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REDUCTION OF NOISE IN CLOSED LOOP SERVO SYSTEMS

K. Nygaard

ABSTRACT

A noise power reduction of more than three powers of ten was ob-

tained in a loop simulated on an analog computer. The noise reduction

was achieved under the condition that the dynamic behaviour of the loop

should remain unchanged. It is characteristic of the method shown that

it can be used without particular knowledge of the noise power frequency

spectrum and that noise oower measurements are not dejmanded.
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INTRODUCTION

Closed loop servosystems are often subject to noise (= unwanted
disturbances) where it might cause a "nervous" behaviour of the system
and eventually an eccessive wear of some of the system parts. Methods
for allieviating such problems naturally depend on the origin and nature
of the noise and also on the nature of the accompanying undesired effects.
The present paper concentrates on problems which arise from, in the
main, stationary noise sources in linear loops. This means that the noise
at each point in the system is supposed to be characterized by an amplitude
distribution function which is close to a gaussian distribution (in practice
limited maximum amplitude suffices) and does not contain any pronounc-
ed tendency to a distinct time history. This kind of noise can be described
by its power-frequency spectrum and its r .m. s. value and therefore one
is tempted to use well established theories on gaussian noise in linear
systems to deal with the problems. It becomes natural to try to mini-
mize the r .m . s. noise. Essential parts of Wieners' theories [l ] have
been condensed by Bode & Shannon [2] and may be directly applied. Dif-
ferent, but less general methods have been described by G. Lang & J. M.
Ham [3] and G. E. P. Box & G. M. Jenkins [4] , [5], B.W. Clarke [6],
[7], P. C. Voung [8] , K. J. Aström & Bohlin [9]. Common for all these
methods is the difficulty in estimating the influence of noise reduction on
the remaining system performance, i .e. stability and dynamic behaviour.
One has the impression that success in noise reduction in a servo-loop
depends much more on the engineer(s) responsible than on the acutal me-
thod used.

This point of view can be exemplified. Suppose we ask for the linear
filter (inserted immediately in front of the point of interest) which mini-
mizes the r . m . s. noise in a certain point A of a loop as shown in Pig. 1.

Fig.t
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Fig. 1. Insertion of a filler for noiot reduction in a closed »ervo
loop.



- 4 -

Assuming steady utate conditions (zero signal) the best filter will
have zero transfer fuaction meaning that we have to open up the loop. Ob-
viously the r . m. s. noise then becomes zero at A as was desired, but the
loop becomes useless. To be able to design a "maximum smoothing" filter
without violating the loop performance it is necessary to as sum a non-
zero signal for use in the formula for the transfer function of the wanted
filter. The final result is thus dependent on which assumption is made
and this again is dependent on the intuition and experience of the design
engineer.

It is therefore of essential interest to have a method which deals
with noise suppression under the condition that the stability and dyna-
mic behaviour of an already designed loop shall be preserved.

Such a method is developed in the following. Its application on a prac-
+3tical example reduces the original noise power by a factor 1 0 without

noteable changes in the a priori desired stability and dynamic behaviour
of the system.

I. LINEAR MEANS

A closed loop is considered. There might be several inputs and out-
putf and there is access to the system in the points between the black-
boxes. Some non-accessible noise sources inject noise in the system as
shown in Fig. 2. (Inputs and outputs not shown. )

Fig. 2
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Fig. 2. A closed loop system I, II, III, IV subject to noise in its diffe-
rent parts. A- and B- are inserted for noise reduction.

At some place in the system we want to reduce disturbing noise. It
turns out that N, is the most dominant noise source. Theoretically we
can reduce the noise arising from N- ad infinitum anywhere in the sys-
tem, except at the ter mim a Is of III, by inserting a broad-band amplifier
A* and air attenuator B- such that the amplification factor times the at-
tenuation factor is one. The practical limits for the degree of amplifica-
tion are set by overloading considerations and by the fact that the influence
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of other noise sources increases at the terminals of III and sooner or la-

ter they will be just as disturbing as the original disturbance. If these

limits are without importance the amplification can be raised until N. is

no longer the dominant noise source and then one can attack the one which

now plays that role.

Under certain circumstances A. and B~ may be replaced with simple

filters under the condition that the product of their transfer functions is

one. This procedure is reasonable to apply if e.g. the noise power at

the point under consideration is concentrated at high frequencies where-

as the noise power which grows up at the entrance of III is of low fre-

quency type. In that case it is an advantage to amplify and attenuate high

frequencies only.

It is a trivial matter to see which changes are to be made in the in-

puts and outputs of the system in order to preserve the dynamic behaviour

so this point will not be discussed here.

From the remarks above it is seen that a proper distribution of amp-

lification around the loop can cause noise reduction without alteration of

the dynamic properties of the loop. Since the limits are mainly set by

overloading considerations and the amount of achievable noise reduction

by this method is often too small, other means must then be used.

A powerful and supplementary method is developed in the following.

It is based on an introduction of a minor non-linearity which is effective

for the noise only, and does not noteably alter the transfer function of

the system.

The existence of a closed loop with satisfactory behaviour, except

for noise properties, is assumed. Further it is assumed that the dis*

turbing noise is generated in one or more of the system components, i .e.

it does not originate from one (or more) of the input terminals. In the lat-

ter case some other loop or branch of the system under investigation

must be considered.

Schematically the loop can be lumped together in two black boxes
F and G (see Fig. 3), where A, the input of G, is the point where the

noise is disturbing and to be reduced. F consists of some parts of the
loop in front of A (against the direction of signal flow) and contains no
essential noise sources; all essential noise is injected in elements of
G. The points, B and C, are accessible for breaking up the loop lor the
insertion of a noise reducing filter. The transfer function of F and G is
F(s) = F and G(s) = G, respectively.
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Noise Fig. 3a

White noise
Fig. 3 b

B C

Fig. 3a. A closed loop lumped together in two black boxes with intrin-
sic noise in G.

Fig. 3b. The intrinsic noise source in G is replaced by an external
noise source. No change in noise properties can be measured
anywhere in the system except inside G.

Theoretically all noise sources can be lumped together such that the
noise everywhere, except inside G, can be described by the action of a
white noise source entering the system via a linear filter N with the
transfer function N(s) = N as shown in Fig. 3b. When N is known it is
possible to calculate the noise at A, B, and C as a function of the trans-
fer function F R C of a linear filter inserted between B and C. However,
the transfer function F__ also has a pronounced influence on the response
(input - output) of the system which is desired to have some wanted pro-
perty. In fact, this desired property normally determines F _ c comple-
tely and there is not much room left for noise reduction unless one is
prepared to compromise and sacrifice some of the desired response pro-
perties in order to decrease disturbing noise. Here F R C = 1 (short cir-
cuit) gives the desired response property as it was assumed that the sys-
tem behaved satisfactory, apart from noise, when B-C was closed. Linear
filters therefore seem to be of limited value when one wants to reduce
the noise and keep the desired system response unaltered. Instead one
ought to considertsuch filters which are able to distinguish between sig-
nal and noise and treat them differently.
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II. SEMI-LINEAR MEANS

The most direct approach is the introduction of a "dead zone" be-

tween B and C, i.e. a filter having an amplitude dependent transfer func

tion as shown in Fig. 4.

Fig L

Output

Input

Fig. 4. The graphical picture of the amplitude transfer function of a

dead zone with width d.

The dead zone d is in general approximately equal *o the p-p-noise

amplitude at B and thus the noise is blocked but the signal amplitude is

let through if it exceeds the noise amplitude. In some cases the introduc-

tion of a dead zone solves the noise problem satisfactorily but in other

cases it has intolerable effects. At steady state condition, i. e. at zero

signals, the steering of the system is accomplished by noise peaks which

exceed the dead zone. Such peaks arrive randomly in time and have a

statistical amplitude distribution function; therefore they contain very

little information about the steady state amplitude at B, which can result

in undesired low frequency oscillations (the dc amplitude at B will drift

slowly up and down [10]).

When the mere introduction of a dead zone is not a satisfactory solution

one can improve the situation considerably by different means, three

of which are of special interest. Instead of a total interruption we might

permit some transfer in the "dead zone", or the amplitude of the "dead

zone" d can be made a function of the noise amplitude, or finally, the

"dead zone" including some transfer1 can be moved a» a function of the

signal amplitude as shown in Fig. 5.
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Fig. 5

Output
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• • Input
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Fig. 5. Amplitude transfer function of a moved dead zone with center

D and width d.

These three means can be treated more or less separately even if

they have to be integrated at the end.

1. Introduction of a transfer within the "dead zone". The original sys-

tem, which operates satisfactory apart from being too "noisy", is consi-

dered under steady state circumstances, implying that all signals are

constant or zero. A linear filter, which secures low noise and a stable

system is now inserted between B anc C (Fig. 3) and no respect is paid

to the response of the system to input signals. Often the filter may per-

form just an amplitude reduction to obtain the desired result or an amp-

litude reduction for higher frequencies only as shown in Fig. 6 and Fig. 7.

Fig. 6

In

Fig, 6. Simple attenuator for all frequencies. Transfer function
R

2
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Fig 7

B
In

Fig. 7. Simple attenuator for all but low frequencies and d-c»

Sometimes it will be difficult to find a filter satisfying the require-
ments. At worst one can design a filter which preserves the dynamic be-
haviour of the system, but on a compressed time scale (slower response).
An example is given later.

2. To make the "dead zone" amplitude d dependent on the noise ampli-
tude it is necessary to have a measure of the noise amplitude and an in-
strumentation which measures it fairly independently of any signals which
may be present. Experiments have led to the simple circuit shown in Fig.
8.

Fig. 8
Nois» and signal

from B
d.c.

—M 1 1—out

- • 100C

Fig. 8. This circuit delivers a d-c voltage proportional to the r . m . s .
noise amplitude and farily independent of the steering signal.

Without trying tc define the noise amplitude this circuit delivers a
d-c-signal which for practical purposes can represent the noise amplitude.
The circuit is insensitive to large signals and short time disturbances. It
has only one significant parameter, namely the time constant 100 RC
which naturally must have a value corresponding to the main frequencies
in the noise power frequency spectrum. The performance o£ the circuit
is not critically dependent on the time constant (a latitude factor of 2 or
3 is tolerable) and the circuit is thus practical useful even if the noise
power frequency spectrum changes from the one the circuit was designed
for.
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3. Movement of the »dead zone" can be used when the steady state sig-

nal is different from zero. It is an obvious thing to do and needs no ge-

neral discussion.

Designing a circuit to create the "dead zone" with dynamic limits

is an easy match for most electronic engineers, so here we will only

give a black box diagram and a diagram of a simple circuit used by the

author in the experiments. This circuit might be used as starting point

for perhaps better and more sophisticated constructions.

Flg.9

Fig. 9, Principles of filter with transfer during the "dead zone". Both

change-over switches are in the upper position when the signal

amplitude is above D i d/2 or below D - d/2, otherwise they

are both in the lower position.

Fig. 10 Q

In
v

Fig. 10b
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Fig. lOc

Fig. 10a. The circuit for producing the dead zone used in the example.

Fig. 1 Ob and 10c show the amplitude transfer functions between

input and the two outputs P ' and Q'. Actually the terminals P

and Q are used while the attenuation (and sign reversing) is in-

corporated in the following circuits (compare with Fig. 1 7).

The practical circuit as used in the following example is shown in

Fig. 1 0a. When the input voltage v is between -0. 324 d and +0. 324 d all

four transistors are non-conducting and the voltage at P is equal to
1 Q C 1 ft *•

v • -o* -. At P ' the voltage becomes v • oo* g • 1.54 = v. At Q the vol-
C.Ö. o Lo. o

tage is Ih-K; • v and at Q' it becomes v • ^ J L . (-0.555) = - 0. 01 v.
When v is larger than 0. 324 d, T2 and T* become conducting and

due to the negative feedback the voltage at P becomes 0. 324 d and at P '

it becomes 0. 324 - d • 1. 54 = 0. 5 d. The voltage at Q becomes - 1 . 8 v +

+ 0.9 d and at Q' v - 0. 5 d. Analogously, when v is less than -0. 324 d,

T, and T, are conducting and the voltage at P ' becomes -0. 5 d and at

Q' it becomes v + 0. 5 d. The amplitude transfer functions are shown

in Fig. 10b and c. The sum of the voltages at P ' and Q' is always equal

to v.

III. EXAMPLE

As example we take a rather simple system to make the principles

of the noise reduction appear clearly. To make the system realistic a

zero power nuclear reactor may be chosen as model. A reactor similar

to the one described in [l 0] where also the noise problem is described

is therefore used as a model. However, the treatment will here be quite

different because emphasis is now laid upon presenting an easily calcu-
lable ay«tem and an application of the principles for noise re4uctlon de-
scribed above.

To start with we have the following linear system a» shown in Fig, If,
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Fig. 1!

Y
.

Motor
Geors

M

A Reactor
Detector

R

Fig. 11. The original experimental system before the desired response

Y is obtained. The system is accessible for additional inputs

at C and F and outputs at A, B and E.

The transfer functions are

Motor + Gears M(s) = 8(Q]\ + })

Reactor + Amplifier R(s) * S/Q 2 s + l)

Trivial factors are here put equal to one. There is access to the

points A, B, C, E and F. At A one can take out a signal, but no signal

can be added.

At first the systexn must behave satisfactorily without considering

the noise. To bring the system in close agreement with reality we pre-

scribe that the response u for a step signal i, shall be a ''smooth*1 step

without overshoot and with a maximum slope of 1. 2 step amplitudes per

second as used in ref. [l 0]. A very convenient and practical transfer

function T-for that purpose is

u 1
i " (cs + l)n

where c and n are to be determined. As M(s) • R(s) is a polynomial of
first degree divided by a polynomial of fourth degree we get n * (4 - 1)
and for simplicity we take the lowest possible number of n namely

n= 3

The Laplace transform M-(s) of the output response for an input step
(i • - ) thu» becomes

•*(•)« •(cs 4- 1
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and in the time plane

This function is shown in Fig. 1 2.

Fig. 12.

Desired output when the input is a step function with the amp-

litude 1.

The maximum slope for c = 1 is 0. 24 so we have to put c = 0.2 in

order to increase the slope to the desired value 1. 2. The transfer func

tion T then becomes

1u ___.mmmm

i (0. 2 s +

This transfer function is made in practice for instance by me&M of

minor loop ar ound the motor as shown in Fig, 13.
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i
S(0.1S*1)

Fig. 13

0.205
z) *

M

Minor
loop

0.124 U.12S+1)
0.2S • 1

Fig. 1 3. The transfer function of the motor including the minor loop
and the attenuator shown becomes
u w (0.2s + l)s

2 (12s + l ) [ (0 .2s + I ) 3 - 1 ]

For the system we now have

R =
(0.2 8 + 1) - 1

and the step response

M- =
1 + M2R s (0.2 6 + 1) s

which has the prescribed maximum slope and no overshoot.
So far the system behaves satisfactorily and we now have to look at

the noise arising from internal noise in the reactor.
The noise output at the reactor can be simulated by a white noise

source connected to the reactor input. The system is now simulated by
means of an analoge computer according to Fig. 1 4. (Compare with 3b. )

Fig. U

Fig. 14. The system now has the desired response (see Fig. 12, c
= 0.2), but the noise at A is intolerable. (Heavily moving
control rod.)
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Fig. 1 5 shows a record of a step input signal, the output signal, the

signal at A and the noise output from N.

Fig. 15a Fig. 15b

N
_~-f—.31—fc-JTZ^..^ p-rZ-X-3^L^T~-^.7rr-^.Tg3C Zip t^ f . -JTS:."• ̂  7^ t^Z?~r* - | J _̂_

Fig. 15. Signals at the points indicated in Fig. 14. a) without noise;
b) with noise. B-C-closed.

The noise at A is intolerably large so a noise filter has to be inserted
between B and C. The use of just a dead zone has the effect that the out*
put amplitude drifts slowly up and down between the limits of the dead
zone; as this is not desirable we must regulate within the "dead tone11.
We can be sure of obtaining a stable system if we insert a linear filter
which just compresses the time scale of the original system resp^n**,



say five times. Let the filter have the transfer function F = F(s). We then

have

F • M2 • R = F
1 1

(0 .2 s + I ) 3 (cs + I ) 3 - 1

and hence for c = 5 • 0. 2

(0.2 s + I ) 3 - 1 _ 0 .008 s 2 + 0 .12 s + 0 .6

(cs + I ) 3 - 1 s 2 + 3 s + 3

F is easily reproduced by means of operational amplifiers, e. g. as shown

in Fig. 16.

Fig. 16

Qo.12 (JO*

o
Fig. 16. Time compressing filter F with transfer function

u =

The noise reduction is now performed as follows. At first a rectifier
similar to that shown in Fig. 8 (time constant 60 sec.) is connected to B
and two adjustable d-c amplitudes ± d/2 are produced. To B is also con-
nected a »dead zone" circuit, e. g. the one shown in Fig. 10a. It has two
output terminals. This filter is in the following called U. The output P
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is connected to a summing amplifier (x l ) and the output Q is via the fil-
ter F connected to the same summing amplifier the output of which is
led to M~. Thus the entire noise reducing filter to be inserted between
B and C appears as shown in Fig. 1 7 and the final system as shown in
Fig. 18.

Fig. 17

-0.324d

• 0.324 d
0.555

O
0.154

Fig. 1 7. Incorporation of U (Fig. 1 0a) and F (Fig. 1 6) in the noise re

ducing filter.

Fig. IB

r Noise filter

Recti-
fier

• 0.324 d

LA
- 0.324 d

0555

U -rzO
-4>-OH

I 0.154

Fig. 18. The entire system with the desired response and noise reduc-
tion. The points where the measurements are taken are iacHca
ied (i, N, E, A).



Now the d-c amplitudes ± d/2 are adjusted such that (without signal,

noise only) the output amplitude at P is just negligible. That is all the

adjustment needed. Everything in the system is unchanged except for

the noise filter described. Now a new record is taken and shown in

Fig. 19b. This figure is equivalent to Fig. 1 5b and includes a step in-

put signal.
F«9 -1*o Fig. 19b

Fig. 19. The records at N, i, E and A (Fig. 18). 19a without noise. 19b

with noise. Note the noise reduction at A compared with Fig. 1 5b.

One observes a considerable noise reduction at A but ho change in

the system response or in the output noise can be observed. That the

system response has remained essentially unchanged is verified by the

record taken with removed noise source. For equal function of the noise

filter it is then necessary to replace the d-c voltage from the rectifier

with a d-c voltage from a constant source (which does not disappear with



the noise). At A the noise power has been reduced ca 25 times by use

of the filter without any noteable sacrifice of system performance; it is

therefore reasonable to believe that a further noise reduction can be

achieved. Clearly one can proceed by an additional compression of the

time scale during the "dead zone". In this example, however, this seems

to be using more force than needed to arrive at the desired goal because

much simpler filters will do, for instance a plain attenuator. Unfortuna-

tely, both the time compressing filters and the attenuator reduce the d-c

amplification and thereby small non-linearities which possibly exist in

the system, might be thrown into relief with undesired effects. This can

be avoided by omitting the attenuation of d-c and very low frequencies,
e - g- by means of an attenuator in series with a capacitor as shown in

Fig. 20a.

In

Out

In

Fig. 20

Fig. 20. a) The simple attenuator used for replacing the filter F.

b) Shows how its two parameters are controlled independently

of each other.

This circuit is characterizied by two parameter i namely r/(r + r.) *
= r/R and (r + r.) - C = RC = r, which can be adjusted independently of
each other with the connection shown in Fig. 20b.

This filter was used instead of F in Fig. 1 8. With r/R * 0.05 and
l / t = 0. 001 the records of noise and step signal appeared as shown in
Fig. 21. The noise at A has now disappeared to suc^ a de^eet^u|t n |
trace of it can be seen on the recor4 and still one canaof observe »fff *»-
gradation of the system response, ft is Just possible to decrease the &egft*
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_3
further and a factor of 10 in the m. s. noise is easily achievable, by

a reduction of r/R to 0. 03 and an increase in T to 3000. The records

look exactly as shown in Fig. 21.

Fig.2io Fig.2lb

Fig. 21. When F in Fig. 1 8 is replaced by the filter shown in Fig. 20

these records were obtained: 21a, without noise; 21b, with

noise. The noise at A is now so small that it cannot be seen

on the record.

As mentioned in the introduction this kind of noise reduction cannot

be obtained by means of a dead zone alone. Fig. 22 show the recording

when there is nv transfer during the dead zone. One observes the low

frequency drift of the output signal and how the signal in A is "knocked"

into position each time the noise exceeds the limits of the dead zone. In

this case the noise cannot be kept from exceeding the dead zone limits



Fig. 22. Signal and noise at the points indicated in Fig. 1 8 (N, i, £ ,

A) when F is replaced by an open circuit.

because there is no other steering. The contrast to the circumstances

shown in Fig. 21 is striking and due only to the slight transfer during

the "dead zone".

In this example it was reasonable to have D (the center amplitude of
the dead zone) equal to zero, however, if the filter had to be inserted
between £ and F (instead between B and C) Fig. 11 it would be necessa-
ry to have a changing D amplitude. Here one could use the input signal
i as D to get the filter working just as well as before, when connected
between B and C, In general D should be created from the less noisy
steering signals in such a way that D becomes equal to or practically
equal to the signal at the entrance of th>. noise reducing filter, as it ougfet
to be if the system works as desired with no noise present.



CONCLUSIONS

The war k presented here was started in an attempt to perform a

noise reduction by "optimum" filters. It turned out that the problem of

optimizing was mainly a problem of formulating the conditions under

which the optimization had to be performed rather than the problem of

optimizing itself. In those cases where a sensible formulation could be

found the noise reduction due to optimizing was modest and it was felt that

much more could be achieved if it was possible to make the noise reduc-

tion independent or almost independent of the desired impulsive response

of the system.

The problem of separate optimization of noise and dynamic system

response was successfully solved and in the example shown a noise power

reduction of three orders of magnitude was obtained with simple means

with negligible influence on the desired system response. It is a charac-

teristic of the method shown that it can be used without particular know-

ledge of the noise power frequency spectrum and that noise power meas-

urements are not demanded.

A detail which might be of interest for some readers is that the

transfer function (input-output) in the example shown was required to

have the form r s • < \ n • Concerning such a response it is stated in basic

textbooks (e.g. [11 ] p. 421) that: "The response is essentially slow and

becomes slower as the order of the system is higher. " The fact is that

for a given maximum slope the response gets faster (e. g. from 0 - 99 %

amplitude) as the order of the system is higher, A glance at Fig. 1 2 will

convince the reader that it will be very hard to find a more well behaved

or faster step response than that obtained here at a given maximum slope.
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