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ABSTRACT 

The quadrupole moment of the Sun and general relativity tests giving values for (3 and y are discussed. 
The tracking of a drag-free system on board a spacecraft in an eccentric heliocentric orbit and measure
ment of the transit length of an electromagnetic signal between the Earth and the spacecraft near superior 
conjunction are proposed for new measurements of ft, y and J2. 

1. THE PHYSICS OF THE PROBLEM 

A large number of experiments — essentially in nuclear physics — have provided a solid found
ation for the theory of special relativity, where all events are represented as points in a four-dimen
sional Riemann space with the metric 

ds2 = (dx*y {(dx1)2 + (dx2)2 + (dx*)*} 
c2 

This Riemann space (known as Minkowski spacetime) is exceptional in that the coefficients 
of the metric are constant : the Riemann-Christoffel tensor vanishes and this particular spacetime is 
flat. General relativity considers the real spacetime to be a Riemann space where the Riemann-
Christoffel tensor has non-zero values at least at one point of the space, the resulting curvature being 
due to the presence of mass in the Universe. The coefficients of the metric are then no longer constant 
but depend on the gravitational potential. The objective of a gravitational experiment is to determine 
this dependence of the coefficients of the metric on the potential. 

The gravitational field around an isolated point mass M can be considered as exhibiting sphe
rical symmetry and the expression of the metric tensor is then simplified. An event is defined by the 
coordinates r, 0, 9, t (6, 9 being spherical polar angles around the point mass). The line element in 
these new coordinates is, 

ds2 = e*<M> dt2 — c-2[e^.'> dr2 + r2 (dQ2 + sin2 fo/92)] 

where v, X are arbitrary functions of r, t, (to be compared to the Euclidean 3-space metric 

ds2 = dr2 + r2dQ* + r2 sin2 0rf<p2). 

It will be assumed that ev and ex are independent of t and can be expanded in powers of (x/r, 

where \x is the gravitational radius a = — (m is the mass of the point M, G a universal constant, 
c2 

c the speed of light) and is expressed as a length (for the Sun u, a 1.48 km). 

The line element can now be expressed in a more generalised form : 

ds2 = T l —2oc-£- + 2p (£X + • • ~\dt2 j (l + 2y£- + • • • W a + r2 dQ2 + r2sin2 0 <*p2) 
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and the geodesic equations of the motion of objects (matter or light) in this field can be computed as 
functions of a, (3, y. 

The three Einstein tests of general relativity can be expressed as functions of a, (3, y as follows : 

i) angular deflection of a light ray that passes within a distance R of the point mass 

2-g-(a + Y) 

ii) rate of advance of perihelion a (as the body advances through 0 radians on its orbit, its • 
perihelion advances through a0 rad) 

g _ [x 2a(a + T) — ft 
r a 

iii) the gravitational red shift (if A (1/r) corresponds to the difference between observer and 
source) 

{iA(l/r)a + 0 ^ 

Another test, the geodesic precession rate (ifn=f) 
CO = 

(for r = const., i.e. a circular orbit). 

a + 2 Y i L D 

Due to the redundancy of the parameters we can always have a = 1, so the gravitational red 
shift gives no further information. The real tests of a gravitational thepry are : 

— the measurement of y either by observing the motion of a photon near the mass m, which 
provides the quantity (a + y), or by observing the geodesic precession, which provides 
(a + 2Y); 

— the measurement of (3 by one method only — the observation of the motion of a material 
body in the field of M — providing the quantity 

2 a ( q + y ) - f t 
a 

The Einstein values are a = y = (3 = 1. 

The experimental facts are the following2 : 

a) The deflection of light is known from astronomical and radar data, with an error of more 
than 10 %, i.e. 

Astronomical data — (1 + y) = 1.23 + 0.13 

Radar data — (1 -f y) = 1.0 ± 0.1 

Accordingly the range for y is given by the following limits 

0.8 < y < 1.72 

b) The advances of the perihelion of the inferior planets (in arc sec/century) are 

Mercury Venus Earth 

Observed 43.11"+ 0.45" 8.4" ± 4.8" 5" ±1 .2" 
Calculated 43.03" 8.3", 3.8" 

These results were obtained from 120 revolutions of Mercury, 600 revolutions of Venus and 
1200 revolutions of the Earth, the precession of the equinoxes and planetary perturbations having 
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been removed. The above Table shows that only Mercury provides a sensitive test, giving 

i - [ 2 ( l + T ) - H = l ± 0.01 

if it is assumed that this contribution to the precession is produced by the general gravity field alone. 

Taking into account the uncertainty with which y is known, we find 

1.57 < p < 2.47 

One difficulty in interpreting this test comes from the hypothesis of spherical symmetry : if the Sun 
has a non-spherical distribution of masses with a potential represented by the sum of a monopole and 
a quadrapole 

*=-^[>-J.(t)V| 
where P2 is the Legendre polynomial \ (3 cos2 6 — 1) and J2 is a measure of the quadrupole moment, 
corresponding to an oblateness of the surface of constant gravitational potential for r ~ /•„ given by 

then spurious accelerations appear to be superimposed on the spheri-symmetrical accelerations. Their 
value is one order of magnitude smaller than the relativistic effect and could generate 3-5" per century 
of the 43" excess motion of the perihelion of Mercury. 

This difference is of the order of magnitude of the difference between the Einstein theory, 
which would provide 43" arc sec/century, and the scalar tensor theory advocated by Jordan, Thirry, 
Brans and Dicke, which would provide a motion of the perihelion of (1 — f s) times Einstein's value, 

with 5 = and co the coupling constant or the coefficient to be assigned to the scalar part of 
4 + 2o) 

the Lagrangian density of matter. The same theory would provide a retardation of electromagnetic 
signals of (1-5) times Einstein's value. Thus we can either accept Einstein's original theory with a 
quadrupole moment of the Sun of the order of 10~6, or we can have a scalar tensor theory with co 
between 4 and 7 and a quadrupole moment of 5 x 10-5, which Dtcke and Goldenberg, without having 
convinced the scientific community, claim to have deduced from their observations of the solar obla
teness. 

Accurate measurements of the three main quantities (3, y, J2 would to-day provide the following 
results : 

1) Measurements of$ and y : an accuracy better than 10~2 would prove or disprove either the 
Einstein theory or the scalar-tensor theory. In the case of the Einstein theory proving to be 
correct, an accuracy better than 10~3 would lead to higher order terms. 

2) Measurement of J2 : an accuracy of the order of 10~6 would be the only data one could 
ever hope to obtain on the internal constitution of stars and on the evolution of angular 
momentum during the formation of the solar system. 

2. SOLUTION OF THE PROBLEM BY A SPACE MISSION 

The objective of the proposed mission is to obtain information on the above three parameters 
with the highest possible accuracy. This information could be obtained from a spacecraft in helio
centric orbit. 

1) To determine (3 and J2 it is proposed to investigate perturbations in the motion of a space
craft with a large eccentricity. Then the only visible long-period term is the secular advance 
of the perihelion. The perturbation due to (3 and J2 is not sensitive to the inclination of 
the orbit so an orbit in the ecliptic plane will be assumed. 

In order that celestial mechanics can be used to compute the motion, it is essential that 
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the orbit is not perturbed by non-gravitational effects. The measurement of B and J2 then 
reduces to the tracking of an heliocentric eccentric spacecraft moving over a pure gravita
tional orbit. 

2) To determine y, it is proposed to measure the transit length of an electromagnetic signal 
between the Earth and the spacecraft, following the principle of the Shapiro experiment 
already performed on Venus 2. This length is given by the equation 

A B 
a = d— mil + y) 1 O8 tg ^~tg y 

and increases by about 100 [is over the non-relativistic length near superior conjunction 
where it is maximum. 

Probe d Earth 

Assuming that a satellite near superior conjunction moves over a pure Keplerian orbit, the 
experiment consists of either sending one radio pulse from the Earth, receiving it with a transponder 
on the spacecraft and retransmitting it back to Earth and measuring the return time with a clock on 
Earth, or sending a light signal from Earth with a laser3, receiving it and recording it on the space
craft, with a clock on Earth and a clock on board. The essential difficulty lies in the requirement — 
essential for both types of measurements (B and J2, and y) — that the orbit be free of non-gravitational 
perturbations. Actually, there are two perturbations that are much larger than the effects to be 
measured — the forces exerted on the spacecraft by the solar radiation pressure and by the solar wind. 
Both of them vary as the inverse square of the distance from the Sun and act like a small negative mass 
placed at the centre of the Sun. The major difficulty relates to their fluctuations. The solar radia
tion pressure at the orbit of Venus may cause an acceleration of 2.10-7 m s -2 with fluctuations of possi
bly 10~3 over a short period of time. The solar wind in the same conditions may create an accelera
tion of 10~9 to 10-10 m s-2 with possible variations of 100 %. The important fluctuations are not 
only those of the source but may also be due to changes in the orientation of the spacecraft and its 
surface reflectivity. 

Table I gives the order of magnitude of the accelerations of interest in this problem, expressed 
at a point in space at an intermediate distance between 1 and 0.3 a.u. from the Sun and for an average 
spacecraft of a few metres in diameter. 

Table I shows that the perturbing forces are of the same magnitude as the forces to be measured 
in a determination of 6 and y, and larger than the force to be measured for a determination of J2. Conse
quently it is essential that these perturbing forces be either compensated or measured with an accuracy 
of the order of 10~4. 

The difficulty of measuring y is not the same as that for measuring B and J2. The y measure
ments can be made around the superior conjunction ± 20 days, and the perturbation to be compensated 
during this period will have a value around 10~u m s-2 for an accuracy over y of 3 X 10~4. The 
measurements for 6 and J2 have to be made over all the orbit (whose period may be 6 to 8 months) 
and possibly for two or three orbits. Thus the perturbations to be compensated during this period 
have to be less than 10-12 for an accuracy over B of 10-2, and better than that for proving the existence 
of a J2 of 3 x JO-5.-
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TABLE I 

Cause 

Basic 
quantities 

Perturbations 

Solar monopole 

J2 = 10-5 

S 

Solar radiation pressure 
Random variations of solar radiation 

pressure 
Solar wind 
Random variations of solar wind 
Earth 
Mercury 

(error on mass uncertainty) 

Acceleration in m s -2 around 0.7 a.u. 

3 x 10-2 

3 x 10-12 

3 x 10-11 

3 x 10-10 

3 x 10-10 

io-7 

10-io 
10-io 
10-io 
io-7 

5 x 10-9 

10-io 
(to be reduced by Mercury fly-by) 

The experimental problem for J2 and (3. One way of solving the problem is to use a drag-free 
system, where a spherical ball is so placed in a hole inside the spacecraft that it never hits the walls. 
The ball (and the spacecraft) then follows a geodesic of the gravity field, provided there is no perturbing 
force introduced by the spacecraft. Perturbing forces do however exist. The main perturbation 
would arise from gravity inhomogeneities in the spacecraft body itself, so the spacecraft must be built 
in such a way that the ball is located at the Lagrange point of zero resultant gravity force. By using 
extreme care in design (it is not possible to test the result on the Earth), it is estimated that the magnitude 
of the net stationary perturbation would be around 10~9 m s -2 (which can be determined from position 
measurements on the orbit) and the random perturbations around 10-10 m s -2 (these cannot be deter
mined from position measurements). If the spacecraft is spinning, then averaging of the inhomogenei
ties and reduction in the temperature differences over the various parts of the spacecraft would reduce 
the unknown accelerations to 10-13 m s -2. 

TABLE II 

INTERNAL PERTURBATIONS ON A DRAG-FREE SPACECRAFT 

Cause 

Gravity (without rotation) 
(with rotation) 

Magnetic 
Gradient of electrostatic force 
Electric field (1 V/m) internal to cage 
Internal radiation pressure 
Internal molecular flux (at 10-8 torr) 

Acceleration in m s -2 

io-10 

1 0 - 1 3 

10~12 for 0.2 oersted inhomogeneities at ball 
10-12 (for 10(i) 

io-12 

10-11 for temperature difference of 1° 
2 x 10-12 for temperature difference of 1° 

Table II shows that the measurements are theoretically possible. Obviously, a careful 
review of the technical problems has to be undertaken in order to study the requirements of the 
10-12m. s~2 satellite for providing satisfactory measurements of (3 and J2. It is felt at the present time 
that 10~n m s"2 as perturbing force on the drag-free system is achievable; 10~12 m s -2 is questionable. 

The experimental problem for y. A10 - 1 1 m s -2 drag-free spacecraft operated for two months would 
provide sufficient accuracy for this measurement. The accuracy of the time measurement depends 
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on the width and shape of the pulse. As the transmitter moves behind the Sun the pulses received 
on Earth will be broadened when passing through the interplanetary medium, and especially so within 
the solar corona, by dispersion and scattering due to electrons. Since the delay in propagating a pulse 
at a frequency fis proportional to l//2, it is essential that two radio-frequencies be used, allowing 
extrapolation back to infinite frequency. If two frequencies are available, then the bandwidth broaden
ing becomes the most important effect. If phase shifting of the different frequencies to their original 
position allows one to reconstitute the pulses, then the geometrical broadening due to scattering on the 
reception of the pulse becomes dominant. It seems that a dual frequency experiment will work at 
8 solar radii but might not work at 4 solar radii. This error vanishes if a laser pulse is used. In 
the laser version (if the laser system proves to be compatible with a spinning spacecraft) the problems 
of optics and spacecraft orientation are not difficult: however, it would no longer be possible to send 
back the laser signal and a clock would have to be placed on board in order to measure the time of 
arrival of the pulses. 

There are thus two possible versions to be investigated : 

1) the dual radio-frequency version with only two transponders on board; limited to ± 3° 
from the centre of the Sun away from the region of the maximum effect of y. 

2) the laser version (which includes a dual radio-frequency transponder), is more difficult 
but enables data to be obtained down to 30" of arc from the limb, and possibly nearer. The 
clock for the mission requires the same performances as a regular laboratory caesium beam 
clock. 

3. CONCLUSION 

We have seen that the experimental requirements are different for the determination of (i and 
J 2, and for the determination of y. There are three options : 

— a mission for the measurement of y only 
— a mission for the measurement of (3 and J2 only 
— a mission for the measurement of y, (3 and J2. 

Table III gives the expected errors for the different missions 4. 

TABLE III 

Mission 

1(T) 

II((3 + J2) 

III (1) 
(P+J2-T-Y) 

(2) 

(3) 

(4) 

Spacecraft composition 

Laser + clock -f 10-11 m s -2 

drag-free + dual frequency 

Dual frequency + 10-12 m s -2 

drag-free 

2 separate spacecraft identical 
to Missions I and II 

1 spacecraft : laser -+- clock 
+ lO"12 m s"2 drag-free 

Mars lander (no drag-free, dual 
frequency) 

Mars lander (no drag-free) 
4- laser -f clock 

Ay 

(3-4) x 10-4 

2 X 10-2 

(3-4) x 10"4 

(3-4) x 10-4 

(1-2) x 10-» 

2 x 10-4 

A(3 

10-1 

2 X 10-2 

1 X 10-2 

1 x 10-2 

3 X 10-2 

l x io-2 

AJ2 

(2-4) x 10'5 

(2-4) x 10'6 

(1-3) x 10-6 

(1-3) x 10~6 

2 X 10-5 

2 x 10-6 
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