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N O T 5 C E 
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sponsored by the United States Government. Neither 
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makes any warranty, express or implied, or assumes any 
legal liability or responsibility for the accuracy, com-
pleteness or usefulness of any information, apparatus, 
product or process disclosed, or represents that its use 
would not infringe privately owned rights. 

Nonlinear Stabilization of Single, Resonant, 
Loss-Cone Flute Instabilities 

* 
E. C. Crume and H. K. Meier 
Oak Ridge National Laboratory 
Oak Ridge, Tennessee 37830 

and 
Owen Eldridge 

The University of Tennessee, Knoxville, Tennessee 37916 and 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 37830 

ABSTRACT 

The evolution of linearly unstable, high frequency 
(oo m nf}), flutelike (k|j = 0), electrostatic modes which can 
occur in a multicomponent, magnetic-mirror-confined col-
lisionless plasma has been studied by computer simulation. 
An infinite, periodic, sheet charge model was used in which 
particle motion is followed in one spatial coordinate and two 
velocity coordinates normal to a constant magnetic field. 
Approximately one quarter of the particles in the initial 
velocity distributions formed a warm, Maxwellian background 
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component| the remainder belonged to a hot, linearly stable, 
loss-cone component. These velocity distributions were con-
structed in such a way as to provide initial states rela-
tively free of randomly fluctuating electric fields. The 
early evolution of single wave (either traveling or stand-
ing), resonant instabilities agrees well with linear theory. 
A rapid, coherent heating of the warm component occurs and 
spatial harmonics of the unstable wave appear. The electro-
static field of the wave then saturates at an energy level 
as much as two orders of magnitude lower than those reported 
in previous simulation studies of the same and related in-
stabilities or predicted from earlier nonlinear analysis. 
The field amplitude decreases rapidly to zero after satura-
tion and then grows again nonlinearly. The temperature of 
the warm component reaches a maximum when the field ampli-
tude vanishes. During and subsequent to this r - '.near 
growth period, details of the evolution of the field ampli-
tude vary from case to case. The saturation levels and early 
post-saturation behavior are in agreement with a recently 
reported nonlinear analysis which was motivated by the 
results reported here. 

I. INTRODUCTION 

Linearly unstable, flutelike (k|| = 0), lectrostatic modes can 
occur in hot, collisionless, magnetic-mirroi-confined plasmas. One 
class of such instabilities consists of high frequency (cu « nft) modes 
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which can occur when the plasma contains two components of a single 
species (or two species with similar charge-to-mass ratios) which have 
distinctly different perpendicular temperatures."1* Such microinsta-
bilities are often referred to as double-hump instabilities because the 
type of plasma velocity distribution which can support them has two 
maxima, one for the hotter, mirror-confined component, and one for the 
cooler component, which may or may not be mirror-confined. The evo-
lution of these instabilities is of importance to considerations of 
mirror confinement for several reasons. First, the type of velocity 
distribution which can support them should commonly occur in mirror 

2 
machines. Also, the instabilities can have large growth rates of the 
"order of tenths of the particle gyrofrequency, are not Landau-damped 
(k|| = 0), and can never leave a finite system except through plasma 
loss. 

Because of their large growth rates it is unlikely that the 
early evolution of such instabilities can be observed experimentally. 
Furthermore, it can be a very difficult task to identify from measure-
ments in the nonlinear, post-saturation plasma state the microinsta-
bilities which led to that state and which may be evolving nonlinearly 
at the time of observation. For these reasons, we have performed 
computer simulation studies to follow the evolution of single mode 
forms of double-hump instabilities from an early stage where the 
evolution obeys linear theory to later stages where the evolution is 
obviously nonlinear. The primary emphasis was on obtaining more 3 4 
insight into the physics of the saturation process. Analytic studies ' 
of finite wave-particle interactions have led to predictions of the 
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saturation levels of single mode instabilities similar to those con-

sidered here. Previous computer simulation studies have shown both 
5 

areas of agreement with the predictions and areas of disagreement or 
g 

inapplicability. In the studies reported here, relatively more 

realistic initial velocity distributions were employed to extend the 

range of plasma parameters in which the single mode instability has 

been simulated. 

We use a plasma model which is infinite and homogeneous with a 

uniform, constant magnetic field. The hot temperature component of the 

initial perpendicular velocity distribution is taken to have a linear-

ly stable (j=l) loss-cone distribution of the graduated Guest-Dory 

7 type and the warm component, a Maxwellian distribution. Linear 2 
stability criteria for the model have been derived by Guest, et al. 

The initial states of the simulation plasmas were all the same ex-

cept for the initial relative temperature of the two components. 

Different relative temperature ratios were chosen to obtain a range 

of linear growth rates for a fixed relative density and a fixed hot 

component density. The relevant linear theory is summarized in 

Section II. 

The simulation model is of the type usually referred to as a one-

and-one-half dimensional model and is similar to those used by Hasegawa 8 6 and Okuda and Byers and Grewal. Two significant differences between 
9 

our calculations and theirs are in the technique used to obtain a 

relatively noise-free initial state and in the use of an initial 

excitation above computer noise level of the traveling wave form of 

the mode of interest. The former, which is for the purpose of 
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initially suppressing particle kinetic effects (as is Byers' ), 

utilizes matching of the velocity Fourier transforms of the initial 

simulation particle velocity distribution and the analytic represen-

tation of the velocity distribution. Initial excitation of the mode 

of interest above the computer noise level, but generally well below 

the saturation level, allows the study of the evolution of both trav-

eling and standing wave forms of the same mode; and, for the slower 

growing modes, affords some savings in calculation time. Additional 

details of these techniques and other aspects of the simulation model 

are discussed in Section III. 

The frequencies and growth rates of the unstable modes studied 

agree well with linear theory predictions for growth from either the 

computer noise level or somewhat higher initially excited levels over 

many orders of magnitude up to near saturation. During this growth 

period coherent cyclotron heating of the warm component by the un-

stable wave is observed. At approximately the time at which this 

heating has driven the warm-to-hot component temperature ratio T to 

the linear stability point, the growth rate begins to decrease and 

saturation of the electric field energy follows. One or more cycles 

of a relatively stable nonlinear oscillation are then observed. The 

oscillation becomes less and less coherent as more field energy is 

transferred into higher spatial harmonics of the original unstable 

mode. Even though the electric field amplitude essentially vanishes 

twice each cycle of the nonlinear oscillation, there is no return to 

the initial unstable plasma state. Furthermore, T has a maximum once 

each cycle when the field amplitude vanishes. The saturation level of 
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the electric field energy for the fastest growing mode studied, for 

which T = 0.0001 initially, was of the order of those observed in 
g 

previous simulation studies for which T = 0 initially. The satur-

ation levels for slower growing modes with T > 0.0001 were as much as 

two orders of magnitude less. No correlations of these levels with 3 4 previous nonlinear analytic work ' were found. However, motivated 
10 

by the simulation observations, Eldridge, et al, have developed a 

nonlinear theory of the evolution of these instabilities which yields 

results in substantial agreement with the saturation level measure-

ments. The theory also predicts the type of nonlinear behavior 

observed in the early post-saturation state. Numerical results from 

the simulation are given in Section IV. In Section V, the nonlinear 

theory is briefly summarized and some numerical comparisons with 

simulation results are made. The conclusions are summarized in 

Section VI. 

I I . L I N E A R T H E O R Y 

The linear theory of these instabilities is well established."*" 

Consequently, we discuss here only certain aspects relevant to con-

ditions and results of the simulation studies. The unstable perpen-

dicular velocity distribution is taken to be 

fQ(v) = [ ( I + T D T T ] - 1 C(V™)exp(-v2/Ta2) + (v2/a
4)exp(-vW)] (l) 

where T) is the warm-to-hot component density ratio and T a warm-to-hot 

component temperature ratio. This distribution is appropriate for the 

region near the midplane of a magnetic mirror machine having a 2 to 1 
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mirror ratio. If the ion velocity distribution has the form of (l), 

the instabilities will occur near the ion gyroharmonics and the elec-

trons will respond adiabatically to the field of the wave. If the 

electron velocity distribution has the form of (l), the instabilities 

can be neglected. Experimental machines could fall in either category; 

however, since fusion machines would have magnetically confined hot 

ions, we will discuss only the ion case and take the electron contri-
2 2 but ion to the dielectric constant to be cjû /ft̂ . Re interpretation for 

applications to hot electron plasmas is trivial. 
2 

Following Guest, et al, the dispersion relation for flutelike 

electrostatic waves of wave vector k in a neutral, collisionless 

plasma with an ion velocity distribution (l) is 

will occur near the electron gyroharmonics and the motion of the ions 

1 = H(u>) (2) 

where 00 

H(0)) = - A . n 

2 The coefficients A defined by Guest, et al, as n 
eo 

k components hot 

take the forms 

Aq = (Tl/TX)Lexp(-)Iq(T\)-l] - exp(-X)[l0(\)-I1(\)] 

A = (T)/T\)exp(-T\)I (T\) - exp(-\)[l (\)-l ' A ) ] . 

/ 
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Here UJ is the hot component plasma frequency, C2 is the ion gyro-J? 
frequency, I is the modified Bessel function of the first kind, and 

2 2 2 

\ = k a /2fl . If one or more of the A^ are negative for n ̂  2, the 

real dispersion relation (2) will have complex conjugate roots with 

real parts <i> near one of the cyclotron harmonics in the range of n 

for which A^ < 0 and with imaginary parts + Y where |Y| < JJJ . There 

are no simple expressions for these roots in the parameter ranges con-

sidered here; the roots must be obtained by solving (2) numerically. 

The growing modes (y > 0) chosen for the present study occur when 

only Ag is negative. Their real frequencies lie near the second 

gyroharmonic. The real dispersion properties of the model plasma are 

illustrated in Fig. 1 where H(u>) from (l) is plotted as a function of 

real u> ̂  0. The positive portion of the solid curve is the locus of 

stable roots for the wavelength parameter X which makes only A^ 

negative for the given density ratio 7] and temperature ratio T and 
for which the maximum growth rate y occurs for the given density 

2 2 
parameter û /ft . The shape of the curve illustrates the effect of 

the coupling of the positive energy lower hybrid mode with the n = 2 

negative energy Bernstein mode which gives rise to the instability. 

The projection onto the H(uj)-real frequency plane of the root cor-

responding to the unstable mode with maximum growth rate is indicated 

by the solid circle. 

Due to the conditions of the simulation (Sec. Ill) only discrete 

wave vectors occur. Therefore, contrary to the situation in an 

actual plasma in which there can be modes with approximately the 

same growth rate for a continuous range of wave vectors, here only a 
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fundamental wave and its spatial harmonics can be observed. The 
dispersion curve for the second spatial harmonic is indicated by the 
broken line, and for the third spatial harmonic by the dotted line. 
While several A are negative for each of these (and higher) harmonics, 

2 2 there are no other unstable roots for the value of to /O, used in the P 
simulation. There are, of course, numerous stable roots, but none of 
these should be excited. The real frequencies and growth rates for the 
unstable modes studied and other plasma parameters are given in Section 
IV. 

III. THE SIMULATION MODEL 

The model plasma is basically the same as that used by Byers and 
Grewal in their simulation studies of flutelike, electrostatic insta-g 
bilities, and their model is similar to the electrokinetic model 

Q 
described by Hasegawa and Okuda. Briefly, the model allows the study 
of plane electrostatic waves whose wave vectors are normal to a uni-
form magnetic field and parallel to each other. The ions are simu-
lated as infinite sheet charges parallel to one another and to the 
magnetic field. The electrons are assumed to be so closely tied to 
the magnetic field lines that they merely form a stationary neutral-
izing background. All plasma properties are assumed uniform parallel 
to the charge sheets. Consequently, the electrostatic field is 
normal to the charge sheets and the wave vectors of any electrostatic 
waves are constrained to that direction. Both the E X B motion and 

AM AM 

one component of an ion charge sheet's gyromotion about the magnetic 
field are parallel to the sheet and cannot lead to changes in 
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charge density. Therefore, if the magnetic field is in the z-direction 
and the sheets are parallel to the y-z plane, the problem reduces to 
the solution of the following equations: 

X =B v x 
V = 0, Y + 77 E x y M 
v = - fiv y x 

The model is perfectly periodic in the x-direction. The length of one 

period is taken to be some integer multiple of the wavelength of the 
unstable mode, usually one. The electrostatic field is calculated 
from the charge distribution using a truncated Fourier synthesis with 
a weighting function in a manner similar to that discussed by Dawson.'1''1' 
It can be expressed in the form 

J 
E(x,t) = ^ I E (t) cos[kjx + « (t)] & j=l J J 

where n is the particle density, q the particle charge, E.(t) the 0 
amplitude and §.(t) the phase of the jth harmonic. In this repre-J 
sentation d§./cLk = u).. The minimum wave vector k for the synthesis 

J J 

is determined by the length of the spatial period, and the maximum 
spatial harmonic k = Jk is chosen to be large enough for the pur-
poses of the simulation but no greater than the limit for collective 
plasma motion k = oCx'1), where is the Debye length. The electro-
static modes that can be studied thus appear naturally in the Fourier 
synthesis of the field. The weighting function used is tailored to 
minimize the error in calculating the Fourier components from a 
charge density mesh.^ 



1 1 

It is well known that noise levels in discrete particle simu-
lation plasmas may be objectionably high because the relatively small 
number of particles per Debye length allows discrete particle effects 
to be enhanced with respect to collective plasma effects. Noise 
effects due to particle collisions are greatly suppressed by the 
technique of calculating the electrostatic field described above. 
The other discrete particle effect of importance, the fluctuation 
level of the electrostatic field energy relative to the plasma kinetic 
energy, is inversely proportional to the number of particles per Debye 
length Np. The reduction of fluctuation noise by increasing the 
number of particles per Debye length is eventually limited by some 
combination of computer storage capacity and problem running time. 
Consequently, attention has been directed toward development of 
techniques which can suppress the fluctuations long enough in a 
simulation to study low energy level collective plasma behavior such 
as the early (and sometimes late) stages of evolution of unstable 

modes. The "quiet start" technique of Byers has been notably suc-
6 12 cessful. ' In essence this technique consists of initially loading 

the simulation particles into phase space in a precisely uniform rather 
g 

than a random manner. In the simulation studies reported here a 
g 

related but different technique was used. Briefly, this technique 
is based on the premise that the overall smooth structure of a 
particle distribution function f(x,v,t) is far more important to the 

I M AM 

physics of the processes studied than the very fine structure that 
develops with time. Therefore, since the general method of solution 
of the problems is by Fourier analysis and synthesis, the initial 



discrete simulation particle distribution function is constructed so 
that its spatial and velocity Fourier transforms match the correspond-
ing transforms of f(x,v,0) for the lower values of the transform 
variables. The accuracy to which it is necessary to match the trans-
forms and the ranges of the transform variables over which the trans-
forms are matched is determined by the problem. For the infinite, 
homogeneous plasma simulated it was necessary to apply the technique 
only to the velocity distribution, (l). The upper limit on the velo-
city transform variable was fixed by the requirement that the first 
three spatial harmonics of the electric field were to be calculated 
accurately at least during the time, in which these harmonics are not 
strongly coupled to even higher harmonics. The "quiet start" tech-
nique was used in generating the simulation particle distributions to 
which the Fourier transform matching technique was applied. Such a 
procedure is not necessary, but does reduce considerably the com-
putation time required to generate the initial distributions. 

Application of the technique allowed the observation of an un-
stable mode which saturated nearly two orders of magnitude below the 
fluctuation level which, for the range of used, 500-2000, was on 
the order of 0.1$ of the ion kinetic energy. As pointed out by g 
Byers, if a simulation is carried far enough out in time the fluc-
tuation level will become established regardless of any special 
preparation of the initial distribution. The results reported in 
Section IV are believed on the basis of comparison of runs with dif-
ferent Up and with theory to be essentially unaffected by fluctuation 
noise unless otherwise notede There is some evidence that a 
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fluctuation noise level is being established in the later stages of 
some simulation runs, but that consideration is not relevant to the 
primary purpose of this paper. 

It is not uncommon in simulation studies to initially drive an 
unstable mode to some level higher than the computer noise level 
rather than let it grow out of the noise if for no other reason than 
to save computer calculation time. We have used this technique to 
obtain nearly pure traveling and standing wave forms of the same mode 
in order to observe whether there are any differences in saturation 
or post-saturation behavior. To drive a mode to some particular 
level, it is only necessary to apply an external field of the proper 
complex frequency for a suitable length of time. In tests it was 
observed that a mode could be driven to within an order of magnitude 
of the saturation energy level in one gyroperiod yet still reproduce 
the saturation level observed when the mode was allowed to grow five 
orders of magnitude to saturation over several gyroperiods. Other 
tests showed no significant difference in saturation level between a 
mode that was allowed to grow spontaneously from the noise level and 

K 

the same mode that initially was driven to just above noise level. 
All of the results reported in Section IV are based on the behavior 
of modes that were initially driven to just above the noise level. 

IV. RESULTS 

The evolution of the instability was followed in detail for 
three cases which differed from one another only in the temperature 
ratio T of the initial plasma states. Tests were performed with 
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different numbers of simulation particles, different numbers of field 

harmonics, etc., but the numerical results reported here are from runs 
having the following simulation parameter values: 

Number of simulation particles = 10,240 
Number per Debye length, N^ w 1000 
Number of charge mesh points = 128 
Electric field spatial harmonics = 3 
Time step length = 0.005 gyroperiod . 

The physical parameters that were the same for each case were the 
2 2 component density ratio t] = 0.2884 and the frequency ratio u> /Q =20. 
J? 

Once the initial temperature ratio T(O) is chosen, the wavelength 
2 2 2 

parameter \ = k a /2Q is determined by maximizing the growth rate. 
These parameters and predicted and measured values of the real fre-
quency u) and the growth rate y for each unstable mode are given in 
Table I. 

The agreement between the predictions of linear theory and the 
simulation measurements in the pre-stabilization stage of evolution 
is seen to be excellent. As would be expected from linear theory, 
only small differences on the order of the precision of the simu-
lation measurements 1$) are noted between results from traveling 
wave and standing wave forms of the same mode. 

For later reference the value of the temperature ratio for "which 
the plasma at the given density is stable toward the mode at the 
given wavelength was calculated from the linear theory and labeled 
T^ in the table. As mentioned in Section II, the sign of the dis-
persion coefficient A2 must be negative for instability. The 
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temperature ratio at which A^ changes sign, so that the plasma is 
stable at any density toward the mode at the given wavelength, was 
also calculated from the linear theory and is labeled T^ in the table. 

In order to show the synchronization of events in the evolution 
of the modes, several variables are plotted together as functions of 
time in Fig. 2. The total field energy e(t) normalized to the initial 
hot component kinetic energy is shown by the solid lines. This 
normalization is useful because the hot component kinetic energy is 
the same for all cases. Initially the field energy grows exponen-
tially with growth rate 2y over many orders of magnitude. A smooth 
maximum occurs and the field energy decreases. Although it is not 
shown here, the phase ^ of the fundamental field amplitude E^ intro-
duced in (4) has a discontinuity of TT at the field energy minimum. 
An interpretation that the field amplitude changes sign from positive 
to negative as the phase varies continuously is equally valid. After 
stabilization the field energy oscillates with a period of several 
gyroperiods. This amplitude oscillation gradually becomes less 
coherent and finally damps away. 

The rapid oscillations in the early post-saturation stage of 
Case 1 have a simple explanation. The oscillation frequency is twice 
the frequency ux̂  of the fundamental traveling wave, approximately four 
times the gyrofrequency. By again referring to the field representa-
tion given by (4), one sees that these oscillations result from th-
addition to the fundamental wave of a wave with frequency ux̂  travel-
ing in the opposite direction to the fundamental. The frequency 
seen in the simulation is the sum. When this backward wave grows to 
equal amplitude with the fundamental, a standing wave is formed. 
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The temperature ratio of the warm component to the hot component 
T(t) is plotted as the broken lines in Fig. 2. The maximum temperature 
of the warm component is reached as the field energy goes through the 
minimum after its first maximum. This is interpreted as evidence for 

13 
coherent heating of the warm component by the fundamental mode. 
The heating continues until the field amplitude vanishes. Subsequent 
to the change in the sign of the field amplitude, or phase discon-
tinuity, the warm component is cooled, reaching a minimum temperature 
when the field energy goes through its second minimum. The slow 
oscillation continues, becoming gradually less coherent. This heating 
of the warm component appears to be irreversible. The plasma never 
returns to its initial state. 

The dotted curves in Fig. 2 are plots of the quantity 
A = ̂  LT(t) - T(O)], which is the difference of the warm component 
kinetic energy per particle and its initial value normalized to the 
hot component kinetic energy per particle. This difference grows 
exponentially at the same rate as the field energy further demon-
strating the coherence of the heating. A direct comparison with 
the field energy may be made by noting that the total increase in 
warm component kinetic energy normalized to the total hot component 
kinetic energy is 7]A, where T] = 0.2884. The energy in the field is 
never greater than 30$ of the kinetic energy gained by the warm 
component, and never greater than 0.2$ of the kinetic energy of the 
hot component. These numbers refer to Case 3 and the corresponding 
ratios are much smaller than for Cases 1 and 2. The significance of 
this observation is that the energy is fed from the hot component to 
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the warm component with the electrostatic field providing the 
mechanism for transfer without acquiring a large share of the energy 
for itself. 

Values of e a-t saturation measured in corresponding standing wave 
cases agree closely with the values measured in the traveling cases, 
as do values measured when: 

1. There were half as many or twice as many particles per 
Debye length, or 

2. Only one spatial harmonic of the electric field was allowed 
to act on the particles, or 

3. The modes were allowed to grow from the computer roundoff 
level, or 

4. The initial Fourier transform matching was over a smaller 
range of transform variables or was not made at all. 

Exponential growth of A at the same rate as e is also observed in the 
standing wave runs. However, since all of the field energy of a 
standing wave must be converted back into particle kinetic energy 
twice per cycle, the heating does not occur continuously as it does 
for traveling waves. It is observed in the simulations that during 
one-half cycle of the standing wave there is heating which peaks 
when the wave has vanished at midcycle. This is followed by cooling 
in the next half cycle, but at the end of the whole cycle T is greater 
than it was at the beginning. The growth rate of A was measured 
using values at corresponding points in successive cycles as is usual 
in measurements of standing wave growth phenomena. Due to limita-
tions of the simulation calculations, T was not measured exactly at 
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saturation nor, probably, at its maximum, and the values that were 
measured are approximately 25$ less than corresponding values measured 
in the standing wave runs. These discrepancies are attributed to the 
off-maximum measurements on a standing-wave-like variable; but, in 
any event, they are not considered to be serious. 

Histograms of the simulation perpendicular velocity distributions 
have proved useful in analysis of the simulation runs. In Fig. 3 
several such histograms are given for Case 3, the most unstable case. 
The top histogram was obtained by integration of the analytic, distri-
bution function (l). The double-humped character is evident as is the 
hot loss cone. Due to the scale, the Maxwellian character of the warm 
component is not evident. The initial velocity distribution prior to 
the velocity Fourier transform matching fits this histogram very 
closely. The middle histogram illustrates the effect of the trans-
form matching in a somewhat exaggerated manner. The transform matching 
tends to rearrange the particle velocities into narrow rings in velo-
city space, which accounts for the generation of peaks and valleys in 
the histogram. On a coarser scale, the peaks and valleys would be 
blended together to give a histogram more like the top one. The 
initial external excitation of the unstable mode does not alter this 
histogram to an extent visible on the scale of the figure. The bottom 
histogram was obtained at saturation and illustrates well the heating 
of the warm component and consequent fil3.ing in of the loss cone 
region. Only on the order of 5$ of the hot component particles from 
the positive slope portion of the distribution have moved deeper into 
the loss-cone region at this time. It could thus be inferred that 
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there would, be little plasma loss involved in stabilization of this 
mode and proportionally less for the slower growing modes that satu-
rate at lower field energy levels. 

The simulation velocity distributions were also used in calcula-
ting the dispersion relation coefficient as a function of time 
during the runs to provide another check on the linear stability of 
the simulation plasmas. Curves of Ag(t) for all three cases are 
plotted together in Fig. 4. The numerical results suffer from the 
graininess of the particle distribution and the numerical integration 
scheme unless each particle's contribution to the integral, (3), is 
evaluated separately. However, the general behavior of during 
evolution of the instabilities can be determined without resorting 
to such a detailed and time-consuming procedure. The results plotted 
in Fig. 4 were obtained using histogram velocity distributions such 
as are given in Fig. 3. The dotted, broken and solid curves in Fig. 4 
are for Cases 1, 2, and 3, respectively. For each case, Ag remains 
sensibly constant at its initial negative value while the electric 
field of the instability is growing over many orders of magnitude. 
Concurrent with the other indications of stabilization, cf. Fig. 2, 
A„ rapidly goes positive and subsequently varies similarly to the 
u 

temperature ratio r. For no case does Ag ever return to its initial 
value. Only for Case 1, the slowest growing mode, does become 
negative again after stabilization which could allow even slower 
growth of unstable waves at other frequencies and wavelengths,. For 

14 
the other two cases, an analysis of maximum growth rate as a function 
of temperature ratio T shows that the post-stabilization states are 
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linearly stable towards gi'owth of the instability at any frequency and 
wavelength. 

It was pointed out in Section II that the simulation and physical 
parameters were generally chosen so that the initial plasma state would 
be linearly unstable toward only a single mode of fixed wavelength, 
frequency u> and growth rate y. Consequently, according to linear 
theory, only the spatial harmonic of the electric field corresponding 
to that unstable mode should grow during the simulation, at least 
until nonlinear effects or particle discreteness effects become impor-
tant. Nevertheless, when the unstable mode is taken as the first 
spatial harmonic of the electric field, the second and third harmonics 
are observed to grow with real frequencies 2u) and 3w, respectively, 
and growth rates 2Y and 3Y, while the first harmonic is still growing 
at its linear theory rate. There are no stable roots of the dispersion 
relation (2) with such real frequencies. The second and third har-
monics apparently are proportional to the square and the cube, 
respectively, of the first harmonic electric field. Consequently, 
this must be a purely nonlinear phenomenon. It is illustrated in 
Fig. 5 where the normalized field energies in the first three spatial 
harmonics are plotted together as a function of time to just beyond 
saturation for Case 3. The normalization is again to the initial hot 
component kinetic energy. The first harmonic corresponds to the 
unstable mode. The energy in the first harmonic, the solid line, 
grows with growth rate 2Y over many orders of magnitude, as would be 
expected from linear theory. After approximately two gyroperiods from 
the start of the simulation, during which time the energy in the first 
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harmonic has grown about 2-1/2 orders of magnitude, the energy in the 
second harmonic reaches an observable level and thereafter grows with 
growth rate 4Y. After approximately one more gyroperiod, the energy 
in the third harmonic reaches an observable level and thereafter grows 
with a growth rate of approximately 6Y. Saturation in each harmonic is 
observed to occur essentially simultaneously. For this case, the 
amount of energy in the higher harmonics at saturation is an order of 
magnitude or more greater than for the other two cases. Also for this 
case, the cyclic post-saturation behavior is not as well defined as 
it is for the other two cases. It is considered that these two phe-
nomena are related. 

A theory of the nonlinear evolution of the instabilities has 
been formulated,"1"0 motivated primarily by the results of the simu-
lations. The basic observation that led to the theoretical inter-
pretation was the efficient, coherent heating of the warm component 
of the plasma by a single unstable wave. 

When the wave frequency is almost resonant with the gyroharmonic, 
the particle orbits may be solved for arbitrary wave amplitude upon 
introduction of the variable z(t) which is defined by the following 
time integral 

where E^ is the amplitude of the electric field of the unstable wave. 
Integration of the Vlasov equation over the particle orbits obtained 

V. COMPARISON WITH NONLINEAR THEORY 

t 
(5) 
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in this manner yields the distribution function and from it the charge 

density can be constructed. 

In the simulation studies reported here, the unstable modes are 

nearly resonant with the second gyroharmonic. For such modes, the 

theory predicts that the hot component of the plasma is changed very 

little during the evolution of the instabilities but the warm component 

is rapidly heated. The warm-to-hot component temperature ratio T is 

given by 

T(t) = T(O) cosh(z) . (6) 

A nonlinear equation for z is found from Poisson's equation: 

2 
d z _ 2 z-K sinh(z) 
dt2 = V ^ ^ 

where Y is the initial growth rate of the instability and 

K = T(0)I}\/{8 exp(-\)[L2(?0 - I2'(X)]] 

in the same notation as (3). A first integral of (6) is 

(dzf = 2 z2-2K[eosh(z)-l] , v 
\dt/ ' 1-K K J 

Using (7) and (8) the behavior of the field amplitude E^ is completely 
determined,since by (5), E1 is proportional to dz/dt. Qualitatively it 
is seen from these equations that E^ increases exponentially, at first 
in agreement with linear theory, and then saturates when z = K sinh(z). 
As z continues to increase, E^ decreases from its maximum and vanishes 
when z 

the maximum value of z. This does not 
represent a return to the initial plasma state, however, for by (6), 
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T reaches its maximum value at that time. From its maximum, z then 
decreases until again z - K sinh(z), at which time E^ has reached its 
negative maximum (cf. the discussion of phase discontinuity versus 
sign change in Section IV), equal in magnitude to the saturation maxi-
mum. As z continues to decrease, the system tends towards its initial 
state, reversing the initial growth. The behavior of E^ after it 
vanishes at the maximum of z is thus an inverted mirror image of its 
earlier behavior. In its present form, the theory does not allow for 
effects of harmonic generation, mode-mode coupling, or other nonlinear 
effects, and so would predict repetition of this complete cycle 
indefinitely. 

A detailed solution of (6), (7), and (a) is not needed to obtain 
saturation values of E^ and T since they occur at an inflection point 
of z. Using these values, a comparison of the theoretical and simu-
lation results for e(« E^) and T at saturation is made in Table II. 
Values of the stability parameter K are given also. The numerical 
agreement is reasonably good. Part of the discrepancy for Case 3 is 
probably caused by the interference of higher spatial harmonics of the 
field, which have grown to large amplitudes at the time of saturation, 
cf. Fig. 5. 

Reasonable qualitative agreement between theory and simulation is 
also observed, at least in the early post-saturation behavior. Evi-
dence for this agreement is seen in the shapes of the e(t) plots given 
in Fig. 2. In each case, e decreases rapidly after its first maximum 
and then grows again. Although E^ vanishes and then grows again, e 
only reaches a minimum due to the presence of higher spatial harmonics 
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which do not vanish when E1 does. For Case 1, the subsequent shape of 
the curve is indicative of a return to the initial plasma state although 
this is somewhat obscured by the growth of the backward wave. However, 
it is clearly evident from the plots of T and A for this case that no 
return occurs. This result is definitely not due to lack of energy 
conservation in the simulation since the minimum A observed (A would 
vanish upon return to an undriven initial state) is more than two 
orders of magnitude greater than the accuracy to which energy is con-
served. For Case 2, there is also some indication of a return to the 
initial state in the plot of e, but the plots of T and A clearly 
indicate otherwise. For Case 3 there is little coherence in the 
behavior of e subsequent to its post-saturation minimum. The eventual 
qualitative disagreement between theory and simulation, as well as part 
of the quantitative, is considered to result from the interference of 
higher spatial harmonics of the original unstable mode. Part of the 
energy in these harmonics may come from growth of the discrete parti-
cle fluctuation fields, especially later in the simulations. 

VI. CONCLJSIONS 

Investigation of the evolution of resonant double-hump flute modes 
using the nonlinear technique of computer simulation has led to new 
results which provide insight into the nonlinear stabilization of such 
modes in collisionless plasmas. The primary result is that coherent 
cyclotron heating of the cooler component of the double-humped velocity 
distribution by the electric field of a single mode rapidly leads to a 
plasma state characterized by bounded nonlinear oscillations. The peak 
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electric fields have low energy levels relative to the initial plasma 
kinetic energy. It is furthermore observed that any coherent behavior 
subsequent to saturation disappears as more field energy is transferred 
into higher spatial harmonics of the original unstable wavelength. The 
total energy transferred from the hotter component to the cooler and 
into the electric field of the mode is small 6$) compared to the 
initial energy of the hotter component. The fraction of hotter parti-
cles that fall deeper into the loss cone by giving up their energy to 
stabilize the plasma is also small 5$). Consequently, it could be 
inferred that occurrence of these instabilities would probably not be 
very dangerous to plasma containment, at least for plasmas with 
parameters in the range studied. 

There are, however, certain deficiencies of the simulation approach 
used that make one wary of such an inference. In our minds, the pri-
mary deficiencies are in the restrictions of the technique to simulation 

15 
of only discrete, relatively widely separated wavelengths and to 
simulations of waves only with parallel wave vectors. The former 
restriction may be the more serious, since for the type of instability 
studied there is a continuum of wavelengths over a fairly broad range 
for which the growth rate is nearly constant. Thus it is likely that 
in a real plasma, the instability would occur as a continuous group of 
waves drawing more energy from the hot, loss-cone distribution before 
saturation than the single mode simulated does. The restriction to 
waves only with parallel wave vectors may eliminate important mode-
coupling effects. 

On the other hand, we feel that an important goal of the simulation 
studies has been achieved. That is, the results of the simulations 
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provided enough physical insight into the nonlinear stabilization 
process to allow the development of a satisfactory nonlinear analytic 
theory of single mode evolution. Furthermore, we are planning exten-
sions of the simulation technique to Lry to rectify some of its current 
deficiencies. 
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TABLE I. Linear theory parameters for double-hump flute instabilities. 
The warm-to-hot plasma component temperature ratios T(O), T and T n A 

are, respectively, the initial values, the theoretical stabilization 
values, and the theoretical values at which the dispersion relation 

2 2 2 

coefficient Ag vanishes. \ is the wavelength parameter k a /2Q where 
Ma" is the temperature of the hot plasma component. 

Linear Theory Simulation 
Case T(0) T T \ y/£l U y / 0 n A 

1 0.01 0.0127 0.0131 7.5 1.97 0.098 1.97 0.103 

2 0.0025 0.0115 0.0115 8.55 2.01 0.202 2.01 0.208 

3 0.0001 0.0105 0.0105 9.2 2.03 0.231 2.03 0.236 
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TABLE II. Comparison of theoretical and simulation field energies and 
warm component temperatures at saturation for double-hump flute insta-
bilities. The field energies e are normalized to the initial hot 
component kinetic energy and T is the warm-to-hot component temperature 
ratio. K is a plasma stability parameter such that 1 > K > 0 implies 
instability and K > 1 implies stability. 

Case e(Theory) e(Simulation) t(Theory) T(Simulation) K 

1 0.000018 0.000033 0.015 0.019 0.855 
2 0.00080 0.00070 0.035 0.038 0.242 
3 0.0060 0.0027 0.068 0,057 0.0105 
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FIGURE CAPTIONS 
Fig. 1 Real dispersion curves of flutelike electrostatic waves for X = 7*5 

(solid curve), X = 30 (broken curve) and X = 67.5 (dotted curve). 
The solid circle indicates the unstable mode of Case 1, Table 1. 

Fig. 2 Evolution of the electric field energy (solid curves), warm-to-hot 
component temperature ratio (broken curves) and warm component 
heating (dotted curves) for flutelike electrostatic instabilities. 
Parts (a), (b) and (0) are for Cases 1, 2 and respectively, of 
Table 1. The instabilities initially occur as traveling waves. 

Fig. 3 Perpendicular velocity distribution histograms for Case 3 of 
Table 1. Part (a) was obtained by integration of the analytic 
distribution function. Part (b) shows the initial simulation 
distribution after applying the noise suppression technique. 
Part (c) shows the simulation distribution at saturation, 
Gt/2TT = U.7. 

Fig. 4 Variation of the dispersion relation coefficient Az during evolution 
of flutelike electrostatic modes which require As < 0 for their 
linear theory instability. The dotted, broken and solid curves 
are for, respectively, Cases 1, 2 and 3 of Table 1. Saturation 
of the electric field occurs at Qt/2rr =7*3 for Case 1, at 
Qt/2TT = for Case 2 and at Qt/2TT = 4.7 for Case 3. 

Fig. 5 Evolution of the electric field energy in the first three spatial 
harmonics of a flutelike electrostatic instability, Case 3 of 
Table 1. The solid curve is for the linear theory instability. 
The broken and dotted curves are for its second and third spatial 
harmonics, respectively. 
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