schwarzschild radius. But from the physical 
point of view the geometry during this phase of the collapse is always perfectly regular. The co-moving 
observer sees the matter in his neighbourhood as having a perfectly finite density. Perturbations in 
uniformity that were small a little before this instant remain smali; they have no time to grow. There
fore / j 2 2 and /i33 have to be free of singularity. This is only possible if the quadrupole moment Q goes 
to zero at least as fast as In (1 — 2m/r) goes to infinity. In terms of the Schwarzschild coordinate 
time i, the measure of time appropriate from a far-away observer, one has that Q falls off as fast as, 
or faster than, 

1/ln (1 — 2m/r) oc l/t. 

A full dynamical analysis by Price62 reveals that Q actually falls off as In t/t6. In contrast 
to the quadrupole moment, which fades away as l/t, and to higher moments, which also go to zero 
as time runs on, the angular momentum is conserved, and its effect on the metric does not decay with 
time. Neither does it lead to any singularity near the Schwarzschild surface : 

/zo3 = — 2 sin2 0 (angular momentum)/r 

(compare with gS3 = r2 sin2 0 and goz = 0). 

All details of the gravitational field get washed out except mass and angular momentum, pro
vided that the original perturbation is not too large. How this comes about can be seen in a little more 
detail by considering an already existent Schwarzschild black hole, towards the North Pole of which 
we then drop a small mass 8m. The departure §r from the Schwarzschild radius decreases with time 
as measured by a far-away observer according to the formula 

Sr ~ const e~t,2m 

This perturbation in the distribution of mass evidently dies away very rapidly; and with it die away the 
quadrupole moment and all the higher mass moments that it generates. 
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figure 13. Point charge supported at rest affixed distance from Schwarzschild black hole, and resulting 
pattern of lines of force, in the three cases of charge very far away (upper right) and very 
close (lower right) and at the intermediate point r = 4m (left). At the upper right the top 
diagram (flat) treats the Schwarzschild coordinates r, 8 as if they were standard polar 
coordinates in a Euclidean plane, whereas the diagram beneath deals with proper distances 
on the Schwarzschild throat (viewed as a curved geometry imbedded in an enveloping Euclidean 
space). 

If no trace remains on the outside of where the new mass 8m went in, one might try to keep track 
of its location by attaching to it a small charge q. The electric lines of force lend themselves to simple 
observation from a distance. The analysis of these lines of force is simplified by considering the charge 
to be lowered so slowly that each successive configuration can be treated as static. At each level the 
determination of the lines of force is a simple problem of electrostatics in a static curved space, with 
the potential satisfying the equation 63 

—r-7rs in8-f + 1 1 ) — ( r 2—) = 0 (except at source) 
sin 0Ô0 00 V r ) *r\ or/ 

and the field components given by the appropriately expressed gradient <\>. The lines of force run quali
tatively as shown in Fig. 13. When the charge is close to the Schwarzschild radius the extreme gravi
tational field deforms the lines of force very far from the normal pattern. As examined far away 
they appear to diverge from a point far closer to the center of the sphere than is the charge itself. The 
dipole moment goes to zero as the charge approaches 2m. Nothing in the final pattern of the emergent 
lines of force reveals the location of the charge. We see simply black hole—mass plus charge — and no 
other details. 

I t will be more natural to drop the charged object than to lower it slowly. Then electromagnetic 
radiation will come out 64. However, the charge as viewed from far away eventually slows down, the 
emission of radiation ceases, and the fade-away of the dipole moment goes as if the charge were being 
slowly lowered to the Schwarzschild radius. The dipole moment as one would evaluate it from flat 
space arguments is 

Pom» ~ q&m + toner*^-»*") 

— never disappearing. It actually disappears according to a law of the form 

/>gen'rei~ £ const In f/<* (Price62) 
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Idealized picture of a black hole. Any detail of the infalling matter is washed out : we 
end up with a configuration uniquely determined by mass, charge and angular momentum 
(see text). 

This disappearance of the dipole takes place at the same rate and for the same reasons as the fade-out 
of the mass quadrupole moment and the higher moments of the mass asymmetry. 

Electromagnetism provides a simple way to calculate the far-away field produced by a charge, 
either at rest near, or falling into, a black hole. No such option is available when one wants to calculate 
the gravitational perturbation produced by the small mass. The mass cannot be conceived to be held 
stationary without doing violence to the field equations 56>65. The radiation of gravitational wave 
energy in the act of infall has been treated by Zel'dovich and Novikov56 and, in more detail, by Zerilli66t. 
However, no complete calculation is yet available for the coefficients of 1// in the expression for all 
the mass moments in the final stages of the fall of the supplementary mass 8m. 

The collapse leads to a black hole endowed with mass and charge and angular momentum but, 
so far as we can now judge, no other adjustable parameters (" a black hole has no hair " ; Fig. 14). 
Make one black hole out of matter; another, of the same mass, angular momentum and charge, out 
of anti-matter. No one has ever been able to propose a workable way of telling which is which. Nor 
is any way known of distinguishing either from a third black hole, formed by collapse of a much smaller 
amount of matter, and then built up to the specified mass and angular momentum by firing in enough 
photons, or neutrinos, or gravitons. And on an equal footing is a fourth black hole, developed by 
collapse of a cloud of radiation altogether free from any "matter "6 7 > c 8 . 

Electric charge is a distinguishable quantity because it carries a long-range force (conservation 
of flux; the law of Gauss). Baryon number and strangeness carry no such long-range force. They 
have no Gauss law. It is true that no attempt to observe a change in baryon number has ever suc-
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ceeded 9 6 , 7°. Nor has anyone ever been able to give a convincing reason for expecting a direct and 
spontaneous violation of the principle of conservation of baryon number. In gravitational collapse, 
however, that principle is not directly violated; it is transcended. It is transcended because in collapse 
one loses the possibility of measuring baryon number and loses therefore the possibility of giving this 
quantity a well-defined meaning for a collapsed object. Similarly for strangeness. 

For the determination of lepton number there is a force that might at first sight be thought to 
provide a measurement tool. A collection of L^ leptons at rest interact with a collection of L2 leptons 
at rest, at a distance r, by exchange of neutrino/anti-neutrino pairs, with an energy of interaction of n 

V(r) = ( G V ^ L j W r 5 

where G = 10_5Mp~
2 is the Fermi constant, and Mp is the proton mass. Could one not measure the 

force exerted by a black hole on a test body containing L2 leptons, then the force on a test body of 
the same mass containing — L2 leptons and take the difference, thereby finding the " unknown 
lepton number " Lx of the black hole? James Hartle, who suggested this procedure to define and deter
mine the leptonic number of a black hole, also pointed out that it cannot work as stated. The collapse 
brings about a greater and greater red shift of all effects coming from the lepton source Lx. Moreover, 
there is no Gauss law for the 1/r5 interaction. Therefore, in advance of a detailed calculation, one has 
every reason to expect the lepton-lepton interaction to fade away as gravitational collapse proceeds. 
Thus one thinks of the law of conservation of lepton number as being transcended as completely as 
the law of baryon conservation. The black hole ends up by being characterised, one expects, by 
mass, charge and angular momentum, and by nothing more. 

5.5 ROTATION AND THE KERR GEOMETRY 

R. P. Kerr in 1963 gave an exact solution 72 for the geometry associated with a mass m endowed 
with an angular momentum 

(angular momentum) = J = — ma 

and Newman and collaborators in 1965 generalised this solution73 to encompass charge. A general 
account of the properties of this " generalised Kerr geometry " has been given by Carter74. It is 
enough for our purpose to write the metric for a black hole in the case when there is no charge, 

ds* = - dt* + (r« + a2) sin2 0 rfcp2 + 2mr ( f + « sin!\\[<*& + (,2 + a2cos2 6) (dW + —J* \ 
r2 + a2 cos2 v \ rz — 2mr + ar) 

Figure 15 shows the two most interesting surfaces associated with this geometry 75,76 : 

1) the " surface of infinite red shift", or g00 = 0, 

r+ = m + (m2 — a2 cos2 0)1/2 

2) the " event horizon" or " one-way membrane ", 

r0 = m + (w2 — Û2)1/2 

(angular momentum parameter a less than, or at most equal to, the " maximum allowable value ", 
a = ni). An object that has arrived at, or within, this horizon can send no photons whatsoever to 
a far-away observer, no matter what the direction of motion of this object, and no matter in what direc
tion it emits the photons. The light cone points inward. Collapse is inescapable for a particle that 
has fallen into this surface. 

In contrast, a particle that has come into the region between surfaces (1) and (2) (" ergosphere ") 
can still, if it is properly powered, escape again to infinity. However, its life in the region between the 
two surfaces has this unusual feature : there is no way for it to sit at rest, rocket-powered or not! The 
line r = const, 8 = const, tp = const, only t increasing (vertical arrow in Fig. 16) lies outside the light 
cone. It is space-like. It is not a possible world line. A real particle in the ergosphere must always 
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Figure 15. " Ergosphere " of Kerr geometry, the region between the surface of infinite red shift (flat
tened figure of revolution, r = m -f (m2— a2 cos2 Q)112) and the " one-way membrane " 
or horizon (inner sphere r = m + (m2 — a2)112). A particle entering the ergosphere 
and emitting a disintegration product can emerge with more energy (rest-plus-kinetic) than 
it had when it entered. 
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Figure 16. Light cone and time-like Killing vector for Kerr geometry at selected locations in the equa
torial plane, 0 = TZ/2. The Killing vector is most readily visualised as the transformation 
Ar = 0, A8 = 0, A9 .= 0, t ->* +' At. It carries one's attention from a given point in 
spacetime to a point with identical geometry. It is time-like in the exterior. It becomes 
null on the surface of infinite red shift (outer flattened figure of revolution in Fig. 15; 
described in the equatorial plane by the circle r = r0 = 2m). It becomes space-like in 
the region interior to this surface. A particle can come into the region between the surface 
of infinite red shift and the horizon and get away again to the exterior, and this in a time 
which is not only finite on its own proper timescale but also finite as seen by a far-away 
observer. However, to reach the horizon itself takes an infinite time as seen by the far
away observer. For the particle itself it takes only a finite time to cross the horizon. Once 
across, it can never escape. The light cone points inward (" trapping surface "). 



change position, regardless of whether it eventually escapes to infinity or crosses the one-way mem
brane to collapse. From the ergosphere the particle can always send a signal out to infinity. How 
is this possible? Is it not unreasonable to expect a photon to cross a surface of infinite red shift? The 
answer is simple. The light cone reaches outside this surface (Fig. 16). Properly directed photons 
can escape. Is there not a difficulty in this answer? If one source located on this surface, can 
emit a photon to infinity by properly directing this photon, cannot any source located on this surface 
emit a photon to infinity by properly directing it (principle of Lorentz tranformation from one local 
frame to another)? If so, how can we speak of an infinite red shift of the photons emerging from 
a *' source at rest"? This is because on this surface a source " at rest " in the technical sense of 
the word 

(r = const, 8 — const, 9 = const, t increasing) 

is actually not at rest at all — it is moving with the speed of light (arrow located on the light cone in 
Fig. 16). 

Only in the case of the Schwarzschild geometry (a = 0, charge = e = 0) does the surface of 
infinite red shift coincide with the " horizon " or " one-way membrane ". In the general Kerr geometry 
the two surfaces are separated everywhere except at the Poles. Incidentally, two new surfaces interior 
to the horizon show up in the Kerr geometry, which coalesce to the singularity, r = 0, of the Schwarzs
child geometry as a -> 0 and e ->• 0. One is the " interior null surface ", r = m — (m~ — a2)1'2; the 
other is the " interior g00 = 0 surface ", r = m — (m2 — az cos2 8)1/2. Neither of these surfaces can 
make itself felt to a far-away observer. 

The dynamics of the geometry interior to the surface of infinite red shift cannot be probed from 
outside in the Schwarzschild case but can in the Kerr case. Moreover, one can profit from this acces
sible zone of dynamic geometry and extract energy out of it, according to Penrose " . For this purpose 
lie has suggested (1) shooting a small object in from outside with rest plus kinetic energy Ex ; (2) letting 
it explode (or turn on its rocket engine) in the dynamic zone in such a way that the disintegration pro
duct (or, equivalently, the rocket éjecta) crosses the one-way membrane and gets taken up in the black 
hole; (3) letting the residual mass re-emerge from the surface of infinite red shift with total energy E2; 
(4) then so arranging the process that E2 exceeds Ej (for details of this process, see Figs. 17, 18, 19 
and 20). The energy E2 — Ea can be said to have been extracted from the rotational energy of the black 
hole in this sense, that the angular momentum of the black hole always decreases in such a process. 

If an object by going in and out can pick up energy and angular momentum from a black hole, 
it is also true that a particle that goes in and gets caught gives energy and angular momentum to the 
black hole. The process of capture of a particle or photon coming in from infinity has been studied by 
Doroshkevich78 and Godfrey79. A Schwarzschild black hole captures a photon which approaches 
with impact parameter b less than 33/2 m, and merely deflects a photon that approaches with larger 
impact parameter. Capture augments the angular momentum by the amount 

AJ = bj> 

where p is the linear momentum of the photon and bx is the component of the impact parameter perpen
dicular to the axis of rotation. A Kerr black hole that captures a photon experiences a change in 
angular momentum given by the same formula. Now, however, the maximum reach of values, bL, 
is greatest (most negative; more negative than — 33/2 m) for photons that will cut the angular momen
tum of the system, and least (less than -f- 33'2 m ; details given by Godfrey79) for photons that will 
augment the angular momentum. Thus capture from a random environment leads to a gradual 
decrease of the angular momentum of the system. 

The opposite of random accretion is bombardment with photons having the maximum positive 
impact parameter compatible with capture. This process augments the angular momentum along with 
the mass; but the ratio of angular momentum to the square of the mass approaches only the limiting 
value 

(J/wa)iim = (a/m)lim = 3*/2/2*/2 = 0.918 

significantly short of the critical value a — m. Very fast particles do no better than photons in raising 
the angular momentum towards the critical value. Slower particles do better. The cross-section 
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Figure 17. " Effective potential " experienced by test particle moving under influence of Schwarzschild 
geometry. Shown for values of angular momentum p^ and distance r close to critical region 
of transition from stable circular orbits (minimum in effective potential) to types of motion 
in which the capture of the test particle is immediate (no minimum in effective potential). 
The transition (" last circular orbit "J occurs at p9 = (12)m m]x, r = 6m where [x is the 
mass of the test particle, m is the mass of the center of attraction in geometrical units 
(m = 1.47 km for one solar mass; more generally, m = (0.742 x 10~28 cm/g)mQ0nv) and 
r is the " Schwarzschild distance " (proper circumference)2n). The energy at this point is 
E = (8/9)ll2[L = 0.943 [i, corresponding to a binding of 5.7 per cent of the rest mass. The 
effective potential is defined here as that value of E which annuls the expression 

E2 — (V + V/r2; (1 — 2m/r). 
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Figure 18. " Effective potential " experienced by a test particle moving in the equatorial plane of an 
extreme Kerr black hole a/m = 1. Here m is the mass of the black hole expressed in geo
metrical units m = (G/czJmconv and a is the angular momentum per unit of mass. We 
have considered values of angular momentum of the test particles (p^\m]x) and distance r 
close to the critical region of transition from stable circular orbit (minimum in effective 
potential) to types of motion in which the capture of the test particle is immediate (no mini
mum in effective potential). In contrast to the case of the Schwarzschild black hole (cf. 
Fig. 17) the behaviour of the effective potential is now considerably different depending on 
whether the angular momentum j?9 has positive or negative values (cf. Fig. 19 where the 
Newtonian, Schwarzschild and Kerr cases are compared and contrasted). For negative 

angular momentum the last circular orbit occurs at j7ç/mp.=—22\(3\J3). Here \x is 
the mass of the test particle and r is the " Schwarzschild distance " (proper circumference /2TC ) . 
The binding at this point is 3.78 per cent. For positive angular momentum we have circular 
orbits all the way down tor — r/m = 1. The last circular orbit occurs atp^ = p9Jm\L = 2\J3, 
r — 1 with a value of the total energy E = jx/\/5. The binding energy is at this point ~42%! 
(cf. Fig. 19). The effective potential is defined as the value of the energy which annuls 
the expression 

ETrz + r + 2) — 4Ep* — \L2r(r — ip+(2 — r)p9*==0 

Of the two solutions of this equation we have here considered the one with the positive sign 
in front of the radical. The other solution (not shown) is easily obtained by noticing that 
the expression of the effective potential is unchanged with respect to a simultaneous change 
ofEin — E andpy in —pç. The potential energy surfaces for the two solutions ("positive " 
and " negative " energies) meet at the " knife edge " r = 1, E = p^/2. 
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Figure 19. The minima (stable circular orbit) and maxima (unstable circular orbit) of the " effective potential" experienced by a test particle moving in the field of a 
Newtonian, a Schwarzschild and an extreme Kerr black hole are here compared and contrasted. The distance r is given in units of the mass of the black hole 
in geometrical units (m = (G/c2)mconv) and the angular momentum of the incoming particle p9 in units of the product of (he mass m of the black hole 
and of the mass \x of the incoming particle, both expressed in geometrical units. Numerical values of the effective potential E in units \x are displayed on the 
representative curves of the maxima and minima for selected values of the distance and of the angular momentum. For any given distance and angular momen
tum the effective potential is in the general Kerr case defined by the value of the energy which satisfies 

E2(r3 + a2(r + 2m) ) — 4mEap^ + (2m — r)p<?
2 — \i2r2(r — 2m) — a2\i2r — 0 

where a is the angular momentum per unit mass in geometrical units. In the particular case considered in this figure, as well as in Fig. 18, we are dealing 
with an " extreme " Kerr black hole, namely ajm = 1. Setting a = Owe obtain the expression for the Schwarzschild black hole 

& - ( l - 2m/r) ((pjr)* + \fi)=0 

(continued on page 93) 



and finally going to the limit m/r <C I andpo/r^ 1 we obtain the Newtonian case 

r u. 2rz 

The last circular orbit occurs in the three cases at the following values of the parameters 
(cf. also Figs. 17 and 18). 

rjm 
E/u. 
0* — E>/l* 
vJwiii 

Newtonian 

0.0 
— oo 
+ oo 

0.0 

Schwarzschild 

6.0 
(2\/2)/3 

5.72 % 
2\/3 

Kerr 
(Extreme case a = m) 

1.0 
l/N/3 
42.35 % 
2/\/3 

9.0 
5/(3v/3) 

3.77 % 
— 22/(3\/3) 

Jh f/?e Newtonian case for any selected value of the angular momentum p0 there exists a cir
cular stable orbit (minimum in the effective potential) with a value of rjm = (pjm\i)2 

and a value of the total energy Ecir = \J. — mi\i?l2pl^. The maximum of the effective poten
tial, for any value of the angular momentum different from zero, is at r — 0, where E 
diverges to + oo. The value of the effective potential is independent from the sign of 
pç. For the discussion of the case of Schwarzschild and Kerr black holes cf. Fig. 17 and 
Fig. 18 and text. 

for capture goes up, and the contribution to the angular momentum goes up also. Thus, for photons 
and relativistic particles the capture cross-section (in the simplest case of small rotation) is 

Jcapt = 27wn2 

whereas the Newtonian formula for the cross-section for capture of a particle of velocity (3 (measured 
at infinity) by a center of radius R is 

ffcapt = 7tR2Q + 2m/(32R) 

and in general relativity the cross-section of a Schwarzschild black hole for capture of a slow particle 
( P < 1) i s 8 0 

tfcapt ' = 167W22/|32 

The maximum impact parameter for capture in this limit is, 

tf>x)maX = 4/n/p 

Thus a particle of mass 8m, captured with maximum impact parameter, brings in an angular momentum 

SJ = (6x)max 8m p = 4m 8m 

At the same time it brings in an increment in mass energy of 8m. The ratio of angular momentum to 
square of the mass rises by the amount 

8(31 mf = (2Sm/m) (2 — J/m)2 

Taken literally, this formula would imply that selective accretion could eventually raise the J/m2 ratio 
up to 2, twice the critical value for the Kerr geometry. However, the increasing angular momentum 
of the black hole has far-reaching effects on the impact parameter for capture. It is altered79 from 
4w/p to 

(bx)max = (2m/0) [1 + (1 - J/m2)1'2] 

Thus, a particle approaching with 300 km/sec (p = 10-3) a black hole of solar mass (m = 1.47 km) 
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Figure 20. A particle of mass \i0 coming from infinity with total energy E0 and a positive value of the 
angular momentum p9o can penetrate in the ergosphere of an extreme Kerr hole and here 
decay into two particles. One particle of mass \ix, negative value of the angular momentum 
p0l and a negative value of the total energy Ex, falls towards and penetrates the one-way 
membrane. The second particle of mass \x2, positive value of the angular momentum p9t 

and a positive value of the total energy E2, goes back to infinity. The remarkcble new feature 
in this process is that the energy E2 of the particle coming back to infinity is larger than the 
energy E0 of the particle coming in (R. Penrose). For simplicity we consider a decay 
process in the equatorial plane of a Kerr hole. The required conservation of the 4 momentum 
gives 

(a) Et = E1 + El 

(P) Po, = P<?t + P<?. 

I VLJL(E*- tâ)r» + 2 ^ , 2 + (a*El-p%a-a*v.l)r + 2m(E0a-P<pf]
112 

(c) \=-lx1[(Ef — (Jt?>3 + 2(ji?mr2 + (a*El—fa — a*v*)r + 2m(Ela - pj*p* 
( -f- |i2[f£2

2 — vVr* + 2{4»ir» + (a%E\ — p\% — a\\)r + 2m(E2a—Pl?J*]1/z 

Here a is the angular momentum J per unit of mass of the Kerr hole a = J/m. We have 
further simplified the problem by considering an extreme Kerr hole a/m — / and a decay 
process in which the incoming particle is at a turning point of its trajectory. Equations (a) 
and (b) are unaltered and equation (c) (conservation of radial momentum) simplifies to 

(c') ^[(El- MP + 2v$* + (El-pi - Mr + 2(El-p9J*F* = 
^{(E\ - l4)P + 2v$* + (El — # . - nitf + 2(E% —PiJtp* 

where r = r/m and p9 = pjm. The system of equations (a) and (b), (c1) has been solved 
assuming r = 1.5, \LX = 0.01, p9l = —1.0, (x2 = 0.40, p9i = 12.0. An additional condition 
is the requirement that the total energies of the two particles Ex and E2 be larger than or equal 
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to the respective turning point energies. One of the numerical solutions is given in this figure. 
On the upper left side a qualitative diagram shows the main feature of the decay process in the 
equatorial plane of the ergosphere of a Kerr hole. In the upper right side is the effective 
potential (energy required to reach r as a turning point) for the incoming particle. The 
effective potential is plotted at the lower left and at the lower right side for the particle 
falling toward the one-way membrane and for the particle going back to infinity. 
This " energy gain process " critically depends on the existence and on the size of the 
ergosphere which in turn depends upon the value aim of the hole. In the equatorial plane 
we have for the ergosphere 1 + (1—a2Jm2)112 < r ^ 2; when aim -+0 (Schwarzschildhole) 
the one-way membrane expands and coalesces with the infinite red shift surface, wiping 
out the ergosphere. The particle falling towards the one-way membrane will in general 
alter and reduce the ratio ajm. of the black hole. 

will be caught if it has an impact parameter less than 6000 km; but if the black hole has the critical 
angular momentum J = m2, the distance for capture decreases to 3000 km. This result applies to 
capture that augments the angular momentum; for capture that decreases the angular momentum of 
the black hole, the impact parameter is increased to 

bx = (2/rc/p) [1 + 0 4- J/m2)1'2] = 7200 km 

The corrected formula for the increase of the angular momentum in the selective accretion of slow 
and small particles is 

8(J/ro2) = (28/M/OT) [1 + (1 — J/w2)1'2 — J/w2] 

Thus the ratio S/m2 can be brought by selective accretion in this way asymptotically close to unity, but 
never above unity81 ,82 . 

5.6 ENERGY SENT OUT WHEN MASS FALLS IN 

Neglecting the small amount of energy given off in the dynamic zone, one has for the amount 
of energy given out by radiation the fraction (1 — 3~1/2) or 42 per cent of the rest mass of the particle. 
In contrast, a particle spiralling in towards a Schwarzschild black hole, and arriving at length at the last 
stable circular orbit, at r = 6m, will depart exponentially fast from circular motion and fall in in one 
leap, again with only a brief snatch of radiation given out in this leap. The important part of the radia
tion, emitted on passage from r = oo to r = 3m, takes away only the fraction 1 — y 8/3 or 5.7 per cent 
of the rest mass. 

The discovery in quasars of objects with enormous energy release led many workers to investi
gate gravitational collapse as a mechanism superior to fission or fusion (Sw/m Z 0.01) for converting 
mass to energy. A closer look caused discouragement. Six per cent of the rest mass, emitted in a form 
so poorly coupled to the surroundings as gravitational radiation, is no improvement over nuclear 
energy as a source of power ! An alternative was to consider the effect of the tidal forces of a big black 
hole on a smaller object falling into it. These forces squeeze the object transverse to the direction of 
fall and stretch it out in the radial direction (effect of squeezing a tube of toothpaste!). However, 
only something of the order of one per cent of the rest mass of the infalling object re-appears as kinetic 
energy of the ejected " toothpaste ", according to one. unpublished estimate 83. Thus gravitational 
collapse appeared to be no better than nuclear reaction as a source of energy, so long as one restricted 
attention to a Schwarzschild black hole. However, a completely different order of magnitude of energy 
release is evidently possible with a Kerr black hole. This circumstance gives incentive for re-examin
ing the " tube of toothpaste " and other mechanisms of energy release in the context of the Kerr 
geometry — a task for the future! It also raises this question with special force : is it natural for a 
black hole to arise which is endowed with critical, or near-critical angular momentum? 
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5.7 FINAL OUTCOME OF COLLAPSE OF A ROTATING BODY 

Selective accretion is not a reasonable process to consider for a black hole immersed in a ran
dom cloud of interstellar dust and atoms. Selective accretion is a reasonable process to consider for 
a black hole immersed in the debris from the collapse of a rotating star. Rotation flattens the original 
star. In consequence the polar regions are drawn in by stronger gravitational forces than the equa
torial regions. Moreover, they have a smaller distance to go before they meet. It is therefore reason
able to expect that the system first contracts to a pancake configuration with a characteristic time of 
the order of the time of free fall, 

rx ~ (effective radius of original system)3/2/(mass)1/2 

(geometrical units, such as km of light travel time!). This expectation has been confirmed by direct 
calculation 84 in the idealised case of a cloud of dust which, though not rotating, has an initial flattening 
by virtue of the arbitrarily specifiable initial conditions themselves. In the case of the real star core, 
the diameter of the pancake will be expected to exceed the thickness by a substantial factor if the angular 
momentum of the original system is significant in comparison with the quantity 

(mass)3/2(effective radius of original system)1'2 

What now happens will be very different according to the mass of the " pancake " and its angular 
momentum. Consider the case where the " pancake " has a mass of order of 5 M 0 . To attain nuclear 
density (pconv = 1.5 X 1014 g/cm3 or p = 1.1 x 10~14 cm-2) in the median plane will require a pressure 
Pconv = 2 x 1033 g/cm3 (or p = 1.6 x 10~16 cm -2), implying a surface density 

e> = (2p/nyi* = 1.0 X 10-8 cm 
< W = 1-4 X 1020 g/cm2 

The calculated thickness is of the order of 15 km and the diameter of the order of 100 km. If the angular 
momentum is not too great, and the collapse can proceed in the equatorial plane, the time for this 
second phase of the dynamics will be of the order 

T2 ~ (radius of freshly formed " pancake ")3/2/(residual mass)1/2 

(residual mass = mass left after expulsion of shell by shock 42) The system will then end up as a Kerr 
black hole. 

If the angular momentum of the pancake is larger than the critical amount J = m2, considera
tions are not so simple. At least four possibilities suggest themselves : (1) fragmentation into several 
neutron stars plus other orbiting material; (2) fragmentation into one or more black holes plus one 
or more subsidiary neutron stars plus other orbiting material; (3) collapse into a toroidal geometry; 
and (4) collapse into a geometry without any symmetry at all. 

Cases (1) and (2), the system is evidently endowed with a large mass quadrupole moment which 
moreover will be changing rapidly with time as the larger fragments revolve about their common center 
of gravity. Gravitational radiation will take place at such a rate 

— dE/dt = (32/5)»^OT1(W1 + m2)/r
5 

(cf. Chapter 7 on gravitational radiation) that these larger fragments will quickly (less than a minute) 
coalesce to one large black hole. Thus, for example, the angular momentum of two like masses m, 

J = m 3/2 r l /2 / 2 l /2 

will be radiated away until J falls to some value comparable to m2 and the system finally collapses to 
a black hole. 

The residual orbiting material, in the form of smaller fragments and dust, will radiate less 
rapidly and fall in later. Idealise a portion of this residual material as a test particle. What happens 
if (a) the black hole already has the critical value of the angular momentum, J = m2 and (b) the addition
nai small mass is revolving in the equatorial plane in the sense suited to increase the angular momentum 
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of the black hole? Bardeen answers 81 that the particle will slowly spiral in, losing energy by gravita
tional radiation, right up to moment when it arrives at the surface of infinite red shift, r = 2m (Figs. 15 
and 16). Then it will quickly pass through the dynamic zone, emitting a brief snatch of radiation, 
arid then cross the horizon or one-way membrane, thereby becoming completely assimilated into the 
black hole. While the particle spirals in, its angular momentum decreases. When it is finally assi
milated into the black hole, it raises the angular momentum and the mass of the system to values which 
still satisfy the limiting condition, 

J + SJ = (m -f Sm)2 

Case (3), collapse to a toroidal geometry, is most appropriately discussed in connection with 
trie collapse of an infinitely long cylinder of mass (" torus of infinite major radius "). Thome 8S has 
shown in simple examples that the collapse can go to completion by : (a) formation of a line singularity; 
(b) radiation of practically all the mass-energy (so-called C-energy, definable for cylindrical geometry; 
relation to the Schwarzschild energy of a torus of finite major radius, as defined by the period of a far
away test object, still uncertain and the subject of investigation) of the system in the form of gravitational 
waves; and (c) no horizon formed (all the process observable by a far-away observer in a perfectly 
finite time). One can expect that an ideal torus of finite major radius will undergo a qualitatively 
similar collapse : (i) collapse of the minor radius; (ii) formation of a ring-shaped singularity, or near-
singularity; (iii) if any line-density of mass-energy still remains at the end of phase (ii), then collapse 
of the major radius on a longer time-scale; (iv) possible decrease of the large quadrupole moment and 
higher moments of the mass distribution, similar to the ~ l/(time) decrease of the moments in the case 
of small moments (cf. discussion above), in the event that this extrapolation is justified (alternative : 
a very asymmetric type of collapse — cf. Case 4); (v) approach to a standard Kerr black hole, with 
(vi) formation of an event horizon and (vii) trapping of a finite portion of the original mass energy 
of the system in this black hole. How the torus is to be formed in the first place in the initial collapse 
of the original star core is not in our province to study here. The hydrodynamics of a drop of milk 
falling into a pan of milk, as revealed by high-speed photography 86, is so fantastic in its complexity 
and beauty that one could hardly have imagined it, still less supplied a detailed analysis of how it came 
about. However, small perturbations from ideality will be expected in any such torus; and some of 
the modes of deformation will grow exponentially with time. This kind of behaviour is well known 
in the case of a jet of water 87>88. An analogous break-up into a collection of separate masses can be 
envisaged here. However, we are then back to Case (1) or (2). Therefore the new element in the pic
ture is obtained, not by looking further into this break-up into separate masses, but by taking the torus 
to be ideal, as envisaged throughout in Case (3). 

Case (4), a highly unsymmetrical distribution of mass at the end of the first stage of collapse, 
can come about in many ways. It is hardly profitable to look into the details of that part of the hydro
dynamics. What happens next is powerful gravitational radiation (time-changing quadrupole moments). 
The ensuing stages can be envisaged to follow the scenario of Cases (1) and (2). An alternative possi
bility claims attention. The asymmetry could be of a very special character, as treated originally by 
Kasner89, taken up by Khalatnikov and Lifschitz90, and especially analysed by Misner 91 in connection 
with his so-called " mixmaster model universe ". The special feature of the dynamics here is the aniso
tropy oscillation of the Universe as a whole. The three principal radii of curvature oscillate in synchro
nism and with identical amplitudes and phase at every point of the Universe (" excitation by longest 
standing wave which will fit into closed Universe " ; " homogeneous anisotropy ")• The gravitational 
wave in this case is " trapped in a wave guide " —the Universe itself—and neither carries in nor carries 
away energy except as the " size of the wave-guide " itself changes in time. The same is not true when 
a system of stellar dimensions undergoes anisotropy oscillations. It becomes a powerful emitter of 
gravitational radiation and loses mass-energy rapidly. At least two very different outcomes suggest 
themselves as conceivable : (a) the damping is so powerful that the vibration stops before all the mass-
energy is lost in gravitational radiation — the system settles down to a spherical configuration (neutron 
star or black hole) ; (b) the damping is not enough to kill the vibration. Energy continues to pour 
out. The mass of the system continues to go down. The frequency of the anisotropy vibration rises. 
The energy of the anisotropy vibration, in the absence of gravitational damping, increases as the fre
quency (principle of adiabatic invariance of ratio Evib/v). The amplitude goes up even faster (more 
energy in a smaller system). The rate of radiation of mass goes up without limit as the mass goes 
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down. Or it reaches the kind of limit that could be imagined to come out from dimensional arguments ; 
for example, to give one simple illustration (simple because independent of ml) 

— dE/dt ~ (cm of mass-energy)/(cm of light travel time) ~ (numerical factor, k) 
— dEconv/dtconx ~ kc5/G ~ 1060 erg/sec 

In a finite time the system exhausts all the energy available. The system ends up with zero mass. The 
mass it once had has all been transformed into radiation, electromagnetic as well as gravitational, 
travelling off to great distances in a sudden burst of luminosity. There is not yet any theoretical 
analysis whatsoever that would say whether such a " complete gravitational fade-out " can really take 
place. It is important for physics and for astrophysics to know whether a mechanism exists for the 
complete conversion of " stable matter " to energy ! 

5.8 SEARCH FOR BLACK HOLES AND THEIR EFFECTS 

Black holes have been predicted to exist for over thirty years. No one accepting general rela
tivity has seen any way of denying their existence. Moreover, a black hole is. a characteristic geome-
trodynamical entity. In Newtonian theory a neutron star could still exist, though with altered pro
perties; not so a black hole. 

From the prediction of a neutron star (Zwicky, 1934 92) to its discovery (as a pulsar, Hewish 
et al., 1968 l8) was 34 years. If from the prediction of a black hole (Oppenheimer and Snyder, 1939 50) . 
to its discovery is also 34 years, then what will be the tool by which it is detected in 1973? 

Of all objects one can conceive to be travelling through empty space, few offer poorer prospects 
of detection than a solitary black hole of solar mass. No light comes directly from it. Can it be seen 
by its lens action or other effect on a more distant star? Not by any simple means! It is difficult 
enough to see a Venus 12 000 km in diameter swimming across the disk of the Sun without looking fo 
a 2(27)1/2 m or 15 km object moving across a stellar light source almost infinitely far away. Turn 
therefore to a black hole that is not isolated : (a) a black hole that affects a companion normal star 
only through its gravitational pull (Zel'dovich and Guseynov93); (6) one close enough to draw in 
matter from the normal star (Shklovskii94); (c) one actually imbedded in a star; or (d) a black hole 
moving through a cloud of disperse matter. 

Trimble and Thome 95 review the available evidence on double star systems, one component 
of which is invisible (alternating Doppler effect seen only in the other, visible, component). They 
conclude that " only few, if any, of the systems contain collapsed or neutron star secondaries ". More
over, no pulsar is known to be a member of a binary system (sine wave phase modulation of signal from 
pulsar, with period of one year or less). With a neutron star an infrequent component of a binary 
system, one can believe that a black hole also appears at most occasionally linked to another star. Never
theless, just this occasional case is the case we are looking for. 

The possibility to capitalise on such a double-star system is more favourable (case b) when 
the black hole is so near to a normal star that it draws in matter from its companion. Such a flow 
from one star to another is well known in close binary systems 96- 97 but no unusual radiation emerges. 
However, when one of the components is a neutron star or a black hole, a strong emission in the X-ray 
region is expected 98> " . 

Gas being funnelled down into a black hole undergoes heating by compression. ZeFdovich 
and Novikov 56 devote a whole chapter to the physics of pick up of (" accretion ") and radiation by, 
this gas as they are affected by (a) the density of the gas far away from the black hole (b) the tempera
ture there (c) the effective adiabatic exponent y of the gas during compression and (d) the mass of the 
black hole. Regarding one other physical factor, the velocity of the star relative to the far-away gas, 
they recall a result of Salpeter 10° : " A body moving at supersonic speed relative to the gas decelerates 
in a time so short that accretion cannot appreciably change its mass during the phase of supersonic 
motion ". This circumstance gives reason for focusing attention on the case where the black hole 
(or neutron star) moves at subsonic velocity relative to the gas. 
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The density of the gas around a slow-moving black hole is little affected by the pull of the star 
;xcept at distances of the order of the " critical distance " rc and less, where 

rcrit ~ w/(ï2
sound a t „ 

or 
rcrit ~ Gwconv/(velocity of sound far away)2 

(Example : m = M 0 ; ionized hydrogen gas at 10 000°K; y = 1.5; rc = 1014 cm; ionization brought 
about not least by radiation pouring out as the gas pours in). For distances less than rc the density 
goes up approximately as r-3/2 for a wide range of conditions of physical interest; and the radial strea
ming velocity goes as r-1/2. The calculated flux of matter onto the star is of the order 

dmjdt ~ (2m)2
Pcrit/p

3
crU 

^ c o n v / ^ c o n v ~ (2Gm 
conv Pcrit conv / ^ conv 

Here porit and porit are the density and the sound velocity out at the critical distance where the pull of 
the star first makes itself felt. 

In the example we have for the sound velocity (3crit ~ 0.6 x 10~4. Take pcrit to have the value 
10-24 g/cm3 or (0.74 x ÎO"28 cm/g) x (10~24 g/cm3) = 0.7 X 10"52 cm-2 that one nominally adopts 
for interstellar matter. Note that 1m = 2 x 1.47 km = 3 x 105 cm. Then we have dmjdt ~ 10~28 

(dimensioiiless) or in conventional units ~ 10~15 M0/yr. If 0.1 of the incident rest mass is radiated, 
the corresponding output of energy is ~ 3 x 1030 erg/sec or ~ 10~3 of the luminosity of the Sun. A 
nearby star will supply a much higher density of matter. For example, a star of the (3-Lyrae type can 
give out 10 -5 M© of matter a year, corresponding at distances of the order of 10 solar radii to a mass 
density of the order p ~ 1 0 - n g/cm3. In this case the luminosity will be greatly increased. 

The mechanism for disposition of the energy is compression, heating, and radiation. The 
converging matter arrives at supersonic velocities at a distance rsuper which in the example is calculated 
to be of the order rs ~ 1013 cm. On the basis of simplifying assumptions, which Zel'dovich and 
N"ovikov spell out and analyse in detail, Schwartzmann concludes that " the temperature which deve
lops during the adiabatic compression corresponds in order of magnitude to the kinetic energy of 
iafall, and is thus approximately the temperature of the shock wave which would arise if the gas were 
to collide with an object at rest " — even though this gas falls without stopping. Temperatures achieved 
may run in the range 1010, 10" or 1012 °K. However, only a fraction of the radiation escapes because 
it comes from a region of high red shift, close to the Schwarzschild radius of the black hole. Zel'-
dovich, Novikov and Schwartzmann conclude that the bulk of the radiation emerges in the visible 
part of the spectrum, or in the X-ray and gamma ray region, according as the mass of the black hole 
is more or less than a certain critical figure. This circumstance emphasises the importance of X-ray 
astronomy, such as can only be done on board a satellite, in the search for black holes. In this connec
tion one is especially eager to find out whether any one of the already known X-ray sources 101 can be 
related to a completely collapsed object. Lynden-Bell in a recent article102 suggested (1) a significant 
fraction of all galaxies may become quasi-stellar objects for some periods in their histories; (2) a burned 
out quasi-stellar source may leave behind a black hole; (3) there may well be one or more massive 
(M ^> M0) black holes in the nucleus of our own galaxy. This possibility increases the interest one has 
in looking for pulses of gravitational radiation and for X-rays associated with such an object. 

6. QUASI-STELLAR OBJECTS 

Galaxies vary one from another in mass by more than an order of magnitude either way from 
the figure often quoted for a " typical " galaxy, ~ 1011 M 0 (with M 0 = 1.989 x 1033 g). From such 
a galaxy the output of electromagnetic radiation runs of the order of 1011 L0 (with L0 = 4 x 1033 erg/ 
sec). By comparison a Seyfert galaxy puts out ~ 10 times as much radiant energy/sec, most of it from 
the concentrated nucleus of the galaxy; and a quasi-stellar object emits at ~ 100 times the rate from a 
region still more concentrated. Ups and downs of the intensity in the visible by 0.25 magnitude 
(ratio 1,26 :1.00) over a time of one day 103 have made it seem reasonable to conclude that the region 
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of emission is localised within one light day (~ 3 x 1015 cm or 200 astronomical units), at least for a 
time of some days. There are at least two other ways to get at the size. Bahcall, Gunn and Schmidt 
have examined six quasi-stellar objects which are associated in direction with clusters of galaxies 104. 
For only one was the red shift known. This red shift agreed with the average red shift of the associated 
cluster of galaxies. This result makes it reasonable to believe that the quasi-stellar objects are at cos-
mological distances. Intercontinental interferometry105 has given as upper limit for the angular 
diameter of such objects 0.001 " (or 5 X 10-9 radian) as detected by radiotélescopes. For a distance of 
2 X 109 light years this angular diameter implies a radio source of dimensions 10 lyr or less. Inde
pendently, one has detected variations in the radio emission with a time-scale of the order of a year 106, 
strongly suggesting that the radio source is less than 1 lyr across. That the limit on dimensions found 
by radio techniques is different from that found by optical means ties in with finding that the time 
variations of the two radiations are practically uncorrelated. 

The power output of one of the best studied of quasi-stellar sources, 3C273 (red shift 0.158; 
estimated distance ~ 3 x 109 lyr) has been evaluated to be approximately as follows 

X-ray107 ~ 7.3 X 1045 ergs/sec 
ultraviolet unobserved 
visible 108 ~ 2 x 1047 ergs/sec 
infrared109 ~ 6.2 x 1048 ergs/sec 
radio n 0 ~ 9 x 1043 ergs/sec 
total ~ 7 x 1048 or more, or 1.8 x 1015Lo 

Some quasi-stellar objects emit more in the radio than 3C273 ; others "have been detected only in the 
visible, not at all in the radio. 

Besides power output, a remarkable feature of some of these objects is directional energy output 
of unprecedented magnitude. In 3C273 one detects both radio waves n0. and light coming from a jet 
of plasma of dimensions large compared to galactic (~ 105 lyr) diameters. The spectrum indicates 
synchrotron radiation. One concludes that the charged particles and the magnetic lines of force about 
which they whirl were ejected from the galaxy in an explosion event ~ 106 years ago. The sum of 
particle energy and magnetic energy is estimated to be of the order of 10S1 erg, or 107 M0c2. Such an 
energy can be produced, so far as is known, only if (1) a significant fraction of the entire ~ 1011 MQ 

in a galaxy undergoes thermonuclear combustion or (2) ~ 107 M 0 is converted almost completely 
into energy, or (3) some intermediate transformation takes place. 

Several promising proposals have been made as to how the power output may arise : (1) compact 
cluster of ~ 108 stars at the center of the galaxy, with these stars colliding or otherwise growing to the 
point where they become supernovae; or (2) one giant star of ~ 105 MQ, which not only vibrates but 
also converts a large fraction of its mass to energy; or (3) a giant black hole (~ 107 M0) which captures 
matter and in one or another of the ways already touched upon (discussed in an interesting recent paper 
of Lynden-Bell102) converts a substantial fraction of this matter to radiant energy; or (4) some complex 
combination of these mechanisms. It may well be that one of these mechanisms dominates in one kind 
of quasi-stellar source; another, in another. In any case it is a central issue to uncover the evolu
tionary connection between quasi-stellar sources and Seyfert galactic nuclei and normal galactic nuclei. 

For the directional energy output of a quasi-stellar source no such wealth of options is evident. 
No more promising mechanism comes to attention than the collapse of a magnetohydrodynamic 
system, with jetting of material out of one or both poles, a mechanism beautifully illustrated by the 
recent machine calculations of LeBlanc and Wilson 44. 

Between the gravitational phenomena that go on in a quasi-stellar source and those in a single 
supernova there must exist a rich variety of phenomena intermediate in energy, which it will be of the 
greatest interest to explore — not least with X-ray and infrared detectors located on space platforms. 

From the value of the flux of 3C273 it is clear that the major part of the energy is emitted in the 
infrared wavelengths. In this region exists a very large absorption from the atmosphere (Fig. 5); 
therefore an analysis of the energy output of quasars done from space platforms seems to be highly 
desirable. Moreover, the use of a space platform would allow a very long baseline for the radio inter
ferometer analysis of quasars and consequently a very high resolution of their effective dimensions. 
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7. GRAVITATIONAL RADIATION 

That geometry can undulate and carry energy, Einstein showed in the very first days of general 
relativity1VL. Joseph Weber in the late 1950's was the first to launch a realistic effort to detect such 
" gravitational waves " 112. His philosophy was pragmatic. We require a detector whether the waves 
come from a natural source or from a specially built artificial source. Therefore build the detector 
iirst. Moreover, a simple estimate suggests that any artificial source, if it is to be strong enough to be 
detected outside the near zone, will be expensive to build (Table IX). 

Therefore emulate Hertz : explore with the detector for some unpredictable natural source of 
radiation before thinking about building an artificial source. Weber carried the economy considera
tion a step further at the beginning of his enterprise, not only hoping for a natural source but also 
relying on a natural detector, the natural quadrupole oscillation of the Earth itself. He did not find 
any clear evidence for energy being fed into this mode of vibration other than what could naturally be 
attributed to earthquakes and other noise. On this ground he was able to give the first observational 
upper limit ever for the intensity of gravitational radiation from outer space at a specified frequency, 

dl/dv = C32TC dpr!ld/d(ù < 27 x 1030 x 12 x 10"25 g/cm3 = 3 x 107 erg/cm2 sec Hz 

at 3.1 x 10~4 Hz (vibration period 54 min)114 (revised in our Table X to < 2.6 x 108 erg/cm2 sec Hz). 
Subsequent work of his has given, or allows one to estimate, upper limits at different frequencies. 

TABLE IX 

Boundary rb between near zone 
(gravitational field falling off with distance according to Newtonian predictions) 

and wave zone (true propagation with speed of light) 
for illustrative sources of gravitational radiation. 

Motion 

Earth going round Sun 
Quadrupole oscillation of Earth 
Quadrupole oscillation of Moon 
Two neutron stars or black holes, each of mass M©, 
100 km between centers, revolving in circle about center 
of gravity 

Oscillation of length of Weber's bar 
Vibration of hot SiO molecule inside Earth 

Frequency 

l/yr 
1/54 min 
1/15 min 

41 sec-* 
(104/27c)sec-1 

3.7 X 10" sec-1 

Near zone] [wave zone 

3.8 x 1012km 
3.9 x 108km 
1.1 x 108km 

2.9 x 103km 
74 km 

3.2 x 10-4cm 

The value of r& is estimated by comparing the actual tensorial wave with the scalar wave 
u = R(r)Y(6, 9) (" potential " for the tensor wave) associated with a spherical harmonic Y(f), <p) of 
order I = 2. The radial factor in this scalar wave satisfies the equation 

d*R/dr* + [k* —1(1 + l)/r2]R = 0 

The boundary between the near zone (rapid fall off of R) and the wave zone (oscillation of R) occurs 
i 

for r = [/(/ + 1)]2 \k or, as better estimated by the JWKB «« (/ 4-f) " approximation U3, at 

r = rb = (l + \)lk = 2.51k = 2.5 X 

Here X is the " reduced wave length " of the radiation (classically calculated distance of closest approach 
for a quantum with one unit h of angular momentum) : 

% = \jk = X/27T = c/w = c/2nv. 
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TABLE X 

Upper limits to the intensity of the gravitational radiation arriving 
at the Earth from outer space at selected frequencies. 

Mode studied. 

Earth Weber's bar 

Period 

Mass 

Dimensions 

Q for this mode . . . 

Bandwidth Adiss = 
Ad = 6)/Q = Tj£ 

I CJ(V) dv (cf. text) 
resonance 

Information setting uppei limit 
to continuous background gra
vitational radiation 

This limit, in its own natural 

units 

This limit translated into terms 
of erg/sec uptake of energy 
from " gravitational waves " . . 

This divided by l a dv gives 

upper limit to the flux at reso
nance 

Quadrupole vibration 

54 min 

5.98 X 1027 g 

Radius 6.27 X 108 cm 

400 

4.86 X 10-6 rad/sec 

4.7 cm2/sec 

= 4.7 cm2 Hz 

Noise-power spectrum of normal 
mode excitation of earth during 
quiet periods, in the vicinity of 
1 cycle/hr as measured by Weber 
and Larson U 7 

6 . 9 x l O - " ( C m / s e c 2 > 2 1 " 
(rad/sec) 

1.2 x 109 erg/sec (Note 1) 

2.6 X 108 erg/cm2 sec Hz 

This multiplied by v/c, gives 
upper limit to energy content 
for spectrum flat from v = 0 
up to frequency of observa 
tion, v 

This translated into equivalent 
mass density 

Order of magnitude of density 
required for closure of Universe 
based on best present values 
for age of Universe (13 x 109 yr) 
and inverse Hubble constant 
(19 x 109yr) 

Estimated upper limit to density 
compatible with homogeneous 
relativistic cosmology and 
maximum stretching of uncer
tainties in age and inverse 
Hubble constant 

Do present upper limits on 
intensity of gravitational radia 
tion improve on this cosmolo-
gical limit? 

2.4 X 10-9 erg/cm3 

2.6 X 10-27 g/cm3 

10-29 g/cm3 

10-27 g/cm3 

No 

Lowest mode of stretching vibra
tion 

6.03 x 10-4 sec 

1.41 x 106 g 

153 cm long, 66 cm diameter 

~ 10s 

~ 10 -1 rad/sec 

1.0 x 10-21 cm2/sec 

= 1.0 X 10-21 cm2 Hz 

Thermal noise of detector, at 
T*= 300 °K, if all attributed 
to gravitational radiation, im
plies rate of loss, kTjx^ =&TAco 

4.1 x 10-15 erg/sec 

4.1 x 10~15 erg/sec 

4.1 x 106 erg/cm2 sec Hz 

2.2 X 10-1 erg/cm3 

2.5 X 10-22 g/cm3 

10-29 g/cm3 

10-27 g/cm3 

No 
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TABLE X (contd) 

Information setting upper limit 
to strength of arriving pulse of 
gravitational radiation 

Earth 

Energy uptake of detector in 
such a pulse 

No useful upper limit. (Too many 
earthquakes! No way of discri
minating between effects of 
earthquakes and effects of gra
vitational waves by coincidences 
— no easily reachable duplicate 
of the Earth!) 

Weber's bar 

A pulse of 5 kT (with 
T = 300 °K) or more simul
taneously in Argonne and 
Maryland detectors at most 
once in 81-day interval110 

dv This divided by / crrfv gives 

tipper limit to the energy I(v0) 
of an incoming pulse per cm2 

of intercepted area and per unit 
frequency at resonance 

I(v0) multiplied by v0 gives upper 
limit to surface density of pulse 
energy at Earth for spectrum 
flat from v = 0 up to frequency 
of observation v0 

Upper limit to surface density 
of energy of pulse if it has same 
frequency as detector and ten 
times (Aw = 10Adiss) its band 
width (Note 2) 

— if A« = Adiss 

— ifAcù<A d U s 

Last multiplied by 47W2, with 
r = 8.2 kpc = 2.5 x 1022 cm, 
gives lower limit for output of 
gravitational wave energy from 
a source located at the galactic 
center if powerful enough to 
produce such a pulse 

Amount of mass m, which would 
would have to be annihilated 
t o produce such energy, assu
ming 50 
ciency . . . 

% maximum effi-

2 x 10-13 erg 

2.0 x 108 erg/cm2 Hz 

3.3 X 1011 erg/cm2 

5 X 107 erg/cm2 

107 erg/cm2 

5 x 106 erg/cm2 

4.0 x 1052 erg 

m ~ 0.04 M 

Note 1. The Weber and Larson figure for the noise-power spectrum of the Earth, as measured by a gra-
vimeter, is 6.9 X 10-14 (cm/sec2)2/(rad/sec) (mean square acceleration per unit interval of circular fre
quency, in the neighbourhood of the 54-min quadrupole mode). The corresponding circular frequency 
is to0 = 1.94 X 10~3 rad/sec and the total damping rate is 

Adamping = Ao> = co0/Q = co0/400 = 4.9 X 10-6 rad/sec 

All that part of the noise which lies in the interval of circular frequency given by the integral of the weight
ing factor (Ao/2)2/[(w—G>0)2 + (Ao>/2)2] is attributed to the mode in question namely, (7r/2)Aa>, or 

6.9 X 1 0 - " X 7.7 X 10-6 = 5.3 X 10~19 (cm/sec2)2 

This mean square acceleration is divided by <o„2 to obtain the mean square up-and-down velocity of the 
surface of the Earth associated with this mode 

1.4 x 10-13 (cm/sec)2 
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There are five independent modes of quadrupole vibration, associated with the five spherical harmonics 
of order two; but all, except the mode in question, have zero amplitude at the point of observation, chosen 
to be the pole of the system of spherical coordinates. The kinetic energy for it, in the idealization of a globe 
of fluid of uniform density [cf. text belong is (3/20) M a ¥ = (3/20) (mass of Earth) (vertical velocity 
at pole)2; and average total energy in the mode in question is twice this amount, or 

E = (3/10)(5.98 x 1027g)(1.4 x 10"13 cm^sec2) = 2.5 x 1014erg 

The rate of dissipation of this energy is 

EA d a m p i n g = 1.2 x 109 erg/sec 

The cited upper limit to the flux of gravitational radiation is obtained by taking this amount •— which 
has to be continually replenished— as coming exclusively from gravitational radiation, and not at all from 

earthquakes, seiches, eruptions, etc., and dividing it by / a dv = 4.7 cm2 Hz. This gives the flux of 

energy at resonance. If we assume a spectrum flat from 0 to v, we obtain the upper limit to the energy 
density multiplying the energy flux at resonance by v/c. 

Note 2. The uptake of energy, E, by Weber's bar detector is equated to the integral 

E = fl(y)a(v) dv 

where I(v) is the spectrum of the assumed pulse of gravitational radiation (erg/cm2 Hz). Five cases 
are of interest : 

Broad spectrum, general shape 

Total energy (erg/cm2) in pulse for case of a spectrum flat from 

v = 0 to v just above the resonance frequency, v0 

Total energy (erg/cm2) in pulse for case of a spectrum of the form 

I(v) = I0(Aw/2)2[(w — w0)
2 + (Aw/2)2]-1 with Aw > A diss 

Total energy (erg/cm2) in pulse for case of spectrum which depends upon 

frequency in the same way (Aw = AdiSS) as does the cross-section itself 

Total energy (ergjcm2) in pulse for irradiation by a line much 

narrower (Aw <C Adiss) than bandwidth of receptor 

Note 3. The Breit-Wigner formula contains the resonance denominator (w — w0)s + W2)2, whereas 
the standard formula for the response of damped simple harmonic oscillator contains the resonance deno
minator (w2—w0

2)2 + 4Ç2w2
0w

2. It is of no consequence for the discussion in the text that the one deno
minator far from resonance behaves very differently from the other. The integral of the cross-section 
comes almost exclusively from the immediate vicinity of the resonance, and there the two formulae agree 
inform, as one sees most easily by removing the factor (w + w0)

2 from the latter resonance denominator 
and identifying w in this factor with <o0, as is justified in the vicinity of the resonance. 

Events on Weber's aluminium bar at College Park, Maryland : the bar extended or contracted 
in its principal longitudinal mode with three times thermal energy (k times 300 °K) on a few dozen 
occasions a day and with five times thermal energy on less than a handful of times a day. Weber set up 
another bar at the Argonne National Laboratory near Chicago : it indicated a number of single events 
comparable to that of the first bar. Only a few events, of the order of one a day, were coincident. 

rfv 
I(v0) = 7 

«/res 

j r ' l (v)dv = v0Kv0) 

y,I(v)rfv = (A»/4)I(vft) 

/ l(v)</v = (Adiss/2)I(v0) 

/ l(v)<fc = (Adiss/4)I(v0) 
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(There should in any case be a certain number of coincidences.) Events in the individual detectors 
coming at random times will occasionally overlap within the discrimination time of the coincidence 
circuits (significant fraction of a second). Weber by statistical analysis and by counting coincidences 
when he introduces a time delay in one circuit, concludes that accidental coincidences are roughly 
one order of magnitude less frequent than the observed coincidences115. He has orally reported evi
dence that the coincidences are not associated with (a) solar flares (b) lightning (c) low-frequency elec
tromagnetic waves used to signal from land to United States submarines (d) surges in the interstate 
electric power grid. He has also reported in the literature evidence that the coincidences are not 
associated with (e) an underground nuclear shot in November of 1968 or ( / ) seismic events, in any 
case implausible because of the ordinarily great difference in time of arrival of seismic waves at Chicago 
and Maryland, while a simple estimate shows that (g) the gravitational waves generated by an 
earthquake would be far too weak to actuate either bar and (/?) the strains stored in the bar by reason 
of its past history of thermal cycles relieve themselves from time to time in " bar quakes ". In such 
events crystallites in the aluminium change position like rocks in a rock pile. Pulses of such origin 
are roughly as numerous as other pulses in the first days after a 10 °C change in temperature. There is 
no evident way for this mechanism to contribute to two detectors, except by accident. No one has yet 
come forward with a workable explanation for Weber's coincidences other than gravitational waves 
from outer space. However, the history of physics is rich with instances where supposedly new effects 
had to be attributed in the end to long familiar phenomena. Therefore it would seem difficult to rate 
the observed events as " battle tested ". To achieve that confidence rating would seem to require 
confirmation with different equipment or under different circumstances, or both. In making this 
tentative assessment one can be excused for expressing at the same time the greatest admiration for the 
experimental ingenuity, energy and magnificent persistence shown by Joseph Weber in his more than 
a decade search for the most elusive radiation on the books of physics. Moreover, he found no more 
than one coincidence in 81 days in which both pulses were five times thermal (300 °K) or more u6, 
thereby allowing one to set (Table X) an upper limit to the incoming flux of gravitational radiation. 

Approximately 150 Chicago-Maryland coincidences observed in a period of about six months 
correlated poorly with solar time, but significantly with galactic time U9. The events were grouped 
in three bins. Included in the middle bin were all those events occurring in the four-hour period when 
the pair of detectors were most sensitive to gravitational waves coming from the center of the galaxy 
as well as those events occurring in the " quadrupole-symmetric " four-hour period twelve hours later, 
when the detectors were again maximally sensitive to gravitational waves from the galactic center. The 
" windows-in-time " for the other two bins were displaced four hours ahead and behind the " window-
in-time " of the central bin. Interesting as it is that the count in the central bin was greater than that 
in either of the side bins, and by a significant margin, it is also noteworthy that natural statistical fluc
tuations have often given mistaken impressions of the reality of non-existent energy levels in nuclear 
physics and non-existent masses in elementary particle physics. Therefore it will be of interest to see 
how the frequency of coincidences depends upon galactic time in ensuing intervals of six months. 

It is now appropriate to turn from the experimental search for gravitational radiation to the 
theory of gravitational radiation as it bears on potential sources of such radiation. The theory has 
undergone rich development, especially in the last two decades, thanks not least to the contributions 
of Professor Hermann Bondi and his colleagues. Doubts that hung over the subject in earlier days 
have now been dissipated. There was a time when even the'reality of gravitational waves was doubted. 
Put a wave into the coordinate system. Let it propagate at whatever speed one will. This is all that 
a gravitational wave is — a paper phenomenon. It travels, not with the speed of light but with the speed 
of thought *. Moreover, any talk of a gravitational wave carrying energy is nonsense. There is no 
such thing as the local density of gravitational wave energy. The Einstein field equations themselves 

* " Longitudinal-longitudinal [and] longitudinal-transverse... gravitational waves... have no fixed 
velocity... They are not objective... They are merely sinuosities in the coordinate system and the 
only speed of propagation relevant to them Us the speed of thought' " Eddington 12°. What Eddington 
said to distinguish these fictitious (coordinate) waves from the real transverse-transverse gravitational 
waves was unfortunately misunderstood by certain other investigators and taken by them as an argu
ment against the reality o/all gravitational waves. 
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forbid. The source term T ^ on the right-hand side of these equations contains every potential source 
of mass-energy except gravitation. 

In time the true content of the theory could not be mistaken. Yes, arbitrary coordinate changes 
alter the metric coefficients. They also alter the connection coefficients Tlr obtained from the first 
derivatives of the metric coefficients. Non-zero T's may be altered to locally zero T's, and conversely 
(apparent gravitational field as sensed in a space ship that does or does not have its rocket engine turned 
on!). However, the tide-producing acceleration or Riemann curvature tensor, given by the second 
derivatives of the metric coefficients, if non-zero in one coordinate system is non-zero in all coordinate 
systems. It gives unambiguous evidence for the presence or passage of a gravitational disturbance. 
If it happens to be zero in a certain region of space for a certain interval of time, then there is no coor
dinate change that can produce for it any value but zero. 

The local energy content of gravitational origin is the wrong thing to look for because curva
ture, the true physical effect, influences not one test particle at one location but the separation between 
two test particles at slightly separated locations. Global energy content, not local energy content of a 
packet of gravitational waves, is the quantity that has a simple meaning. To define this total mass-
energy one wants to be dealing with a region of spacetime which is asymptotically flat. No one has ever 
succeeded in giving a well-defined meaning to total energy for a closed space, a finding natural to 
anyone who reflects that there is no platform on which to stand to measure the total attraction of the 
system! In an asymptotically flat geometry one determines the rate of approach to flatness (Schwarz-
schild mass-energy, m). For this purpose one measures the period of a planet in a Keplerian orbit 
about the center of attraction : 

ro(cm) = r3cû(cm-1)2 

This totalised mass energy lends itself to calculation by integration over the volume to which the undu
lation is confined. The resulting formula, qualitatively of the form121. 

m ~ (1/8TT) f T2 d3x 

reminds one of the familiar integral for electromagnetic mass-energy. However, there is an important 
difference between the integrals in the two cases. In the case of electrodynamics the local energy den
sity has a well-defined meaning; in the case of geometrodynamics, it does not. In the gravitational 
case, reasonably enough, innumerable other integrals give altered values for the local density while 
giving always the same value for the total mass-energy122. 

Even electrodynamics teaches the need for caution about a purely local analysis of radiation 
energy. It says that 

(E2 + H2}/8TC 

is the density of radiation energy and 

(E X H)/4TT 

the flux of radiation energy. However, put a highly charged conductor not too far from the N-pole 
of a bar magnet and select a point of observation where the electric field 

E = 3000 volts/cm or 10 es volts/cm (conventional units) 

X 

or in geometric units (conversion factor G 2 /c2 = 2.874 x 10~25 cm_1/gauss) 

E = 3 X 10-24 cm-1 

and where the magnetic field has the same magnitude 
HCOnv = 10 gauss 

H = 3 X 10-24 cm-1 

and stands perpendicular to the electric field. The two Lorentz invariants E2 — H2 and (E x H), 
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Figure 21. The LeBlanc-Wilson jet mechanism. Isodensity contours and magnetic flux contours 
parallel to the z axis for the gravitational collapse of a 7MQ rotating magnetic star as com
puted by J. M. LeBlanc and J. R. Wilson u. They have considered a star in which all 
the material has been burned to the end point of thermonuclear evolution. The star is also 
assumed to be initially in uniform rotation with an initial angular velocity of 0.7 radjsec 
(angular momentum ~ 4.6 X 10m g cm2/sec) and to have a magnetic field parallel to the z-
axis with an energy of the order of 0.025 % the gravitational energy of the star. The compu
tations are started from an equilibrium configuration. After a few seconds enough energy 
has been lost by neutrino emission that the star starts to collapse. 
As the collapse proceeds the temperature of an interior region rises above the iron decompo
sition temperature and the collapse rapidly accelerates. During the collapse non-radial 
motions develop due to the increasing centrifugal force and the angular velocity approaches 
a vortex configuration. The shear in the velocity generates large magnetic fields along 
the axis of rotation. The multiplication of magnetic energy by this process is a hundred 
times larger than the one expected from simple compression. The collapse is stopped at a 
density of the order of 1011 g/cm3. The combined effect of rotation and magnetic field pro
duces a jet in the axial direction with a speed of the order of one-tenth of the speed of light. 
This jetcarries amass of the order of 2.1 x 10Z1 g and akweiic energyof1.6 X 1050ergs, 
and with a considerable amount of magnetic energy ( ~ 3 5 x 10i9 ergs with fie1 ds 
of ~10lz gauss). The two graphs in the upper part of the figure give the iso-density 
contours in units of 10* gjcm* at 0.72 sec and 2.67 sec after the beginning of gravitational 
collapse. With r is indicated the distance in tha equatorial plane from the rotational axis 
(z-axis) in units of 10s cm. 
The two graphs in the lower part indicate the magnetic flux contours parallel to the z-axis 
in units of 1022 gauss cm2 again at 0.72 sec and at 2.67 sec. (We thank Dr. J. M. LeBlanc 
and Dr. J. R. Wilson for allowing us to reproduce this figure from their original paper.) 
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Z — 10 cm z — 10° cm 

Figure 22. Velocity vector in the jets developed in the collapse of a 7 MQ rotating magnetic star (see 
caption of Fig. 21). R gives the distance in the equatorial plane from the rotation axis 
(z direction) in units oflO8 cm. The graph in the upper part of the figure refers to a confi
guration 2 M sec after t — 0 (start of gravitational collapse). The maximum velocity magni
tude is 2.43 X 109 cm/sec. The graph in the lower part of the figure refers to a configuration 
2.64 sec after t = 0.0 with a maximum velocity of 4.38 X 109 cmfsec. (We thank Drs. 
J. M. LeBlanc and J. R. Wilson for allowing us to reproduce this figure from their original 
paper.) 

both vanishing in the present instance, serve to classify the electromagnetic field. Locally the field 
qualifies as a radiation field; globally it does not. The Riemann curvature tensor admits a similar 
local analysis123, subject to similar caveats about its global relevance. Invariants of the Riemann 
curvature tensor, analogous to 

E2 — H2 and (E • H), 

but more numerous, determine to which of the so-called " Petrov classes " the local tide-producing 
acceleration belongs. From local analysis one finds it useful to turn to the global picture for more 
insight into the way a gravitational wave propagates. 

7.1 ANGULAR DISTRIBUTION OF GRAVITATIONAL RADIATION 

The force of gravitation, like the electric force, falls off inversely as the square of the distance. 
Why then does the radiative component of the force fall only inversely with the first power of the dis
tance? The answer has long been known in the case of electricity. The explanation goes back to the 
acceleration of the source. The disposition of the lines of force (Fig. 23) is very different before and 
after the acceleration. The change from one field pattern to the other is confined to a shell of thickness 
Sr equal to the acceleration time AT. In the shell the lines of force that would otherwise have a length 
AT are stretched out to a length rA(3x. Here Apx is the component of the change in velocity of the 
particle perpendicular to the line of sight. This " stretching length " is greater the more distant the 
observer. Thus the normal field e/r2 is augmented by the "stretching factor " rApx/ÀT to the value 

-(e/r2)(rApx/AT) = - e a L / r 

Similar stretching occurs in the case of gravitational radiation. Here, however, the geometrical quantity 
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stretched is a tensor, not a vector. Therefore the picture in this case is somewhat different from that 
shown ia Fig. 23. However, the qualitative result is the same : an effective field that falls off inversely 
as the first power of the distance. 

When one comes to discuss angular dependence, one again has to reckon differently for 
gravitation and for electromagnetism because one is a tensor and the other is a vector. Figure 24 shows 
the receptor displaced by the polar angle 8 from the line of motion of the source. The component 
of the acceleration perpendicular to the line of sight is 

a. = a sin 8 

Figure 23. Explanation by J. J. Thomson of why the strength of an electromagnetic wave falls only 
as the inverse first power of distance r and why the amplitude of the wave varies (in the 
case of low velocities) as sin G (maximum in the plane perpendicular to the line of accelera
tion). The charge is moving to the left at uniform velocity. Far away from it the lines of 
force continue to move as if this uniform velocity were to continue for ever (Coulomb field 
of point charge in slow motion). However, closer to the charge the field is that of a point 
charge moving to the right with uniform velocity (l/r2 dependence of strength upon distance). 
The change from the one field pattern to another is confined to a shell of thickness AT located 
at a distance r from the point of acceleration (amplification of field by " stretching factor " 
r sin 0AfJJAT; see text). (We are indebted to C. Teitelboim for the construction 
of this diagram.) 
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RECEPTOR ^ • ^ E C E P T O R 

/ * 

Figure 24. Orientation of receptor most favourable for the detection of waves from indicated source : 
left, electromagnetic radiation; right, gravitational radiation.' In both cases the distance 
r and the polar angle 8 of the receptor are considered to be prescribed, and only the orien
tation of the receptor is adjustable. 

This quantity governs the strength of the electromagnetic field arriving at the receptor. In the gravi
tational case we deal with a tensor (2 index object). Consequently two factors of sin 0 enter into the 
calculation of the field at the receptor : 

signal amplitude oc sin2 6 
(signal intensity oc sin4 0) 

To be more specific, it is necessary to turn from the source to the measure of the signal at the 
receptor. The electromagnetic signal acts on a charged particle in the receptor in accordance with the 
Lorentz equation of motion, 

dWjdT? = T>u«/dT = (e/w)F£WP 

The velocity of the typical receptor particle is negligible compared to the speed of light : 

\ul\ <C W° C± 1 

Consequently only the electric field matters. Its vector quality shows in the motion of the receptor 
particle (Fig. 24). The influence of a gravitational wave shows up, not in the motion of one test mass 
(always a geodesic!) but in the relative motion of two nearby masses (". tide-producing component of 
gravitational field " ; Einstein's conception of physics as local), 

Here YJ" is the separation of the test particles (compare with two masses bound by a spring; or the 
effective dynamical centers of the two ends of the Weber aluminium bar). Again the velocities are 
negligible compared to the speed of light for the test masses in all detectors at present contemplated 
Therefore no components of the curvature tensor have an effect except for what one may call the New
tonian tide-producing components; namely, Rjy0. Far from the source both electromagnetic and 
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gravitational fields are " algebraically special ' '. The magnetic field is equal in magnitude to the electric 
held, is perpendicular to it and both lie in the plane perpendicular to the direction of propagation. 
Similarly, the perturbation in the geometry is described by a transverse traceless tensor. Let the z-axis 
be pointed along the line of propagation, let the principal axes of polarization point in the x- and y-
directions (right-hand column of Fig. 25, upper two illustrations). Then the only non-zero Newtonian 
tide-producing components (Table XI) are 

Ry
oyo = — RSM(2/3)(QW — QM) sin2 6/r 

n general the mass quadrupole moment is a traceless Cartesian tensor with the typical component 

Qmn _ ÇÇÇ p p ^ j c " _ _ S m n ^ y a 

Î 

1 - Î 
Displacements 

transverse to 

direction of 

propagation 

L 
? + r 

Same wave-Same 

polarization -

Phase 180° 

later 

Independent 

state of polari 

zation same 

direction of 

propagation 

Figure 25. Polarization of electromagnetic waves and gravitational waves compared and contrasted. A 
gravitational wave travelling perpendicular to the plane of the paper and acting on a group 
of test particles spaced about the rim of a circle changes their separation as indicated by the 
ellipses. The two independent states of polarization are separated by 45 degrees, not by 
90 degrees as for electromagnetic waves. 
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TABLE XI 

Magnitudes of potentials and fields for electromagnetic 
and gravitational radiation, compared and contrasted. 

Potential 

Field 

Meaning of field 
component 

Electromagnetism 

A = e$±/r = e(3 sin 6/r 

E = — ea^Jr — — ea sin 6/r 

Magnitude of electric vector, this 
vector perpendicular to direction 
of propagation 

Gravitation 

Bg ~ Q sin2 0/r 

Sr ~ Q sin2 6/r 

SR - Q sin2 8/r 

Magnitude of tensor of Newtonian 
tide-producing force, this tide ten
sor transverse to direction of 
propagation and also traceless 
(zero net volume change) 

For two localised masses, m, coupled by a spring of length L parallel to the j-axis, as in Fig. 24, 
we have 

Qxx=—f ytf(mass) = — I 

Qyy = 2 |Vrf(mass) = 2 1 

Q„ = — / y2d(mass) = — I 

where I is the moment of inertia, 
I = 2m(L/2)2 

The receptor (Fig. 24) operates best when oriented with the separation of the two test particles perpen
dicular to the line of sight and in the plane that contains the line of sight and the principal axis of 
vibration of the source. However, it gives an equally good response when rotated about the line of sight 
by the angle <\> = ± 90°. There is only one important difference between the signal received in this 
orientation and the signal received in the original orientation : a phase lag of 180°. (To produce a 
phase lag of 180° requires, one will recall, a rotation of 90° in the case of a transverse traceless tensor 
(spin 2); a rotation of 180° in the case of a transverse vector (spin 1); and a rotation of 360° for a field 
of spin | ) . 

For any angle of rotation <\> around the line of sight intermediate between zero and 90° the 
magnitude of the tide-producing field that drives the detector is given by the standard law of tensor 
transformation, 

•oxo sin <|> Royo = cos <J;R*yo cos ty + cos ^Ry
oxo sin ^ + sin t|;R^0 cos <J; + sin $R'C 

- R*,0(cos2 ty — sin2 <|0 = (2/3)(Q„ - Qxa:)(sina 8/r) cos 2 ^ 

We now turn to Fig. 26 (note contrast with Fig. 24; the vibration is now along the x-axis) and 
consider a receptor on a far-away star. We seek the magnitude of the signal or tide-producing acceler
ation produced at this star by an elementary time-changing quadrupole moment located at the point 
R on the surface of the Earth and oriented as shown in Fig. 26. The transformation of the tensorial 
components is a little more complicated than that just considered. We carry it out in two steps. We 
note that Q i y transforms like the product V^Wj of two vectors, the transformation law of which is a 
matter of elementary vector analysis. The steps in this transformation are listed here : 

Laboratory Frame : 

QSS = 21 , Q$y = Q ; ; = — I, ail other components zero 
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Figure 26. An idealized detector of gravitational waves, R, on the surface of the Earth, is driven by 
a source on a far-away star. The coupling between source and receptor is analysed in the 
text by using the principle of reciprocity (source at R, detector at star) and transforming 
tensorial components in turn from the laboratory frame (double barred coordinates) to a 
frame at the North Pole (barred coordinates) and then to a frame at S. 

Turning Frame at North Pole : 

Qa = QïS cos2 H -f Qyr sin2 H 
= (3 cos2 H—1)1 

Qyy = Qs*sin2H 4- Q j ; cos2 H 
= (2 — 3cos2H)I 

Qxy = Q55 sin H cos H — Qjy sin H cos H 
= (3 sin H cos H) I 

Q55 = Qjt = — I, all other components zero. 

Here H is the hour angle of the source (cf. Fig. 26). 

Frame at S 
Q X * = Q S Î = ( 3 C O S 2 H — 1)1 

Qyx = Qxy = Qx y sin 5 + Qx s cos S 
= 3 (sin S sin H cos H)I 

Qzx = Qxz = — Qxy cos S +•' Q Ï ? sin 8 
= — 3(cos S sin H cos H)I 

Qyy = Qy-y sin2 S + Q;5 cos 28 
= (3 sin2 H sin2 S—1)1 

Qyz = Qzy= (Q55 — Q^)sinScos8 
= —(3 sin2 H sin 8 cos 8)1 

Qzz = Qyy cos2 S + QJ5 sin
2 8 

- ( 3 sin2 H cos2 S—1)1 
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The transverse traceless part of this tensor determines the radiative part of the perturbations in the 
metric, and the Newtonian tide-producing acceleration at the location of the star, caused by the oscil
lating pair of masses oscillating on the Earth : 

Bgxj = hxy = (2/3r)Qxï 

hxx = hxx = 8gyy = —h„^ (1/30(0» — Qy7) 

and 

— 02ftp5/OXaÔX? — O^/ÔJtPôX8) 

R*T0 = — \VhJlH* 

= — (1/60(0» — Qyy) = — *Z,o 

= (sin2 H sin2 S — cos2 H)(i"/2r) 

R?yo = RLo = -|ô2/ixy/c-ï2 = — (1/300* 

= — sin S sin 2H(ï/2r) 

The flow of effective gravitational wave energy past the star (in the direction of increasing z) is given by 
the formula124* 

(energy flux) = (lll6iz)Y'hx* + (— hxx — — hyy j 

= (l/36rcr«)[<V + (±- Qxx - i- Q ^ ] 

= (ï2/167rr2)[(sin 8 sin 2H)2 + (cos2 H — sin2 8 sin2 H)2] 

The total output of gravitational wave energy from the vibrator is 

— dE/dt = f (energy flux) r2 cos 8 d8 dH 

= (2/15)P 

in geometrical units (where 1 cm of mass energy is 

1/(0.742 x 10-28 cm/g) of mass or (9 X 1020 erg/g)/(0.742 X 10~28 cm/g) 

of energy, and where 1 cm of time is 1 cm/(3 X 1010 cm/sec)) or, in conventional units, 

— dEconvldtconv = (2G/15c5)(tf3iconvAfc3conv)2 

being identical with the more general result of Landau and Lifschitz124, 

— dEoony/dtcony = (G/45C5) ^ (tf3Qm„,C Onv/^3conv)2 

mn 

Now put the source at the star and let the oscillator on the Earth serve as the receptor. Eval
uate its response from the principle of reciprocity. This principle connects the response of receptor 
B to source A with the response of A, employed as a receptor, to B serving as a source. We use 
this principle to study how a detector located on the Earth changes its response during the day to a 
gravitational wave coming from a star located at declination 8 and hour angle H. For simplicity 
we will consider the case where the detector can be idealised as two point masses separated by a line 
perpendicular to the polar axis of the Earth and located at hour angle H (Fig. 26). "We look for the 

* (The coefficient in Equations 11-99 of Landau and Lifschitz should be changed from (1/32TZ) to 
(ljlôiz) —the correct value being given in the French edition.) 
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magnitude of the tide-producing acceleration R ((cm/sec2)/cm in conventional units; cnv2 in the 
purely geometrical units employed throughout this analysis) that drives the receptor. It responds to 
the two independent components of polarization in the source at the distant star; thus 

RSSo (receptor on Earth) =(Q „ — Q,,Wsin a S sin2 H —cos2 H)/6r—(Qxv)star sin S sin 2H/6r 

An elementary oscillator oriented along the y-axis gives nothing new (mere change from H to 
H ±90° to get W0-y0 from R^0!). When the detector is oriented along the I-axis (direction of polar 
axis!) the response will be independent of the rotation of the Earth : 

The flux of gravitational energy arriving at the Earth from the star, with the right polarization 
to be detected by an oscillator aligned along the x-axis, as indicated in Fig. 26, will be 

(flux of polarized gravitational wave energy at Earth) 

= (l/1447rr2)[(Qxy)ftar(sin S sin 2H)2 + (Q« — Q.vy)Lr (sin2 8 sin2 H — cos2 H)2]. 

Averaged over sources with random orientation of polarization, located at hour angle H and declina
tion 8, the flux is proportional to the " response factor " W (Fig. 27 and Table XII) 

W(H, 8) = (cos2 H — sin2 8 sin2 H)s + (sin 8 sin 2H)2 

For an elementary detector oriented parallel to the polar axis the corresponding result is 

W'(8) = cos48 

(To normalise W or W over the unit sphere, multiply by 15/32TT.) 

t 
1.0 

RESPONSE 
FUNCTION 

W 

8 = ±90°(POLAR AXIS) 

CELESTIAL 
EQUATOR 

180 

HOUR ANGLE, H 

Figure 27. Response of a detector of gravitational radiation, aligned East-West as indicated in Fig. 26, 
to sources of gravitational radiation of random polarization located at declination 8 and hour 
angle H. The differential variation during the day will be greatest if the sources are located 
at the celestialequator (8 = 0). The declination ojthe center ofthe Milky Wayis 8 =—29°. 
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TABLE XII 

Selected values of response factor W(H, 8) for detector oriented as in Fig. 26. 

Declination, 8, of source 

90° (polar axis) 
60° 
45° 
30" 
0° (equator) .. 

"peak 

(H = 0 ± 180°) 
W • 
" m m 

(H = ± 90° ± 270°) 

1 
0.56 
0.25 
0.06 

0 

W 
(all H) 

0 
0.06 
0.25 
0.56 

1 

Source, taken to have random polarization, is located at declination S and hour angle H. Also given 
is the response factor W'(8) for a detector arranged to oscillate parallel to the polar axis. 

7.2 DETECTOR OF GRAVITATIONAL RADIATION 

Considerations familiar in the absorption of light by atoms, in antenna design and in the phy
sics of neutron capture, also govern the pick-up of gravitational radiation'by an oscillator such as that 
illustrated in Fig. 24 or Fig. 26. In each of these instances it is appropriate to speak of an oscillator 
characterised by a natural or resonant circular frequency to0. This oscillator has a rate of damping 

Agrav = < ( — rfEAfr)grav>av/E 

caused by radiation of gravitational waves, and a rate of damping caused by mechanical friction, elec
trical resistance, signal read-out, and all modes of dissipation other than gravitational radiation, 

A d i s s = < ( — <*E/*)dto>av/E 

The quantity AM&S is larger than Agrav by so many orders of magnitude in any detector so far ima
gined that it is reasonable to identify the total damping 

A — AHÏSS I" A , lgrav 

with Adiss itself. 

The cross-section for radiative capture of a neutron is described by the Breit-Wigner formula 125 

a(co) = 7rX2 (2J + 1) »-neiit"Tad 

{Is + 1)(2I + 1) (o - co0)
2 + (| Aneut + | Arad)2 

Here % — X/27T is the reduced wavelength of the neutron (classical impact parameter kjrm for a neu
tron endowed with one quantum unit h of angular momentum), ka0 is the resonance energy of the 
compound nucleus, Aco is the rest-plus-kinetic energy of the neutron plus the rest-plus-kinetic energy 
of the target nucleus in the center of mass frame of reference, and Aneut and Arad (" line broadening ", 
units sec-1) are the decay rates of the resonance state of the compound nucleus due respectively to 
neutron re-emission and to gamma radiation. I is the spin of the target nucleus (random orientation 
in space 1), s =\ is the spin of the neutron (unpolarized), and J is the spin of the resonance level of 
the compound nucleus. The cross-section integrated over resonance has the value 

" resonance integral " = / o(v) dv — (l/27r) /a(co)</to 

(2J+.1) 
7tX2 neut^-rad 

(2ar.+ 1)(2I+1) 
"neut T" "rad ' 

When the neutron re-emission rate (sec-1) is very low compared to the rate of gamma-ray emission, 
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as is the case for slow neutron resonances, the last fraction in the expression for the resonance integral 
reduces to Aneut, independent of the precise broadening of the line by gamma-ray decay processes. 

A similar formula applies to the absorption of light by an atom, except that here the fraction in 
question becomes 

A1(A2-f A3 + •••) 
Ax + A2 + A3 + • • -

where A t is the rate of decay of the excited state by re-emission of a quantum of the original energy 
and A2, A3, . . . are the Einstein rates for radiative transitions from the excited state to other lower 
states. Also, the statistical factor (2>- -f 1) retains, even for light, with its spin 1, the value 2 corres
ponding to two independent states of polarization. For gravitational radiation the statistical factor 
(2s -f 1) again has the value 2 (two independent states of polarization) despite the fact that gravitons 
have spin 2. The cross-section near resonance has the value 

a _ ^ 2 (2J -j- 1) AgravA 
2(21+1) (<o— G> 0 ) 2 +(A/2) 2 

with the 

" resonance integral " = \ adv = 7tX2 + A„av 

J 2(21 + 1) srav 

independent of damping (provided of course that the total damping is strong compared to the damping 
by gravitational radiation (a requirement all too easy to fulfil) and provided also that it is not so strong 
as to wash out the resonance (much less than critical damping!)). 

The foregoing formulae for cross-section and resonance integral are appropriate for a quantum 
system that has random orientation and is responding to unpolarized gravitational radiation. For a 
hydrogen molecule " detector " it would be perfectly possible to consider in detail the individual vibra
tion and vibration-rotation transitions and evaluate for each the relevant transition probabilities. 
However, no one has so far been able to imagine any source of the appropriate frequency with an 
intensity great enough to make such a molecular detector a device appropriate for consideration. 
Much more relevant is a system of macroscopic dimensions (quadrupole vibrations of Weber's alumi
nium bar, of the Earth and of the Moon). For such a system the orientation is well defined and the 
statistical factor (2J + 1)/(2I + 1) is inappropriate. It is convenient to turn to the principle of 
detailed balance to evaluate the resonance integral. 

In thermal equilibrium the detector will lose energy by radiation as rapidly as it. gains energy 
by absorption at resonance : 

/ gravitational wave \ __ / gravitational wave \ 
\ energy absorbed per sec/ ~~ \energy radiated per sec/ 

In detail, we have the equality 

energy incident per cm2 \ / "resonance integral", \ / fraction of energy radiated \ 
and per sec and per Hz I I /. I = ( .^ J per sec in form of gravita- J 
at resonance frequency / \Jres V / \ tional waves / 

We evaluate the gravitational wave energy incident in thermal equilibrium from the Planck black-body 
spectrum (same considerations relevant as for electromagnetic radiation; again two independent states 
of polarization). Thus we have 

c 2 (47tv2/c3) Av(c*v/w — l)-1 f <T(V) dv = Agrav/zv(ehv/fcT — l)-1 

J res 
or 

f a(v)</v = (7t/2)X2Agrav 

(identical with what would follow from the Breit-Wigner formula on simply wiping out the factor 
(2J -|- 1)/(2I -f- 1). This analysis refers to the case of radiation of random polarization incident from 

117 

file:///Jres


all directions. The response is greater when the radiation comes from a direction perpendicular to 
the line of the one-dimensional oscillator, and still greater when the radiation is polarized along one of 
the principal axes of dilatation. Specifically, taking AgraT = (8/15)ICÙ4 from the analysis of the oscil
lator (see later), we have 

(47c/15)(I/X2) one-dimensional oscillator, random direction, 
random polarization 

1 (n/2)sm4 0(1/X2) one-dimensional oscillator, radiation incident 

J o(v) dv = < , at angle 0 to line of oscillation, random polar-

res J • .. 
ization 

7u(I/X2) one-dimensional oscillator, radiation incident 
perpendicularly, most favourable polarization 

All these expressions are in geometrical units (I in cm of mass times cm2 of distance; I/X2 in cm; v_1 

in cm of light travel time). To use the three equations with conventional units for I and v, insert 
on the right-hand side the factor G/c = (0.742 X 10~28 cm/g)(3 x 1010 cm/sec) = 2.22 x 10~18 cm2 Hz/g. 
It will be noted that the energy picked up by the pair-of-masses-coupled-by-a-spring is proportional 
to the magnitude of those masses, provided that the unperturbed separation of the masses is kept 
fixed and provided that the spring is adjusted so as to keep the frequency unaltered. Thus the 
energy pick-up per unit of mass, and the amplitude of the resulting vibratory motion, is independent in 
this sense of the mass itself — a reflection of Einstein's principle of equivalence. 

It may be of interest to compare the resonance integrals for gravitational radiation with the 
corresponding expressions for electromagnetic radiation (oscillator of charge e and mass m ; c.g.s. 
units) : 

/ Tze2Jmc isotropic three-dimensional oscillator (the 
[ result familiar from the Kuhn-Reiche-

Thomas sum rule126) 
7te2/3mc one-dimensional oscillator, random direc

tion of incidence, random polarization 
o(v) dv = I (TC/2) sin2 0(e2//wc) one-dimensional oscillator, radiation inci

dent at angle 6 to line of vibration, random 
polarization 

•jze2/mc one-dimensional oscillator, radiation inci
dent perpendicularly, electric vector parallel 

\ to line of vibration 

The resonance integral is lower in the case of gravitational radiation by reason of two factors : first, 
the coupling constant, Gm2, is small compared to e2; second, the square of the dimension of the oscil
lator, I/w, is smaller than the square of the reduced wavelength, X2, by a factor which in the simplest 
design is of the order (velocity of sound/velocity of light)2. 

An alternative derivation for the cross-section127 and the resonance integral proceeds directly 
from the equation of motion for the displacement of the one charge 

d2xldtlonv + <o2
onvx = eFx(t)Jmconv 

or the separation yja, = L + AL of the two masses, 

c-%d*AL/dt*onv + o>2
onvAL) = R - 0(OLo 

and gives the same results. 

7.3 BAR AS MULTIPLE-MODE DETECTOR 

Some interest attaches to a long bar as a detector of gravitational radiation endowed with a 
spectrum of characteristic modes. As pointed out to us by William Fairbank, it can sample the inten
sity of incoming gravitational radiation at several frequencies. We consider only the modes of longi-

/ 
«/rei 
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tudinal vibration. They have circular frequencies to = vk = rmvjL, where v is the speed of sound 
and L is the length of the bar (conventional units). The even-numbered modes give rise to no change 
in the quadrupole moment, so it is enough to consider the odd numbered ones, n = 1, 3, 5, The 
displacement of the material at point x (x from — L/2 to L/2) from its normal equilibrium position is 

£ = £0 sin (wrx/L) sin (tut) 

This displacement changes the moment of inertia from / x2d (mass) to / (x -f Ç)2d (mass) ; or 
to a first order in the displacement, 

1 = I 0 ± (4M/U-*)Ço-sin<a/ 

The rate of emission of gravitational radiation is 

<—dEJdt\r = (2G/15^<(i3iconv/A|onv)2>ar 

= (16/15)(GM2co2v4Ç2/c5L2) 
= (16TC2/15)(GM2V6/C5L4)^2 

The vibrational energy of the bar is 

E = Mco2Ç§/4 

The gravitational damping coefficient 

Agrav = <—dE/dt\v/E = (64/15)(G/c5)(Mv4/L2) 

is the same for all the odd-numbered modes of vibration. The resonance cross-section of any one of 
these modes for interception of gravitational radiation coming from random directions with random 
polarizations is 

f <y(v) dv = (7t/2)X2Agrav = ( 3 2 / 1 5 T T ) ( G / C ) ( V 2 / C 2 ) ( M / « 2 ) 
J res, random 

with n = 1, 3, 5, . . . (falls as 1/n2 because proportional to X2). As an example, consider the bar of 
Weber112 with a mass of 1.4 X 108 g, composed of aluminium (v=6.42 x 105 cm/sec, (3=2.14x 10-5) 
and operating in its lowest mode, n = 1 : 

f o(y)dv = 0.679 X (2.22 x 10-18 cm2 Hz/g) x (1.4 x 10ag) x 2.14 x 10-5)2 

*s res, random 

= 1.0 x 10~21cm2Hz 

7.4 EARTH VIBRATIONS AS DETECTORS OF GRAVITATIONAL WAVES 

Before considering the Earth itself or its mode of quadrupole oscillation as a detector of gravi
tational radiation, let us consider a globe of fluid of uniform density held in the shape of a sphere by 
gravitational forces alone (zero rigidity). Let the surface be displaced from r = a to 

r .= a + aaP2(cos 0) 

where 6 is polar angle measured from the North Pole and a is the fractional elongation of the princi
pal axis. The motion of lowest energy compatible with this change of shape is described by the velocity 
field 

1 . 1 . ; . . . . . 
v!B = — y ax, Vy = — — u.y, v, = az 

(zero divergence, zero curl). The sum of the kinetic energy and the gravitational potential energy is 

E = — (3/5)(GM2/a)(l — a2/5) + (3/20)Ma2a2 

The circular frequency of free quadrupole vibration is 

tu = (16rc/15y*(Gpy* 
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The quadrupole moments are 

Qxx = — I , Qyy = — I, Q« = 2I 

where I is an abbreviation for the quantity I = (3/5)Ma2a. 

The rate of emission of gravitational energy, averaged over a period, is 

<— dEjdty = (2G/15C5) i - (3Ma2 a peak/5)2 = (3/125)(G/cs)M»flrfeo6a*peak 

whereas the energy available for emission is 

E = (3/20)Ma2û>2a2
Peak 

The ratio of these two quantities gives for the exponential rate of decay of energy by reason of gravi
tational wave damping, or " gravitational radiation line broadening ", 

Agrav = (4/25)(G/c5)Ma2cù4 

The resonance integral of the absorption cross-section for radiation incident from random directions 
with random polarization is 

i / r« 
a(v) ov = (7r/2)X2Agrav = (27r/25)(G/c)Ma2/X2 

res, random 

This model of a globe of fluid of uniform density would imply for the Earth, with average density 
5.517 g/cm3, a quadrupole vibration period of 94 min, compared to the observed 54 min; and a moment 
of inertia (2/5)Ma2 compared to the observed 0.33 Ma2. Accordingly, in the expression for the reso
nance integral, we lower the inertial factor Ma2 by the ratio 0.33/0.40 = 0.82, and insert for X the 
correct value for a 54-min gravitational wave, X = 1.55 X 1013 cm. In this way we arrive at the fol
lowing estimate, that should be good to a factor of the order of two, for the resonance integral for the 
Earth, 

X c(v) dv ~ 0.251 x (2.22 x 10-18 cm2Hz/g) 
res, random 

X (5.98 X 1027 g) X 0.82(6.37 x 108 cm/1.55 x 1013cm)2 ~ 4.7cm2Hz 

A more precise evaluation would call for a detailed treatment of the quadrupole mode of vibra
tion of the Earth, such as given for example by Pekeris128, with allowance for the elasticity and distri
bution of density within the Earth. 

7.5 SEISMIC RESPONSE OF EARTH TO GRAVITATIONAL RADIATION IN THE 
ONE-HERTZ REGION 

Dyson has analysed the response of an elastic solid to an incident gravitational wave129. He 
shows that the response depends on irregularities in the elastic modulus for shear waves, and that it is 
strongest at a free surface. For the fraction of gravitational wave energy crossing a flat surface con
verted into energy of elastic motion of the solid he finds the expression 

(fraction) = (87tGp/û>2)(j/c)3 

sin2 6|cos e|-x[ 1+ cos2 6 + (s/v) sin2 6] 

Here s and v are the velocities of shear waves and compressive waves and 0 is the angle between 
the direction of propagation of the gravitational waves and the surface. Considering a flux of 
2 X 10-5 erg/cm2 sec incident horizontally (0 = 7t/2; " divergent " factor |cos 8| cancels out in calcu
lation!) and taking s to be 4.5 X 105 cm/sec and 6i to be 6 rad/sec he calculates that the 1 Hz hori
zontal displacement produced in the surface has an amplitude of 

A ~ 2 x 10-" cm 
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which is too small by a factor of the order of 105 to be detected against background seismic noise. He 
points to the possibilities of improvements, especially via resonance (elastic waves reflected back and 
forth between two surfaces; Antarctic ice sheet). 

7.6 CHANGES IN SOLAR SYSTEM DISTANCES NOT ADEQUATE AS DETECTORS 
OF GRAVITATIONAL WAVES 

The distance from a laser on the Earth to a corner reflector on the Moon is as subject to change 
as the length of a bar in the laboratory under the influence of a passing gravitational wave. Likewise 
the distance from the Earth to a transponder in orbit around a planet or around the Sun varies with 
time. The length of Weber's 153-cm bar changes by about 3 x 10~14 cm when the principal mode 
receives an excitation of kl = k 300 °K, implying a fractional change in dimensions of 2 x 10~19. 
A similar change in the Earth-Moon distance, 3.84 X 1010 cm, would amount to 8 x 10-6 cm. In 
contrast, laser technology is only gradually working up to the point of measuring this distance with a 
10 cm accuracy (cf. final Section of this Chapter). Therefore direct distance ranging today leaves 
much to be desired as a technique for searching for the effects of gravitational waves. 

To be quantitative, denote by L the normal distance, a slowly varying function of time; and 
by t the small rapidly varying changes in this length; and by RJ10 the relevant component of the 
Riemann curvature tensor, 

Denote by X = X/2TC = 1/co = c/o)conv the reduced wavelength of the gravitational radiation. For 
waves with X shorter than L, there will be a cancellation of plus and minus effects on the path from 
Earth to space station. It will be more appropriate to look for such waves (periods of the order of a 
second or less) by other means (seismometers, bars, etc.). Therefore we assume X S* L, and write 
the minimum detectable curvature in the form 

RJ10 ~ AÇ/LX2 

where A£ is the uncertainty in the distance measurement. The minimum detectable energy flow 
will be of the order 

(energy flow) = (X2/47r)<(Rè10)
2> ~ (l/4*)(Ai-/LX)2 

With A£ = 10 cm and X = L = 3.8 X 1010 cm we have for the minimum detectable energy flow 
3.7 X 10-42 cm of energy per cm2 of area and per cm of light travel time in geometrical units; 

or in conventional units 1.4 X 1018 erg/cm2 sec 

a useless limit on the strength of incoming gravitational waves! Conversely, were there as much as 
2Q-29 g/cm

3
 0f gravitational wave-energy ic space with the relevant wavelength, the flux would be 

(10-29 g/cm3)(3 X 1010 cm/sec)3 = 270 erg/cm2 sec 

and the precision of determination of the Earth-Moon distance should be 

14 x 10-8 c m = 14 Â 

to pick up the effect of the radiation — a preposterous proposition! 

The difficulties of alternative detection techniques emphasise the advantages of Weber's vibra
ting bar detector. 

7.7 SOURCES OF GRAVITATIONAL RADIATION 

7.7.1 Spinning Rod 

A rod spinning about an axis perpendicular to its length is one of the first sources of gravitational 
radiation ever to have been considered. The outgoing wave front, sectioned in the plane of the rota-
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tion, has the form of a spiral or rather of two inter-nested spirals (two equivalent wave crests per 360° 
rotation of the rod). Let I denote the moment of inertia of the rod about the axis of spin (z-axis). 
Then the quadrupole moments are 

0 ^ = (3 cos2 (ùt— 1)1 
Qvv = ( 3 s in2or—1)1 

Qxv = Qy* = 3 sin at cos at I 
Q » = — I 

The rate of emission of radiation is 

— dE/dt = (32/5)(G/c5)I2tù« 

Consider a rod of steel of radius r = 100 cm and length L = 2000 cm, of density 7.8 g/cm3 

of mass M = 4.9 x 108 g (490 tons) and of tensile strength T = 40 000 pounds per square inch or 
3 X 109 dyne/cm2. The upper limit to the rate of rotation set by breaking of the rod is given by the 
formula 

Lw = (8T/p)2 = 5.5 X 104 cm/sec 

or 

The moment of inertia is 

The rate of radiation is 

a = 28 rad/sec, v = 4.4 revolutions/sec 

I = ML2/12 = 1.6 X 1014 g cm2 

— dE/dt = 2.2 x 10-22 erg/sec 

Despite the smallness of the output, classical considerations are still appropriate. One quantum has 
energy 

Equantum = h2v = (6-62 X 10~27 e r § s e c ) (8-8 waves/sec) = 5.8 x 10~26 erg 

and per second 3.8 x 103 gravitons are emitted (correspondence principle limit of many quanta). 

For a given tensile strength and given density the rate of emission goes up with the size of the 
system. Therefore it is appropriate to turn next to the consideration of a spinning star. 

7.7.2 Spinning Star 

A spinning star will not give off gravitational radiation if it merely has a tidal bulge (axial sym
metry around axis of rotation ; no time-changing quadrupole moment). However, if it has a substantial 
departure from axial symmetry it can radiate powerfully. For example, Ferrari and Ruffini32 consi
der as a possible model for the Crab pulsar a neutron star with these properties : 

central density 6.0 X 1015 g/cm3 

mean radius 9.75 km 
mass 0.786 M 0 

a = one principal axis of figure in 
equatorial plane 1.000 4 x 9.75km 

b = other principal axis of figure in 
equatorial plane 0.999 6 X 9.75 km 

z = (a — b)jiaby 8 x 10"4 

period of rotation 33 msec 
circular frequency 190rad/sec 
rate of emission of gravitational wave dE 288GI2 e2o>6 , , 0 ,rt,fl , 

— = —— = 1.18 X 1038 erg/sec 
energy dt 45c5 

Such a rate of emission would be sufficient by itself to account for the observed time rate of change of 
the period of the Crab pulsar (Table IV) 

4.2 x 10-13 sec/sec 
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Of course the actual rate of emission of gravitational radiation could hardly be so extreme, because the 
production of the observed pulses of electromagnetic energy require that a sizeable part of the rotational 
energy be converted into electromagnetic energy. 

The detailed treatment of the shape of a rapidly rotating neutron star is a difficult problem, 
involving hydrodynamics, gravitational potential, equation of state, rigidity of super dense matter, 
other issues of solid state physics, and even some corrections for general relativity. However, some 
insight into this problem for stars of quite different types can be gained by considering the equili
brium configurations of a rotating fluid mass in Newtonian theory130, with an equation of state of the 
form p = Kp"* (" gamma law equation of state "). To permit equilibrium even without rotation the 
equation of state must be " harder " than y — 1.2. The other extreme limit on y is y — ce (incom
pressible fluid). For any given value of y, K and the mass of the star there is a critical angular momen
tum beyond which the system breaks up : 

(a) for y from 1.2 to 2.2 by shedding matter at the equator (" spin-off from rim ") 
(6) for y from 2.2 to oo by binary (or conceivably multiple) fission. 

In (a) there is no reason to anticipate any departure from axial symmetry nor any gravitational 
radiation. In (b) the possibilities are most vividly illustrated by the classical theory of figures of equi
librium of a rotating fluid mass, as summarised in the following Table XIII. The important point is 
the extended range of angular momenta for which the equilibrium figure is not axially symmetric and 
for which powerful gravitational radiation is thus allowed and expected. Moreover this range has 
the interesting property that the angular velocity increases as the angular momentum decreases (flattened 
figure relapsing towards sphericity!). 

The circumstance that pulsar rotation frequencies diminish with time suggests that the neutron 
stars so far observed are not now in the Jacobi ellipsoid regime. It also leads one to believe that they 
are in the MacLaurin spheroid regime, or rather its equivalent for a compressible fluid. It is conceivable 
that at the time of formation the Crab or Vela pulsar rotated fast enough to become ellipsoidal. In 
that event the rate of emission of energy by gravitational radiation would have been great enough to 
remove the neutron star early in its history from the ellipsoidal to the spheroidal regime. It is not easy 
to see how to disprove this possibility by observations on a fresh pulsar, but one could imagine pro
ving it by observing the intense gravitational radiation from the object in that early phase of its exis
tence. The characteristic " signature " of such radiation would be its drift to higher frequencies fol
lowed by a sharp drop in intensity. 

Whether the intensity drops all the way to zero depends on whether the star forgets its past; 
on whether it goes to a perfect MacLaurin spheroid, or goes to a spheroid with some residue of ellip
soidal deformation left in its crust. That there will be a crust with a depth from some metres to some 
kilometres seems inescapable according to the most elementary considerations of solid state physics, 
as argued persuasively by Ruderman33, Pines, et al.40 and Smoluchowski132, even if a full understand
ing of the physics of a neutron star seems not yet to have been achieved. 

Certain though it is that an ideal incompressible fluid rotating sufficiently rapidly will take on 
an ellipsoidal shape, it is also certain that a sufficiently compressible rotating fluid mass will never 
become ellipsoidal. The critical degree of " hardness " of the gamma law equation of state required 
for the occurrence of ellipsoidal rotating figures of equilibrium is y — 2.2, according to Jeans m . In 
contrast to the idealised fluid considered by Jeans, the material of a neutron star has an effective 

' P dp 

which varies strongly from point to point (cf. Fig. 3) and also, at the very highest densities (p> 1013 g/ 
cm3), varies strongly from model to model. In the Harrison-Wheeler equation of state y exceeds 2.2 
only in the outermost part of the crust, where the density p has fallen to 400 g/cm3 and less. The 
thickness Az of this layer of material depends upon the surface value of the acceleration of gravity, 
according to the formula 

J
/»p = 400 î/era' 

^Pconv/Pconv 
P=0 

= (4.9 x 1013 cma/sec2)gconv 
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TABLE XIII 

Properties of the equilibrium configuration of a rotating mass of ideal incompressible fluid 
for angular momenta up to the maximum momentum allowable before fission. 

Ja
co

bi
 e

lli
ps

oi
ds

 
M

ac
L

au
ri

n 
sp

he
ro

id
s 

J 
(GNPR)1'2 

0.025 39 
0.051 44 
0.078 82 
0.108 46 

0.141 63 
0.180 37 
0.228 34 
0.293 45 

0.303 75 

0.307 47 
0.312 96 
0.321 92 
0.335 62 

0.355 94 
0.369 47 
0.389 80 

a 
R 

1.001 67 
1.006 83 
1.015 84 
1.029 49 

1.049 12 
1.077 21 
1.118 76 
1.185 63 

1.197 23 

1.248 65 
1.378 64 
1.462 94 
1.566 24 

1.696 37 
1.775 23 
1.885 64 

b 
R 

1.001 67 
1,006 83 
1.015 84 
1.029 49 

1.049 12 
1.077 21 
1.118 76 
1.185 63 

1,197 23 

1.148 75 
1.047 77 
0.994 80 
0.939 75 

0.882 11 
0.852 11 
0.815 03 

c 
R 

0.996 66 
0.986 48 
0.969 05 
0.943 54 

0.908 56 
0.861 77 
0.798 96 
0.711 38 

0.697 66 

0.641 38 
0.526 13 
0.467 25 
0.407 64 

0.347 50 
0.317 31 
0.281 24 

CO 

(TCGP)1'2 

0.073 08 
0.146 49 
0.220 50 
0.295 41 

0.371 47 
0.448 72 
0.526 63 
0.602 63 

0.611 74 

0.608 03 
0.602 59 
0.593 84 
0.580 80 

0.562 13 
0.550 13 
0.532 94 

I 
(2/5)MR2 

1.003 36 
1,013 68 
1.031 94 
1.059 84 

1.100 64 
1.160 40 
1.251 63 
1.405 72 

1.433 37 

1.439 38 
1.499 24 
1.564 91 
1.668 12 

1.827 89 
1.938 78 
2.109 96' 

e 

0.083 40 
0.275 30 
0.388 06 
0.516 40 

0.665 69 
0.750 55 
0.863 60 

Is 
(2/5)MR2 

i 

0.120 06 
0.412 74 
0.607 27 
0.861 41 

1.216 72 
1.455 16 
1.822 16 

Adapted and extended from Tables I and IV in Chandrasekhar 13° and Tables XVI and XVII in Jeans131. 
Here a, b, and c are the axes of the ellipsoid R = (abc)1'3 and e = (a — b)j\fab~. The term 7e/(2/5)MR2 

is the relevant quantity to evaluate the power emitted in gravitational waves (see text). 
Configurations of higher angular momentum are unstable against fission. Last decimal not reliable. 

TABLE XIV 

Thickness of the surface layer of neutron star material 
for which the effective parameter exceeds the Jeans value y = 2.2 

(Poonv from 0 to 2.2 x 1016 dynes/cm2, pconv from 7.8 g/cm3 to 400 g/cm3). 

p0(g/cm
3) 

3.2 X 1015 

2.6 X 1013 

M/M 0 

0.67 
0.18 

R(km) 

10.0 
323.0 

g(cm/sec2) 

8.8 x 1013 

2.2 x 1010 

Az 

0.56 cm 
22 m 

For the specified central densities the properties of the star calculated in the second, third and fourth 
columns depend upon the equation of state at high densities which here for definiteness has been taken 
to be the H-W equation. Moreover, no correction has been made for any deformation of shape and 
change of the surface value of the effective acceleration of gravity which results from rotation (cf. for 
example Hartle and Thome ''). However, once the surface value ofg(cm/sec2) has been determined in 
this or any other way, the thickness of the surface layer depends only on the equation of state at densities 
of400 gjcm3 and less, a region where one has a good combination of experimental and theoretical informa
tion about the equation of state. (Other equations of state for neutron stars differ in this region from 
the H-W equation of state, not by reason of any alternative theoretical approach, but only because of 
earlier lack of interest in any detailed treatment of this outermost part of a neutron star.) 
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The thickness of this layer is evaluated for two neutron star configurations in Table XIV. The 
outer part of the star, with y > 2.2, evidently constitutes a negligible fraction of the total 

(Az/R < 10-*), 

so that " y-law stiffness " in this region should have no significant effect on the equilibrium configura
tion. Therefore, if only the immediately underlying region had to be considered, and it were to be 
idealised as a soft fluid (y < 2.2), the neutron star might spin off material from an equatorial rim, 
but it would still retain rotational symmetry. Does not the freezing of the initially very hot neutron star 
(T > 1010 °K) rigidify the system to a much greater depth (some kilometres) than the thickness of the 
surface layer just considered? And is not that rigidity then much more significant than the " y-law 
stiffness " of the system? More significant in helping the system hold its shape, yes. Significant in 
determining what that shape will be, no. The effective y is the important factor in determining the 
shape of a system spinning at critical speed; that this y is deeper in the star than merely superficially is 
what really counts. 

In the H-W equation of state y never rises again as high as 2.2. If this equation of state 
is a reasonable approximation to the truth, a neutron star can hardly ever be expected to have an ellip
soidal shape. However, other authors have proposed an equation of state which is considerably stiffer 
in the region of supra-nuclear densities (Figs. 28 and 29) (" hard core repulsions "). For example in the 
C-C-L-R equation of state, y = 2.2 is reached and surpassed for densities of 

p = 4.4 X 1013 g/cm3 

and higher (" stiff region of core "). Even for this equation of state a star of sufficiently small mass 
will have no stiff core and the critical configuration will be one which spins off matter from an equatorial 
rim. However, stars with higher and higher central density will possess a stiff core which constitutes a 
larger and larger fraction of the whole (Table XV). Thus it may be that on this model the more massive 
neutron stars, turning at critical speed, will have ellipsoidal cores and be powerful emitters of gravita
tional radiation. 

4 r 

I -

C.C.L.R 

V 6 

V.-2 

Figure 28. Values of y —P "*"pS? are given as a function of the density (logxo p) for three different 
P d? 

equations of state. H-W refers to the Harrison-Wheeler equation of state 7; 
C-C^L«R refers to the Cameron-Cohen-Langer-Rosen equation of state 9; HAG to the 
Hagedorn equation ofstate *«. " V On the curves for selected values of the central density are 
given the corresponding values of the pressure (log10jp). 
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1012 1014 

— p (g/cm5) 

Figure 29. Value of the pressure (log 10 p) vs. density (log10 p) for three différent equations of state. 
H-W refers to the Harrison-Wheeler equation of state7; C-C-L-R to the Cameron-
Cohen-Langer-Rosen equation of state9; HAG to the Hagedom equation of state14> 133. 

The requirement that the velocity of sound be smaller than the velocity of light requires -~ < 1. 
dp 

TABLE XV 

Size of " stiff region " (y $s 2.2) at center of neutron star for selected values of central density, 
according to the C-C-L-R equation of state. 

Po(g/cm3) 

1.6 x 1014 

2.5 x 1016 

M/M0 

0.13 
2.40 

R(km) 

17.7 
10.9 

rY=2.2(km) 

7.9 
10.2 

M(inside this radius)/M0 

0.11 
2.36 

For a given central density the calculated mass and mean radius will be somewhat altered from the values 
listed here if the star is rapidly rotating (cf. Hartle and Thome ''for the order of magnitude of the correc
tion to be expected in typical cases), but no attempt is made to correct for the effects of rotation in this 
table. 
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7.7.3 Double Star System 

" It has been estimated that at least one-fifth of all the stars are binary systems, " says Struve 
in the chapter, " The Origin and Development of Close Double Stars " in his book on stellar evolution 
(see page 171 of ref. 97). How it happens that double stars occur so frequently is a topic of astro
physics and hydrodynamics still in its beginnings. Fission of a freshly formed, rapidly rotating neu
tron star is one mechanism in the formation of a binary system; another is fission of the collapsing core 
of supernova even before the core has separated out as a neutron star; other mechanisms have long been 
studied. Table XVI lists a few representative examples of important types of double star systems and 
gives for each the rate of loss of energy by gravitational radiation calculated on the assumption of 
revolution in a circular orbit. The last two entries refer, not to any known system but to the idealised 
case of two compact objects (neutron star or black hole) of solar mass (M0 = 1.98 x 1033 g or 
1.47 km) in revolution at one or other of two standard separations, 1000 km or 10 000 km (enormous 
differences in the calculated rate of emission!). 

The separation of the components in any reasonable double star system is sufficiently large in 
comparison with the Schwarzschild radius that general relativity corrections can be disregarded in the 
theory of the orbit. Thus for the circular frequency of revolution of two stars of masses 771! and m2 

in circular orbit about their common center of gravity we have the standard formula 

co2 = (mx + m^jr3 

(geometrical units for mass and time). General relativity shows most significantly in the fact that 
gravitational radiation can be emitted at all. The calculated rate of loss of energy by radiation is 

— dE/dt = (32/5)[m1/7J2/(m1 + >7ï2)]
ar4cû6 

For motion in an elliptic orbit of semi-major axis a and eccentricity e Zel'dovich and Novikov66 

give 
— dE/dt = (32/5)77127771(777! + 7H2)«-S/(e) 

and supply a graph of /(e) = [1 + (73/24)s2 + (37/96)e4]/(l — e2)7'2. These alternate ways of expres
sing the rate of loss of energy appear in Table XVII. Most striking is the proportionality of the radiated 
power to the tenth power of the velocity for a system of two identical stars of fixed mass, or fixed 
frequency of revolution, or fixed separation (first three entries in Table XVII). The last two entries in 
Table XVI illustrate the enormous difference in the calculated rate of emission between one " standard 
reference binary system " and another. 

In a close binary the rate of emission is so great that the period will increase with time at a signi
ficant rate (last entry in Table XVI). However, to observe such a change in period with time will not 
in itself constitute proof that gravitational radiation is responsible for the effect. Loss of mass from 
either component, or transfer of mass from one component to the other, will also cause the period to 
change (see pp. 205 and 237 of ref. 97). Moreover the very proximity that favours intense gravitational 
radiation would also seem to favour rapid mass transfer. To discriminate between the two mechanisms 
is not easy at any distance. However, if the two objects are as compact as a neutron star or black 
hole, mass loss and mass transfer would seem to drop out as significant factors. The problem is not 
then one of identifying the mechanism of slowing down but of seeing the phenomenon at all. For this 
purpose no prospect seems more hopeful than to look for a pulsar, or pair of pulsars, with their period, 
or pair of periods, periodically modulated in frequency as the two stars revolve about their center of 
gravity. 

7.7.4 Pulsating Neutron Star 

A neutron star, freshly formed by whatever method, can hardly fail to be endowed with vibra
tional as well as rotational energy. The rotational energy can be kept for years if the star has axial 
symmetry (zero value of e in Table XIII) or nearly so, as witness the pulsars; but the vibrational 
energy will normally be expected to be dissipated in gravitational waves, if not otherwise, in a time of the 
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to 
00 

TABLE XVI 

Representative binary star systems and the calculated output of gravitation radiation from each. 

Binary 

1 
[7] Cas 

| p o o 

j> /Sinus 
o 

& |Fu_46. 

S /BLyr 

UWCMa 
60 

OH 

w WUMa 

WZSge 

10 000 km binary 

1000 km binary . 

Period 

480 yr 

149.95 

49.94 

13.12 

12.925 day 

4.393 

2.867 

0.33 

81 min 

12.2 sec 

0.39 sec 

*HK 
(0.94; 
^ 0.58 ^ 

0.85; 
0.75 \ 
2.28 J 
0.98» 

0.31 
0.25 < 
0.31 

? 0.25 J 
19.48 
9.74 

40.0/ 
31.0 j 
4.70 
0.94 

i0.76< 
»0.57< 

0 ; . (6, 
1.62Îto|6, 

iiSl 

46 
46 

1.0 
1.0 
1.0 
1.0 

Distance from 
Earth (pc) 

5.9 

6.7 

2.6 

6.5 

330 

1470 

30 

110 

50 to 100 

1000 

1000 

3.8 X 1026 yr 

1.5 x 1024 

2.9 X 1022 

1.3 x 1022 

3.2 x 1012 

3.3 X 1010 

1.3 X 1012 

2.5 x 1010 

00 to 4.9 X 106 

13.0 yr 

11.4 hr 

(—dE/dt\Tay 

erg/sec 

5.6 x 1010 

3.6 x 1012 

1.1 x 1015 

3.6 x 1014 

4.9 x 1028 

4.9 x 1031 

1.4 x 1028 

4.7 x 1029 

0 to 3.5 X 1035 

3.16 X 1041 

3.16 X 1046 

Gravitational radiation 
at Earth (erg/cm2 sec) 

1.4 X 10-29 

6.7 x 10-28 

1.3 x 10-24 

7.1 X 10-26 

3.8 x 10-18 

1.9 X 10-13 

1.3 X 10-13 

3.2 X 10-13 

0.0 to 1.2 X 10-6 

3.3 x lO-3 

3.3 x 102 

First four entries — representative resolved binaries taken from the compilation of Van de Kamp134. Second four entries — representative eclipsing binaries, from 
the compilation of Gaposchkin1U. Ninth entry — shortest period binary system yet observed (Kraft, Mathews and Greenstein135). Final two entries — calculations 

for idealised model of two neutron stars (or black holes), each of solar mass, separated by 1000 km and 10 000 km, respectively. The fourth column gives distance 
from the Earth in pc (3.085 X 1018 cm); the fifth column the calculated characteristic time, T = — E/(— dEjdt) = r/(— drfdt) = (3(2)<xi((d(ù(dt), for loss of energy by 
gravitational radiation. 



TABLE XVII 

Rate of emission of gravitational radiation from a double star system consisting 
of two identical stars of mass 77?, each in circular orbit, 

as a function of selected pairs of parameters (upper part of Table) 
and in a system consisting of a light mass m and a heavy mass M (lower part of Table). 

£ P, m 
S P, co . . . . 
™ P , r . . . . 
es m, to . . . 
> m, r 
H co, r 

S p, M . . . 

A P. « • • • • 
£ P,r .... 
S M, r . . . 
cj co, r 

co = 4fi3/m, r = m/2$2 

m = 4p3/co, r = 2(3/co 
m = 2p2r, to = 2p/r 

P = (mco/4)i/3, /• = (2m/co2)1/3 
p = (mj2ryi*, co = (2/w/r3)1/2 

P = cor/2, m = co2r3/2 

o) = p3/M, r - M/p2 

M = p3/co, r = p/co 
M = p2r, co = p/r 

p = (M»)V», r = (M/co2)1'3 

P = (M/r)1/2, to = (M/r3)1'2 

P = co/*, M = co2r3 

(2/5)(2pr 
(2/5)(2P)" 
(2/5)(2p)" 

(2/5)(2mco)10/3 

(2l5)(2m/rf 
(2/5)(«r)» 

(32/5)(m2/M2)p10 

(32/5)m2p4co2 

(32/5)m2P6/r2 

(32/5)m2M4/3co10/3 

(32/5)m2M3/r5 

(32/5)w2co6/-4 

(5/w/8)(2p)-8 
(5/16co)(2p)-s 
(5r/16)(2p)-« 

(5/16)(2m)-5/3co-8/3 

(5/128)(r4///i3) 
(5/16)(l/co6/-5) 

(5/64)(M2/wp8) 
(5/64)(l/mp2co2) 
(5/64)(r2/mp4) 

(5/64)(l//7?M2/3co8/3) 
(5/64)(r4//«M2) 
(5/64)(l/mco4r2) 

All quantities are in gravitational units. Conversion from conventional units via the factors 3 X 1010 cm/sec 
and 0.74 X 10 -28 cm/g. The energy output, given in gravitational units (cm of mass energy emitted per 
cm of time, and therefore dimensionless) is translated to conventional units via the " standard power fac
tor " c5/G = 3.6 X 1059 ergfsec or 2.0 X 105 MQ/sec. co = 2TCV is the circular frequency p is the 
velocity in orbit relative to the speed of light and E the energy of the system, E = Epnt + Ekin 

= — m2/r -f- mij2r — — m2/2r (twin star system) or E = — mM/2r (objects of very different mass). 
In the general case we have for the velocities of the two masses in their circular orbits 

Pi = m2(mx + mJ-Wr-w 
(32 = mÀmx + Wa)-1'2/-1'2 

In terms of these velocities the rate of loss of energy by gravitational radiation is 

- ^ E / ^ = (32/5)p2Pi(px + p2)
6 

order of a few days or less, according to Zee and Wheeler130. They note that, " no gravitational radiation 
will come off... from the purely radial vibration of an ideal spherically symmetric distribution of mass*. 
However, the chances are overwhelming that the residual neutron star is endowed with a finite amount of 
angular momentum. Moreover, any natural amount of angular momentum, divided by the relatively 
very small moment of inertia of a neutron star, implies typically a very high angular velocity. In con
sequence, the neutron star will be expected to be more or less pancake shaped (~ oblate spheroid). 
This perturbation will couple the purely radial and the quadrupole modes of vibration. The admixture 
of quadrupole component, relative to the amplitude of the purely radial component, may be expected 
to be of the order of the eccentricity e of the spheroid. Squaring amplitudes to get intensities, one 
concludes that the rate of damping of the radial oscillations by gravitational radiation should be of the 

* A spherical mass, undergoing vibrations of spherical symmetry, will not be able to emit tensorial waves 
(Einstein theory; topological fixed point theorem) but could give off scalar waves if a scalar field existed 
(Jordan-Brans-Dicke scalar-tensor theory of gravity; damping time of order of milliseconds, according to 
Morganstern and Chiu131). Thus the observation that the lowest radial mode has a damping time long 
in comparison to a minute would disprove the existence of a scalar field with anything like the proposed 
coupling constant. 
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order of e2 times the rate of damping of the quadrupole mode of vibration. For the exponent A in 
the formula 

E(quadrupole vibration) = E0 (quadrupole vibration) e~-u 

Z-W estimate a value of the order Aquad ~ 1 sec-1. Taking s ~ 0.01 as an estimate of the eccen
tricity of a neutron star, which if anything would seem to be on the small side, one obtains 

Ar ;„nal ~ e 2 A q u a d ~ 1 0 " 4 s ec" 1 

Consequently it is difficult to see how the radial oscillations can last more than a few days ". 

It may be noted additionally that the Crab pulsar, NP 0532, rotating with a period of 33 ms, 
has a calculated rotation-induced eccentricity 32 of the order of e ~ 10"-3, implying a damping of the 
order of 10-6 sec-1, or a damping time of ~ 10 days, for any radial mode of oscillation. 

For energy contained in the rotation of the Crab pulsar to-day one estimates 

E,ot ~ | Iw2 ~ | (4 X 1044 g/cm2) (190 rad/sec)2 ~ 7 X 1048 erg 

The energy delivered into rotation at the time of formation of the neutron star could have been one or 
two orders of magnitude larger, say 1050 or 1051 erg. It is reasonable to think of a similar stockpile 
of energy going into vibration. Thus Zee and Wheeler, considering for a neutron star the idealised 
model of a sphere of incompressible fluid with 

density 9.3 x 1013 g/cm3, radius 14 km, mass 1.1 X 1033 g = 0.56 M0, 

deformed at the moment of formation with a root mean squared departure from sphericity of 

Çrms = <(r-R)2/R2>"*==0.1 

concluded that it would have an energy of deformation of the order of 3 x 1050 erg. What happens 
to this energy ? 

The energy of vibration of a neutron star immediately after formation, like the energy of the 
Earth immediately after an earthquake, is divided among the various independent modes of vibration 
in a way dependent upon the special features of the generating event. Easier to analyse than the reasons 
for the particular partition of the energy among the modes are the characteristic frequencies and rates of 
damping of the modes themselves. The spectrum of the oscillations of the Earth has been analysed 
in much detail, both observationally and theoretically 128. The calculated frequencies and damping 
times for a neutron star are collected in Table XVIII. 

The theory of the damping of the quadrupole modes is an interesting question of principle that 
has been analysed in papers of Thome 140, Thorne and Campolattaro 141 and Price and Thorne 142. 
They show how it is possible to obtain well-defined results for such a macroscopic quantity as the 
damping rate Agrav even though today one still does not know how to express the microscopic forces 
at work by any simple gravitational analogue to the familiar formula (2/3)(e2/c3)ic for radiation reaction 
in electrodynamics. 

The quadrupole vibration, superposed with a 90-degree phase difference upon the linearly 
independent mode of quadrupole oscillation turned 45° from it in the equatorial plane, describes a 
rotatory excitation of fixed shape revolving at a fixed frequency. How does this mode of motion 
differ from rotation itself? One knows the answer from the theory of rotating fluid masses or from 
any one of the many applications of this theory such as the theory of nuclear vibrations and rotations 143. 
The two modes of motion differ in no respect more sharply than that the frequency of the rotatory 
vibration is independent of energy (in the small amplitude approximation) whereas the frequency of 
rotation is proportional to the square root of the rotational energy (Table XIX). 

The numbers listed in Table XVIII give an impression of the rich diagnostics available if and 
when one succeeds in detecting gravitational radiation or any other effect correlated with vibration. 
Among the possibilities that claim attention are (1) determination of the mass of the star; (2) discrimi-
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TABLE XVIII 

Spectrum of excitations of a neutron star, with estimates of characteristic damping time. 

Equation of state; p0 

M 2M/R 

Mode 

* ( 2 S 0 

O oô2 

2 I 1 2 

§ S 

a l s 2 

H-W 
0.405 M, 

Frequency 
(Hz) 

588 
769 

1 111 

835 

3 x 1014 g/cm3 

0.057 4 

Damping time 
"grav (Sec) 

5 x 105 

13 

H-W 
0.682 M, 

Frequency 
(Hz) 

4 761 
5 263 
8 333 

3 220 
5 840 
8 480 

10 660 

6 X 1015 g/cm3 

0.240 

Damping time 
Agmv (sec) 

4 x 102 

0.19 
0.28 
1.3 

24 

L-S-T-C " VY " 5.15 x 1014 g/cm3 

0.677 Mr. 

Frequency 
(Hz) 

232 
861 

1660 

1430 
4 240 

0.159 

Damping time 
Ag,av - ( s e c ) 

2 X 107 

1.7 
11 

L-S-T-C "V Y " 3 x 10,5g/cma 

1.954 M, 

Frequency 
(Hz) 

1978 
7 874 

12 091 

2 650 
6 430 
9 750 

0.580 

Damping time 
Agrnv" (Sec) 

7 x 10* 

0.22 
1.6 
2.6 

In principle the first row in the Table (lowest frequency) should be the rotational mode; but this frequency depends upon energy, which differs from case to case (no 
eigenvalue!) and therefore is omitted from the compilation. Frequencies and damping times for quadrupole oscillations taken from Thome 138; frequencies for radial 
oscillations newly calculated by R. Ruffini; earlier calculations by Meltzer and Thome 139 were not for the same masses and equations of state as those listed here. 
(H-W = Harrison-Wheeler equation of state as listed in updated form by Hartle and Thome and in Table II of the present report; L-S-T-C " V.( " = Levinger-
Simmons-Tsuruta-Cameron " KY " equation of state also listed by Hartle and Thome 7. p0 denotes the central density ; M, the mass (MQ = 1.987 x 1033g); and 2M/R, 
the standard factor in the expression 1-2M/R appearing in the Schwarzschild metric, evaluated on the surface of the star. Damping time (with respect to gravitational 
radiation) for radial oscillations infinite for ideal sphere, estimated in Table assuming a rotation-induced bulge with eccentricity e = 0.01 from very rough formula 

Agrav (radial) ~ (wrad)/o>quad)
4s2A6I,lv (quad) (for lowest mode only!). 

A fuller compilation would include torsional and other oscillations of the crust and frequencies associated with the coupling of magnetic field with superfluid and with 
the crust33- «•132 . 



TABLE XIX 

Rotation and rotatory vibration compared and contrasted 
(ideal incompressible fluid taken here as basis for simplified model of a neutron star). 

Shape of surface 
div v 
curl v 
Minimum energy of fluid inside com

patible with motion of boundary ? . 

Effective moment of inertia, J/<o 

Relation between energy and angular 
momentum 

Relation between energy and 
frequency 

These two modes of motion coupled 
at small rates of rotation? 

Coupled at higher rates of rotation? . . 
Energy in these two modes reasonably 

considered to be of same rough 
order of magnitude at time of for
mation of neutron star? 

True rotation 

Prolate ellipsoid 
Zero 
2co 

No 
No 

Value I for fluid as if frozen 
(" solid body value ") 

E ~ J2/2I 

E ~ — I<o2 

2 

No 
Yes 

Yes 

Rotatory quadrupole 
vibration 

Prolate ellipsoid 
Zero 
Zero 

Yes 
Yes 

Ieffectivc ~ (deformation) I 
(goes to zero for small 
deformation) 

' E ~ J<o 

o) independent of E 

No 
Yes 

Yes 

nation between one equation of state for superdense matter and another; (3) observation of frequency 
splitting (not shown in table; analogue of Zeeman effect) induced in quadrupole vibrations by rota
tion of the system128; and (4) detection of elastic modes outside the framework of the idealised fluid 
model employed here 33,40,132 (solid state physics of the crust of the neutron star). 

7.8 SPLASH OF GRAVITATIONAL RADIATION 

If an electron in circular orbit about a nucleus is a familiar source of periodic electromagnetic 
radiation, equally familiar as a source of impulse radiation is an electron given high velocity in an X-
ray tube, passing close to a nucleus in the copper target, and given a sudden transverse acceleration 
as it flies by. The geometrodynamical analogue of such a source is a mass m flying with high velo
city past another mass M, and thereby experiencing a sudden transverse change in velocity. Without 
such a change in velocity no radiation is to be expected, despite what might at first sight derive from the 

following line of reasoning : (1) The source of radiation is the sum of the squares of the moments Qp?. 
(2) Each such moment is given by an expression to which each mass makes its contribution : 

Q/-7 = mOxPxi — §M|A:|2) + MQX'X* — Sw|X|2) 

(case of two masses; generalisation obvious for case of many masses). (3) The coordinates are chang
ing with time. (4) Therefore the Q« change with time. (5) Therefore the system emits gravitational 
radiation. This reasoning is wrong however. So long as the particles are envisaged as having uniform 
velocities the coordinates are linear functions of time. The quadrupole moments are therefore only 
second-degree functions of time. Their third time derivatives are identically zero. Interaction and 
deflections — or acceleration — are absolute requirements for the emission of gravitational radiation. 
To obtain a non-zero result one must allow for the interaction between the two masses. For our pur-
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pose it is enough to consider non-relativistic velocities and use the Newtonian expressions for accele
rations; thus 

mx? = (mM/^XXP — x?) 

m£> = (mU[rs)(X.P — XP) — (3/wMr/r4)(XP — XP) 

In this way one obtains for the third time rate of change of the mass quadrupole moment the exprès 
sion 

Qp? = m(3xPx? + 3xP'xi — 2Swpjc' -f- 9xPxi + 9JC?X? — ÔS^JC*) 

-f- similar term for the other mass 

= (Mm/rs)(28Mrr + 18(r/r>Pr? — YlrPri— \2rPri) 

The rate of l°ss of energy by gravitational radiation is given by the formula 

— dE/dt = (l/45)QMQw = (8/15)(mM/r2)2(12i-2— llr2) 

When the masses revolve about their center of gravity in circular orbits, we have r2 = 0 and r2=w2r2 

and we get back the results summarised for example in Table XVII. In the opposite extreme case where 
a small mass m flies past a large mass M, originally at rest, with impact parameter b so large and 
velocity (3 so great that the change in direction is small (straight line idealisation; parametric represen
tation of motion x = (if = b tan 6, y = b, r = b sec 0, r = (3 sin 0, f2 ~ (32) we have for the energy 
loss the expression 

— AE = J (— dE/dt) dt = (37TC/15)(W2M2P/Ô3) 

(Insert G3/c4 o n f ign t if switching from geometrical to conventional units.) Contrast this expression 
with the well-known formula for the loss of energy by electromagnetic energy when a particle of mass 
m and charge e flies past a larger mass of charge Q, again in nearly straight line motion : 

— AE = C (2e2/3c3)x2 dt = f (2e2/3c3)(Qe//nr2)2 dt = (7r/3)(Q2e4/m2c4&3§) 

(conventional units). The very different dependence on the velocity in the two cases reflects the differ
ence between quadrupole and dipole radiation. 

7.9 LOW-FREQUENCY PART OF SPLASH RADIATION 

It is also interesting to look at the distribution in frequency of the outgoing radiation (Fig. 30). 
Write 

Qw(0 = (1/2TC)¥ f * QP*((ù)e-iU3t do> 
%J — ao 

and assume 

— AE = (1/45) f Qw(0QM(O dt = (1/45) f*" Qw(w)Qw(co) du 
J «.'—00 

Here the Fourier amplitude for circular frequency co is given by the expression 

QP?(o>) = (l/27c)"2 f QM(ty*tdt 
« / — 0 0 

The simplest case to consider, and the one of greatest interest, is that of low frequency. In this 
case the oscillatory factor drops out of the Fourier integral. The integration goes through directly, 
with no reference to any of the details of the processes of acceleration and deceleration, as well for 
the explosion of a bomb and the fall of a meteorite as for one star flying by another. We have 

.QM(<U-^0) = (1/2TC)?AQM(0 
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Figure 30. Electromagnetic and gravitational splash radiation compared. A particle of mass m, charge 
e, travelling at the non-relativistic speed v = (3c, ./Z/ej pas/ a particle of much greater mass 
M, charge Q, originally at rest, with such a large impact parameter b that the motion 
is almost straight-line motion. The frequency distribution of the electromagnetic energy 
radiated is given by the formula 

— d&E(dv = (4e2/3c3) SI f+=° x\t)eiwt dt* -f I f+*' y(t)eiwt dt% I 

with (x, y) = (eQ/m) (vt, b)([(vt)2 + b2]3'*; or 

— dAE/dv = (16Q2e4/3/n2c5è2p2)[«2K2(w) + w2K2(w)] 

with u — cùbjv (conventional units) or u — ccib/fi (geometric units) (formula given by 
N. Bohr88). The function of u in square brackets reduces to 1 at low frequencies and 
goes to Tzue~ia at high frequencies, and, when integrated with respect to u, gives 
7i2/8 = 1.234 (" cut-off point of equivalent flat spectrum ", as illustrated in diagram). 
Similarly, the distribution in frequency of the gravitational splash radiation is given by 

where in 

dAE/dv = (2/45) 2 T °° Q^CO*"" dt 

Qw = (mM/r3)(2SMrr + 18(r/r)/-^ — 12r */•*.— UrPH) 

we insert on the right the expressions for the unperturbed straight line motion of m (now 

neutral!) relative to M (also uncharged). The first factor in QP9 has the value wM 
(b2 -\- (i2*2)-3'2 and the second has the value $H times : 

JCJC : —4p2 /— 1862p2 /̂(62 + 
xy : 6b$ — 18ô3p/(62— (32/2) 
yy : 2(32/ + 1862(32f/(62 + p2*2) 
'zz : 2$H 
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X+*> ... 
QPi(t)el,at dt, relevant to the distribution in angle as well as to 

•ao 

the distribution in frequency, are given by 4 m M/b (no restriction on ratio of m to M) 
times : 

xx : — i(2wK0 + 3uaKx) 
xy : — 3MKX — 3u2K0 

yy : niK0 

zz: z(wK0 4- lu2¥Lx) 
Thus 

— dAE/dv = (64 m2M2/5è2)[u2/3 -f u4)K2 + S u ^ K ^ + (u2 + u4)K2] 

(gravitational units; multiply by G^c5 = 1.23 x 10~74 (erg/Hz) (cm2/g4) for conventional 
units). The factor in square brackets reduces to 1 for low u = (ùbj$, goes to 7tu3e-2n at 
high frequencies, and, when integrated with respect to u, gives 37TC2/96 (" cut-off value for 
(ùbjfi for equivalent flat spectrum ", as illustrated in the lower diagram). 

with simple values for the Qp%t) at times before and after any interaction takes place : 

Qpo(t) = 2w(3x/'i9 — 8Mx*x*) + a similar expression in M (and any other masses involved) 

The intensity of the emission at low frequencies (v small compared to the reciprocal of the interaction 
time) is given by the expression 

— d&E/dv = — 2izdAE/du 

= (4TT/45)QW(W - ^ 0 ) Q W ( W -»0) 

= (2/45)AQw(f)AQw(f) 

= (2/45)\2m(3xPxi — Swjc*x*)aItei. 

— 2m@xP& — 8rox*x*)berow + similar terms in M|2 

In the case of a mass m flying past a mass M with an impact parameter b, and these two objects exert
ing only gravitational forces on each other, we have for the velocities before and after the simple 
Newtonian results, m : (0, 0, p) -*(0,2M/ôP, p) and M : (0, 0, 0) ->(0, — 2m/6p, 0); and thus 

AQ-0X0 = AQ**(/) = QJfter - Q&ore = ^mM/b 

All other components are either identically zero or of second order in the coupling factor wM. The 
intensity in the flat part of the spectrum is 

( - dA E/</v)low v = (64/5)(/n2M2/62) 

One can define an effective cut-off frequency as that frequency which multiplied by the foregoing 
expression gives the total energy loss : 

effective cut-off = (— AE) / (— tfAE/tfv)low v = ( j ~ j P/6 

"cut-off = (377t2/96)(P/2>) 

(geometric units). In comparison, the low-frequency electromagnetic radiation given off when a 
particle (mass m and charge e) flies past a massive center of attraction of charge Q has the intensity 

—(rfAE/rfv)l0WV = 27u(2e2/3c3)2i2(o) -^0) 
= (4e2/3c3)(Ax)2 

= (4e2/3c3)(2Qe/m£pc)2 

= (16/3)(QV/m2c562P2) 

(Same dependence on impact parameter as in the case of gravitational radiation; contrasting dependence 
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upon velocity.) Dividing this energy per unit frequency into the total energy radiated, one has for 
effective cut-off frequency in this case 

effective cut-off = ( "T7" )(<#)/* 

with 
"cut-off = (^2/8)(cP/6) (conventional units). 

As an illustration of the order of magnitude of gravitational splash radiation, consider a neutron 
star of one solar mass passing another neutron star, also of one solar mass, with an impact parameter of 
100 km and with a velocity of (3 = 0.01 (3000 km/sec), the type of event that one can imagine taking 
place in the late stages of evolution of a dense galactic nucleus. The calculated magnitude of the 
gravitational sphash radiation is 

— AE = (377t/15)(1.47 km)4(10~2)/(100 km)3 = 3.6 x 10~7 km = 0.036 cm 
— AEconv = 0.036 cm/(0.742 x 10"28cm/g) = 4.8 x 1026 g or 4.4 x 10*7erg 

enough to decrease the relative velocity by 15 km/sec. Such a decrease in velocity, small though it is 
in absolute terms, can be enough to make the difference between two stars remaining free of each other's 
influence or becoming bound in closed orbits. 

Zel'dovich and Novikov45 have given a detailed treatment of the radiative capture from a hyper
bolic orbit into an elliptic orbit (both reasonably enough idealised as Newtonian) by reason of gravita
tional radiation. They find for the cross-section for capture the expression 

^capture into orbit by „ U(2M/fJ ) 2 (2m/M§ 2 ) 2 / 7 for (m/M(32) > 10 
gravitational radiation / 4 T T ( 2 M / P ) 2 ( 1 + exp ( — 2 0 p 2 M / m ) ) for w/M(32 < 10 

where m is the mass of the incoming object, M is the mass of the capturing center, and (3 is the 
relative velocity of approach at great distances. 

7.10 RADIATION IN ELLIPTICAL ORBITS TREATED AS A SUCCESSION OF PULSES 

When two stars move about their mutual center of gravity in long and extremely elliptical orbits, 
the radiation is most readily visualised as a succession of splashes, each given out in a close passage and 
each having a continuous spectrum. In reality the spectrum is discrete. For motion in an elliptic 
orbit of semi-major axis a and eccentricity e both Peters and Mathews144, Zel'dovich and Novikov 45 

give for the power radiated in the w-th harmonic of the fundamental frequency the expression 

—( dEjdt)in nth harm0nic = (32/5)wfwl(m1 -r- m2)a-*g(n, e) 

with 

g(n, e) = («4/32){[J„_2(We) - 2eJn_1(«£) + (2//i)Jn(#ie) + 2eJn+1(«s) — Jn+2(«e)]2 

+ (1 - E
2)[Jn_2(«e)-2Jn(«e) + Jn+2(«£)]2 + (4/3«2)[Jn(WS)]2}. 

Although the spectrum is discrete and this formula gives the intensity of the individual lines, the spec
trum looks continuous when viewed under poor resolution (Fig. 31) because it consists of so many 
lines. As the ellipticity of the orbit decreases, the number of lines in the spectrum with appreciable 
intensity goes down. Only one line is left when the orbit becomes circular (analysis of previous sec
tion). 

7.11 FALL INTO SCHWARZSCHILD BLACK HOLE 

The opposite modification of the ellipticity carries attention, not to a circular orbit, but to the 
world line of one object falling straight towards another. If both objects have finite size, the accele
ration on impact will be more important for the radiation emitted than the acceleration in flight. If 
the objects have indefinitely small size, the calculated radiation in Newtonian approximation 

— dE/dt = (8/15)(mMr/r2)2, 

136 



t 
VdtJn 

v—*-
Figure 31. Qualitative form of the spectrum of gravitational radiation emitted by a pair of particles 

in narrow elliptical orbit about their mutual center of gravity (idealisation in which motion is 
treated as nearly Newtonian). The envelope gives the form of the spectrum that would be 
emitted in a single pass. The peaks come at integral multiples v„ = njT of the basic 
frequency of revolution in the elliptic orbit. 

will rise to indefinitely high intensity. Actually a collapsed object of finite mass M will have a finite 
effective dimensio n, rSohwarzsoh,i,i = 2M. A much smaller object, of mass m, will not accelerate inde
finitely as seen by the far-away observer. On the contrary, its approach to the Schwarz-schild surface 
takes an infinite amount of Schwarzschild coordinate time (Fig. 8 ; exponential approach r ~ 2M -f cons
tant exp (— t/2M)). In consequence the gravitational radiation is perfectly finite in amount, 

— A E ~ 0.00246 m2/M 

(value for m <$. M and for case that mass m starts from rest or essentially from rest, at infinity) 
and is peaked at a characteristic frequency of the order (see Fig. 32) 

VBeak ~ 0.024/M = 4.9 X 103 M s Hz 
* M 

The foregoing figures for radiation upon capture by a black hole are only rough estimates, based 
upon two contradictory idealisations (1) a particle starting from rest at infinity and falling straight in 
according to the exact law for geodetic motion in the Schwarzschild geometry, given parametrically 
by the formulas 

t = — 4M(vrV3 + Y) - y In (YJ -f 1) + A-ln (YJ - 1)) 

r = 2M-/)2 

but (2) radiating as if it were moving in flat space, 

1 
— dEjdt = -=- QwQP? 

Actually the particle is moving through strongly curved space when it is radiating most strongly. There-
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Figure 32. Spectrum of gravitational radiation emitted by object of negligible dimensions and of mass 
m starting from rest at infinity and plunging straight into a black hole of mass M (^> m), 
as estimated from combination of two not quite consistent simplifications : (1) /• is calculated 
as a function of t from equation of geodesic motion in Schwarzschild geometry; but (2) the 
gravitational radiation from m is calculated as if it were executing this motion towards M 
in flat space. Details : 
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fore a fuller treatment has to go back to first principles. Zerilli has given the foundations for such a 
treatment in his 1969 Ph. D. thesis 66. He considered the incoming particle as making a small pertur
bation upon the background of the Schwarzschild geometry and analysed this perturbation in the geo
metry into tensorial spherical harmonics. For the radial factor in each harmonic he wrote down a 
second-order differential equation, a wave equation in curved space. On the right-hand side of each 
such equation appears a source term. The source represents the driving effect of the incoming particle. 
It contains as key factor the expression 

niï{r — r(/)) 

The radial factor (" amplitude of specified harmonic ") is obtained by solving the radial equation. The 
character of the solution is vitally affected by the choice of boundary conditions. In the present pro
blem, as in almost every problem of radiation physics, the appropriate boundary condition at infinity 
is supplied by the requirement that there should be no incoming wave at infinity, only an outgoing wave 
(no " timing of sources at infinity in anticipation of the acceleration of the source " !). However, the 
same kind of causality requirement imposes still another demand on the radial wave : it may transport 
energy towards the black hole, but it must not transport energy out of the black hole. One require
ment says that a typical Fourier component of the radial amplitude should behave at large /• as an 
outgoing wave, 

~ (amplitude factor) exp ia(r -\- 2M In r — t) 

The other requirement says that the same Fourier component should behave at small r as a wave 
running towards the black hole, 

(amplitude factor) exp /<u ( — r -f- 2M In 2M 
2M 

— t 
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Thus, at both limits of the r-scale all the radiation is required to be escaping. One (I) determines 
the wave uniquely by solving the wave equation subject to these boundary conditions (2) evaluates the 
amplitude of this wave asymptotically at great distances (3) squares this amplitude (4) inserts this square 
into formulas given by Zerilli and thus finds (5) the intensity of the outgoing radiation in units of energy 
per unit of frequency and per unit of solid angle and (6) the integrated intensity. Detailed calculations 
are not yet available — hence the foregoing estimates based on a mixture of curved space and fiat space 
arguments. It will be of great interest to carry through an analysis like Zerilli's for the radiation from 
an object of mass m falling with different impact parameters towards an extreme Kerr black hole of 
mass M (angular momentum of the critical magnitude J = M2), not least because of the greater pos
sibilities in this case to get out a large fraction of the rest mass m in the form of radiation and the like
lihood that the black holes formed in nature have nearly the critical amount of angular momentum. 

7.12 RADIATION FROM GRAVITATIONAL COLLAPSE 

If instead of one mass m falling towards a black hole of mass M one has a whole array of 
masses, all equal in magnitude, all marshalled with identical timing, all falling straight to the center of 
attraction (collapsing spherical shell), then all gravitational radiation is suppressed by destructive inter
ference (no gravitational monopole radiation !). Likewise the collapse of a star endowed with spherical 
symmetry, barring development of instabilities and turbulence, will have no quadrupole moment and 
will produce no gravitational radiation. However, a star endowed with rotation will possess a quadru
pole. Moreover, this quadrupole moment will change with time during collapse, as illustrated in 
Fig. 33. Consequently a major burst of gravitational radiation will emerge. It will be followed by 
a succession of small and large pulses, with periodic gravitational radiation coming off between one 
pulse and the next, the details of the pulses and the discrete spectra depending upon the exact cir
cumstances of the scenario (cf. caption Fig. 33). The first major pulse itself will be expected to have a 
continuous spectrum (cf. Fig. 30) extending from v = 0 to vcrit — o)CI.it/2rc ~ (1/2TI) (characteristic 

time, T, associated with final stages of collapse to density p)_1 ~ (l/2-)(-Gp(.onv)-2", or in the example 
of Fig. 33, vcrit ~ (l/27r)(l/0.2 ms) ~ 103 Hz). The energy emitted per unit frequency, at frequencies 
below vcrit, will be of the order 

-(rfAE/rfv) = (2/45)(l + i - + -L\(AQ*)* - (4/15)1" /" (3p? — p«)p rf»xT 
\ 4 4 / \_J Jstagc o[ maximum inrush 

or, in the example of Fig. 33, 

(1/15)(ACP)2 - (l/15)(Qnfax/T
2)2 ~ (1/15) [0.15 X 1020 cm3/(6 x 106 cm)2]2 

<-" 1012 cm2 (geometrical units) 
~ 40 cm of mass energy per Hz (mixed units) 
~ 6 X 1029 g of mass energy per Hz 
~ 5 X 1050 erg/Hz (up to ~ 1000 Hz) 

The total energy coming out in the splash of radiation will be of the order 

. - A E ~ ( 1 / 3 0 T C ) ( Q & X ) 8 / T « 

or in the example 
— AE ~ 5 X 1052 erg 

The subsequent pulses (cf. Fig. 33) will be expected to extend to higher values of vcrit insofar as they 
arise from capture by, or amalgamation of, objects of density higher than the original density of the 
pancake. 

7.13 EARTHQUAKES AND METEORITES 

A Weber bar detector of gravitational radiation looking for events of the kind just discussed 
can be protected from seismic disturbances by soft enough mounting plus a seismometer in anti-coinci
dence. However, the seismometer only warns of disturbances that have arrived from an earthquake 
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Figure 33. A rotating star with dense core A collapses to a pancake neutron star B; it fragments C; 
the fragments lose energy in periodic and splash gravitational radiation and recombine. The 
lower curve gives a schematic representation of the quadrupole moment as a function 
of time. Between B and C impulse radiation is created in the act of fragmentation not 
adequately described by the one indicated component of the quadrupole moment tensor. 
Between C and D multiply periodic radiation is given out until at D two fragments have 
lost enough angular momentum so that they combine with a splash of gravitational radiation; 
similarly at E, etc. 

with seismic velocity. What of the gravitational wave disturbance that arrives from the earthquake 
(or a seismic event in the interior of the Earth) with the speed of light? A simple estimate shows that 
its effect is far too small to give even as much energy as (1/10)(&T) (with T = 300 °K) to the bar. 
The same is true of an even more spectacular event — the impact of a giant meteorite (~ 1 km in diame
ter) on the Earth (S. African event of geological fame). The characteristic time, T, for deceleration 
will be some small multiple of the time required for an acoustic wave to cross the object; thus, 

f r*> 1 km/(5 km/sec) ~ (1/5) sec 

140 



implying an upper limit to the important part of the spectrum of the order 
vcrit ~ wcrU/27û ~ 1/2-T -v 1Hz 

It is already clear from this one number that a natural mode of 1660 Hz will not respond to the event! 
In addition, the calculated output of energy 

r 
Jstagc of maximum inrush 

(— d&E[dv) ~ (4/15)1" f (3p| — P2)pcf3*T 

~ (16/15)(mp2)2 

- (4 x 10" g X 0.74 x lO-^cm/gHlOkmsec-1^ x KPkmsec-1)1 

~ 4 x 104 erg/Hz 

is many orders of magnitude too low to drive a detector 10 000 km away even if vcrit did extend up to 
the frequency of the detector. 

7.14 MICROSCOPIC PROCESSES 

We do not treat here, because of their low intensity under almost all easily visualisable circum
stances, the following otherwise very interesting sources of gravitational radiation : (1) quadrupole 
emission associated with molecular rotation and vibration (cf. especially Halpern 145) ; (2) atomic 
transitions; (3) radiation given off in e+e~ annihilation processes and in p+p~ annihilation and in other 
cicuxcuitny jjaitiCic iiaixMiuiilauuiia . 

7.15 PRIMORDIAL GRAVITATIONAL RADIATION 

In addition to events on Earth and in the stars the most spectacular event of all, the big bang 
that started off the Universe, could hardly avoid giving rise to gravitational radiation. The early Uni
verse cannot have been perfectly homogenous and isotropic. The perturbations in density and velocity 
that led to the formation of clusters of stars and galaxies and clusters of galaxies can be visualised as 
potential sources of gravitational radiation — insignificant, presumably, at the earliest times, but 
appreciable at the time (red shift ~ 3; radius of Universe four times smaller than it is today; matter 
density 64 times higher) when galaxies had just formed or were forming. 

The amplitude of the perturbation in the metric at that time (at wavelengths of the order of the 
then current galactic separations) can be estimated by evaluating the gravitational red shift between the 
center and outside of a galaxy : 

Sg ~ (mass)/(radius) ~ 10uMG/15 000pc 
~ 1.5 x 1011 km/4.5 x 1017km 
~ 3 x 10-7 

This quantity measures the strength of the semi-static, adiabatically changing perturbations in the geo
metry. The true gravitational wave component of such long wavelength perturbations will be much 
smaller, because they are governed by the time rate of change of large-scale quadrupole moments. 
Nevertheless, for an upper limit to the intensity of galaxy-driven gravitational waves we shall use 
the entire 8g ~ 3 X 10~7. The waves in question have reduced wavelength % = \J2TZ ~ (1/2TT) 

(then current galactic separations) ~ (1/2TC)(1/4) (present separations of ~ 1024 cm). The effective 
energy density is 

Pradiation ~ ra/4-rc < (8gA)2/4vr ~ (3 X 10-7/4 x 1022 cm)2/4Tc ~ 4 x 10-60cm-2 

(~ 6 X 10~32 g/cm3 in conventional units; conversion factor 0.742 X 10-28 cm/g) 

The expansion of the Universe between then and now will have lowered the number density 
of gravitons by the factor 43 = 64 and the energy of each by the factor 4 (wavelength raised in propor
tion to the distance between galaxies!), thus making the upper limit for the present density of gravi
tational radiation of intergalactic wavelengths 

Pradiation. upper limit < (6 X 10~32 g/cm3) /256 ~ 3 X 10~34 g /cm 3 
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far too small to contribute to the effective density of mass-energy of the Universe. It has to be empha
sised that methods of generation of such long wavelength gravitational waves, other than those consi
dered here, cannot be excluded. In default of a reasonable proposal for such a mechanism we take 
the listed figure as a tentative upper limit for the strength of this long wavelength kind of radiation. 

Gravitational radiation of much shorter wavelength will have been generated in the very hot 
(T > 1011 °K) high density (Ptota, conv > (7.6 x 10~15 erg/cm3 °K4) (1044 °K4) = 7.6 + 1029 erg/cm3 or 
8 x 108 g/cm3) medium that filled space in the early days of the Universe, and will now have come to 
thermal equilibrium. Moreover, as the expansion of the Universe proceeds, the equilibrium will be 
maintained automatically so long as the gravitational and electromagnetic radiation remain coupled. 
However, as opacity to gravitational radiation drops and the two forms of radiation decouple, they will 
almost keep in step in their cooling by expansion — they would keep exactly in step if it were not for 
the particles, roughly one particle per 109 photons. If the particles were inert they would cool once 
they reach the non-relativistic regime, according to the law 

/ density of \ _ /number densityN / momentum \ 2 / /particleN 
\kinetic energy/ \ of particles / \of one particle/ / \ mass / 

oc (l/radius)3(l/de Broglie wavelength)2 

oc (1/radius)5 

and thus faster than the radiation, 

/ density of \ _ /number densityN / energy of \ 
\radiation energy/ \ of photons / \ one photon/ 

oc (1/radius)4 

Particles and electromagnetic radiation are coupled from the very highest temperature down to 
about 3000 °K (ionized hydrogen -> neutral hydrogen; great increase in photon mean free path). 
Consequently the particles in this temperature range will drag down the temperature of the joint sys
tem a little faster than the (1/radius)4 law would suggest. However, the radiation has so very much 
more heat capacity that this effect is very slight. It will result in a temperature for the electromagnetic 
radiation very little lower than the temperature of the gravitational radiation at any given stage of the 
expansion. 

The particles have a second effect on the temperature of the electromagnetic radiation. They 
undergo thermonuclear reactions in the stars. The energy release on complete thermonuclear com
bustion amounts to nearly one per cent of the rest mass. Were this reaction to go to completion in a 
single day at the present era, the resultant increase in the average energy, expressed on a per-photon 
basis, could amount to 

(0.01, transformation factor)(109 eV, rest energy per baryon) 
(~ 10° photons per baryon) 

~ 0.01 eV or 120 °K 

However, thermonuclear reactions have gone nowhere near so far. Moreover, those reactions that 
have already taken place mainly occurred much earlier in history, not long after the decoupling of matter 
and radiation (time of cooling to 3000°K). To augment the energy of a 3000°K photon by 120°K is 
to raise the temperature of the electromagnetic radiation very little compared to the temperature of the 
gravitational radiation. It is therefore reasonable to be,;.eve that the temperature and energy density 
of the " primordial cosmic fireball gravitational radiation " today are very nearly the same as the tempe
rature and energy density of the " primordial cosmic fireball electromagnetic radiation " 

T ~ 2.7 oK 

Poonv. ~ (7.6 x 10-15 erg/cm3 °K4)(2.7 °K)4 = 4 . 1 x 10~13 erg/cm3 

or 
4.5 x 10-34 g/cm3 (p = 3.3 x 10~62 cm~2 in geometrical units) 

Compared to the expansion of the Universe, there was no more important factor responsible 
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for reducing the density of gravitational radiation down to its present low level; and no formula epi
tomises this factor more clearly than the proportionality 

/ density of \ , . , , . . . 
( j - *- / ~ (1/radius)1 

\radiation energy/ 

It is therefore of interest to learn from the work of Misner 91 that there is one mode of gravitational 
radiation to which this formula does not apply. This is the mode of oscillation of the geometry having 
the longest wavelength that can St into a closed Universe. This so-called " mixmaster mode of oscil
lation " leaves a homogeneous Universe homogeneous but changes an isotropic Universe into one with 
three different radii of curvature in the three principal directions of curvature at each point. The effec
tive density of energy associated with this mode of excitation 

effective density 
of energy associated 

with mixmaster 
mode of oscillation 

falls off so much faster with expansion than the density of all other forms of energy that, Misner argues, 
it seems reasonable to neglect it as a contributor at this time to the effective mass-energy of the Universe. 

Table XX summarises the sources of gravitational radiation considered so far, giving for each 
the frequency span and the order of magnitude of flux expected at the surface of the Earth. Valuable 
information on interesting astrophysical events flows by the Earth in a new channel waiting to be 
exploited. All these gravitational waves, of whatever wavelength, manifest their effects in the last 
analysis through changes of length. The longer the wavelength the longer is the base-line appropriate 
for the detection of that radiation. For some effects it is natural to consider a base-line located in space 
itself — the distance between two space stations — as the meter for the wave amplitude. The pre
sent-day accuracy of laser ranging (cf. Chapter 18) does not come close to rivalling the efficiency of 
Weber's laboratory bar for measuring fractional changes in length. However, it is not unreasonable 
to expect increases of many orders of magnitude in laser accuracy for future measurements of the dis
tance between space stations. Hopes of such improvements and daily optical observations of pulsars 
that must have been born in a gigantic splash of gravitational radiation supply a double incentive for 
planning gravitational radiation studies from space stations. 

8. MISNER'S MIXMASTER MODEL OF THE UNIVERSE 

The anisotropy oscillations of the geometry of a closed model universe, small though they may 
be at any moment late in the history of expansion, grow, if they have any finite amplitude at all, larger 
and larger in importance as one follows the history of the system back in time, until the earliest days 
when they dominated every other form of excitation. By comparison, the effective density of energy 
of matter and radiation become negligible. The resulting idealised model system has three degrees of 
freedom corresponding to the radii of curvature along the three principal axes at any point, these radii 
having the same values at one point as at any other point. Three second-order ordinary differential 
equations govern the times rate of change of the three radii. The mechanical problem is reminiscent 
in many ways of the well-known problem of a rotating ellipsoid with three unequal moments of inertia. 

The calculations to date by Misner and others on the Mixmaster model suggest that the ani
sotropy vibrations enable a photon to make its way around the Universe (travelling during each phase 
of the oscillation along the shortest available direction !) from very early in time. If a photon is thus set 
free, and the horizons which characterised the Friedmann universe erased, it follows that all effects 
propagated with the speed of light can also make their way around the Universe, pressure included. In 
this way one comes to an understanding how the Universe could, in its early history, even have come 
to have a nearly uniform density. On the Friedmann model the observed uniformity was postulated, 
never explained, and was even unexplainable. It could not be explained because matter at one point 
however willing to live in conformity with matter at another point in the Universe, has no means what-

(1/radius)6 
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TABLE XX 

Sources of gravitational radiation. 

Source 

Spinning 
Rod 

Revolving 
Double 

Star 
System 

(see also 
Tables XVI 
and XVII) 

General features of the emitted gravitational radiation. 

The type of spectrum to be expected is monochromatic 
with frequency falling as ~ const/*1'4 and intensity 
falling as const/f3'2. The flux of energy in the signal 
is given by—dE/dt = (32/5) GI2wB/cs. The charac
teristic time to radiate a given amount E of rotational 
energy by emission of gravitational radiation is 

T = E / ( — dE/dt) 

= (5<r5/64 GIco4) x (c5/G) = 3.6 X 105fl erg/sec. 

We indicate by mx and m% the masses of the stars and by r 
the distance between their centers. The spectrum of 
the radiation is monochromatic with frequency 
to = [G(7W! + Wg)//-3]1'2 rising as const/(r0 — r)3/8 a n ^ 
intensity rising as const/(f0 — t)13,i. The flux of energy 
radiated away is given by 

dE _ 32 G / m1tn2 

dt 5 c5 \tf7i + m2 

and the characteristic time in which the radiation will 
take place 

T = E/(—rfE/A)= /•/(— dr/dt) = (2<ùJ3)/(d<ùfdt) 

5cV4/[64 G'/Mj/Ma^i + m2)]. 

Amount of gravitational radiation emitted 
for typical values of the parameter 

(at 100 pc the energy is spread over a sphere 
of surface 1.2 X 1042 cm2) 

We consider an iron cylinder with a diameter of 1 m, 
a length of 20 m, a mass of 4.9 x 108 gravitons and 
rotating with an angular velocity œ = 28 rad/sec 
(maximal rotation allowed by the tensile strength 
of the material). The flux of energy is given by 
— dE/dt = — 2.2 X 10-22 erg/sec = 3.8 x 103 gra-
vitons/sec. Assuming a distance from the source 
d—2.1 X 109 cm (minor boundary of wave zone; 
more than twice the diameter of the Earth) the flux 
at the detector will be of 2.4 X 10-42 erg/cm2sec or 
4.7 x 10-17 gravitons/cm2sec. 

Reasonable 
to detect 

No 

In the case.of Sirius the masses of the components are 
mx = 0.98 M 0 and m2 = 2.28 MQ. The period of 
revolution P ~ 50 year. The flux of gravitational 
radiation emitted is — dE/dt = 1.1 x 1015 erg/sec. 
Assuming that this system be 2.6 pc from the Earth 
the energy flux at the Earth's surface will be 
1.3 x 10-24 erg/cnVsec. For the system WZSge an 
evaluation of the masses of the components gives 
m1 = 6.46 M 0 and m2 = 6.46 MG, the revolution 
period 81 min and the flux of energy 

dE/dt 3.5 X 103B erg/sec. 

Assuming for this system a distance of 50-100 pc from 
the Earth, the energy flux at the Earth's surface could 
be as high as 1.2 x 10-6 erg/cm2sec. 

Impossible to detect directly 
the flux (too weak), De
tection via optical observa
tion of the gradual shorten
ing of the period of rota
tion by reason of gravita
tional radiation would not 
be reliable due to transfer 
of mass from one compo
nent to other or compe
ting effects. 

We indicate by M the mass of the neutron star, by R its 
radius, by u the angular velocity and by I the moment 
of inertia. We assume an equatorial eccentricity s 
(accident of " geological " history!). The radiation 
emitted is expected to be monochromatic with fre-

For a neutron star of mass m = 0.41 MQ, radius 
R = 21 km, moment of inertia I = 4.4 x 1044g cm2, 
eccentricity e = 10-\ angular velocity to = 103 rad/sec.' 
+u. 

" T r " r a c s p .M Tr,nT»i 

Yes — provided one has 
some means of observing 
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en 

! 

Spinning 
Neutron 

Star 

Pulsating 
Neutron 

Star 

of inertia. We assume an equatorial eccentricity z 
(accident of " geological " history!). The radiation 
emitted is expected to be monochromatic with fre
quency and intensity both falling with time. The flux 
of energy radiated away is given by 

— dE/dt = (288 GI2s2o6)/45c5 

and the characteristic time in which the radiation will 
take place x = E/(— dE/dt) = 45c5/(576 GIe2o>4). The 
time AT required to sweep through the bandwidth 
Aco of a detector is given approximately by 
AT = (ACO/G>)T. 

The vibrations can be thought to be excited at the moment 
of formation of the neutron star or by subsequent 
impact of debris or starquakes. The spectrum is 
typical of the dilatation modes (mode " gravitational-
wave-active " by quadrupole deformation induced 
by natural rotation) and modes of quadrupole vibra
tions. The frequency of the radiation is of the general 
order of magnitude to ~ (7cGp)1/2. The rate of 
emission goes as the square of the relevant Fourier 
component of the quadrupole moment. The charac
teristic duration of the signal is 0.1 < T ^ 20 sec 
(for details see K.S. Thome13a and Table XVIII). 

For a neutron star of mass m = U.41 MQ, raaiusi 
R = 21 km, moment of inertia I = 4.4 x 1044g cm2, 
eccentricity e = 10~4, angular velocity w = 103 rad/sec, 
the power emitted in gravitational radiation is 

— dEjdt = 3.5 X 1040 erg/sec. 

Assuming that the distance of the source from the 
Earth is 100 pc we have a flux at the Earth's surface 
of 2.9 X 10~2 erg/cm2sec. For distances of the source 
of 1 000 pc or 10 000 pc we have a flux of 
2.9 x 10~4 erg/cm2sec or 2.9 x lO-6 erg/cm2sec. 

Assuming a neutron star of mass M = 0.682 X M0 , 
radius R = 8.4 km, pc = 6 x 1015 g/cm3 the 
power emitted in gravitational radiation is 

_dE ///SRy\ 3 Q x 10S3 erg/sec> 

Here / / — ) J mean squared fractional departure 

of surface from sphericity = — = 1/500 if the dynamics 

of implosion cause, for example, a 10 % reduction in 
length of symmetry axis (relative to sphere); in this 
case —dE/dt = 6 X 1050 erg/sec; period 0.31 msec; 
damping time 0.19 sec; —AE = 1 X 1050 erg; 
energy per unit frequency near peak of spectrum 
—</AE/dv=8x 1049 erg/Hz. If we assume the source 
to be at 100 pc the gravitational energy flux at the 
Earth would be 5 x 108erg/cm2sec (7x 107 erg/cm2Hz). 
If instead distances of 1000 pc or 10 000 pc are attained 
the fluxes will be 5 x 106 erg/cm2sec (7x 105 erg/cm2Hz) 
or 5 X 104 erg/cm2sec (7 X 103 erg/cm2Hz). 

'es — provided one has 

some means of observing 
the periodically changing 
luminosity (time modu
lated X-ray brightness ; 
radio or optical pulses, 
etc.) and can thereby tune 
the gravitational radiation 
detector to a precise fre
quency. 

1 

Yes — for properly tuned 
narrow band " Weber 
band " detector and source 
100 pc away. If source is 
1000 pc away, only pos
sible if the amplitude of 
the signal is as large as 
indicated and the bar is 
sufficiently cooled. No — 
if the source is 10 000 pc 
away. 

L 



Source 

Rapidly 
Spinning 
Neutron 

Star 

General features of the emitted gravitational radiation 

S E S 

If the effective y of the matter constituting the neutron 
star is larger than 2.2 (see Sub-section 7.7.2) and if 
the angular momentum of the neutron star is large 
enough, the equilibrium configuration will be quali
tatively like a Jacobi ellipsoid with the axis a ^ b ^ c, 
(If the effective y is smaller than 2.2, shedding of matter 
from the equator of the star will take place and no 
equatorial eccentricity can develop.) The gravi
tational radiation emitted will be monochromatic, 
drifting toward larger values of the frequency. If we 
consider for simplicity the case in which one of the 
principal axes of inertia (z) coincides with direction of 
the angular momentum, the amount of energy radiated 

will be given by ^ = — — - ^ - ( I n —122)206 where 
dt 5 cb 

Q ~ (uGp)1/2 Assuming that the neutron star to 
be initially in an " extreme " Jacobi configuration 
(near the bifurcation point with the pear-shaped equi
librium configurations) the pulse of gravitational 
radiation will last for a time T ~ 102 (R/(2 Gm))3Rc5, 
where R = (a-b-c)113. In this time T the neutron 
star will have drifted from a Jacobi configuration to an 
axially symmetric Maclaurin configuration, losing 
angular momentum by gravitational radiation and 
increasing its angular velocity. 

Amount of gravitational radiation emitted 
for typical values of the parameter 

(at 100 pc the energy is spread over a sphere 
of surface 1.2 X 1042 cm2) 

Let us consider a neutron star of M ~ 0.65 M 0 ] 

R ~ 15 km rotating with a period P ~ 1.5 msec. The 
expected eccentricity in the equatorial plane will be 
of the order of s ~ 0.87 the power of gravitational 
radiation emitted will be dEjdt ~ 0.6 X 1061 erg/sec. 
The period starting from P ~ 1.4 msec (extreme 
Jacobi configuration) will decrease in a time T ~ 0.4 sec 
to a value of 1.3 msec. If the source is 100 pc away the 
flux at the Earth would be as high as 0.5 X 109erg/cm2sec, 
If the source instead is 1000 or 10 000 pc 
away the flux would be 0.5 x 107 erg/cm2sec or 
0.5 X 105 erg/cm2sec. 

Reasonable 
to detect 

We consider the case in which the mass m is much smaller 
than the mass M of the black hole and the dimensions 
of the " particle " are negligible with respect to the 
dimensions of the black hole — the effects of the tidal 
forces on the particle m are also considered to be 
negligible. If the particle is moving in a circular 
orbit the flux of gravitational radiation is 

dt 
32 G 
5 c5 

/ mM y 
\m + Mj 

r4Q6, with Q? = G(m + M)/r3. 

" Particle " 
of 

mass m 
spiralling 
around 

The radiation is monochromatic, with the frequency 
drifting toward higher values. The characteristic 
time in which the radiation will take place is 
T = E/— dE/dt = 5esr4/[64 GaMm/(m + M)]. The 
total energy that can be emitted by the particle m before 

We consider the case of a black hole of mass M ~ 108 Mg 
with radius R ~ 2.94 x 108 km and a " particle 
(white dwarf star) of mass m ~ 1.0 MQ radius 
~ 5.0 x 103 km. The particle is assumed to be in a 
circular orbit at a distance r — 3 R ~ 8.8 X 10B km 
from the center of the black hole. The power emitted 
in gravitational radiation is 

dE\dt ~ 2.99 X 1032 erg/sec 
with a period P ' ~ 3.04 x 104 sec. Assuming the 
source to be 100 pc away- the flux of gravitational 

Yes — this source should be 
clearly detectable with an 
antenna of the Weber type 
properly tuned at a period 
of ~ 1 msec. Moreover 
the signal with its charac
teristic drift towards higher 
values of the frequency 
would have a recognisable 
signature. Possible coin
cidence with associated 
electromagnetic emission 
could be important in the 
identification of the source. 

No. The flux is far too 
small to be detected at 
the Earth, even assuming 
the source to be a few pc 
away ! 

radiation at the Earth's surface would be 

~ 2.49 x 10-10 erg/sec 



mass m 
spiral l ing 
around 

a black hole 
of mass M 

" Particle " m 
falling radially 

into a 
Schwarzschild 

black hole 
of mass M 

• " " " • U • • " » " - —-_MM.- - — _ — - — _ _ _ _ _ _ _ 

time in which the radiation will take place is 
T = E/—• dEjdt = 5c5r4/^64 G 3 M m / ( m •+- Mf l . T h e 

total energy that can be emitted by the particle /# before 
falling into the black hole is 0.0572 x mc2 (binding 
of last stable circular orbit at r = 6m) in the case of 
a Schwarzschild black hole and 0.4235 X mc2 in the 
case of a particle co-rotating in an extreme Kerr 
geometry (binding of last stable circular orbit at 
r = ni). If the particle is in an elliptic orbit with 
eccentricity s the emission will no longer be mono 
chromatic but radiation will be also present in the 
n-th harmonic of the fundamental frequency (cf. 
Section 7.10). However, the maximum emission of 
radiation will take place at the moment of closest 
approach of the particle and the orbit will tend rapidly 
to become circular. 

We have analysed this problem in the framework of 
linearised theory, on the explicit assumptions that 
m <^ M, the dimensions of the particle are negligible 
with respect to the dimension of the black hole and 
the tidal effects on the particle are negligible. The 
total energy radiated in this process is 

AE ~ 0.0025 mc2 (w/M) 

and the frequency has a peak at co ~ 
Section 7.11). 

0.15/M (cf. 

2.49 X 10-10 erg/sec 

We take, as a limiting case, for the black hole a mass 
M «v 10 M0 radius R ~ 29.4 km and for the " particle " 
(neutron star) a mass m ~ 0.33 M 0 with radius 
~ 26 km. The " particle " is assumed to be in a 
circular orbit at a distance r = 3 R ~ 88.2 km from 
the center of the black hole. The power emitted in 
gravitational radiation is — dEjdt ~ 1.52 X 1083 erg/sec 
with a period P = 2.36 X 10-2 sec. Assuming the 
system to be 100 pc away the flux of gravita
tional energy at the Earth's surface would be 
1.3 X 10u erg/sec; for distances of 1000 pc 
and 10 000 pc away there would be a flux of 
1.3 X 109 erg/sec and 1.3 X 107 erg/sec. 

Let us consider the emission of gravitational radiation 
due to a "particle "(neutron star) of mass m ~ 0.68 M0 
and radius ~ 8.4 km into a black hole of mass 
M ~ 10 M0 and radius R ~ 29.4 km. The total 
amount of gravitational radiation will take place in a 
time T ~ 5 X 10~4 sec and will be of the order 
of 2.3 X 1050 erg with a characteristic spectral distri
bution (see text) picked around P ~ 1.4 x 10-4 sec. 

If we increase the mass of the black hole up to 
M ~ 108 M0, radius R ~ 2.94 x 108 km, the 
" particle " m (neutron star) of mass m ~ 0.68 M0 
and radius ~ 8.4 km will emit a total amount of gra 
vitational energy of the order of ~ 2.3 x 1043 erg in a 
time T ~ 5 x 103 sec and frequency picked around 
— P ~ 1.4 X 103 sec. 

Yes, but realistic computa
tions should take into 
account the effects of tidal 
forces on the particle m 
(already in the extreme 
case under consideration 
the Roche limit is 

R limit 2.45 (-Sas.) RIU, 
\ PN.S. / 

1.5 x 103km!) 

Yes. However, our compu
tations are valid only for 
an approximate order of 
magnitude and they should 
be extended to a complete 
relativistic regime. 

No! No realistic source of 
gravitational radiation can 
be expected for " particles" 
falling in a large mass 
black hole. The energy 
emitted is largely reduced 

by the factor — 

Negligible compared to the sources considered above are the primordial gravitational radiation (cf. Section 7.15 for upper limits), atomic and molecular processes (cf. 
Section 7.14 for references), earthquakes, impact of a meteorite ~ 1 km in diameter upon the Earth (cf. Section 7.13 for details), and solar flares (due to smallness of 
mass involved, ~ 1026 gravitons and the length of the time-scale of the dynamics, from minutes to hours). 



soever of knowing what were the " conditions of life " for matter beyond its own horizon. In Misner's 
Mixmaster model early intercommunication is made possible, and with it increasing uniformity of pres
sure and of density. 

The Mixmaster model, in answering one question, raises new and interesting questions. (1) 
How early in the history of our Universe did the anisotropy oscillation fall to an amplitude where it no 
longer played a great part in cosmology? (2) How effective was it earlier in coupling neutrinos with 
matter and other radiations (Misner147; Zel'dovich and Novikov148)? (3) Did its power to mix 
and to homogenise have anything to do with the mechanism of production of particles in a still earlier 
era of the Universe (Wheeler149)? (4) How do initial small perturbations in density and velocity in 
the Mixmaster model universe grow with time, and what insight does this growth provide on the mecha
nism by which galaxies and clusters of galaxies come into being? 

9. THE PRIMORDIAL COSMIC FIREBALL RADIATION 

In 1965 Penzias and Wilson 15° of Bell Telephone Laboratories measuring the effective noise 
temperature of a 20-feet horn reflector antenna at a wavelength of 7.4 cm discovered an excess tempera
ture of 3.5 °K. They also noticed that this excess temperature was, over a period of the order of one 
year, isotropic, unpolarised and free from variations. The horn-shaped antenna they used was ori
ginally designed to receive signals reflected by Echo satellites. 

Dicke and his Princeton colleagues151 immediately suggested a cosmological origin for the radia
tion producing this excess temperature. They interpreted the observed flux as a " primordial cosmic 
fireball radiation " surviving from an early epoch in which the Universe was enormously hotter and 
denser. 

In 1949 Gamow 152, analysing the physics to be expected in the early days of the Universe, 
spherical and expanding in accordance with Einstein's field equations and filled with a mixture of matter 
and radiation, had predicted the existence of such primordial radiation. He also gave an estimate of 
its present temperature, 5 °K, which is surprisingly near the measured value. 

Already in late 1964, Roll and Wilkinson at Princeton were constructing a specially conceived 
radiometer to detect cosmic background radiation at a wavelength of 3.2 cm. At the end of 1965 they 
reported a new measurement153 giving a temperature of 3.0 ± 0.5 °K in substantial agreement with 
the earlier measurements of Penzias and Wilson. 

In 1967 Howell and Shakeshaft of Cambridge University published154 a measurement made at 
21 cm giving a temperature of 2.8 ± 0.6 °K. All three measurements even if made at widely spaced 
wavelengths were in good agreement and all consistently fitted a black-body curve with a temperature 
of approximately 3 °K. 

However, all these measurements are in the Rayleigh-Jeans region of the black-body curve 
and they could also be fitted by a curve with intensity proportional to v2. To find out if the curve is 
really a black-body distribution it is necessary to look in the region of millimetre wavelengths where a 
3 °K black-body curve presents a strong curvature and begins to fall off steeply. 

One of the greatest difficulties in this experiment is created by the strong atmospheric absorption 
and radiation (Fig. 6). The only large " window " available from the ground goes from approximately 
1 cm to 20 cm (all in the Rayleigh-Jeans region for a black-body curve of T = 3 °K). For wavelengths 
longer than 20 cm the contributions from galactic radio sources are overwhelmingly more important 
than the primordial cosmic fireball radiation. Below 3 cm (exactly the region of the maximum for a 
black-body curve of T = 3 °K) the absorption and re-emission from oxygen and water molecules in 
the atmosphere are strong and no observations can be made from the ground. To overcome these 
difficulties, three different approaches have been made : 

1) Experiments from high mountains. 
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2) Use of interstellar phenomena that indirectly reveal the temperature of the cosmic fireball 
radiation today. 

3) Observing radiation with X < 3 cm from a space platform. 

9.1 OBSERVATIONS AT MICROWAVE WAVELENGTHS FROM MOUNTAIN 
ALTITUDES 

Using radiometers, shown in Fig. 34, Boynton, Partridge, Stokes and Wilkinson made obser
vations at 3.2 cm, 1.6 cm, 0.86 cm and 3.3 mm. They used as observing site the White Mountain 
Research Station of the University of California at more than 12 000 feet. One reason for the choice 
of these particular wavelengths was that the absorbing and emitting power of the atmosphere is mini
mum at 0.9 cm and 3.3 mm. For details of the experiments and the radiometers see Partridge and 
the papers quoted15S. The most interesting of these measurements is the one at 3.3 mm because it 

Figure 34. Radiometers used by R. A. Stokes, R. B. Partridge and D. T. Wilkinson at White Moun
tain (Calif.), Summer 1967 (from front to back radiometers for wavelengths of 3.2 cm, 
1.6 cm and 0.86 cm). Photograph kindly supplied by R. B. Partridge. 
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Figure 35. Measurements of the intensity of the cosmic microwave background radiation (to December, 
1969). The measurements in the wavelength interval 0.3 cm — 75 cm were made radio-
metrically at Bell Telephone Laboratories, Berkeley, Cambridge (UK), the Lebedev Institute, 
M.I.T. and Princeton. The points and upper limits labelled CN and CH were derived 
indirectly (by Thaddeus) from observations of the excitation of those interstellar molecules. 
The rocket measurement is due to Shivanandan, Houck and Harwitt, and is the only published 
broad-band measurement. The solid curve, a 2.7 °K black-body spectrum, is in agreement 
with all the data except the rocket measurement. Diagram kindly supplied by R.B. Partridge. 

shows (Fig. 35) the intensity beginning to drop below that of the simple Rayleigh-Jeans law. The 
temperatures obtained by these observations are 2.69(—0.21 to + 0.16) °K at 3.2 cm; 2.78(— 0.17 to 
-f- 0.12) °K at 1.58 cm, 2.56(— 0.22 to + 0.17) °K at 0.86 cm and 2.46(— 0.44 to -|- 0.40) °K at 0.33 cm. 

9.2 TEMPERATURE FROM POPULATION OF EXCITED MOLECULAR STATES 

In 1941 McKellaf156 deduced that some interstellar cyanogen (CN) molecules must have been 
raised from the ground state to the first excited rotational state. By studying the absorption of the 
light emitted by Zeta Ophiuchi he was able to establish the proportion of the CN molecules in each 
of the two states and so evaluate the intensity of the radiation causing this excitation. The wavelength 
corresponding to this transition was 2.6 mm and he reported an effective radiation temperature at this 
wavelength of T ~ 2.3 °K. No satisfactory explanation of this phenomena was given. 

Field and Hitchcock pointed out157 that one should identify the radiation exciting the CN 
molecules with the primordial cosmic fireball radiation. Thanks to this circumstance the strength of 
the CN absorption lines in the spectrum of a distant star supplies a measurement of this radiation at a 
far-away point. It also transforms the problem of determining intensities in the millimetre region from 
direct and difficult operations at millimetre wavelengths themselves to operating in the optical spectrum 
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where the atmosphere is no longer opaque. From new plates showing the absorption spectra of Zeta 
Ophiuchi and Zeta Persei, Field and Hitchcock obtained figures for the black-body temperature ran
ging from T = 2.7 °K to T = 3.4 °K. 

This method of observation has been further developed by Thaddeus and Clauser158. They 
extended the research to the second excited state of the CN molecule at 1.3 mm finding for the tempera
ture of the radiation an upper limit of 4 °K. They broadened the search from two stars to ten stars in 
widely separated regions of the galaxy and also studied the absorption spectra of CH and CH+. The 
measurements at 0.559 mm gave an upper limit of ~ 5 °K and those at 0.359 mm ~ 8 °K. The results 
are in agreement with a black-body spectrum for the radiation at a température of 2.7 °K (Fig. 35). 

9.3 ROCKET MEASUREMENT OF RADIATION IN THE MILLIMETRE RANGE 

Ideally, to find out the real shape of the background radiation in the infrared region, one should 
make a direct measurement of intensity above the atmosphere. For this experiment a space platform 
is essential. Shivanandan, Houck and Harwitt159 have made measurements above the Earth's atmos
phere using a sounding rocket for platform. The range of wavelengths covered in their measurements 
is 0.4 mm < X sç 1.3 mm (region of expected maximum for black-body radiation of 2.7 °K). They 
found an unexpectedly high intensity which was apparently isotropic. The equivalent black-body 
temperature calculated from their measurement is 8 °K. However, if other results at longer wavelengths 
are taken into account it is possible to fit the new result with a 18 °K grey-body curve. In both cases 
the result disagrees with the interpretation of a 2.7 °K black-body radiation and also with the measu
rement of Thaddeus (unless Shivanandan et al. are picking up an emission line or band from some 
unexpected source, superposed on the primordial cosmic fireball radiation). 

This rocket experiment has been repeated by Muehlner and Weiss 16°, who found substantially 
the same result as Shivanandan et al. The hypothesis has been advanced that the excess flux over the 
2.7 °K black-body radiation could be related not to the primordial cosmic fireball radiation but to a 
more local phenomenon like interplanetary dust or geomagnetic activity correlated with the heating 
of the upper atmosphere. However, the observed isotropy seems difficult to explain in this way. 

Zel'dovich and Sunyaev have pointed out161 that the spectrum of the primordial cosmic fire
ball radiation should not exactly follow the Planck law. They reason that this photon spectrum must 
interact via the Compton and inverse Compton effects with the high-energy spectrum of the cosmic ray 
electrons of this and other galaxies. The typical photon-electron collision moves the photon to higher 
energies, and shorter wavelengths. They give curves showing the magnitude of the expected effect. 

9.4 DECOUPLING AND ISOTROPY 

Prior to the era when the Universe cooled below 3000 °K, hydrogen was ionized ; it had a density 
(3000 °K/3 °K)3 = 109 times greater than it does today, and it interposed an obstacle to the free 
passage of radiation from place to place. Therefore the radiation and the matter had ample opportu
nity prior to that time to establish and maintain thermal equilibrium. The system can be compared 
to the confined part of a hydrogen bomb explosion, with radiation and matter in equilibrium. Only 
some seconds after the test shot does the material open up enough to let the optical radiation escape 
and travel to the far-away observer. Similarly in the primordial fireball that was the Universe; it 
" opens out " when electrons have been captured by protons and when the average energy of the pho
tons has fallen sufficiently low to travel through this neutral hydrogen without the ability to ionize 
or even excite it. From then onward (unless and until the matter in space is " reheated " by the energy 
of thermonuclear reactions in bright stars, or otherwise) the radiation and the matter are decoupled. 
The source of the primordial radiation that reaches us today is therefore (1) the hot interior of a fire
ball at (2) a red shift of 1000, :.t (3) a time when the radius of the Universe had one-thousandth of its 
present value, and at (4) an era about 1010 years (now)/(lOOO)3/a or a few hundred thousand years 
after the big bang. We who receive this primordial radiation from afar today, or rather, the matter of 
which we are made, was also itself a source of such radiation which has however by now travelled to 
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equally remote regions. Thus the microwave radiometer (cf. Fig. 34) allows one to see further back 
into the past of the Universe than one has ever been able to see in any other way. 

The radiation reaching the radiometer, unlike the radiation that flows into a telescope, has not 
travelled in a straight line from the point of reception. Though it has escaped absorption, it has not 
escaped scattering. This scattering would be primarily Compton scattering by free electrons if recom
bination n ad not taken place at all or if, after recombination, widespread reheating and re-ionization 
had taken place. In the extreme case of full ionization, light would have undergone a number of 
Con\ptoO scatterings of the rough order of magnitude of 103, with the most recent scattering having 
taken place at a time when the red shift was perhaps of the order of 7. Consequently, studies of the 
isotropy of the radiation today tell us more about the uniformity of conditions at a time when the Uni
verse had one-eighth of its present radius (at an era when galaxy formation is believed to have been 
only in its beginnings, if it had started at all) than they tell about the uniformity at the moment of 
emission itself (radius 1/1000th of present value). That is one limiting case. The other limiting 
case is that in which all the electrons are bound to hydrogen atoms. In this case the opacity is much 
smaller (Table XXI) and the mean free path much greater, and one can in the extreme case see back 
into the P a s t t 0 conditions at or close to the moment of decoupling. 

TABLE XXI 

Opacity of dilute hydrogen as a function of the fraction/of atoms that are ionized 
(all opacity ascribed to Compton scattering; free-free transitions neglected because of dilution) 

and as a function of temperature 
(governs frequency of radiation; scattering (Rayleigh) by atoms to which electrons are bound 

is proportional to frequency 4). 

T 

3°K 
30 °K 

300 °K 
600 °K 

/ = io-4 

x/x c = 0.947 6 X 10-4 

0.947 6 X 10-4 

0.947 8 X 10-4 

0.951 2 x 10-4 

10r3 

0.947 6 X lu"3 

0.947 6 X lu-3 

0.947 6 x lu"3 

0.948 0 x 10-3 

lu-2 

0.947 6 X 10-2 
0.947 6 x 10-2 
0.947 6 X lu"2 

0.947 6 x lu"2 

io-i 

0.947 6 X 10-1 

0.947 6 X 10-i 
0.947 6 X 10-i 
0.947 6 X 10-i 

The quantity actually listed in the table is the opacity, y. relative to the opacity, xCOmpton i.e. {Compton 
scattering cross-section for one electron) (number of hydrogen atoms per gram) =(6.65 xlO -25 cm2/ 
" atom ") (1 atom/1.67 X 10"24 g) = 0.397 cm2/g. We have 

^Compton 

_ r " x*exdx I r° 

"Jo (e*-D7 Jo 
x*e2x dx 

[/"+(!— f)x-W](e*— I)3 

(numerical integration). We have written omylBlBh = (v*/**)<*corapton = (*Y*4)ffcompton, where 
X = /tf/fcT = (e2h2lm. polarizabilityY^/kT = (2/9)i/2(me4/A2)/A:T = (12.8 eV/kT) = 1.49 X 105 °K/T-
ZeVdovich and Novikov 4S give the following table for selected combinations of temperature and pressure 
showing 50 % ionization of hydrogen. 

p(g/cm3) 

« ( c m " 3 ) . . . . 
T(olC) . . . . . 
fcT/1 • 

10-24 

0.3 
•3.2 X 103 

2 X 10-2 

1 0 - i 6 

3 x 107 

5 x 103 

3.2 x lu"2 

io-8 

3 X 10" 
11 X 103 

7 X lu"2 

io-4 

3 x 1019 

27 X 103 

1.7 X 10-i 

lu"2 

3 x 1021 
61 X 103 

3.9 X 10-1 

n is an abbreviation for the common value « = ne 

1 =13.6 eV denotes the ionization energy. 
= nu+ = «H (particles of the specified type per cm3). 
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10. THE TIME-SCALE OF EXPANSION OF THE UNIVERSE 

The expansion of the Universe is a more striking test of Einstein's general relativity than any 
of the three traditional tests, the bending of light, the gravitational red shift, and the precession of the 
perihelion of Mercury (Chapter 15). If this expansion today constitutes the most magnificent test of 
Einstein's theory, it has also survived three distinct waves of doubt that : (1) " the Universe surely is 
not dynamic " ; (2) " the expansion is speeding up whereas the theory predicts it should slow down " ; 
and (3) " there is not enough matter in the Universe to satisfy Einstein's argument for a closed universe *\ 

Finding that his field equations did not allow a homogeneous isotropic universe to be static, 
Einstein reluctantly changed these equations in the most minor way he could. He added a so-called 
cosmological term Aga$. Except for its giving a static universe, the new term was unreasonable. It 
had no correspondence with the rest of physics. Then in 1927 Hubble provided overwhelming evidence 
that the Universe really is expanding. Thereafter Einstein abandoned the cosmological term, calling 
it, " the greatest mistake of my life " . 

The second cycle of doubt and reconfirmation of standard general relativity began when the age 
of the Universe, certainly greater than the age of the Earth, and therefore in excess of 4.5 X 10a years, 
was compared with the time for expansion linearly extrapolated back to the start of the expansion, as 
measured by Hubble and his contemporaries, 

/ distance to \ / time for zero \ 

H _ ! _ \typical galaxy/ = / separation between \ 
/ velocity of \ I galaxies linearly J 
1 recession of J \ extrapolated back / 
\ that galaxy / \ t o start of expansion/ 

" radius of \ 
Universe " / 

" time rate of in
crease of radius 

of Universe " 

1.8 X 10° years (old value) 

The comparison made it appear (Fig. 36-D) that the expansion must be increasing in speed with 
time. In contrast, Einstein's geometrodynamics, whether applied to an open or a closed universe, 
predicts that the expansion should slow down. How this slowing down comes about is in no way more 
easily seen than by recalling that rocks driven apart into space by explosion of a planetoid are slowed 
down in their expansion by their mutual gravitational attraction. The same point shows up straight
forwardly in the formal theory. 

The geometry of an ideal homogeneous isotropic closed universe is described by the natural 
generalisation from a 2-sphere of radius a (polar angles 0 and <p) to a 3-sphere of radius a (polar 
angles %, 0 and 9) ; or, with the addition of time (metric locally Minkowskian !) 

'ds2 = —dtz + a\t) [dx2 + sin2 x W + sin2 0 dy*)] 

If instead of using the new polar angle x o n e u s e s a parameter w/2 = tan f x t 0 measure relative 
distance from the " North Pole " (projection from the South Pole onto a plane tangent to the sphere at 
the North Pole; u = distance in this plane/radius) one has 

& . - _ < & » + aHÙ ^ 2 + » W + sin20<*P2) as - at -Ya w ( 1 + (Jfc/4)tt8)a 

with k = 1. The same formula applies to a spacetime whose space-like sections are fiat (k = 0) 
and to a spacetime whose space-like sections have hyperbolic curvature (k = — 1). 

The expansion is governed by an equation very similar in content to the equation 

(kinetic energy) .+• (potential energy) = (total energy) = constant 
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Figure 36. Expansion of the Universe. 

A : Distances of galaxies from the Earth in the absence of expansion. Conception of Einstein in early 
days of his theory (a) before he learned that it predicted a dynamic universe and (6) before Hubble gave 
evidence for expansion. 

B : Doppler shifts reveal velocity of recession proportional to distance. H - 1 , the inverse Hubble constant, 
is the time back to the start of expansion as extrapolated linearly from present rates (same for all galaxies 
within limits of error and random galactic velocities). 

C : This time, common to all galaxies (linearly extrapolated or Hubble time) is to be contrasted with 
the actual time (" age ") back to the start of expansion (symbolised in diagram by change in clock 
readings). 

D : The best values for the age and the Hubble time in the 1930's were inconsistent with the Einstein 
prediction of an expansion that slows down with time and led Bondi, Gold and Hoyle to propose a " steady 
state " or exponential expansion of the Universe with time, and a "continuous creation of matter", both of 
which concepts have subsequently generally been abandoned. 

E : Values for the age and Hubble time reported by Sandage, Rome, 16 April 1970, (published value 
(13.5 ± 6) x 109 j;r162) superposed on a diagram showing the king of expansion and recontraction of 
the Universe expected on the basis of Einstein's theory for a closed universe (time from start to collapse, 
80 X 10° yr, uncertain by a factor of two or more). 

except for two circumstances : (1) it is divided through by the square of the radius because it deals with 
curvature ; (2) the quantity that would normally be taken to represent the energy, and would be adjustable, 
is not adjustable. There is no way of reaching in from outside to adjust it. This constant has 
the value k = — 1 for a closed universe (" negative apparent-energy " ) ; insufficient to permit the 
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system to fly apart; expansion always followed by recontraction). Specifically, standard geometro-
dynamics gives 

/ extrinsic \ , / intrinsic \ _ ] 6 _ / energy \ 
\ curvature/ \ curvature/ "" \ density/ 

or 
(6/a*Xda/dt)* + (6k/d*) - 16TTP = 16-(G/c2)Pconv(g/cm3) 

The solutions to this equation are collected in Table XXII. 

The contrast between the predicted slowing down of the expansion (age less than Hubble time) 
and the apparent speeding up of the expansion (Hubble time as it stood in the 1930 's less than age; 
Fig. 36-D) led Bondi, Gold and Hoyle to propose replacing Einstein's theory, not with an all-encom
passing theory but with a simple prediction : a model universe that expands steadily (exponentially 
with time; " steady state model ") but nevertheless always keeps the same density by virtue of an assumed 
" continuous creation of matter " . However, in 1952 Baade163 discovered that the scale of distances 
used by Hubble and his followers was wrong. He started astrophysics on the way from 
H - 1 = 1.8 X 109 years to H - 1 ~ 19 x 109 years. With that change the motivation disappeared for 
the steady state model. Moreover, the discovery of the 2.7 °K primordial cosmic fireball radiation 
contradicted the predictions of the steady state model, which has now generally been abandoned. 

TABLE XXII 

Radius a (cm) as a function of time t (cm) for homogeneous isotropic models of the Universe. 

k 

1 

0 

— 1 

1 

0 

— 1 

p 

0 

0 

0 

P/3 

p/3 

P/3 

Radius, a 

(«o/2)(l — cos TJ) 
~ a0rf/4 for small TJ 

aoV/4 = (9tf0 W 3 

(a0/2)(cosh 7) — 1) 
— «o7)2/^ for small 7) 

a0 sin 7) 
~ a0 7) for small TJ 

a07) = (2a„01/2 

a0 sinh TJ 
~ a07) for small TJ 

Time, t 

(a0/2)(7) — sin TJ) 
~ ff07)3/12forsmall7) 

a<rf/l2 

(a0/2)(sinh 7) — 7]) 
~ Û?0T)3/12 for small TJ 

a0(l — cos 7)) 
~ a07j2/2 for small 7) 

«oV/2 

fl0(COSh 7) — 1) 
~ a^iffl for small TJ 

Hubble time, H"1 = a/(da/dt) 

(tf„/2)(l— cos 7))2/sin 7] 
= /(l — cos 7))2/[sin 7](TJ — sin 73)] 

> 1.5/ 
1.5 t 

(cr0/2)(cosh 7) — l)2/sinh TJ 
= r(cosh 7j — l)a/[sinh 7j(sinh TJ—TJ] 

^ 1.5/ 

a0 sin2 7)/cos TJ 
= / sin2 7j/[cos 7)(1 — cos TJ)] ^ 2/ 

It 

a0 sinh2 Tj/cosh TJ 
= / sinh2 TJ/[cosh 7j(cosh 7j—1)] < 2/ 

(k = 1, sphere; 0,flat space-like sections; — 1 hyperbolic space-like sections; p = 0, dust; p = \ç>, 
isotropic radiation). In the equations the parameter TJ measures time in units of arc length travelled 
around the Universe: di) = d (distance travelled)/radius = dt/a(t). This parameter increases by 2iz 
during the whole time of expansion and recontraction of the " dust-filled Universe " (time for photon 
barely to get around once) and in the radiation-filled Universe increases only by TZ (time only to get to 
antipodal point of Universe). The quantity a0 is a constant which in the case k = l(3-sphere) measures 
the radius of the Universe at the phase of maximum expansion. 

11. THE UNIVERSE AS A LENS, MAGNIFYING THE APPARENT 
DIAMETER OF A FAR-AWAY GALAXY 

Einstein's theory, thus successfully withstanding a second wave of doubt, nowadays finds itself 
in a third period of concern. Is the average density of mass-energy in space sufficient to curve up the 
Universe into closure? 
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Einstein's field equations by themselves do not require closure; but Einstein himself always 
reasoned that the theory was more than differential equations. It requires boundary conditions too. 
He put forward arguments for considering closure to be the most natural of boundary conditions164. 
If he was justified in these arguments, the possibilities k = 0 and k = — 1 are not allowed; the only 
allowable homogeneous isotropic universe has k = 1 (3-sphere or section thereof with appropriate faces 
identified). 

At least two approaches suggest themselves for checking whether those special predictions of 
Einstein's geometrodynamics which go with a closed universe are confirmed : (1) a lens effect produced 
by the curvature; and (2) a certain minimum density of mass-energy. The latter is more critical today, 
but it may soon become feasible to investigate the former. 

Curved space should act as a lens of great focal length. The curving of light rays has little 
effect on the apparent size of nearby objects. However, distant galaxies — galaxies from a quarter 
of the way up to half the way around the Universe — are expected to have greatly magnified angular 
diameters165. To see a normal galaxy at such a distance by way of an optical telescope seems out 
of the question. However, radiotélescopes — and not least the one set into operation at Westerbork 
near Grôningen, Spring 1970, on the occasion of the 70th birthday of Jan Oort — resolve features in 
quasi-stellar sources and other radio-galaxies at red shifts of z = 2 or more. Moreover, paired 
radio-telescopes at intercontinental distances (for example, Goldstone, California and Woomera, Aus
tralia) resolve to better than 0.001 " or 4.8 x 10 - 9 radian or 15 lyr in an object at a distance of 3 x 109 lyr 
(Euclidean geometry temporarily being assumed). A radio-telescope in space paired with a radio-
telescope on Earth will be able to do even better on angular resolution. Will one be able to find any 
fiducial distance characteristic of any one class of objects that will serve as a natural standard of length, 
not only at very great distances (z = 2 to z = 3) but in galaxies closer at hand? Perhaps not. However, it 
would seem unwise to discount this possibility, with all the advantages it would bring, in view of the 
demonstrated ability of skilled observers to find regularities where one has no right to expect them in 
advance. 

Let L denote the actual length of a fiducial element (if any be found) in a galaxy, and let 80 
(radians!) denote the apparent length of the object, idealised as perpendicular to the line of sight, and 
as seen by the observer. The ratio of these two quantities defines the " angle effective distance " of 
the source, 

(angle effective distance) = raed = L/80 

In flat space and for objects with zero relative velocity this distance is to be identified with the actual 
distance r to the source or with the actual time of flight / of light from source to observer. The 
situation is changed in an expanding universe. 

Let the observer be located at the North Pole, x = 0> of the expanding 3-sphere with which 
the Universe is compared, and let the object under study be located by its hyperpolar coordinate x 
Upon the same expanding 3-sphere, as well as by its direction coordinates 0 and 9. Let the fiducial 
length L run from 0 to 0 + 80. Then 

L = flfoourca) sin x dQ 

and 
'aed = «('source) Sin X 

To get from the source to the receptor the photon has to cover an arc upon the 3-sphere given in radians 
by the expression 

AY) = X 

Let Y) denote the " time-parameter " of the expansion of the Universe at the present moment (Table 
XXII) and let 

""Jsource denote the time parameter at the moment of emission. We then have 

''aed = = «vlsource/ S l n (>] ^source) 
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for the angle effective distance of the source; for its red shift 

_ ^-rocelvcd 1 _ Qy73) -j 

^•emitted ^vîsource) 

Figure 37 shows angle effective distance as a function of red shift for a few selected choices of the 
relevant parameters. It is evident that the angle effective distance has a maximum for a red shift 
roughly of the order z ~ 1, independent of the values chosen for the Hubble constant and the pjp 
ratio, within reasonable limits, provided that the Universe is closed. However, there is a big difference 
if the Universe is open (Fig. 37). 

Figure 37. Angle effective distance (= actual transverse dimension of object/angle subtended by it) 
as a function of red shift for the following cases : 
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— (radiation) 

— (radiation) 

*(inl09yr) 

11 
11 

11 

11 

H"1 

(in 109 lyr) 

19 
25 

25 

30 

Derived quantities 

1 

1.511 
2.221 

0.667 

0.953 

a(in 10° lyr) 

40.323 
24.775 

31.751 

21.299 

a0 
(in 109 lyr) 

85.726 
30.858 

51.324 

26.122 

P 
(inl0-30g/cm3) 

2.319 
3.599 

2.845 

4.795 
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12. THE MYSTERY OF THE MISSING MATTER 

The examples collected in the Table in the caption of Fig. 37 show that expected density of 
mass-energy in the Universe today should have values of the order of 10-29 g/cm3 if the Universe is 
closed and if the age and Hubble time have anything like the present estimated values. In contrast the 
density of the mass-energy in space as estimated in 1958 by J. Oort166 from masses of galaxies and clus
ters of galaxies was only 3 x 10-31 g/cm3, with a factor of uncertainty either way tentatively estimated 
at that time to be of the order of 3. Evidently there is a very real problem whether the density of 
mass-energy is compatible with a closed universe. In other words, if Einstein's theory is correct and 
the Universe is closed, then where is the missing mass-energy? 

To see what are the uncertainties in the predicted density of mass-energy, it is useful to note 
that a lower limit for p follows straight from the Hubble constant for a closed universe. Thus, recal
ling that the Hubble constant H gives the fractional increase {da\di)\a of galactic distances per unit 
of time today, we have an expression for the expected density of mass-energy in the form 

P = Pont + (3/8TCÛ2)Â: 

(geometrical units; use factor G/c2 = 0.742 x 10-28 cm/g to convert to conventional units) where 

pcrit = 3H2/8TT 

If we take for the inverse Hubble constant the value H - 1 = 19 X 109 yr. 

or 19 X 109 x 0.946 x 1018 = 1.8 X 1028 cm 
we find 

Pcrit = 3.7 X 10-58 c m - 2 

Pcritconv = 5.0 X 10-30 g/cm3 

and with 
H-1 = 13 X 109 yr 

we find Pcritconv = 10.6 x 10"3° g/cm3 

Enough is known today about the density in space of various forms of electromagnetic energy 
and about the strength of interstellar magnetic fields, to say that they make a negligible contribution 
to the missing mass-energy. Every estimate of the output of neutrinos and anti-neutrinos, both of the 
electron and muon types, in known or easily imaginable processes, leads to the conclusion that they 
also make a negligible contribution to the missing mass. The same is true of gravitational radiation and 
cosmic radiation. 

Intergalactic hydrogen is another matter! It could well be present in the needed amount and 
have escaped observation 167. However, to elude detection it must be at an electron temperature 
higher than 3000 °K. Otherwise neutral hydrogen would form and show up in the absorption spec
trum of distant quasi-stellar sources168. On the other hand, the electron temperature must also be 
less than 107 °K. Otherwise the fast moving electrons would generate soft background X-radiation 
in amounts incompatible with present observations. 

Few physical methods would do more to fix the amount of hydrogen present in the space be
tween the galaxies than measurements of the soft background X-radiation of improved sensitivity and 
mproved spectral resolution. Nothing would make such measurements go faster than ready availa
bility of an X-ray detector on a space platform. 

13. FORMATION OF GALAXIES 

In the meantime there are indications that matter not yet condensed into galaxies may be per
haps roughly sixteen times as much as the matter that has condensed out, according to two recent 
reviews by Oort168. He has taken into account both the matter observed to stream into our own 
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galaxy from outside and the theory of condensation into galaxies with allowance for the turbulence that 
seems to play an important part in the condensation process and out of which he derives the factor 
1/16 for the fraction condensed. 

Condensation in the absence of turbulence had previously been analysed by Peebles and Dicke16n 

and by Peebles 17°, in the light of the Jeans criterion for gravitational instability. They concluded on 
this basis that the objects first condensed out were neither stars nor galaxies but objects with a mass of 
the order of 105 M0 , approximately the mass of a globular cluster. How such clusters might go on to 
assemble into galaxies and clusters of galaxies has received a first analysis by Yu and Peebles]T1. The 
origin of the original perturbations tequired to make this assembly begin is still undecided. Is it pos
sible to escape having to postulate in the initial period of formation of galaxies a strong turbulence, 
whether primordial or generated by the Rayleigh-Taylor instability powered by light from hot stars or 
created by some other mechanism? 

The difficulty of reconciling the Einstein value for the mass-energy and the observed value, far 
from making obstacles at this time for the Einstein theory, creates incentives for tracking down all 
sources of missing matter. 

14. REACHING OUT VIA RADIATION RECEPTORS FOR MORE 
INFORMATION 

Figure 6 shows the height to which detecting apparatus must be carried to receive 50 per cent of 
the radiation coming in at selected wavelengths. 

15. THE TRADITIONAL THREE TESTS OF RELATIVITY 

Measurements of the bending of light by the Sun, the gravitational red shift and the precession 
of the perihelion of Mercury as they stood in 1962 have been reviewed by Bertotti, Brill and Krot-
kov 172. In the meantime two distinct California Institute of Technology groups 173,174 working with 
différent antennas and different frequencies, 9.6 GHz and 2.4 GHz, have measured the bending of radio 
waves by the Sun with improved accuracy. They took advantage of the pointlike character of the quasi-
stellar sources 3C273 and 3C279 and the fact that the Sun passed close to them during the period 
2-10 October 1969. The group operating at the shorter wavelength used an interferometer base line 
of the order of 1 km; the other, a base line of the order of 20 km. The Sun at closest approach came 
4.5 solar radii from the nearer source (3C279), which in turn was 9.3° away from the other source 
(3C273). The bending of the radio waves is caused in part by the gravitational pull of the Sun (value 
predicted on the basis of standard general relativity at the solar limb 1.75") and in part by refraction in 
the plasma of the Sun's corona. The effective refractive index (relative to an idealised flat space vacuum 
background) is 

, . , . 2 M n 2îce2
 X T M 

n(r) = 1 + —S Ne(r) 
r meco

2 

Here the number density of electrons Ne(0 can be represented for r > 3R0 by the entirely empirical 
formula 

Ne(r) = A/r6 + B/r2-33 

with reasonable accuracy, as judged by the coronal light in solar eclipses, by space-probe measurements, 
by solar wind theory, and by observations of radio-astronomical scintillations. The coefficients A 
and B can vary by as much as a factor of 5 during the 11-yr solar cycle. Happily, the week of obser
vation was " quiet " in terms of solar activity and there is no indication that A or B changed during 
that period. Consequently each group could decompose the observed deflections into a part attri
butable to gravitation and a part assignable to coronal refraction. The 9.6 GHz measurements gave 
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1.77" + 0.20" (standard deviation) for the gravitational deflection as extrapolated to a ray passing 
the solar limb; i.e. 1.01 ± 0.11 times the Einstein value173. The 2.4 GHz observations yielded 
1.04 Ĵj'J[j times the Einstein value174. The two groups, operating at frequencies differing by a factor 
of 4 so that the coronal refraction was in one case 16 times as much as in the other, nevertheless agreed 
as to the magnitudes of the gravitational bending and the coefficient in the coronal effect. 

No decisive improvements have been made in knowledge of the gravitational red shift since the 
measurements of Pound and Rebka as cited in the review of Bertotti, Brill and Krotkov172, and the 
experiment of Pound and Snider175 in which they measured this effect with an accuracy of 1 %. For 
the precession of the perihelion of Mercury, the old figure of 43.11" ± 0.45" per century, once regarded 
as in agreement with the relativistic figure of 43.03", is no longer so regarded. In the meantime Dicke 
and Goldenberg 176 discovered that the Sun is oblate and have measured its oblateness. Dicke inter
prets the oblateness as caused by a solar core turning with a period of ~ 1 day, as compared with the 
familiar period of ~ 28 days in which the surface rotates. Regaidless of all questions still outstanding 
as to the internal mechanism that produces the oblateness, there is little option about its external conse
quences. The quadrupole moment read directly from the shape of the surface produces a 1/r4 compo
nent in the force additional to the 1/r2 force generated by a spherically symmetric center of attraction. 
This added component in the force is calculated to make a contribution of ~ 3". to the precession of 
the perihelion of Mercury. Even before this last correction many other corrections had to be applied 
to get the " observed " 43 "/century from the directly observed motion of Mercury, the largest among 
them being 5025.625" ± 0.050"/century for the general precession of the equinox with respect to the 
distant stars and an amount of the same order of magnitude for the effect of other planets on Mercury. 
The oblateness of the Sun produces a new correction which brings the " old " (pre-Lincoln Laboratory) 
value of the precession down to ~ 40"/century, as compared to the Einstein value of 43"/century. It 
may be necessary to wait for the new Lincoln Laboratory reduction, at present under way (I. Shapiro 
and collaborators177), of all past observations, both telescopic observations of angle made over recent 
centuries, and radar determinations of velocities over recent years, before one can venture a judgment 
on the situation. They already find substantial alterations to be necessary in some of the important 
corrections that come into the motion of Mercury. However, their present tentative figure for the net 
precession agrees with the old figure and has about the same uncertainty 

16. THE RETARDATION OF LIGHT AS IT PASSES BY THE SUN 
ON ITS WAY TO AND RETURN FROM VENUS 

To the classic three tests of relativity Einstein would surely have added a fourth, had radar 
ranging been an established part of technology in 1916 : i.e. time delay of a radar pulse on its way from 
the Earth to Venus and back as it passes through the gravitational potential of the Sun. The time delay 
should be about 2 x 10~4 sec or 60 km of light travel time when the path of the ray goes close to the 
Sun. In order for the radar receptor on the Earth to detect the signal reflected from Venus free from 
interference from the radio emanations of the Sun, Venus must be a certain distance away from the 
solar limb (~ 1° for the Haystack, Massachusetts and Arecibo, Puerto Rico antennas). The superior 
conjunctions of Venus anyway normally bring that planet about 1° from the Sun (1° to 0.5° in the case 
of Mercury). The value calculated from Einstein's theory for the retardation is 

At ~ 4MQ[— 3Xe + x£H- ln^&B~\ 
L 2x e b% J 

(geometrical units; cm of light travel time; M0 = 1.47 km). Here b is the distance of the 
Earth ^=^ Venus beam from the center of the Sun at the point of closest approach (" impact parame
ter " ; idealisation of flat space!); and from this point to the Earth and to the planet the distances are 
indicated respectively by xe and xp. The retardation is measured relative to the time of flight as it 
would be on the basis of standard Newtonian theory (planetary distance projected through region of 
conjunction on basis of classical interpolation; values of 23 astronomical parameters used in this 
Newtonian analysis based on more than 400 radar and 6000 optical observations). The solar corona 
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was calculated to contribute less than 1 u.s to the time delay measured by Shapiro and his Lincoln 
Laboratory colleagues 178«179. They measured an effect equal to 0.9 + 0.2 times the value predicted 
by Einstein's standard geometrodynamics. 

The pulse signal power in these 1967 experiments was ~ 300 kW. The echo signal returned 
from Venus was sometimes as low as 10~21 W, i.e. down by a factor of about 1027. To improve the 
intensity, the Lincoln Laboratory group has recently proposed to transmit from Haystack, Massachu
setts and receive with the much larger antenna at Goldstone, California. 

17. RELATTVISTTC EFFECTS IN PLANETARY MOTIONS 

The energy received from a planet by reflection goes down as I/r4. The energy received from 
an artificial pulsed source in orbit around the planet or sitting on the planet goes down as 1/r2. There
fore there is great appeal in the idea of tying a " transponder " in one way or another to a planet to 
receive a pulsed signal from the Earth and retransmit it, re-powered, to the Earth. Already with 
radar ranging one can determine distances to better than 15 m, and velocities to ~ | mm/sec. With 
a transponder one should be able to reach out to greater distances and attain higher accuracy, ~ 5 m . 
One is thus on the way to an order of magnitude improvement over traditional astronomy (angle 
measurements!) in the precision with which one knows the constants of the solar system, e.g. dimen
sions of orbits and masses of planets. In this way one should begin to see more and more relativistic 
effects emerging above the uncertainties of measurements. 

From the passage of Mariner V past Venus and the resulting perturbation in its orbit the Jet 
Propulsion Laboratory group of Anderson and colleagues at Pasadena have already been able to deter
mine180' 181 the mass of Venus with new precision, 

GMç = 324 859.61 ± 0.49 km3/sec2 

and at the same time (from the periodic monthly motion of the Earth towards Mariner V and away 
from it in the course of its long voyage) the ratio between the mass of the Earth and the mass of the 
Moon 

Mffi/M = 81.300 4 ± 0.000 7 

Going beyond these classical Newtonian phenomena, general relativity predicts new effects 
in celestial mechanics. We owe the following precis of the literature to Anderson and Thorne of Cali
fornia Institute of Technology. In 1916 de Sitter182 made a first analysis of some of the relevant effects. 
In 1928 Chazy published a two-volume book on the subject183. In 1963 Anderson and Lorell181 

gave the first order solution to the equations of motion in Schwarzschild geometry to the order e2, 
where e is the eccentricity of the orbit. Reviews of the past work plus analysis of «-body effects and 
post-Newtonian corrections to the equations of motion have been given by Moyer184 and Tausner185. 
Thorne and Will give a 1969 survey of present status and future prospects186 and foresee the possibility 
ultimately of determining effects which in order of magnitude are one thousandth of the perihelion pre
cession of Mercury. 

The simplest non-cumulative effect is a periodic perturbation on the Schwarzschild coordinate 
given to first order in the eccentricity by 

Br = — 4 em cos M 

Here M is the mean anomaly in the motion (standard orbit terminology; a monotonically increasing 
function of time), m is the mass of the center of attraction in geometrical units (1.47 km for the 
Sun 0.047 cm for Mars) and e is the eccentricity of the orbit (e = 0.093 for Mars). The formula 
gives an amplitude of 550 m for the general relativistic effect in the orbit of Mars, but only a few mm 
for this effect in the path of Orbiter going past Mars. 

Transponder in orbit around the planet (or the Sun)? Or sitting on the planet? In orbit the 
vehicle is subject to the solar wind, which rises and falls in strength, buffeting the spacecraft ; and the 
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pressure of solar radiation also pushes on it. Uncompensated on the way from the Earth to Mars this 
force will push the object off schedule by kilometres, thereby destroying any chance of picking up the 
effects of relativity, unless compensated (dragfree satellite) or monitored. On the other hand, a trans
ponder landed on a planet needs power, presumably from a battery, because no one has succeeded in 
operating a solar cell under a planetary atmosphere. It may turn out that a transponder orbiting Mars, 
for example, may prove a more practical method for keeping track of the orbit of this planet with high 
precision than a transponder landed on the planet. Whichever method is employed, one can look 
forward to the bringing to light of a host of new dynamical effects in the solar system, several of them 
of truly Einstein origin. 

18. SEARCH VIA CORNER REFLECTOR ON THE MOON FOR 
RELATIVISTIC EFFECTS IN THE MOTION OF THE MOON 
PREDICTED BY BAIERLEIN 

Already in 1962 Smullin and Fiocco187 from M.I.T. had demonstrated that laser beams could 
be scattered from the surface of the Moon and detected back at the Earth. This experiment, though 
interesting, was of little use for testing general relativity or theories on the motion of the Earth-Moon 
system. The main reasons were the extremely weak return signal and the stretching in time of the 
return signal due to the curvature and inequalities of the reflecting surface on the Moon. One could 
imagine eliminating the first difficulty by using a more powerful laser than that originally built by 
Smullin and Fiocco. However, it was extremely difficult to overcome the second difficulty, namely 
to find a uniform and regular reflecting surface on the Moon. 

Figure 38. Comer reflector landed on the Moon by Apollo II in July 1969. 
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After the 20 July 1969 lunar landing of Apollo 11 the situation changed drastically. An alumi
nium panel of 46 by 46 cm with 100 fused silica corner cubes each 3.8 cm in diameter was placed on the 
Moon (Fig. 38). The reflectors are expected to have a lifetime in excess of ten years. The distance 
between the laser source on the Earth and the reflector in the Moon is now known with an accuracy of 
15 cm, and will be followed systematically during the coming years. 

The first observations were made at Lick Observatory (both source and receptor). The signal 
was sent at intervals of 30 seconds by a high-powered ruby laser. The spot of light on the Moon's 
surface was about 3.2 km in diameter. The return signal was received by the 100-inch telescope and 
detected by a photomultiplier. The photomultiplier and counting electronics was activated ~ 2.5 sec 
after the pulse left the Earth for the Moon, approximately the time for the light to cover the distance 
Earth-Moon-Earth. 

With such unprecedented accuracy it will be possible to study the orbital motion of the Moon, 
the vibrations of its surface, the change in the rotational motion of the Earth, and intercontinental 
distances and how they change with time. Baierlein as well as Krogh and Baierlein188 have analysed 
general relativity effects in the Earth-Moon system. They conclude that there is no significant hope 
of observing general relativistic effects in the light propagation itself. However, general relativistic 
effects in lunar motion are quite significant, the major one being of the order 

~ 100 cm cos 2D 

where D = mean longitude of Moon — mean longitude of Sun. This effect appears to be in reach 
of the present laser operation. Krogh and Baierlein, and also Nordtvedt189 have analysed the differ
ence between the Einstein predictions and those of the so-called scalar-tensor theory of gravitation. 

19. SOME OTHER TIES BETWEEN RELATIVISTIC ASTROPHYSICS 
AND EXPERIMENTS ON SPACE PLATFORMS 

The traditional cosmic radiation, not discussed here, is a field of research so rich in implications 
that it would require a book for its exposition, from (1) sources in supernovae, in the motion of ion clouds 
and in the Sun's magnetosphere, through (2) encounters in flight with photons, with the particulate 
content of interstellar space, with interstellar magnetic fields and with the magnetic environment of Sun 
and Earth (" solar wind ") to (3) transmutations in the upper atmosphere, showers, decay processes 
and degradation on the way to the observer, both for protons and for heavier nuclei. Supernova 
events should produce significant quantities of very heavy elements. Moreover, a few very heavy 
nuclei are found in the radiation incident on the Earth by balloon observations at the very highest alti
tudes. However, any idea of tracking these nuclei back to specific supernova events would seem to be 
quite out of the question by reason of the complicated track followed from the point of origin to point 
of reception. Nevertheless, learning more about these nuclei from detectors mounted on space plat
forms could yield information about their mechanism of formation or the time of flight from source 
to receptor (fraction transmuted along the way!), or both. 

Also not discussed here is the Stanford experiment to measure the two components of preces
sion of a gyroscope in polar orbit about the Earth — one, in the plane of the orbit, produced by some
thing like the Thomas effect, and the other produced by the rotation of the Earth itself190. 
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