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In June 1968, at the Trieste Symposium on Contemporary

Physics, Paul Dirac introduced Werner Heisenberg when he gave
i
j one of the evening lectures in the series ’’From a Life of 

Physics.” Dirac said: ”1 have the best of reasons for admiring 

Heisenberg. He and I were young research students at the same
I
time, about the same age, working on the same problem. Heisen- 

iberg succeeded where I failed. There was a large mass of spec- 

jtroscopic data accumulated at that time and Heisenberg found

the proper way of handling it. In doing so he started the gol- 

jden age of theoretical physics, and for a few years after that 

; it was easy for any second rate student to do first rate work.”

In this article I shall^discuss Dirac’s intellectual back

ground and his contributions to theoretical physics during the 

years 1924-1933J Dirac’s scientific work in this remarkable 

period, in spite of his down-to-earth modesty, shows that he 

was himself one of the principal architects of the golden age 

of theoretical physics.

I. Growing Up and Education in Bristol

Paul Adrien Maurice Dirac was born on 8 August 1902 in 

Bristol, England, the son of Charles Adrien Ladislas Dirac and 

his wife Florence Hannah Hoiten. He was the second of three
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children having an older brother and a younger sister. His 

father, who was Swiss by birth, had left home for England as a 

young man and married there. He taught French in the Merchant 

Venturer’s Secondary School in Bristol, the School in which 

Dirac also received his early education. At home, young Dirac 

followed the rule which his father had set, of talking to him 

in French in order to learn the language. Whenever Paul found 

that he could not express himself well in French, he would stay 

silent. This arrangement rather early led to a habit of reti

cence. The need for social contacts was not much emphasized in 

his home. Paul was an introvert and, being often silent and 

alone, he devoted himself to the quiet contemplation of Nature.

Dirac’s father appreciated the importance of a good educa

tion and encouraged him to study mathematics. Merchant Ventu

rer’s School in Bristol was a very good school, concentrating 

on science (mathematics, physics, and chemistry, but no biology), 

modern languages, an! a little history and geography. In con

trast to most secondary schools, Latin and the classics were 

not included in the curriculum; students intending to go to 

Oxford or Cambridge, where Latin was required for admission, 

would learn it as a separate subject. Most of the students 

going on to college from Dirac’s school would go to Bristol 

University and pursue studies in science or engineering. Dirac 

himself did not like the arts side of the curriculum and con

sidered himself lucky to have gone to this school.2 The school 

shared its buildings with the engineering college of Bristol
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University, so that it was a secondary school in the daytime 

and a technical college in the evening. As a result the labora 

tory facilities of the college were available to the school, 

and Dirac even obtained some practical experience of metal work 

In physics there were three hours a week of lectures with one 

afternoon of practical work, and the course covered Heat, Light 

and Sound. Dirac's chemistry teacher believed in teaching 

chemistry in the modern way and introduced atoms and chemical 

equations very early in the course, using atomic weights rather 

than equivalent weights right away. In most of the subjects, 

which also included courses in English, French and German, Paul 

did not go much beyond the class, with the exception of mathe

matics. Mathematics, which interested Dirac most, was divided 

into algebra, geometry, and trigonometry. He improved and ex

tended his knowledge by going thoroughly through the few books 

that were available to him. He did a lot of mathematical read

ing on his own, at a more advanced level than the rest of the 

class. He worked rather early through books on Calculus 

(Edwards) and Geometry (Hall and Knight) . Even modem methods 

of non-Euclidean geometry were pursued at the school. The 

older students were sent off rto do war work (First World War), 

leaving empty the higher classes, and Dirac had the advantage 

of being pushed into a class higher than would correspond to 

his age throughout his secondary school, thereby obtaining the 

opportunity of learning things, especially the sciences, quite 

early.
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His elder brother had studied engineering, and Paul tended 

to follow in his footsteps. On completing school at the age of 

sixteen, Dirac entered the University of Bristol as a student 

of engineering. His studies were carried on in the same build

ing as before, and even some of the teachers were the same. One 

of them, David Robertson, who had taught him physics at school 

was now his professor of electrical engineering. Robertson 

taught both theoretical and practical subjects, and under his 

influence Dirac chose to specialize in electrical engineering. 

Robertson was paralyzed from polio and had to get around in a 

wheelchair; he had organized his life very methodically and he 

impressed upon his students the same need for organization.

Dirac learned all about electrical circuits, and Robertson per

formed the calculations in such a way that mathematical beauty 

and elegance always showed up. Interestingly enough, he did 

not teach electromagnetic theory or electromagnetic waves, but 

mainly the topics of power engineering. Dirac did learn from him 

some Heaviside Calculus while working with linear differential 

equations. The emphasis was not so much on strict proofs, as on 

mathematical rules by which one could get the right results in 

some magical way.

Dirac also learned some general engineering such as the 

testing of materials, calculating stresses in structures, etc.

It was probably this training that first gave him the idea of 

a delta function. "Because when you think of loads of 

engineering structures, sometimes you have a distributed
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load and sometimes you have a concentrated load. In the two 

cases you have somewhat different equations. Essentially, the at 

tempt to unify these *wo things leads to the delta function."3’21 

At that time Dirac did not unify the treatment but he.

subconsciously felt the necessity of doing so. An important 

thing which he learned from his engineering ccurses was that 

approximations, by which one had to describe the actual situa

tion, could also yield beautiful and satisfying mathematics. 

"Previously to that I thought any kind of an approximation was 

really intolerable and one should just concentrate on exact equa

tions all the time. Then I got the idea that in the actual 

world, all of our equations are only approximate. We must just 

tend to greater and greater accuracy. In spite of the equations 

being approximate, they can be beautiful."3

The mathematicians at Bristol had learned about Dirac's 

mathematical ability from the record of his examinations at 

school. They hoped that he would specialize in mathematics, 

and they were quite disappointed when he decided to go into en

gineering.* Although he liked mathematics very much and would 

have liked to pursue it, he did not know that one could earn a 

living from pure science.5 The thought of pursuing an educa

tion in mathematics and becoming a school teacher dfd not appeal 

to him. He decided that engineering would lead to a satisfac

tory career, but he found he was also not particularly good at 

practical work and did very little experimental work ofany 

kind during his studies,6 _
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Dirac graduated from Bristol University in 1921 with a 

degree in electrical engineering at the age of nineteen. His 

father sent him to Cambridge to try for a scholarship. It was 

too late for an open scholarship, but on the basis of an exami

nation he was offered a scholarship of £70 per annum at St. 

John's College.. This sum was not enough to support him in 

Cambridge, and Dirac stayed on in Bristol with his parents. He 

looked around for a job in engineering, but there was a depres

sion on at that time and he could not find one. David Robertson 

suggested to him that instead of waiting around he should do 

some research work in engineering and gave him a problem on stro 

boscopes. A few weeks later, however, the mathematics depart

ment ct Bristol offered Dirac free tuition to study mathematics, 

which he did for the following two years. The course in mathe

matics at Bristol University normally lasted three years, but 

with his previous training they let him off one.year. During the 

first year Dirac studied both pure and applied mathematics, and 

in the second year he had to specialize in one of the two.

Dirac and a Miss Dent were the only two students in the honours 

course in mathematics . Miss Dent was quite determined to pursue 

applied mathematics, and in order that the mathematical faculty 

should not have to give two sets of courses, Dirac also decided 

on applied mathematics. This was his way back to science, and 

he never looked for a job in engineering again. The choice had 

been made for him I

In mathematics at Bristol Dirac came under the influence 

of his teachers Peter Fraser and H.R. Hassd.7 Hasse taught



applied mathematics, and Fraser lectured on pure mathematics. 

Fraser introduced him to ideas of mathematical rigour and made 

the subject really attractive. Besides teaching projective geo

metry, which Dirac found very interesting, Fraser gave rigorous 

proofs in differential and integral calculus. This was a new 

experience for Dirac, because he felt, and still does today, 

that when one is confident that a certain method gives the right 

answer, one does not have to bother with mathematical rigour. 

Fraser emphasized the geometrical approach to mathematical think

ing. Dirac learned much algebra on his own, even reading about 

quaternions.8 Most people would accept that Dirac has shown 

great ability as an algebraist in his work, but Dirac has al

ways maintained that his own thinking about physical problems 

is largely '’geometrical.”

Besides mathemrtics, Dirac had been interested in the 

theory of relativity since his days as a student of engineering. 

At the end of World War I in 1918, the theory of relativity pro

duced great general excitement, and newspapers and magazines 

were full of articles on it. In those days Dirac himself 

thought about space and time and how they might be connected.

He thought that one might have to rotate space and time axes to

gether, but since at that time he knew only Euclidean space, he 

had to give up the problem. While still in school in Bristol
z ■.

Dirac attended the lectures on relativity of the philosopher
I

C.D. Broad. Broad’s lectures were more philosophical tifran 

mathematical, and Dirac learned the details from A.S. Eddington’s
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Space, Time and Gravitation.9 DiTac learned special and general 

relativity simultaneously on his own, and his geometrical think

ing helped him in appreciating the ideas.

As a student, Dirac also took some interest in philosophy 

and logic. He obtained a copy of John Stuart Mill’s Logic from 

the library and read it through. At that time he thought that 

philosophy was perhaps important, but later on he decided that 

it ’’will never lead to important discoveries. It is just a way 

of thinking about discoveries which have already been made.”10

During all his growing up and education in Bristol, Dirac 

lived at home with his parents and, but for the two years when he 

studied in the mathematics department, he attended school and 

college in the same building. David Robertson and Peter Fraser, 

who appreciated his gifts, invited him to their homes now and 

then. During his engineering course in 1920, Dirac worked 

for about two months in -the long vacation ^at the

British Thompson-Houston Works in Rugby. He obtained some 

practical experience, but it was not very satisfactory. This 

was his first stay away from home. Thereafter he went on to 

Cambridge and became, within a few years, one of the world’s 

greatest physicists.

II. Student in Cambridge

Dirac arrived in Cambridge as a research student in the 

autumn of 1923. A grant from the Department of Scientific and 

Industrial Research for work in higher mathematics, together
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with the 1851 Exhibition Studentship which he had won two years 

earlier, made it possible for Dirac to support himself in Cam

bridge. He had done well in his mathematical studies in Bristol, 

but he did not know the standards of Cambridge; and he was not 

yet sure whether he would be good enough for teaching in a uni

versity.

Although Dirac had been admitted to St. John's College, he

did not obtain immediate residence there as there were not

enough rooms in the college.11 His private lodgings were often

cold, and he used to work in the libraries. Several libraries,

were available in Cambridge for his use: the library of the

Cambridge Philosophical Society, the University Library, the

library of St. John's College, and the small library at the

Cavendish Laboratory. In these libraries, especially at the

Cavendish, it was possible to work undisturbed at a table for a

whole morning. Dirac also found the libraries useful because

he always relied more on his own reading for precise and de
I, _

tailed information than on lectures where he just got general 

ideas.12

A subject which he studied intensively in the early days 

at Cambridge was Hamiltonian methods. He used Whittaker's 

Analytical Dynamics.13 The action-angle variables were consi

dered very important in the early 1920's in the problem of the 

description of non-periodic motions, as great progress had been 

obtained with their use earlier in the Bohr-Sommerfeld quanti

zation of multiply periodic systems. Dirac had not heard of
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Bohr’s theory of the atom at all in Bristol, as he was there in 

mathematics and did not have any contact with the physicists; 

also, applied mathematics, which he studied, did not go much 

beyond potential theory and did not include the Bohr theory of 

the atom. In fact, Dirac got the impression that the mathema

tics courses in Cambridge were considerably more advanced than 

the ones he had ijiJ&xistoT; not only the level was higher, but 

new subjects like thermodynamics and the statistical mechanics 

of Gibbs were also treated.

Dirac had hoped that E. Cunningham, who worked in electro

magnetic theory, would become his research supervisor. He had 

known him since his examination for the Exhibition in 1921, and 

Dirac thought that electromagnetic theory was the subject he 

might work on. For some reason Cunningham could not accept him, 

and he was assigned to R.H. Fowler.1 Dirac would see Fowler 

about once a week and discuss scientific problems with him. 

Fowler was interested in atomic physics and statistical mecha

nics at that time, and he immediately put Dirac to work on the 

problem of dissociation under a temperature gradient, giving 

him the necessary literature to read and suggesting what lec

tures he might attend.

It was in Fowler’s lectures on quantum theory that 

Dirac first learned about the Bohr atom; it was also from 

Fowler that he learned statistical mechanics, including the 

Boltzmann equation. He did not much appreciate the latter 

because the most important concept in it, the collision 

term, was "not explained very well." Dirac preferred the
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approach of Gibbs. In any case, Dirac published a paper on sta

tistical mechanics in the Proceedings of the Royal Society, deal

ing with the conditions of statistical equilibrium between atoms, 

electrons and radiation.[4] It grew out of the problems which Dirac 

found suggestive in the lectures of R.H. Fowler and J.E. Jones (who 

later changed his name to Lennard-Jones, on marrying a Miss Lennard).

Like all theoretical physicists in Cambridge, such as 

Cunningham and I.ennard-Jones, Fowler belonged in the mathematics 

department, whereas experimental physics belonged to physics or 

experimental philosophy. Administratively there was a close connec

tion between pure and applied mathematics, and theoretical phy

sics came under the latter. The students in mathematics or 

theoretical physics remained together for a long time, specia

lizing only very late in the curriculum. Theory and experiment 

in physics were rather separate fields in Cambridge. However, 

Fowler’s closeness to Rutherford affected their students, and 

Dirac, for instance, would go to the experimental colloquia at 

the Cavendish. There even existed a club, the ”V2V Club,” 

which consisted jointly of experimental and theoretical people.

At the Cavendish theoreticians and experimentalists met fre

quently to listen to distinguished speakers such as Niels Bohr.15 

The separation of the specialties applied essentially to the 

undergraduates, and it was Fowler who bridged the gap.

Fowler’s influence was very stimulating, and he was really 

the center of quantum theory in Cambridge. He was very excited 

with it, and his excitement was infectious. He often visited
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Niels Bohr’s institute in Copenhagen and brought back news from 

there. On the experimental side, Rutherford dominated the 

Cavendish, where he had become Sir J.J. Thomson’s successor in 

1919. With brilliant students and collaborators such as J. 

Chadwick, J. Cockroft, M. Oliphant, Rutherford had given the 

Cavendish a new dimension and created a school of experimental 

physics, which for a long time, was far ahead of theory. It 

is remarkable that Paul Dirac, who knew Rutherford so well, never 

did work in the theory of nuclear phenomena.

When Dirac first arrived in Cambridge, Sir J.J. Thomson 

was still around, and he saw him occasionally at the Cavendish.16 

More often did he see Sir Joseph Larmor, Lucasian Professor of 

Mathematics in Cambridge. This chair was first occupied by 

Newton, and Dirac would inherit it from Larmor nine years after 

his arrival in Cambridge. E. Cunningham introduced Dirac to 

classical electromagnetic theory, and J.E. Lennard-Jones ac

quainted him with statistical mechanics in greater detail. E.A. 

Milne, who worked on relativity and astrophysics, became Dirac’s 

supervisor during a term when Fowler was away in Copenhagen.

With his new acquaintances and experiences, Dirac’s scientific 

horizon was already greatly enlarged in his first year at 

Cambridge•

Among the great men around in Cambridge in those days was 

Arthur Eddington who had introduced Einstein’s theory of rela

tivity to England. Eddington had succeeded Sir George Darwin
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as Plumian Professor of Astronomy and Experimental Philosophy 

in 1913. In 1918 he had prepared for the Physical Society a 

Report on the Relativity Theory of Gravitation, and in order to 

test the predictions of Einstein's general relativity he had 

led, in 1919, the successful and famous Solar Eclipse Expedition 

which had created tremendous effect on the public. Eddington 

was famous for his investigations of the internal structure, 

motion, and evolution of stars. Dirac had read his book Space, 

Time and Gravitation in Bristol, and his new book Mathematical 

Theory of Relativity made its appearance when Dirac came to 

Cambridge.17 Eddington influenced Dirac, and was later himself 

influenced by Dirac when the wave equation of the electron 

showed that relativity could be included in the new quantum me

chanics. Like Einstein, Eddington searched for a unified theory 

which would explain the fine structure constant and the proton- 

electron mass ratio. He sought to connect cosmological quanti

ties such as the radius of the universe with quantum concepts.

Dirac kept up his interest in geometry at Cambridge, and 

in the early days there he took Max Newman's course on the geo

metrical aspects of general relativity. He would often attend 

the Saturday tea parties given by Henry Baker, Lowndean Pro

fessor of Astronomy and Geometry in Cambridge, for people who 

were keen on geometry and Dirac would contribute to the discus

sions.18 It had become very popular at that time to work with 

four dimensions and projective geometry was preferred to metri

cal geometry.19 Dirac kept up with mathematics only to the ex

tent that he needed it for his own research.



-14 -

On the whole, Dirac’s nature and habits did not change 

very much in Cambridge and his schedule remained simple. During 

the week he would attend four or five lectures.20 His scien

tific problems, at least in the early period, he discussed only 

with his supervisor. Only rarely would he see other research 

students, except at dinner in the evening. Morning and evening 

were devoted to studying, with short walks in the afternoon. 

Occasionally he was invited to tea. He read very little litera

ture and never went to the theatre.21 He preferred solitude 

for work and contemplation, often going for long walks. Every 

Sunday he would go for a whole day’s walk, taking his lunch with 

him.22 He would not intentionally think about his work during 

those walks, although he might review it now and then. Often 

new ideas would come to him, and it was on one of these long 

walks on a Sunday that it occurred to him that the commutators 

might correspond to the Poisson brackets in classical physics.23

III. Brief Apprenticeship in Research

Dirac’s first publications as a research student were in 

thermodynamics and statistical mechanics, relativity and the 

old quantum theory. The topics he chose reflected to some ex

tent the influence of his supervisors, R.H. Fowler and E.A. Milne 

Fowler had become interested in statistical mechanics and in 

1922, with Charles Darwin, he had started work on the energy 

partition and developed the method of steepest descents. He ap

plied this method to ensembles in dissociative equilibrium, and
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proved the validity of M.N. Saha's dissociation formula for 

ionization at high temperatures.21* Later on, he applied this 

theory to stellar atmospheres.25 Dirac had been his student 

for only about six months when, on 3 March 1924, his paper on 

“Dissociation under a Temperature Gradient” was communicated by 

Fowler to the Proceedings of the Cambridge Philosophical Society 

[1J. The problem which Dirac had studied was the spatial change 

of the dissociation equilibrium, in the presence of a tempera

ture gradient, of a gas consisting of molecules (say hydrogen) 

which can “decay” into two similar molecules (atomic hydrogen).

By considering the equations of kinetic equilibrium, Dirac cal

culated a measurable change in the concentrations when the 

temperature gradient is applied at the ends of a tube contain

ing the reacting partners. Another paper by Dirac on statisti

cal equilibrium, the subject of which had grown out of the lec

tures of Fowler and Lennard-Jones, was communicated by Ruther

ford to the Proceedings of the Royal Society.[4126 It treated 

the detailed balance between atoms, electrons and radiation, and 

had an astrophysical application.27 Using the main physical as

sumption that all atomic processes are reversible, Dirac employed 

the methods of statistical mechanics and relativistic kinematics 

to give the general treatment of a problem which Einstein and 

Ehrenfest had treated a year before.28 He concluded that the 

temperature dependence on the reaction constant follows Van't 

Hoff's isochore law in relativistic systems alsc. Finally, 

using his formulae, Dirac calculated the ionization of a
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monatomic gas in statistical equilibrium obtaining both Saha's 

formula and its generalization by Fowler.29

Dirac wrote two papers when he worked with Milne during 

Fowler's visit to Copenhagen for a term. In the first of these, 

which was communicated by Eddington to the Philosophical Maga

zine [2], Dirac treated a problem which had only been partially 

solved in Eddington's Mathematical Theory of Relativity, namely 

the identity of "kinematic" and "dynamical" velocity of a single 

particle of arbitrary shape.30 If the kinematic velocity of 

the particle vanishes, that is, all the space coordinates are 

constant in time, then all components of the energy momentum 

tensor Twv are continuous, except the double time-like ones, on 

the surface of the tube occupied by the particle. Since they 

vanish inside the particle, the dynamical velocity is also zero.

In the second paper, which Milne communicated to the 

Monthly Notices of the Royal Astronomical Society in May 1925, 

Dirac worked out the Compton scattering by free electrons mov

ing in stellar atmospheres.[6] Compton had tried to explain 

the observed displacement of absorption lines toward the red end 

of the spectrum near the limb of the sun.31 Dirac now calcula

ted explicitly the Doppler effect due to thermal motion of the 

electrons and the reduction of the average wavelength of the 

scattered radiation, which is produced by the fact that the in

cident radiation is more intense relative to electrons moving 

towards it. He concluded that the observations could not be 

explained in this way.32
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In three papers, published in the Procee dings of the Royal 

Society and of the Cambridge Philosophical Society, Dirac dealt 

with the problems of the old quantum theory which was soon to be 

replaced by the new mechanics. On starting his work under 

Fowler, Dirac had learned about the atomic and quantum theories 

from A. Sommerfeld’s Atombau und Spektr allinien,33 and in short 

order he read most of the papers on quantum theory31* from the 

journals, the principal ones of which in those days were the 

Proceedings of the Royal Society, Annalen der Physik, and Zeit- 

schrift fur Physik.35 Quantum theory, around 1924, was in a 

state of flux and imminent change. One had the partially suc

cessful Bohr-Sommerfeld quantization method, which had arisen 

from a generalization of Bohr’s original ideas and allowed one 

to treat systems of many degrees of freedom to a certain extent. 

In Sommerfeld’s work the Hamilton-Jacobi theory played an im

portant role, which Dirac studied from Whittaker’s Analytical Dy 

namics. The important theoretical guiding principles of the 

day were Ehrenfest’s Adiabatic Principle and Bohr’s Correspon

dence Principle, which many thought would provide a clue to the 

new theory.36

In the early 1920’s Louis de Broglie published his first 

papers in the Comptes Rendus de 1*Academie des Sciences of 

Paris. In late 1923, Fowler was persuaded to communicate a re

port summarizing de Broglie’s work to the Philosophical Maga

zine .37 De Broglie’s work dealt with Bohr orbits, statistical 

mechanics, and light quanta, which he treated as particles
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having a very small mass, and his principal result was the pre

diction of wave properties for all material particles.38 Dirac 

had most probably read dc Broglie's papers, but he did not refer 

to them.39

In his first paper on the old quantum theory Dirac tried 

to relate the Doppler principle to Bohr's frequency condition.[3] 

Schrddinger had derived, on the basis of Einstein's light 

quantum hypothesis and the assumption that Bohr's frequency con

dition holds for all frames of reference, a "generalized” Dop

pler principle, by which he could express the frequency in the 

new frame of reference.k0Starting from Schrddinger's result, Dirac 

simplified his expression to the form of a usual Doppler term and 

gave a new derivation of it on the basis of a relativistic ge

neralization of the frequency to a frequency vector., which is pro

portional to the derivative of a phase angle 0 with respect to the 

space-time coordinate.1*1 This work is typical of Dirac's early 

papers, and reflects the way in which he found his subjects for 

research. During his reading he discovered the possibility of 

improving certain results. He often took a widely discussed 

problem from the current literature, and by criticizing and 

extending the treatment put it on a firmer basis than before.

This was the only way of approaching the problems of physics he 

knew at that time, and it is quite remarkable how fast his edu

cation was completed.1*2 In his later publications he added 

the feature of giving long introductory sections in which he 

reported what had been done previously on a given problem 

either by others or himself, and he never tired of improving 

the logical ordev* of presentations. This was meant as much
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to help the reader, especially if he did not have previous know

ledge of the subject, as to satisfy Dirac’s own logical and 

aesthetic needs.

In his note on ’’The Adiabatic Invariance of the Quantum 

Integrals”[5], the first of two papers on the adiabatic princi

ple, Dirac proceeded on the basis of the results obtained by 

J.M. Burgers, a student of Ekrenfest’s, who had shown that one 

could deduce from classical laws the invariance of quantum inte

grals in adiabatic changes.1*3 The only condition was that there 

should exist no linear relation between the frequencies of the 

system with integral coefficients, because then the abundant
, I

integrals could be expressed by the others. Dirac first extended 

Burgers’ equations of adiabatic motion to general adiabatic, that 

is infinitely slow and regular, changes; he then derived the 

general condition for adiabatic invariance. Dirac obtained a 

very simple condition, consistent with the selection rules, under 

which the related quantum integrals were adiabatically invariant: 

the ratio of frequencies had to be different from the ratio of 

derivatives of the same frequencies with respect to the adiaba

tic parameter. His paper on adiabatic invariants showed the 

great progress Dirac had made in his first Cambridge year. He 

had learned how to handle rather complicated periodic systems 

with the elegant tools of the Hamilton-Jacobi theory.1*1* In a 

second contribution he studied the effect of an adiabatically 

varying magnetic field on an atomic system.[7] The magnetic 

field exerts forces on the electron which depend on its velocity,

!
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and the change in the Hamiltonian with respect to the free

Hamiltonian H is given by

H - H0+ Z=c W P* • (1)

where is the component of the resultant angular momentum of 

the system in the direction of the field H. The second term be

ing a constant of motion, the quantum integrals continue to be 

given by the same functions of position and momentum variables; 

however, the momentum variable changes to

p = mq - [if « curl A] (2)

If the field H changes adiabatically, only a small term would 

be added to the Hamiltonian H, arising from the electric field 

that would be generated. However, Dirac also proved the adia

batic invariance under the action of a rapidly changing magnetic 

field which is symmetrical about an axis through the nucleus of 

an atom.

These papers of Dirac, before the advent of quantum me

chanics, show his desperate attempt to obtain the new quantum 

theory from the adiabatic hypothesis. He also tried to introduce 

action-angle variables into systems which are not multiply -periodic, 

such as the helium atom. "It seemed to me at that time that 

that was the only way in which one could develop quantum 

theory.,tU5 Even when, following the work of Heisenberg, he 

started contributing to the new theory, some of his old concepts 

had still not lost their appeal for Dirac. In no small measure 

on account of Fowler's influence, the problems of quantum
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theory had become central to Dirac’s interests quite early. The 

questions of quantum theory were considered important by Fowler, 

Rutherford, and their closely knit groups of students.1*6 The 

quantum problem was often discussed in the mathematics societies 

of various Cambridge colleges, and in academic clubs such as 

the V2V Club and the Kapitza Club.1*7 Dirac’s early papers re

flect his complete familiarity with the continental work on quan 

turn theory and all that was considered important, especially in 

Copenhagen.

In the beginning Fowler had to exert pressure on Dirac to 

write up his work for publication. Words did not come easily 

to him, and he started making two or three successive drafts 

from very rough notes until he was satisfied. Strangely, it was 

from his early lack of desire for writing that Dirac developed 

his precise and concise style of communication into a model of 

linguistic and technical accuracy. He would always work out 

his ideas pretty well in his mind before writing, making only 

the final changes in the course of writing. He would not dis

cuss his results or show them to anybody before they were fully 

fixed in his mind and written up. And then he did not like 

changes I**8 Fowler would suggest to him where to send his papers 

the more important ones going to the Proceedings of the Royal 

Society. The Proceedings of the Cambridge Philosophical So

ciety had a high standing and were widely read, and Dirac pub-, 

lished there also. Dirac worked on numerous other problems 

as well that he did not publish .*9
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Later on when P. Kapitza and Dirac became close friends, 

Kapitza persuaded him to take up some experimental work. Dirac 

had the idea that the rotation of gases at high speeds might be 

used for the separation of isotopes. Using his apparatus he 

got ”a negligible amount of separation,” but he discovered a 

’’thermal” effect in the process. This effect consisted in the 

fact that when the gas was pumped through one pipe which 

branched into two others, then the gas came out of the two pipes 

at widely different temperatures; the cause for this effect be

ing the viscosity of the gas, by which energy from the inner 

layers of the gas in the first pipe was transferred to the outer 

layers, and one could separate the layers of gas of different 

temperatures by the arrangement of the two pipes. The work on 

isotope separation stopped when Kapitza returned to Russia in 

1934,, as Dirac did not have enough enthusiasm to carry on with

out him. Nothing more happened to this work until the Second 

World War, when the subject was taken up again with some modi

fied apparatus at Oxford.50 Even then it was not done on a 

major scale, as it could not compete with the diffusion method.

A joint paper of Dirac and Kapitza [36] refers to another 
experiment which they attempted to perform. They discussed the 
theoretical possibility of obtaining electron diffraction from 
a grating of standing light waves, but their experiment could 
not be performed with continuous light sources, the intensity 
being too low, and they proposed using an intense mercury arc 
source. However, Dirac never worked further on that experiment;
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liis experiment on the separation of isotopes remained his only 

experimental work as well as his only work, theoretical or ex

perimental, which had some connection with nuclear physics.

IV. Quantum Mechanics

On July 28, 1925 W. Heisenberg spoke on the jungle of 

problems of the old quantum theory in a seminar entitled "Term 

Zoology and Zeeman Botany" in Cambridge at the 94th Meeting of 

the Kapitza Club.51 In private conversations Heisenberg also 

explained his ideas and results on quantum mechanics, which he 

had obtained a few weeks before his appearance in Cambridge, 

which were contained in his forthcoming paper on "Quantum- 

Theoretical Re-Interpretation of Kinematic and Mechanic Rela

tions."52 Fowler had most probably been present at Heisenberg's 

seminar and asked him to send him the proof sheets of his paper.53 

In this paper, which laid the foundation of quantum mechanics, 

Heisenberg had derived a new rule for quantization by consider

ing only those quantities which could be "controlled in princi

ple," that is, were measurable; as such he considered the Fourier 

coefficients describing the position and the corresponding mo

mentum of a periodic (multiply periodic) system. Arranging these 

coefficients in quadratic schemes and using the Thomas-Kuhn sum 

rule, Heisenberg had derived a formal multiplication rule. From 

it he calculated the energy states of the harmonic and a slightly 

anharmonic oscillator, and the rotator, and provided the funda

mental basis of various successful rules which had been obtained 

earlier by guessing from the spectral data.
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Dirac most probably attended Heisenberg’s seminar, and he 

himself gave a talk in the Kapitza Club one week later. "I did 

not hear anything about Heisenberg's matrices, until 1 got a copy 

of the proofs from Fowler."1*7 Fowler had received the proof- 

sheets of Heisenberg's paper at the beginning of September

1925, found the thing interesting, but was a bit uncertain about 
it and wanted to know what Dirac's reaction would be. Says 

Dirac, "I have often tried to recall my earlier reaction [to 

Heisenberg's paper] but 1 cannot remember what it was. I sup

pose it was just some disparity between that and the Hamiltonian 

formalism. I was so impressed then with the Hamiltonian forma

lism as the basis of atomic physics, that I thought anything not 

connected with it would not be much good. I thought there was 

not much in it [Heisenberg's paper] and I put it aside for a 

week or so."3»22 Dirac first had the impression that Heisenberg 

was preserving more of the old theoretical structure than he was 

actually doing.511 However, "I went back to it [Heisenberg's 

paper] lateT, and suddenly it became cleaT to me that it was the 

real thing."3>22 Heisenberg's idea had provided the key to the 

"whole mystery." During the following weeks Dirac tried to con

nect Heisenberg's matrices to the action-angle variables of the 

Hamilton-Jacobi theory. "I worked on it intensively starting 

from September 1925. 1 think it was just a matter of weeks be

fore I got this idea of the Poisson brackets. During a long 
walk on a Sunday it occurred to me that the commutator might be 
the analogue of the Poisson bracket, but I did not know very
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well what a Poisson bracket was then. I had just read a bit 

about it, and forgotten most of what I had read. I wanted to 

check up on this idea, but I could not do so because I did not 

have any book at home which gave Poisson brackets, and all the 

libraries were closed. So, I just had to wait impatiently un

til Monday morning when the libraries were open and check on 

what Poisson bracket really was. Then 1 found that they would 

fit, but I had one impatient night of waiting.*'55

From the very beginning Dirac’s clarification of the re

lationship between Heisenberg's variables and the classical 

variables made the formulation look more classical, and at the 

same time it very cleanly isolated the small point at which the 

reformulation had to make a break with the classical theory.

From the quantum conditions expressed in angular variables Dirac 

found the correspondence between Heisenberg’s commutation brackets 

and the classical Poisson brackets for the variables X and Y

3X 3Y 3Y 3X C3)XY - YX - iM J <i »Pr 3qr 3pr

where qT and pr can be regarded as the action-angle variables 

o>r and J?. Dirac was now safely back on Hamiltonian ground, 

and he showed his new results to Fowler who fully appreciated 

their import ince. Fowler knew what was going on in Copenhagen 

and Gbttingen and realized that there would be competition from 

these places. He thought that the results obtained in Eng

land in this field had to be published at once, and urged the 

Proceedings of the Royal Society to give immediate priority to
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the publication of Dirac’s paper on "The Fundamental Equations 

of Quantum Mechanics.”[8]56

In his fundamental paper Dirac rirst gave a summary of 

Heisenberg's ideas, simplifying the mathematics and making it 

more elegant, in a manner similar to what Born and Jordan did in

dependently.57 He developed a quantum algebra, introducing the 

sum and product of two quantities, the reciprocal and the square 

root. Turning to "quantum differentiation," Dirac obtained a re

lation between the derivative of a quantity and its commutator with 

another quantity. From this he found the key to the relationship 

of the quantum commutator with classical theory, as expressed in 

Eq. (3). He could now use all the apparatus of classical theory, 

especially taking it for granted that the commutators were con

sistent with the equations of motion. "The correspondence between 

the quantum and classical theories lies not so much in the limit

ing agreement when h * 0, as in the fact that the mathematical 

operations in the two theories obey in many cases the same law."58 

He immediately derived Heisenberg's quantization rules and obtained 

the canonical equations of motion for quantum systems.59 Finally, 

in the same paper, Dirac introduced an early form of creation and 

annihilation operators, pointing out their analogues in clas

sical theory.

Dirac quickly followed this paper by another a few 

weeks later.[9] In it he developed the algebraic laws govern

ing the dynamical variables, the algebra of "q-numbers" as he 

now called the dynamical variables which satisfy all rules of
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normal numbers except that their product is not necessarily com

mutative. The non-commutativity of the product leads to some 

difficulties, for instance in defining the derivative. In order
l

to relate q-numbers to the results of experiments, one has to 

represent them by c-numbers (normal numbers). For instance, 

the q-number X has to be represented by the Fourier terms x(n,m) 

exp iu(nm)t, where x(nm) and w(nm) are c-numbers.60 Dirac drew 

further conclusions from the Poisson brackets for more general 

commutators, and defined the conditions under which a set of 

variables is canonical. Any set of canonical variables Q and P 

is related to another one by a transformation, but at that time 

he did not attribute any great importance to this transforma

tion.61 He gave detailed theorems on the operations with q- 

numbers, and applied the rules he had obtained to multiply pe

riodic systems in close analogy with the old quantum rules.

Dirac's aim was to apply his scheme to the hydrogen atom.

He wrote its Hamiltonian by simply replacing position and momen
tum variables in the classical Hamiltonian by q-numbers, and 
proceeded to obtain the Balmer formula.62 This paper was an 
important step forward because it showed that one could work 
with the formal scheme developed by Dirac earlier, getting re
suits which were closely related to experiments.63 Dirac did 
not go as far as Pauli in completing the calculation on the hy
drogen atom, but it was also not necessary because it could be 

done along the lines indicated by Pauli; Dirac had seen an ac
count of Pauli's work and referred to it in a footnote in his
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paper. Dirac had used the example of the hydrogen atom to em

phasize the relationship and the difference between classical 

theory and quantum theory; without this application his work 

appeared to be rather formal and symbolic.66

In his next paper, submitted in late March 1926, Dirac pur

sued the question of dynamical variables in quantum theory still 

further.[10]6u This was the same question which had been asked 

after Bohr’s work on the hydrogen atom, and only a few hints as 

to an answer had been suggested in the work of Sommerfeld, Ein

stein, Planck, Schwarzschild, Epstein and Ehrenfest in the fol

lowing decade.65 The question was: What are the independent 

canonical variables when one has to treat an atomic system with 

several electrons in a central force field? Dirac worked out 

this problem in close analogy with the corresponding classical 

one, by expressing the ’’geometrical” relations satisfied by the 

classical variables in analytic form and then obtaining the 

quantum variables which satisfy the same algebraic relations, of 

course replacing the classical Poisson brackets by quantum 

brackets.66 From his calculations the various features of the 

splitting and the intensities of spectral lines in a magnetic 

field (including anomalous Zeeman effect) could be obtained in 

agreement with the experiment.

In a note read to the Cambridge Philosophical Society on 

July 26, 1926, Dirac summarized the properties of the functions 

of q-numbers.[13] Non-commutative algebra was a strange idea 

in those days, although it should not have been so because the 

quaternions had exsted for a long time and the matrix calculus,
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certainly in mathematics, was used widely. In the beginning,

Dirac himself did not quite realize that his q-number algebra 

was exactly equivalent to matrix algebra. After all, he did not 

like Heisenberg’s matrix algebra too much.67 Dirac’s approach 

using q-numbers seemed to him to be different from the rules 

Heisenberg had used in his first paper, as well as from the ap

proach of Bom and Jordan employing representations by matrices, 

taking the matrices themselves as fundamental. He realized that 

the most important thing was the non-commutation, which had bo

thered Heisenberg very much in the beginning.68 The mathemati

cians, of course, knew about matrix problems as well as the ge

neralized concept of linear operators. The latter theory had been 

developed mainly by D. Hilbert, but Dirac independently redis

covered those aspects of it which he needed for his work. The 

mathematicians sought to obtain higher standards of rigour and 

were very concerned with detailed theorems of convergence and 

existence, things which did not appeal to Dirac very much.69 

It is remarkable that Dirac followed his own mathematical route 

quite independently. He had started with the Hamilton-Jacobi 

action-angle theory and seen that attempts based on it would not 

lead to a satisfactory solution to atomic problems. A new rule 

had to be introduced, which he found in the concept of q-numbers 

and their algebra. "I could turn to algebra when I had the 

basic ideas given. But to get the new basic ideas I worked geo

metrically. Once the ideas are established, one can put them 

into algebraic form and one can proceed to deduce consequences2 x
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In the theory of the hydrogen spectrum, working ’’geometrically” 

meant that, given, the action scheme and the classical problem, 

one could turn to the quantum problem by replacing ordinary c- 

numbers by q-numbers.

It is readily seen from this sequence of papers that Dirac 

worked veTy hard and with great concentration. In 1926, during 

this period of astonishing creativity, Dirac also completed his 

Ph.D. at Cambridge with a thesis on the principles of quantum 

mechanics.[12]70 He gave lectures on the new theory, including 

talks to the Kapitza Club and the v2V Club to which he had been 

elected, finding it easier and more instructive to talk about 

things which he had just learned "than after a number of years, 

because you still remember where the difficulties are."3

V. Completion of the Scheme

E. Schrodinger’s paper on "Quantization as an Eigenvalue 

Problem," the first of a series of papers that followed in 

quick succession establishing the framework of wave mechanics, 

was received by the editor of Annalen der Physik on 27 January 

1926.71 Schrodinger had constructed^ a theory which, at first 

sight, seemed to be quite different from the sdiemes developed in 

Gottingen and Cambridge. Based on the ideas of de Broglie72, 

his theory employed a wave function for which he wrote down a 

linear equation, imposing certain boundary conditions. Schro

dinger succeeded in reproducing the calculation for the spec

trum of hydrogen in about three pages.73 The great physicists
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in Berlin, M. Planck, A. Einstein, and M. v. Laue, were very 

happy with Schrodinger’s work because in it one could use 

continuous functions throughout, and one did not have to 

rely on the ’’nasty and ugly” matrix mechanics and the "compli

cated” and apparently ’’self-contradictory” philosophy of N.

Bohr.71* Besides, Schrodinger’s calculations provided an easy 

interpretation in terms of classical concepts which the Gottingen 

people sought to avoid altogether. Just a little later, however, 

Schrodinger himself gave a proof that Heisenberg’s matrix equa

tions could be replaced by his differential equations, showing 

the equivalence of the two schemes with respect to the results 

they yielded.75

Since DiTac had developed ”a good scheme” of his own and 

was pursuing its consequences, he was ’’delayed” in reading Schro-. 

dinger’s first article. When he finally did study it, he was a 

trifle annoyed because he now had to learn about another method 

which obviously also worked well.76 In contrast to the people 

at Gottingen, however, whose first reaction was that Schrodinger’s 

wave function could not have any real physical meaning, Dirac 

had no ’’philosophical” prejudice against it.77 Writing on "The 

Theory of Quantum Mechanics” in August 1926, Dirac referred to 

Schrodinger’s work.[141 He first mentioned the results which 

he had obtained earlier in attempting to solve the many-electron 

problem. [10] There the difficulty had arisen in finding a suitable 

set of "uniformizing" dynamical variables; it was connected with 

the existence of an exchange phenomenon, noted for the first
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time by W. Heisenberg, arising from the fact that electrons are 

not distinguishable from each other.78

As was customary with him, Dirac first recast Schrodinger's 

theory in his own formalism. He noted the fact that, just as 

one might consider p and q as dynamical variables, one should 

also consider the negative energy -E and the time as variables 

corresponding to the differential relations

Pr ’ *iW 55“ ’ 3,14 *E " "iM Tt * (4)
Hr

He had already introduced this step a few months earlier in a 

paper on "Relativity Quantum Mechanics with an Application to 

Compton Scattering," where he talked about "quantum time" with 

a view to introducing relativity into quantum mechanics.[11]79 

From Eq. (4) he drew two consequences: first, that only rational 

integral functions of E and p have meaning; second, that one 

cannot multiply, in general, an equation containing the p's and 

E by a factor from the right-hand side. Dirac then rewrote the 

Schrodinger equation in the form

F(Qr»Pr»t,E)4» « [H(qr,pr,t) -E]« 0 , (5)

remarking that Heisenberg's original quantum mechanics follows 

from a special choice of the eigenfunctions.80

In Section 4 of the same paper [14] dealing with the Schro

dinger equation, Dirac proceeded to make another very important 

contribution by giving a general treatment of systems containing 

several identical particles. Dirac said that if there is a system 

with say twe electrons, and one considers two states (mn) or more
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accurately (m(l),n(2)) and (m(2) ,n(l)), which are distinguished 

only by the fact that in the second state the two electrons 

have been interchanged, then according to his and Heisenberg's 

scheme, one has to count the two states as one.81 With this 

counting procedure, however, one cannot easily describe func

tions which are anti-symmetrical in the electron coordinates. 

The general expression for the two particle eigenfunction is

^mn " amn * ^mn

There exist, however, only two choices for the coefficients a 

and b. Either

(7)symmetrical case (Bose- 
Einstein statistics) ,mn

or

a.mn -bmn anti-symmetrical case 
(Fermi-Dirac statistics).

(8)

The latter case follows from Pauli's Exclusion Principle which 

holds for the electrons.82 He then went on to consider gases 

of free particles in a volume V, obeying either Bose-Einstein 

statistics or the statistics deduced from the Exclusion Princi

ple. For the number Ng of particles in the s-th set (having the 

same energy E$), he derived

N

where
As - ZnVCZm)3/^1^2 dE

(2»X) (9)

and a is related to the density.83
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Dirac’s recognition of the new statistics was antedated by 
the work of E. Fermi, who had obtained the same results several 
months earlier. "I had read Fermi's paper about Fermi statis
tics and forgotten it completely. When I wrote up my work on 
the anti-symmetric wave functions, 1 just did not refer to it 
at all. Then Fermi wrote and told me and I remembered that I 
had previously read about it."3*81* At the time when Dirac read 
Fermi's paper, it did not strike him as being important and it 
completely slipped his mind. A few months later he rediscovered 
that result, and the new statistics has since then been called 

"Fermi-Dirac statistics." In his work, Dirac went beyond Fermi and 
linked the two statistics to the symmetry properties of the eigen
functions. This was a most important point which had to do with 
a deeper discussion of the problem of identical particles. Dirac 
had not pondered abjut the statistics until this problem became 
"pretty obvious" to him.85 When he saw the problem, however, he 
immediately found the solution. In all this, the Schrodinger func
tion obviously helped him a lot and automatically led him to con
sider the symmetry properties of a function describing several 
identical particles. Another important factor in his new consi
derations, the Exclusion Principle, had also not concerned him 
before at all, but when he had to decide the question whether a 

wavefunction is symmetric or anti-symmetric in the exchange of two 
electron coordinates he reminded himself of Pauli's rule.
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Still continuing this marvellous paper [14], Dirac developed 
the time-dependent perturbation theory of wave mechanics, in
dependently of Schrodinger.86 He applied it to an atonic sys
tem, considering the radiation field as a perturbation, and de
rived Einstein’s expression for stimulated emission and showed 
the equality of its coefficient to that of absorption. He pointed 
out that for calculating spontaneous emission more detailed 
knowledge about the structure of the emitting system was needed.

Dirac applied Schrodinger’s approach in the calculation 
of the Compton effect and derived the intensity law, which was the 

main result of his previous paper [11], in a more direct way, [15] 
The problem being essentially relativistic, he transformed the 
position variables x*, ^9 x3 and t by a linear canonical trans
formation which, apart from the denominator, is identical with 
the Lorentz transformation. He solved the wave equation in the 
new coordinates by separation of the variables, showing that 
the frequency and the intensity of the scattered radiation is 
smaller than the one given by classical theory, Dirac had 
worked on these problems for several years. He had come to a 
point where his method, that of uniformizing variables which he 
had taken over from classical mechanics, seemed to fail. Right 
at that moment he came across Schrddinger’s work which gave him 
the key to the solution. Schrodinger had also given a proof of 
the equivalence of his wave mechanical scheme with the quantum 
mechanical scheme developed in Gottingen and Cambridge. Dirac 
had reason and occasion for expressing his appreciation to 
Schrodinger several times.87
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What was now left to do except applying the new schemes to 
detailed problems? Actually there still remained much to do, 
and Dirac did it. In his celebrated paper "On the 'Anschau- 
lichen* Content of Quantum-Theoretic Kinematics and Mechanics,” 
in which he introduced the uncertainty relations, Heisenberg did 
not proceed on the basis of the SchrSdinger method with wave 
packets, which is the most simple and direct way, but used the 
transformation theory of Dirac and Jordan, indicating thereby 
that the transformation theory belonged to the most reliable 
foundations of the quantum theory.88

The canonical transformations had already played an im
portant role in the formulations of matrix- and q-number mechanics 
In matrix mechanics the transformations had been introduced in 
the three-man paper of Bom, Heisenberg and Jordan, in which 
they had also treated the transformation matrix of the perturbed 
system,88 Jordan developed the transformation theory further 
by proving that every canonical transformation, which leaves 
the commutation relations invariant, can be written as

P - SpS*1, Q - SqS"1 , CIO)

where p,q are the old, and P,Q, the new dynamical variables.80
Dirac's approach to the transformation theory, including 

the action-angle variables,*started in late 1925. Shortly 
thereafter, he turned to the Schrodinger equation. "After 
people had established the equivalence between the matrix and 
the wave theories, I just studied their work and tried to im
prove on it in a way that I had done several times previously.
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I think the transformation theory came out of that.1,91 Dirac 

gave an account of his "playing with equations" in a 21-page 

paper on "The Physical Interpretation of the Quantum Dynamics."[16] 

He explained in the introduction what he meant by physical 

interpretation. He referred to the questions that could be an

swered by the quantum mechanical schemes and the physical infor

mation one could get from them. In order to do so, he pointed 

out, it was necessary to generalize the theory of matrix repre

sentation, in which the rows and columns refer to any set of 

constants of integration that commute, including the "continu

ously changing" constants, and that his considerations could 

be regarded as a development of the work of C. Lanczos.92

Dirac's principal step consisted in the introduction of 

the 6-function as a mathematical tool.93 The 6-function, which 

is supposed to be zero everywhere in its range of definition, 

except at the point x-0, helped to formulate matrices with con

tinuous indices and their transformations. The decisive formu

lae are,9U

f «(<,•-„•••) Y(o'”,o") do”*

and (11)

/ «•(.■-»•’«) Y(o'• ’ ,o*') do’' * -

With the help of the 6-function, Dirac was able to write the 

transformation equations for continuous spectra of variables•

Since it follows from the quantum theory that conjugate varia

bles, such as the position matrix q(q',q'') and the corresponding
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momentum matTix p(q,qt’)> do not commute, he simply had to use 

q(q’q") « q'«(q'-q”)

and (12)

p(q»q”) « -iU«'(q'-q").

In the matrix scheme of Heisenberg, Born and Jordan the 

transformation had to bring the Hamiltonian on the principal 

axis, that is to diagonalize it, or

S_1H S - E, with E diagonal. (13)

In the new language this equation meant
H(q,-iK j^) S£(q) - B Sfi(q). . (14)

Here SE(q) stands for the transformation matrix which transforms 

the Hamiltonian to the principal axis, and at the same time keeps 

the commutation relations for the canonical variables.95 

Sg(q) can be thought of as belonging to a specific energy eigen

value E^ and is thus identical with Schrodinger's wave function 

^gCq) "The eigenfunctions of Schrodinger's wave equations are 

just the transformation functions for the elements of the trans

formation matrix, that enable one to transform . . . to a scheme 

in which the Hamiltonian is a diagonal matrix."96 Dirac had thus 

derived Schrodinger's differential equation from quantum mecha

nics. By doing so, he closed the physical proof of the iden

tity of all schemes in the new quantum theory.97

In this paper (Section 6), Dirac also arrived at some 

quantitative statements which came close to the uncertainty re

lations. By considering a function of the variables of posi

tion and momentum, Dirac showed that this function had to be
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averaged over the entire momentum space if the position were to 
be given infinitely sharply. As he was about to complete this 
paper in Copenhagen, he gave a seminar on it. "Probably I did 
not present it well enough for them to appreciate what I had 
done and they still felt that they had to work a good deal on 
it."98 The impact of this paper, which Dirac submitted from 
Copenhagen in December 1926, was great. Besides introducing the 
6-function, which posed many problems for the mathematicians,
Dirac had created a powerful method similar to the camonical trans 
formations of the old Hamiltonian theory. Dirac now felt, quite 
justifiably, that the new scheme could indeed replace classical 
dynamics.

VI. Visits to Copenhagen and GOttingen

Fowler had been quite keen that Dirac should go to Copen
hagen for a year, but Dirac himself was worried about going to 
a country where he did not know the language. He actually pre
ferred to visit Germany because he knew a little German. He 
made a compromise and decided to spend about half a year in 
Copenhagen, and another half in Gottingen. The financial prob
lem was not so severe, especially since he held an 18S1 Exhibi
tion Senior Research Studentship and a grant from the Department 

of Scientific and Industrial Research. In the autumn of 1926, 
Dirac left for Copenhagen, arriving there sometime during the 
week of 10 September.

Life in Copenhagen, especially at Bohr's Institute, was 
different from what it had been in Cambridge. Dirac spent most
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of his time in Bohr's institute, and he met new people there 
quite often. Of course, his method of working did not change 
appreciably, in that he still worked by himself. Bohr's large 
personality infected the place with his great enthusiasm. It 
was very different from Gottingen and Cambridge, where most of 
the work on the new quantum theory had actually been done. 
"Without Bohr, I think, there would have been nothing. I was 
very much impressed by hearing Bohr talk. It was just a very 
inspiring experience to be with Bohr. The personality of Bohr 
impressed me very deeply."21’22 Bohr was a deep thinker, and he 
thought about all problems. Dirac remembers, for instance, the 
psychological problem which Bohr posed of the two gunmen, each 
drawing a pistol and pointing at each other, but neither daring 
to shoot. The solution which Bohr worked out was that "If you 
make up your mind to shoot and then shoot, that is a slower 
process than if you shoot in response to some external stimulus. 
Bohr bought some toy pistols and tried this out with various 
people in the institute."99 Bohr had also thought about the 
psychological problem of the stock exchange; he believed that 
someone who thought too much about buying and selling stocks 
would do worse than another who buys and sells at random.21*99

At that time, in late 1926, Bohr was no longer doing ac
tive work on specific problems of quantum theory.190 He dis
cussed all problems, of course, and devoted his thinking to the 
physical description based on the new quantum theory. He still 
thought much about the Correspondence Principle, and the idea 
of Complementarity which was taking shape in his mind. Although
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quanturn mechanics, as developed by the Gdttingen school, Schro
dinger. and Dirac, had already replaced the Correspondence Prin
ciple in obtaining new results, Bohr still stuck to it. Dirac 
thought that 'When one gets so absorbed in one idea, one sticks 
to it always. Just as Einstein thought that non-Euclidean geo
metry would be the answer to everything.**3>2X Dirac himself did 
not regard the Correspondence Principle as of any great impor
tance, nor was he much influenced by the idea of Complementarity. 
"It does not provide you with many equations which you did not 
have before and I feel that the last word has not been said yet 
about the relationship between waves and particles. When it 
has been said, people’s ideas of complementarity will be dif
ferent."101 It ought to be mentioned in this connection that 
Dirac also differed from most people in his opinion about the 
Uncertainty Principle. He has also expressed the feeling that 
Planck’s constant tfight be a derived constant rather than a 
fundamental one.102

In Copenhagen, Dirac lived in "Pension Scheck" near the 
town hall. The walk to the Institute along the lake shore 
took him about 20 minutes. On Sundays, as was his custom, he 
would take a long walk or excursion out in the country with 
Bohr, someone else, or with a large group, but very often alone. 
He would get to the Institute about half past nine in the morn
ing, returning to the pension for lunch, because he took all his 
meals there. After lunch he would return to the Institute. On 
his walks to and from the Institute he had time to think about 
his work, living very much on his own as before.103
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At the Institute in Copenhagen, Dirac had occasion to 
listen to many people. Heisenberg was not around very often 
during the period he was there, but he could talk to 0. Klein.101* 
Sometimes P. Ehrenfest came from Leyden for a visit. He was a 
man of great scientific curiosity and critical sense, and he 
contributed much in colloquia by getting things cleared up that 
were not properly presented by the speaker.21*105 "Ehrenfest was 
the most useful man that one has ever had at colloquia.11 21 
The wider perspective which Dirac obtained in Copenhagen helped 

hift, not only in finishing the work on the interpretation of 
quantum theory, but to get started on extending the scheme cf 
quantum mechanics.

the paper on "The Quantum Theory of the Emission and Absorp
tion of Radiation,” communicated to the Proceedings of the Royal 
Society by N. Bohr, treated the problem of building a relativistic 
quantum theory.[17]106 But the difficulties involved were so great 
that Dirac found it worthwhile to look into an approximation which 
was not strictly relativistic.107 As the total system, he consi
dered an atom in interaction with a radiation field. In order to 
have a discrete number of degrees of freedom for the latter, he 
enclosed the system in a finite box, and decomposed the radiation 
into its Fourier components.106 Now, expanding the wave function 
of the interacting system (i.e. of the radiation and the atom, the 
latter being approximated by a dipole potential) into those of the 
free radiation, he chose the following dynamical variables,

b - Nr Sr/* and br+- Nr1/Ze+i9’r/* . (IS)



-43-

The dagger here denotes the Hermitian conjugate, is the ab

solute square of the Fourier coefficient ar, and is a phase 

variable conjugate to N?. For the b's he assumed the commutation 

relations

all others being zero. The Nr take only integral values, larger 

than or equal to zero. Dirac recognized the nature of b and b+ as 

annihilation and creation operators, showing that the interaction 

of the atom with radiation causes transitions of photons with ener

gy E„ into those with energy E . By calculating the matrix elements 

for these transitions, Dirac obtained Einstein's A and B coefficients 

as functions of the interaction potential.109

A year after this first paper on “second quantization,"

P. Jordan and E. Wigner developed a similar scheme for Fermi 

fields.110 One might wonder why Dirac himself did not proceed 

in this direction: on the one hand, he wanted to deal with the 

radiation problem, and had therefore to apply Bose statistics; 

on the other, he could not as yet deal with the electron field 

in the same relativistic manner as with the photon field.111

Soon after Christmas 1926 Dirac went from Copenhagen to 

Gottingen. On the way he stopped in Hamburg to attend a meet

ing of the German Physical Society, where he learned that the 

experimenters were still working very much in spectroscopy, on 

multiplets and their intensities.In Hamburg he also very pro

bably met Pauli, whom he had come to know personally f ?cm Copen

hagen. Both of them always got along pretty well, especially
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since Pauli was able to understand Dirac's point of view more 

quickly than most people, and Dirac had the impression that 

Pauli appreciated his scientific attitude even more than Heisen

berg's. It is possible that he also met Sommerfeld in Hamburg 

at that time, or got to know him during the latter's visit to 

Gdttingen sometime later.

The atmosphere in Gdttingen was again different from what 

he had experienced in Copenhagen. There Dirac had a close and 

very friendly relationship with Bohr, but in Gdttingen there 

was nobody with whom he could develop such a contact. He saw 

M. Born and J. Franck often, and met the mathematicians D. Hil

bert, R. Courant and probably K. Weyl.112 Altogether Gdttingen 

was a more mathematical school than Copenhagen and the physics 

developed there reflected this fact. Among the young people 

there, Dirac was often together with J.R. Oppenheimer. They 

had rooms in the same house (the boarding house of Gunther Cario), 

and they often went on long walks together.113 He also met the 

Russian physicist 1. Tamm in Gdttingen, and made an expedition 

to the HaTZ Mountains with him and a few others. Dirac could 

continue to indulge in his favourite forms of physical exercise, 

walking and swimming. Later on he also did a bit of rock u .imb- 

ing. He could do all of these things in company, and also think 

about his own ideas when engaged in them.

Dirac submitted two papers for publication from Gdttingen.

The first one, on "The Quantum Theory of Dispersion," treated a 

problem, which in the work of Heisenberg and Kramers, had helped
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to pave the way for quantum mechanics. [18]11 ** In matrix theory 

this problem had been dealt with in close analogy with the clas

sical theory. Dirac felt that the quantum theory was now so 

well established that one could leave behind the bridge provided 

by the Correspondence Principle and use the theory of interac

tion between atoms and radiation which he had just developed.[17]

The difficulty in the calculation of effects concerning absorp

tion, emission and scattering of radiation had been the choice 
of the electric field for the atom. Dirac concluded xnat tne di

pole field model which he had used for the atom would give consis

tent results for the dispersion and resonance radiation in the first 

approximation; however, if one tried to calculate the width of a 

spectral line on the basis of this model, one would meet with a 

divergent result.[18] His second paper from Gottingen was "On the 

Quantum Mechanics of Scattering Processes."[19] M. Born had dis

cussed this subject in wave mechanics, and it had led him to the 

statistical interpretation of the wave function.115 Dirac also 

used the wave equation, which he had "honestly" derived from quan

tum mechanics in his previous paper [16], but he now formulated it 

in momentum space. He applied his method to the absorption of

radiation by atoms, thus treating an old problem of his own rather 

in the spirit of Born.

From 24 to 29 October 1927, Dirac attended the 5th Conseil 

Solvay of Physics on "Electrons and Photons" in Brussels, to

gether with the other architects of the old and the new quantum 

theory, such as Planck, Einstein, Bohr, Ehrenfest, Debye, Born, 

Heisenberg, Kramers, Compton, de Broglie, Pauli and Schrodinger. 

Among the promine it ones, those missing were A. Sommerfeld and
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P. Jordan. Dirac contributed to the discussions at the Solvay 

Conference. Following the report of Bora and Heisenberg on 

"Quantum Mechanics," in which the main emphasis was on the 

Gottingen point of view, he mentioned the correspondence be

tween classical and quantum mechanics that appears by using ac

tion-angle variables.116 Again, in the general discussion fol

lowing Bohr's report on "The Quantum Postulate," Dirac commented 

at length on the essential differences between the classical and 

quantum descriptions of physical processes.117 Quantum theory, 

he said, describes a state by a time-dependent wave function 

which can be expanded at a given time t^ in a series containing

wave functions ib with coefficients c . The wave functionsn n n
are such that they do not interfere at an instant t > t^. Now 

Nature makes a choice sometime later and decides in favour of 

the state with the probability |c^| . This choice cannot be 

renounced and determines the future evolution of the state.118 

Heisenberg opposed this point of view by asserting that there 

was no sense in talking about Nature making a choice, and that 

it is our observation that gives us the reduction to the eigen

function.119 What Dirac called a "choice of Nature," Heisenberg 

preferred to call "observation", showing his predilection for the 

language he and Bohr had developed together.120

VII. Relativity Quantum Mechanics

"I remember once when I was in Copenhagen, that Bohr 

asked me what I was working on and I told him I was trying
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to get a satisfactory relativistic theory of the electron. And 

Bohr said, ’But Klein and Gordon have already done that!* That 

answer first rather disturbed me; Bohr seemed quite satisfied by 

Klein's solution, but 1 was not because of the negative probabi

lities that it led to. I just kept on with it, worrying about get 

ging a theory which would have only positive probabilities.”21

In 1926 0. Klein had obtained a relativistic equation for 

a scalar field by inserting quantum operators for momentum and 

energy in the equation121

2 2 . 2 4.pc * m c (17)

The resulting equation was also independently discovered by W. 

Gordon in Hamburg, and is now referred to as the Klein-Gordon 

equation.122 The difficulties which perturbed Dirac were con

nected with two questions. First, if one used the Klein-Gordon 

equation for a single particle and interpreted the expression

**(x) ^4^ = p(x) (18)

as the probability of finding this particle at a certain place, 

then one could have a negative probability.123 Secondly, Dirac 

had already set up the transformation theory in its general form 

which was a very powerful tool, and he felt that it was not only 

correct, but had to be preserved and brought into harmony with 

relativity. For achieving the latter goal, he needed an equa

tion linear in the time.

Dirac started ’’playing with the equations rather than try

ing to introduce the right physical idea. A great deal of my 

work is just playing with the equations and seeing what they
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give. Second Quantization came out from playing with equations 

.... It is my habit that I like to play about with equations, 

just looking for mathematical relations which maybe do not have 

any physical meaning at all."21>22 By "introducing the right 

ph, ical ideas" Dirac meant the idea of the spin. The spin of 

the electron had already been introduced by G.E. Uhlenbeck and 

S. Goudsmit in 1925, to explain the doublet structure of the single 

electron spectra without the "hypothesis of non-mechanical 

stress."12*1 W. Pauli had developed the theory of the spinning 

electron further and described the electron by a two component 

wave function, which could be used for explaining the empirical 

spectral data using a non-relativistic Schrodinger equation.125

Dirac’s intention was to go beyond such an approximation.

A scalar product in three dimensions could be formed from 

Pauli’s o-matrices and the momentum, and he wanted to extend 

it to four-dimensional space-time. After several weeks of con

centrated effort he discovered the simple solution that he 

could do so by generalizing the 2x2 o-matrices to 4x4 matrices, 

which he called y-matrices.126 From the generalization of the 

a-algebra, it naturally followed that the y’s should anti-commute. 

In his derivation of the equation, Dirac had set things up in the 

absence of a field.[20] The homogeneity of space and time re

quired that the coefficients of the momenta were independent of 

space and time, and he obtained,
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(19)(i i Y..P., + m»c)* » 0, 
u=l y “

where

Y -1, Y Y +Y Y = 26 ' y ’ y v v y y v

In the same paper, received by the editor on 2 January 1928, he 

then introduced an arbitrary electromagnetic field and replaced 

the components of the four-momentum by a relativistic extension 

of Eq. (2). Finally he treated the motion of electrons in a cen

trally symmetric field which he expected his equation to describe, 

obtaining a description of some of the relations Satisfied by the 

hydrogen spectrum,,

In his second contribution on ’’The Quantum Theory of the 

Electron,” submitted a month after the first one, Dirac pro

ceeded to calculate the states of the hydrogen atom in his new theo

ry.[21] He started this paper by giving the proof that "the change 

of the probability of an electron being in a given volume during a 

given time is equal to the probability of its having crossed 

the boundary. This proof ... is necessary before one can infer 

that the theory will give consistent results that are invariant 

under a Lorentz transformation.'’127

The results of the new theory were later summarized in a 

lecture which Dirac presented at the Leipziger Universitats- 

woche in June 1928.[22]128 It followed from his theory that in 

the alkali-spectra the electron had to have a spin of magnitude 

1/2 M. The new classification of spectra was deter

mined by the total angular momentum, which is the sum of the
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intemal spin and the orbital momentum. The selection rules 

were not changed. The new theory also yielded Sommerfeld's 

fine structure formula.129 Dirac himself had thought that one 

could arrive only at an approximate solution of his equation, but 

Gordon and Darwin independently obtained these remarkably exact 

results on the basis of his theory.130 "I thought that if 

I got anywhere nearly right with the approximation method, I 

would be very happy about that. I would have been too scared 

myself to consider it exactly because it might have given un

fortunate results that would compel the whole theory to be 

abandoned.”21 In his Leipzig lecture he also mentioned the 

problem which had bothered him the most. If one writes the 

wave equation with -e instead of e (the electron charge), one 

would expect something completely new, and he speculated that 

it might refer to the proton. The equation, however, did not 

give it. He concluded at the time that,.if there were no tran

sitions between the +e and the -e solutions of the wave equation,

it was not harmful. This was not so in his theory, how

ever, although the transition probability was very small, being

of the fourth order in where v is the velocity of the

electron. The theory could therefore only be an approximation 

to Nature, and one probably had to change the concepts entirely, 

even bringing in an asymmetry of the laws between past and 

future.131

During the next two years Dirac did not publish anything 

on the relativistic equation.132 This was not only due to the
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fact that he was lecturing and preparing the first edition of 

his book, The Principles of Quantum Mechanics [29], 

published in 1930, in which he included topics such as many 

electron systems and quantum statistical mechanics; he knew 

that his relativistic theory was still imperfect, and in a paper 

on "A Theory of Electrons and Protons," he explicitly gave the 

explanation.[25]133 The wave equation had, in addition to "solu

tions for which the kinetic energy of the electron is positive, 

an equal number of unwarranted solutions with negative kinetic 

energy for the electron, which appear to have no physical mean

ing."134 By examining the wave function of a negative energy 

solution in an electromagnetic field, Dirac found that it be

haved like a particle with positive charge. But this connection 

would not solve the problem if one did not also have the fact 

that the electrons follow the Exclusion Principle. He could 

therefore assume that "there are so many electrons in the world 

that the most stable states are occupied, or more accurately 

that all states of negative energy are occupied except perhaps 

a few of s^all velocity."135 Dirac argued that the transition 

of electrons from states with positive energy to those with 

negative energy was highly suppressed, and only the unoccupied 

negative states, the "holes," could be observed. He assumed 

that "the holes in the distribution of negative energy electrons 

are the protcns. When an electron of positive energy drops into 

a hole and fills it up, we have an electron and proton disappear

ing together with emission of radiation."136 In a following
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note in the Proceedings of the Cambridge Philosophical Society 

he calculated the annihilation rate [26]137, and in a paper 

read before the British Association at Bristol on 8 September 

1930, Dirac summarized his results.[28] Hatter consists, he 

said, of "electrons and protons," and the existence of the pro

tons "follows from the relativistic wave equation," A diffi

culty with this interpretation remained: in his theory Dirac 

could calculate the transition probability for the annihilation 

process only under the "approximation" that the masses of the 

electron and proton were equal, and the resulting amplitude was 

several orders of magnitude higher than that suggested by empirical 

evidence on "electron-proton annihilations•“*38 In spite of 

this problem Dirac had faith in the essential correctness of his 

interpretation of the >~uve equation.

After Dirac*s publication of the electron wave equation in 

1928, many people took up its study. Schrodinger himself gave 

an interpretation of the spin properties of a particle as "titter- 

bewegung."139 Dirac knew that he had to go still further in 

order to make the physical interpretation consistent. "I felt 

that writing this paper on the electron was not so difficult as 

writing the paper on the physical interpretation."3*21’22 There 

was the problem with the negative energy states: "It was an 

imperfection of the theory and I didn't see what could be done 

about it. It was only later that I got the idea of filling up 

all the negative energy states."3*21’22 Then there were the un

equal masses of the positively and negatively charged particles
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which existed in Nature. ”1 felt right at the start that the 

negative energy electrons would have the same r^st mass as the 

ordinary electrons ... 1 hoped that there was some lack of

symmetry somewhere which would bring in the extra mass for the 

positively charged ones. I was hoping that in some way the 

Coulomb interaction might lead to such an extra mass, but I 

couldn't see how it could bo brought about.n21»xuo After Weyl’s 

careful investigations Dirac gave up the idea that the positive

ly charged hole was a proton.11*1 ”It thus appears that we must 

abandon the identification of the holes with protons and must 

find some other interpretation for them. A hole, if there were 

one [in the world], would be a new kind of particle, unknown to 

experimental physics, having the same mass and opposite charge 

to an electron. We may call such a particle an anti-electron.

We should not expect to finu any of them in Nar^re, on account 

of the rapid rate of recombination with electrons, but if they 

could be produced experimentally in high vacuum they would be 

quite stable and amenable to observation. An encounter between 

two hard y-rays (of energy of at least half a million volts) 

could lead to the creation simultaneously of an electron and 

anti-electron. This probability [of the creation of a pair] is 

negligible, however, with the intensities of y-rays at present 

available.*’11*2

Then on 2 August 1932 there came along the discovery of 

the positron by C. Anderson.11*3 For Dirac it meant the satisfaction 

that his equation predicted the situation correctly as he had hoped
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His work had also provided the first example in the history of phy 

sics where the existence of a new particle was predicted on a 

purely theoretical basis. Dirac himself considered much more 

important the fact that in his equation the spin had been in

corporated so naturally, just following from the symmetry pro

perties exhibited by the equations.11#4 At the 7th Conseil 

Solvay in October 1933, Dirac summarized the ’’Theory of the 

Positron.”[38] In his Nobel Lecture on 12 December 1933, Dirac 

had the occasion of returning to this topic and predicting the 

existence of ’’negative” protons as well.11*5

VIII. Work of a Theoretical Physicist

We have discussed Dirac’s work during the period in which 

the theory of atomic phenomena was completed. In the same paper

[31] in which Dirac created the new physical concept of the 

anti-particle, he also proposed the idea of a ’’magnetic mono 

pole” which, he showed, should follow from the existence of a 

smallest unit of charge.11*6 Besides proposing these spectacular 

concepts, Dirac turned his attention very early to a systematic 

study of relativistic quantum field theory. He had laid its 

foundations in the approach based on second quantization b it he 

proceeded with much greater care and caution than many of his 

contemporaries. Although he was convinced that the final theory 

had to be fully relativistic, he always considered the approach 

based on successive improved approximations as the most desir

able.11*7 In a series of three articles on quantum field theory
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in 1932 [33-35] , Dirac proceeded more cautiously than Heisenberg 

and Pauli, who, in their fundamental paper, had created the 

field as a dynamical system subject to quantization.11*8 Dirac 

preferred to keep fields and particles separate. **The very na

ture jf an observation requires an interplay between the field 

and the particles. We cannot therefore suppose the field to be 

a dynamical system on the same footing as the particles. The 

field should appear in the theory as something more elementary 

and fundamental.1*148 L. Rosenfeld showed, however, that the 

relativistic quantum mechanics Dirac had devised was equivalent 

to that of Heisenberg and Pauli.150 Dirac further enriched 

quantum field theory by generalizing the concept of state to 

having a non-positive norm.151

Dirac returned later on to a re-examination of the concept 

of the aether in connection with the role of time in the scheme 

of relativistic quantum mechanics.152 This idea was loosely 

linked to his cosmological work in the 1930's. The more un

usual considerations in these papers had to do with a change of 

fundamental constants, such as the fine structure constant, in 

the course of the evolution.153 Dirac also contributed later 

on to studies on the quantization of the gravitational field 1

Dirac has always been very imaginative in presenting new 

and unfamiliar concepts, both in mathematical methods and phy

sical interpretation. "I think X would have been happy if any 

established idea was being knocked down.”21 >155 Jordan once pro 

posed that one should go on from non-commutative multiplication
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to non-associative multiplication, and Dirac ’’rather liked that 

idea, but did not see how to develop it mathematically.”21 In 

1968, in a talk on his life in physics, he summarized his stand 

on the new problems of physics by referring to the difficulties 

which arise in quantum electrodynamics: ’’Nature certainly does 

not have its basic ideas described in such a clumsy and ugly 

way. There is probably some very neat solution which is still 

to be discovered.”156 More specifically, he added, ”It might 

very well involve bringing in some new representations of the 

Lorentz group; by suitably thinking of equations which 

bring in these representations one' will be led to a new electro

dynamics.”157 He has always believed ’’that one should keep a 

completely open mind for the future ... One should not build up 

one’s whole philosophy as though this present quantum mechanics 

were the last word. If one does that, one is on very uncertain 

ground and one will at some future time have to change one’s 

standpoint entirely.”158

In Dirac’s approach to the description of Nature, the use 

of ’’pictorial models” has always been dominant.159 This method 

always became especially important to him whenever he tried to 

improve upon certain ideas. In the case of the quantized singu

larities in the electromagnetic field, for instance, he had 

talked about lines connecting magnetic poles.[31] ”1 did not

have the same idea then that all of the Faraday lines of force 

should be discrete.”3’22 Again, when he was developing his elec

tron equation from Schrodinger’s equation or the relativistic
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Klein-Gordon equation, he would think of wave functions ’’form

ing some kind of density which one could picture spread out in 

space.”21*22 This picture helped him in modifying the equation and 

the mathematics, bringing in the four-component wave function 

and matrices; the mathematics thus improved the previous pic

ture. He has, for instance, never cared for the renormalization 

theory of quantum electrodynamics because he has not ’’found the 

corresponding picture for the renormalization of charge.”160 

By ’’pictures”, Dirac means an imaginative way of understanding 

the equations independently of the approximate methods of solv

ing the equations. In the pictuie vague ideas become symbols, 

and symbols take a life of their own, until well-defined equa

tions can be written down. The q-numbers, which Dirac had in

troduced in quantum mechanics, are a case in point. ”1 suppose 

I pictured the q-numbers as some kind of mysterious numbers 

which represented physical things. It was quite a time before 

I appreciated that they were merely operators in Hilbert space. 

When I did appreciate that, I dropped the terminology of q- 

numbers; q-numbers were some imperfectly understood physical 

variables satisfying non-commutative algebra.”3’21 The pictures 

also guided Dirac in manipulating concepts beyond their formal 

mathematical properties. For instance, when an infinity did

turn up in the equations, he thought he could represent it by 
a finite quantity which would approximate it. ”1 might often 

imagine that a series is cut off in such a way that the neglected 

terms correspond to a situation which is physically unimportant.



-58-

That is one way of setting up a picture which will get rid of 

the infinities. Then one can try to figure out whether such a 

picture is relativistic or not. One can do that much better 

than if one worked with the mathematical infinities.”3’21

Dirac differs strikingly from other physicists in his ap

proach to physical problems. Heisenberg remembers a conversa

tion in the early days of quantum mechanics, in which Dirac expressed 

the belief that one must handle one problem at a time, and Hei

senberg felt that a whole group of problems had to be handled 

together or not at all.161 "A good many people have Heisenberg’s 

view, but it is just too difficult to solve a whole lot of prob

lems together. I rather early [already in Bristol] got the 

idea that everything in Nature was only approximate, and that 

science would develop through getting continually more and more 

accurate approximations but would never attain complete exact

ness. I got that point of view through my engineering training, 

which I think has influenced me very much. Our present quantum 

theory is probably only an approximation to the improvement of 

the future. I think several new ideas will be needed to get out 

of the difficulties in present day physics and that these ideas 

will come one at a time with intervals of several years between 

them.”3’21’158

Dirac’s own contributions to theoretical and mathematical 

physics have been outstanding by the most exacting standards.

In October 1932, he succeeded Sir Joseph Larmor as Lucasian 

Professor of Mathematics in Cambridge. In 1933, just ten years
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after he had started research in theoretical physics, Dirac was 

awarded, together with E. Schrodinger, the Nobel Prize for Phy

sics for his "discovery of new fertile forms of the theory of 

atoms and for its applications.”162 Dirac’s pioneering work in 

quantum theory brought him all the honours a scientist could 

achieve: Fellow of St. John’s College, 1927; Fellow of the 

Royal Society, 1930; Hopkin’s prize of the Cambridge Philosophi 

cal Society for the period 1927-30; Nobel Prize, 1933; Royal 

Medal, 1939; and the Copley Medal of the Royal Society, 1952.

In the brief portion of his scientific life discussed in this 

article, the golden period from 1924 to 1933, P.A.M. Dirac had 

himself largely created the language of theoretical physics and 

become the personification of that time.
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Footnotes

1. The International Symposium on Contemporary Physics, organized by Abdus Salam, 
was held at the International Centre for Theoretical Physics, Trieste, Italy, 
from 7 to 28 June 1968. The proceedings of the symposium have been published 
as Contemporary Physics: Trieste Symposium 1963, 2 Vols., by the International 
Atomic Energy Agency, 1969. Some of the world’s most distinguished physicists 
attended this symposium. A special feature of the symposium was a series of 
lectures by the "great masters": Hans Bethe, Paul Dirac, Werner Heisenberg, 
Eugene Wigner, and Oscar Klein. E.M. Lifschitz spoke on L.D. Landau’s work as 
scientist and teacher. The evening lectures have been collected together in a 
pamphlet entitled From & Life of Physics, and published as a special supplement 
of IAEA Bulletin, 1969♦ The lectures, as contained in this pamphlet, have been 
edited and often condensed. At times, in this article I shall quote from the 
complete transcripts of the lectures of Dirac and Heisenberg. Dirac introduced 
Heisenberg for his talk on 18 June 1968.

2. Dirac read few novels, mostly in connection with his study of English. He 
told me (Miami, March 1969), ”1 was always a slow reader, and did not like 
poetry."
I learned (Amherst, 6 April 1966) from the American poet Archibald MacLeish 
what J.R. Oppenheimer had told him about a conversation with Dirac in the early 
days in Gottingen: Dirac is reported to have told Oppenheimer, "How can you 
do physics and poetry at the same time? The aim of science is to make difficult 
things understandable in a simple way; the a:?m of poetry is to state simple 
things in an incomprehensible Way. The two are incompatible." A similar 
version appears in Robert Jungk’s Brighter Than A Thousand Suns (Grover Press) 
pp. 21-22.
George Garnow tells the following story. Peter Kapitza had given Dirac an 
English translation of Dostoevsky’s Crime and Punishment. "Well, how do you 
like it?" asked Kapitza when Dirac returned the book. "It is nice,” said 
Dirac, "but in one of the chapters the author made a mistake. He describes 
the Sun as rising twice on the same day." This was Dirac’s only comment on 
Dostoevsky’s novel. (G. Gamow, Thirty Years That Shook Physics, The Story of 
Quantum Theory, Doubleday, N.Y., 1966, pp. 121-122.) This story is correct with 
respect to Dirac's response, but it was Eugene Wigner, not Peter Kapitza, 
who was involved in both instances.
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3* Archive for the History of Quantum Physics (abbreviated as AHQP in later re
ferences in the article), deposited at the Library of the American Philoso
phical Society in Philadelphia, at the Library of the University of Califor
nia in Berkeley, and at the Universitets Institut for Teoretisk ffysik in 
Copenhagen.
I have myself bad the pleasure of extensive conversations with Dirac, some 
of them taped, on numerous occasions at various places, and have also verified a 
number of ’’Dirac stories’’ directly from him. Concerning his scientific work, 
the origin of his ideas, and his opinions on a variety of topics, I have found 
that his remarks made to me, in other interviews, or in public lectures, vary 
very little from each other even in the details of expressions and syntax.
I wish to refer, especially, to conversations with Dirac in Trieste, Italy 
(June, 1968), Miami, Florida (March, 1969), and Austin, Texas (April, 1970), 
on a vide range of subjects dealing with his scientific work and the develop
ment of recent physics. See also footnotes 21 and 22.

h. Since Dirac did not have much personal contact with his teachers, they had to 
learn about him from his examinations.

s. Dirac had also not thought of physics as a career. This was perhaps due to 
the fact that during his engineering studies in Bristol he did not come in 
contact with the mathematicians and physicists, as they were housed in a dif
ferent building half a mile away and Dirac never went there. At school and 
at college in Bristol he received his instruction in physics entirely from 
David Robertson.

6. During his engineering studies, Dirac once went to a factory to get some prac
tical training, but he failed to please his employers there. They sent an 
unfavourable report about his work to his professor. (Conversation with 
Dirac in Miami, 28 March 19^9)•

7. Dirac Relieves that Peter Fraser was the best teacher he ever had.
He gra

duated M.A. with first class honours in mathematics, and B.Sc. with special 
distinction, from Aberdeen University in 1902. He then went up to Queen’s
Co liege, Cambridge, where his true mathematical interest in geometry flourished
u:./.cr the Inspiration of H.F. Baker, H.W. Richmond and J.H. Grace. Fraser’s 
-interests covered the entire field of piire and applied mathematics of his day. 
riis approach was always geometrical rather than analytical, and it was pro
bably under his influence that Dirac also accustomed himself to ’’geometrical"
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7. (cont'd.)
thinking. Fraser joined the staff of Bristol University College, soon to be
come Bristol University, in 1906. Following the death in 1915 of his depart
ment head, Fraser kept the mathematics department going until H.R. Hasse was 
appointed professor in 1919* Fraser’s own life was quiet, but full of zest. 
Though he never published any papers, he kept himself well informed mathema
tically by wide reading. He had a real and powerful grasp of the fundamentals 
of mathematics. His pupils, including Dirac, owed much in their mathematical 
training to him, for "he sought them out at their most formative stages and 
talked to them, over coffee, on country walks, or on the golf course, and shared 
his wisdom with them." Fraser retired from Bristol in 19^6, and died at 
Torquay on 18 June 1958. (See the obituary notice by W.V.D. Hodge in J. Lond. 
Math. Soc. 3U, 111-112 (1959)).

8. It is quite possible that Dirac first learned about quaternions from Thomson 
and Tait‘s Treatise on Natural Philosophy. Dirac has always felt that qua
ternions ought to have received greater appreciation and importance than they 
have, although he has himself employed them only in his paper on the "Appli
cations of Quaternions to Lorentz Transformations", Proc. Roy. Irish Acad.
50A, 261-270 (19^5). He did once try to use the quaternion formulation in 
quantum theory, but he did not get any new solution from it.

9. A.S. Eddington, Space, Time and Gravitation, Cambridge, 1920. It took Dirac 
some time to get used to tensor calculus. He often used to talk about the 
mathematical details of relativity theory with a fellow student, H.C. Wilshire, 
who later on taught at an aeronautical college near Bedford, England. Al
though C.D. Broad discussed the subject of relativity largely from the philo
sophical point of view, Dirac' "saw that it was really something new which I 
had never thought of in my speculations about relations between space and 
time." (AHQP, loc. cit. 3; 21).

10. Unlike Niels Bohr, who constantly thought and talked a good deal about philoso
phical problems, Dirac did not do so. See footnote 22.

11. The College tried to accommodate the students as much as possible. The holders 
of scholarships actually lived in the College, but Dirac's Exhibition Student
ship did not have the same standing as an open scholarship. He lived in digs 
in his first year, in the College in his second year, and again outside in his 
third year. He dined in the College hall every evening.
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12. In order to understand a piece of work thoroughly Dirac usually put it first 
into his own notation; he did not find other people’s notations very suitable.

13. E.T. Whittaker, A Treatise on the Analytical Dynamics of Particles and Rigid 
Bodies, Cambridge (Editions: 19C&, 1917, 1927, 1937).

lU. Ralph Howard Fowler became a Fellow of Trinity College in 191^, obtaining his
M.A. In 1915. After the First World War, during which he worked on ballistics 
in the Munitions Inventions Department, he resumed his Fellowship at Trinity 
in 1919. He was distinguished for the versatility and quickness of his mind, 
and did work in pure and applied mathematics, ballistics, statistical mechanics, 
physical chemistry, quantum theory and astrophysics. In 1922, with Charles 
Darwin, he worked on energy partition and developed the method of steepest 
descents. He applied this method to ensembles in dissociative equilibrium and 
proved the validity of M.N. Saha’s dissociation formula for ionization at high 
temperatures (loc. cit.). He also applied this theory to stellar atmospheres.
For an essay collecting together his work in statistical mechanics, Fowler was 
awarded the Adams Prize of the University of Cambridge ic. 1923-2U. The mate
rial of this essay was later published by Fowler as Statistical Mechanics
(Cambridge, 1929). Fowler was elected a Fellow of the Royal Society in 1925.
In 1926 he published his most original contribution, a paper entitled "On Dense 
Matter" read before the Royal Astronomical Society; in this paper he showed 
that the gaseous matter in white dwarf stars must be in degenerate state 
obeying Fermi-Dirac statistics. Fowler served as Stokes Lecturer in Mathema
tics in the University of Cambridge, and in January 1932 he was elected to the 
newly-instituted Plummer Chair of Theoretical Physics. In 1938, he succeeded 
Sir Lawrence Bragg as Director of the National Physical Laboratory.
Fowler had become a close friend of Rutherford, whose daughter Eileen he had 
ma-rrjed in 1921. A foursome, made up variously out of Fowler, Rutherford,

■ ’ 1 i ,

Aston, Southwell, Darwin, and G.I. Taylor, played golf once a week. Fowler died 
on 28 July 19^H. (See Milne’s notice of Fowler, Obituary Notices of the Fellows 
of Royal Society, November 19^5, pp. 61-78).

15. Niels Bohr had worked with .Rutherford in Manchester in 1912. As an old friend he 
visited Rutherford frequently in Cambridge, and also gave lectures there.

16. In 1919 Rutherford succeeded J.J. Thomson (who had become Master of Trinity Col
lege in 1918) as Cavendish Professor of Experimental Physics and director of the 
Cavendish Laboratory. Thomson still worked at the Cavendish when Dirac was a 
research student there, but Dirac does not remember whether he (Thomson) ever 
gave a colloquium in those days. ,
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17. A.S. Eddington, Space, Time and Gravitation, loc. cit.; The Mathematical 
Theory of Relativity, Cambridge, 1923.

18. Dirac told me (Miami, 28 March 1969) that he was fascinated with projective 
geometry since he first learned it. He had worked out a new method in pro
jective geometry and presented it at one of these meetings, although he never 
published it.

19. Dirac found the methods of four-dimensional and projective geometry very use
ful in understanding relations such as those in Minkowski space, and developed 
some methods of his own, but he did not publish any of these.

20. Dirac told me (Trieste, June 1968) that he never developed the habit of follow 
ing every word that a lecturer said. He used to try to obtain the major drift 
of ideas, and then fill the gaps by reading. (Also AHQP, loc. cit. 3.)

21. Conversation with Dirac (Miami, 28 March 1969).
22. Conversation with Dirac (Trieste, June 1968).
23. Dirac’s lecture in From a Life of Physics, loc. cit.
2^. M.N. Saha, Phil. Mag. Uo, U72, 809 (1920); Proc. Roy. Soc. (London) A99, 135

(1921); Z. Phys. 6 , (1921);
R.H. Fowler (with C.G. Darwin), Proc. Camb. Phil. Soc. 21, 730 (1923);
R.H. Fowler, Phil. Mag. h5, 1 (1923).

25. R.H. Fowler (with E.A. Milne), Mon. Not. Roy. Astr. Soc. 83» ^03 (1923); 8U 
U99 (I92h).

26. Fowler was elected Fellow of the Royal Society only in 1925# after which he 
communicated Dirac’s papers himself.

27. At this time, Fowler was interested in both quantum theory and astrophysics. 
Dirac’s early work grew out of Fowler’s interests no less than his own.

28. W. Pauli (Z. Phys. 18, 272, (1923)) and A. Einstein and P. Ehrenfest (Z. Phys.
12. 301 (1923)) had treated problems similar to Dirac’s and he referred to 
them explicitly. Just as these authors had done, Dirac also included stimu
lated emission in his treatment to obtain Planck's radiation law.

29. R.H. Fowler, l.c. footnote 2k.
30. A.S. Eddington, The Mathematical Theory of Relativity, loc. cit. By "kine

matic” velocity is meant the derivative of the element of the .world line of 
a particle with respect to time, whereas "dynamical" velocity comes from 
the momentum and its conservation. In §56, Eddington has shown the identity 
of the directions of both velocities for a particle which has three perpen
dicular planes of symmetry. ,



31. A.H. Compton, Phil. Mag. 1*6, 908 (1923). The shifting of the Fraunhofer lines 
is, of course, only apparent, because the continuum emission spectrum shifts 
as a whole.

32. Later on, S. Chandrasekhar treated the problem of multiple Compton scattering 
in stellar atmospheres and obtained remarkable shifts. S. Chandrasekhar, Proc.
Roy. Soc. (London) A92, 508 (19I17/U8).

33. The first German edition of Sommerfeld’s book had been published in 1919, and
its English translation appeared in 1923. There also existed N. Bohr’s writings, 
including his series of papers on ’’The Quantum Theory of Line Spectra” in Kgl. 
Dansk. Vid. Selsk., Kat. og Math. Aft. 8 , .1 (1918) and notes on "Atomic Struc
ture" in Nature, 107, 10l*-107 and 108, 208-209 (1921). Dirac relied more on 
Sommerfeld’s book, reading in the original German. He had learned some German at 
school, and with the help of a dictionary he gradually became quite fluent in it. 
Max Born’s "Atom Mechanik," dealing with the old quantum theory, also appeared 
around that time (Berlin, 192H), but Dirac did not study it. (See, however, [7l# 
p. 70.)

3U. In his studies, Dirac went back to most of the earlier original papers on 
quantum theory.

35. Physical Review had not yet attained the importance which it acquired after the 
Second World War,

36. Niels Bohr, "On the Quantum Theory of Line Spectra," D. Kgl. Dansk. Vid. Selk.
Skr., Nat. Math. Afd 8, IV, 1. Dirac thought that the Correspondence Principle 
wa3 not a very accurate statement. Especially since one could not express it by 
a definite mathematical equations, it "always seemed to be a bit vague." It 
stated that correspondence between the classical and the quantum theory should 
exist in the limit as Planck’s constant goes to zero. The people in Copenhagen, 
and Fowler as well, thought that this principle could act as a guiding principle 
for atomic theory. Dirac himself preferred the adiabatic principle which could 
be formulated "through an equation."

37• L. de Broglie, "A Tentative Theory of Light Quanta," Phil, Mag. 1*7, 1*1*6-1*58 (192U). 
Probably C.D. Ellis, who had been in Maurice de Broglie’s laboratory in Paris,was 
responsible for this publication. In Germany, de Broglie’s work became known 
through Einstein, whose attention was drawn to it by P. Larigevin and who men
tioned it in his own work in 1925 on the quantum theory of ideal gases.

38. A Bohr orbit could be explained by the fact that an integral number of de Broglie 
wavelengths had to fit into it.

F.6.
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39- In his paper on ’’Conditions for Statistical Equilibrium, etc."[HJ, at the end 
of §5, p. 59H, Dirac stated: ’’For the discussion of equilibrium problems, 
quanta of radiation cannot be regarded as very small particles of matter moving 
with very nearly the speed of light.” Very seldom indeed had anybody talked 
about light quanta having a finite small mass. Einstein had mentioned the 
idea, but it notably occurred in de Broglie’s papers.

HO. E. Schrodinger, Phys. ZS 23, 301 (1922).
Hl. This procedure shows some similarity to de Broglie’s ideas. Dirac had not yet 

seen de Broglie’s paper in the Philosophical Magazine, which appeared a little 
later.

H2. Only for his first paper, the subject of which had been suggested by Fowler, 
had Dirac done no reading in advance. Later on, Dirar chose the subjects of 
his own research.

H3. J.M. Burgers, Proc. Roy. Acad. Sci. (Amsterdam) 20, 6l3 (1918). The name 
"quantum mechanics" already appeared in Burgers’ thesis. Max Born later
claimed to have been the first to introduce this name in his paper, Z. Phys.
26, 379-395(l92U).

HU. Especially noteworthy was his reduction of the problem of multiple degrees of 
freedom via the selection rules, arousing the hope that one might be able to 
handle rather complicated systems with the help of the adiabatic principle.

H5. Conversation with Dirac (Miami, 28 March 1969). Also AHQP, loc.cit.3. 1
H6. Darwin and Rutherford had attended the first Conseil Solvay of Physics in

Brussels in 1911, and had always taken an interest in quantum problems; Ed
dington was also interested in quantum theory. In England, Cambridge was a 
singular centre of quantum theory.

H7. The membership of the Kapitza Club was limited to the students and collaborators 
of P. Kapitza, and a few other people. Dirac had been elected a member shortly 
before Heisenberg gave his talk on 28 July 1925- At the following '•
meeting of the Club on H August 1925, Dirac himself gave a talk. When on 
15 December 1925 he spoke again, he discussed the "light quantum ' - ?
theory of diffraction," treating the quantization of the light quantum 
along the lines of Duane's ideas of the old quantum theory, although he had 1 
completed his first paper on quantum mechanics some time before that. It is 
remarkable that Heisenberg in his talk on "Termzoologie und Zeemanbotanik" at 
the Kapitza Club had also spoken on problems of the old quantum theory, even 
though his discovery of the quantum mechanical scheme was already several weeks^
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old. This happened because at that time people were still not quite sure that 
the solution of the main riddle was in hand. (A photocopy of the book of
minutes of the Kapitza Club exists in Moscow.) ____ _________
Dirac has informed me: "To the best of my recollection I did attend this seminar 
of Heisenberg. Heisenberg dealt mainly with the current spectroscopic problems 
and referred only briefly at the end to his new ideas about matrix elements.
These did not impress me much and slipped out of my mind entirely. When I read 
about the work in September, it came to me as an entirely new theory.” (Letter 
from Dirac, dated Trieste, July 27, 1971-)

1+8. Niels Bohr once remarked to Heisenberg, "Whenever Dirac"sendst me aTinanuscript, 
the writing is so neat and free of corrections that merely looking at it is an 
aesthetic pleasure. If I suggest even minor changes, Paul becomes terribly un
happy and generally changes nothing at all.” (W. Heisenberg, Physics and Beyond 
New York 1971, p. 87).
Bohr himself used to ’’construct” his papers by dictating them to others, making 
corrections, writing and rewriting, until at last he was satisfied. For his 
Master’s thesis, it was his mother, for his Ph.D. dissertation, it was his wife, 
and then beginning with Kramers almost all his collaborators took down Bohr’s 
dictation. Once Dirac happened to be there when Bohr was composing a paper.
Bohr paced as he dictated, went back and corrected, and so it went on for a 
long time. Then Dirac, during an impressive pause, said: ’’Professor Bohr, when 
I was at school, my teacher taught me not to begin a sentence until I knew how 
to finish it.”

1+9• For instance, he was quite interested in Weyl’s theory of electromagnetism and 
gravitation, and made a detailed study of the field around the electron, find
ing t*at the equations required a modification that would make the charge vary 
with time. (Conversation with Dirac, Miami, 28 March 1969). (For Weyl’s theory 
see A.S. Eddington, The Mathematical Theory of Relativity, loc. cit., pp. 196
212; H. Weyl, Sitz. Ber. Preuss. Akad. Wiss. (Berlin), 1918, p. H65, Ann. Phys. 
(Leipzig) 52, 101-133 (1919)).

50. Dirac occasionally visited Oxford to talk to the experimenters. The problem 
was to obtain rotating gases without using moving mechanical parts.

51 Heisenberg ’ s talk on ’’Termzoologie und Zeemanbotanik” deaJ t with the problems
of the old quantum theory. See Footnote 2+7

52. Z. Phys., 33, 879-893 (1925). Following a heavy attack of hay fever, Heisen
berg spent a couple of weeks in June 1925 at the rocky island of Helgoland.
It was during his stay there that the solution of the quantum problem came to 
him. He completed the work in Gottingen and sent the manuscript to Pauli on 
9 July 1925. On 11 or 12 July he gave the final version to Max Born who was 
’’deeply impressed” Vy Heisenberg’s work. (See B.L. van der Waerden, Sources of 
Quantum Mechanics, Amsterdam 1967; Dover, N.Y.. 1968, pp. 25-27). Born



-tirnngdlately wrote to Einstein: "Heisenberg's new paper, which will appear very 
soon, seems to be rather mystical but is surely correct and very deep." When 
Born thought about Heisenberg's symbolic multiplication, he very soon found 
that it "was nothing but the matrix calculus, well known to me since my student 
days from the lectures of Rosanes." (See Van der Waerden, "Sources", pp. 36-37)*
On simplifying Heisenberg's notation, Born discovered that "the two matrix 
products pq and qp were not identical," and he finally wrote down the "strange 
equation", pq-qp = 1, where p and q are Heisenberg's momentum and position
variables and 1 is the unit matrix. On 19 July 1925 , in the train en route 
to attend the meeting of the German Physical Society in Hannover, Born informed 

Pauli of his discovery. On 27 September 1925 he4 submitted a Joint papei with P. 
Jordan on quantum mechanics (Z.Phys.34«- 58«-8fl.8(1925*))-.- At the same time began the
collaboration for the three-man paper (M. Bora, W. Heisenberg, and P. Jordan,
Z. Phys. 35, 557-615(1926)); in a note added in proof in this paper, the authors 
said, "A paper by P.A.M. Dirac (Proc. Roy. Soc. London A109, 642(1925)), which 
has Just appeared in the meantime, independently gives some of the results con
tained in Part I of the present paper, together with further new conclusions 
to be drawn from the theory."
See B.L. van der Waerden, "Sources," loc. cit.. p. 4l.
Writing to Pauli on 9 July 1925» when he sent him his paper, Heisenberg said,
".... my opinion on the mechanics becomes more radical since Helgoland from day 
to day > •.. It really is my conviction that an interpretation of the Rydberg 
formula in the geometrical sense of circular and elliptical orbits has not phy
sical meaning at all, and all my humble efforts are directed toward totally 
killing the concept of orbits which one cannot observe anyway, and replacing 
it by another more appropriate concept." (B.L. van der Waerden, "Sources," • 
loc. cit., p. 27).
Dirac's talk in From a Life of Physics, loc. cit., on 14 June 1968.
It was received on 7 November 1925 and appeared on 1 December 1925 in Proc.
Roy. Soc. (London) A109, 642-653 (1925)- Fowler was in fact quite right, 
because the Gottingen group (Born and Jordan, loc. cit.) quickly published a 
paper on the commutation rules in quantum mechanics, as well as the 
paper" (Born, Heisenberg, and Jordan, loc. cit.) containing part of the trans
formation theory to which Dirac immediately (and independently) made great con
tribution. It was fortunate indeed that there was somebody around who understood 
the importance and urgency of Dirac's work.
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56. (cont’d.)
Until Dirac’s work there did not appear any significant contributions to quantum 
theory from England, although it was Lord Kelvin who in his Baltimore lectures 
had summarized the difficulties which were resolved by quantum theory for the 
first time. The old quantum theory was developed almost entirely on the conti
nent, in Germany, Denmark, and Holland. The earlier work of J. Larmor (Proc.
Roy. Soc. (London) A83, 82-95 (19)9)) and J. Jeans (he wrote valuable 
Reports on the Quantum Theory^ 1914, 1924) did not prove of abiding interest.

57- M. Born and P. Jordan, Z. Phys. 34, 858-888 (1925).
58. Dirac [8], p. 649.
59. Dirac [8].
60. Dirac stated that q-numbers are more general than those which can be represented 

by a Fourier series. Thus, in principle, non-periodic systems cculd be described.
61. The corresponding "transformation to the principal axes" was considered very 

important by Born and Jordan and the Gottingen mathematicians.
62. Actually he first transformed to polar coordinates and calculated the correspond

ing classical momenta by using Poisson brackets. The resulting Hamiltonian looked 
different from the classical Hamiltonian in polar coordinates, but Dirac’s cal
culation demonstrated its correctness.

63. On 17 January 1026, the Zeitschrift fur Physik received Pauli’s paper on "The 
Hydrogen Spectrum from the Standpoint of the New Quantum Mechanics" (Z. Phys.
36, 336-363(1926)). From a letter which Heisenberg wrote to Pauli, one may con
clude that Pauli’s calculation had been completed before 3 November 1925, employing 
the entire power of matrix mechanics and demonstrating Pauli’s great skill. It 
also showed that the quantum mechanical scheme of Born, Heisenberg, and Jordan
was fully reliable.

64. Dirac had pondered about this question for quite some time without obtaining 
satisfactory progress. He had specifically thought about the spectrum of helium 
and had worked on it for almost two years. He now realized that the key to the 
mystery had been provided by Heisenberg, who also solved the helium problem.
(Z. Phys. 39» 4999 1926). Heisenberg used Schrodinger’s wave function method, 
and also referred to this paper [10] of Dirac.

65. A. Jommerfeld, Ann. Phys. (Leipzig) 51, 1 (1916); M. Planck, Verh. Deutsch. Phys. 
Ges. 17, 407 (1915); P. Epstein, Phys. ZS 17, 148 (1916); K. Schwarzschild, Sitz. 
Ber. Preuss. Akad. Wiss. (Berlin) 1916, p. 548; A. Einstein, Verh. Deutsch. Phys.

k Ges. 12, 82 (1917).
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66. Dirac dealt extensively with the relations which followed, from the conserva
tion of angular momentum.

67. Dirac did not wish to get on the bandwagon of matrix mechanics, and Fowler was 
happy that he (Dirac) devoted himse..* to his own method,

68. "Heisenberg was led very reluctantly to non-commutative algebra. He was very 
reluctant because it was so foreign to all ideas of physicists at that time, 
and when it first turned up he thought there must be something wrong with his 
theory and tried to correct it, but he was just forced to accept it. So non
commutation came about in an indirect way." (Dirac’s talk at Austin, lU April 
1970, loc. cit.).

69. In 1929, A. Wintner published his book Spektraltheorie der unendlichen Matrizen 
(Leipzig, 1929). Dirac and Heisenberg had much earlier employed these methods 
very successfully. Let us recall also that already in 1926 SchrBdinger had dis
covered operators with continuous eigenvalues.

70. Dirac wrote his Ph.D. thesis on the principles of quantum mechanics which he had 
developed. Later on he lectured on quantum mechanics at Cambridge, leading to 
his book The Principles of Quantum Mechanics, Oxford 1930.

fl. E. Schrodinger, Ann. Phys. (Leipzig), 79» 36, U89 (1926); 80, H37 (1926);
81, 109, (1926).

72. De Broglie had dealt with his matter-wave ideas from relativistic considerations. 
SchrOdinger also started with a relativistic equation for the motion of an elec
tron, but he dropped this approach when he found that his attempt did not cover 
the empirical data on atoms. (See Dirac’s obituary notice on Schrodinger in 
Nature 189, 355-358, 196l; also Dirac’s article "The Evolution of the Phy
sicist’s Picture of Nature," Scientific American 208, No. 5, H5-53 (1963)9
and his talk at Trieste in From a Life of Physics, June 1968).

73. Pauli treated the hydrogen atom (loc. cit.) in 28 pages and Dirac * s elegant 
method dealt with part of the problem in 10 pages [9].

7^. N. Bohr, "Discussion with Einstein on Epistemological Problems in Atomic Physics," 
in P.A. Schilpp’s Albert Einstein: Philosopher - Scientist, Evanston 19^9> P« 199

75. E. Schrodinger, Ann. Phys. (Leipzig) 799 73^-756 (1926). Schrodinger’s paper 
was submitted on March 8. On March 31, 1926 C. Eckart from Caltech, whose 
interest in quantum mechanics was aroused by Born’s lecture in Pasadena (winter 
1925), submitted another formal proof of equivalence of different quantum me
chanical schemes to the National Academy (Proc. Nat. Acad. Sci. 12, H73-U76 (1926); 
see Phys. Rev. 28, 711-726 (1926), for more detail.)



F.12.

76. Since there was no evidence that "both methods could be equivalent, Dirac’s first 
reaction was that Schrddinger must be wrong.

77• At Cambridge, Charles Darwin was pleased with the approach based on wave me
chanics. The experimental people, of course, were happy wich the new "under
standable” concept.

78. W. Heisenberg, Z. Phys. 38, Ull-1+26 (1926), received 11 June 1926. Heisenberg 
used Schrodinger’s wave mechanics in the discussion.

79. Dirac noted there Ill] that some difficulties arise between the "quantum energy" 
E and the quantum mechanical Hamiltonian, because the new variable E ought to 
commute with, say, the position variable, whereas the Hamiitonian does not do 
so. The ideas in this paper, according to Dirac himself? were rather "arti
ficial," and he returned to this question later on in the framework of Schro
dinger ’s theory.

80. In the case when the "Hamiltonian" F does not contain the time explicitly, then 
E is the energy of the system, and the 4, are the eigenvectors which bring the 
matrix H into a diagonal form.

81. This was an old question in statistical mechanics, which had led to great dis
cussions between the experts. In the early 192C’s, two groups taking opposite 
points of view were led, on the one hand, by Planck and Einstein advocating the 
indistinguishability of microscopic particles and, on the other, by Ehrenfest 
and SchrBdinger who did not see any <a priori reason for this definition.

82. W. Pauli, Z. Phys. 31, 765-783 (1925).
83. Dirac also remarked that a saturation phenomenon similar to the one in the Bose- 

Einstein gas does not exist in this case.
8U. Fermi’s short note, "On the Quantum Mechanics of a Perfect Monatomic Gas" was 

presented to the Rome Academy on 7 February 1926. On 26 March 1926, the Zeit- 
schrift, fQr Physik received the longer version of his paper "On the Quantiza
tion of the Ideal Monatomic Gas," (Rend. Lincei 3,, 1^5-1^9» 1926; Z. Phys. 36, 
902-912, 1926); this issue of Zeitschrift fttr Physik (Heft 12) was ready for 
the printer on 11 May 1926, and was distributed by the end of May.
Writing to Dirac on 25 September 1926 from Rome, Fermi said:
"Dear Sir: In your interesting paper *0n the Theory of. Quantum Mechanics’
(Proc. Roy. Soc. 112, 66l, 1926')--you have put forward.a. theory of the Ideal Gas 
based an Pauli’s Exclusion Principle.
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8H. (cont’d.)
Now a theory of the ideal gas that is practically identical to yours was 
published by me at the beginning of 1926 (Z. Phys. 36, p. 902; Lincei Rend. 
February 1926).
Since I suppose you have not seen my paper, I beg to attract your attention 
to it.
I am, Sir,

Yours truly 
Enrico Fermi.”

(Copy of letter in AHQP).
85- P. Ehrenfest and V. Trkal, Ann. Phys. 65, 609 (1921); E. Schrodinger, Phys. ZS

25, Hl (192H); Sitz. Ber. Preuss. Akad. Wiss. (Berlin) 1925, p. H3H; A. Einstein, 
ibid. 192H, p. 261; 1925, p. 3, 18; M. Planck, Z. Phys. 3£, 155 (1925).

86. Schrddinger’s discussion of the time-dependent perturbation theory is contained 
in his fourth paper of the series on "Quantization as an Eigenvalue Problem,” 
which was received by Annalen der Physik on 21 June 1926. This issue (Ann.
Phys., Leipzig, 8.1, 109, 1926) was ready for printing on 8 September 1926. A 
short discussion of the time-dependent perturbation theory was contained in 
the paper of Born, Heisenberg, and Jordan (Loc. cit., Section 1.5,.

87. See, for example, Dirac’s obituary notice of SchrBdinger in Nature 189, 355-356, 
1961.

88. P. Jordan, Z. Phys. HO, 809-838 (1927), received on 18 December, 1926.
89. M. Born, W. Heisenberg, and P. Jordan, Z. Phys. 35, 557-615 (1926).
90. P. Jordan, Z. Phys. 37, 383-386 (1926); received 27 April 1926; Z. Phys. 38,

513-517 (1926), received 6 July 1926.
Further work on action-angle variables and canonical transformations was performed 
by F. London, Z. Phys. 3J., 915-925; Ho, 193-210.
Eq. (10) was long believed to be correct but it is not, as there are many in
equivalent representations of the commutation relations.

91. AHQP, loc. cit. 3, Interview with Dirac, 7 May 1963.
92. C. Lanczos, Z. Phys. 35, 812-830 (1926). The first attempt at such a generali

zation may be found in the Born—Heisenberg—Jordan paper, loc. cit., Section 3.3 
on "Continuous Spectra." However, they did not develop further the ideas con
tained there. , , \ -

93. Although the 6-funtion, with good reason, is connected with Dirac’s name, he *
was not the first to introduce it into physics. It was indicated by G. KirchhoPf J 
(Sitz. Ber. Preuss. Akad. Wiss. (Berlin) 1882, pp. 6H1-669, especially p. 6HM:» 
was also suggested by 0. Heaviside (Proc. Roy See., London, A5 2,, 50H—\29, l893^j» 1
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93. (cont’d.)
Af&, 105-1^3, 1893); P. Hertz used it also (in "Statistical Mechanics," in 
Weber-Gans’ Repertorium der Physik, Vol. 1/2, Leipzig 1916, p. 503). Dirac 
gave the 6-function a sharper meaning, when he remarked: ’’Strictly, of course, 
6(x) is not a proper function of x, but can be regarded only as a limit of a 
certain sequence of functions.*’ [16], loc. cit., p. 625. The mathematical 
foundation of the 6-type functions was thus initiated by Dirac’s intuitive use. 
The work of Hadamard, Schwartz, Gel*fand and his school, led to the theory of 
generalized functions which cannot be regarded as closed even today.

9^. 6* is the ’’derivative” of the 6-function. If folded with another function, it
reproduces its derivative at a single point (o’).

95. Actually the position variables are transformed from a system x to another 
system X; we have not indicated this in Eq. (13).

96. See [l6], p. 635.
97. P. Jordan independently proposed another formulation of the transformation 

theory, equivalent to Dirac’s. See footnote 88..

98. Heisenberg and Bohr continued their intense discussions and work until February 
1927, when Heisenberg arrived at detailed quantitative conclusions (formulating 
the Uncertainty Principle) by analysing various ’’Gedanken” experiments. Dirac’s 
transformation theory, of course, found a very prominent place in Heisenberg’s 
derivation.

99. P.A.M. Dirac, ’’The Versatility of Niels Bohr,” in Niels Bohr: His Life and Work, 
Amsterdam 1967» pp. 306-309. (Also in conversation with Dirac, Miami, 28 March 
1969).

100. After his work on the problems of the hydrogen spectrum and the periodic system 
of elements, Bohr became a central figure in the discussion and clarification 
of the fundamental problems of atomic theory. He, more than anybody else, ac
tively sought a coherent philpsophical understanding of the various problems 
raised in quantum theory in the decade of the 1920’s. His philosophical dialogue 
with Einstein continued even beyond that.

101. ’’Complementarity was a kind of philosophical principle, and I find it rather 
difficult tc understand philosophical principles. Mach’s principle, which 
people often talk about, is another example; I don’t really understand what it 
means. I understand something only when I have equations, and I don’t see that
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101. (cont’d.)
complementarity has contributed in any way to the equations of quantum theory.
It [complementarity] just makes one feel satisfied with the interpretation of

, '“Iquantum mechanics, with a rather limited interpretation that one can have, and 
does not try to go beyond that." (Conversation with Dirac, 28 March 1969)*

102. Conversations with Dirac (Trieste, June 1968, and Miami, March 1969). Also 
see reference in Footnote 153.

‘I ,

103. He could go as far as he liked without paying extra on the tram, and sometimes
■ - ' i' 1he would ride to the terminus. From there he would walk back to town. In this 

way he got to know Copenhagen quite well.
10U. It was mostly Klein who talked. Eugene Wigner once told me about a luncheon

in Princeton at which Dirac, Polanyi, , : and Wigner were present. Every
’ J'

body, except Dirac, took part in an animated exchange. At one point Wigner 
asked Dirac, "Paul, why don’t you say something? All of .us would like to hear b : 
your views." Dirac replied, "There are more people willing to talk than will
ing to listen. "

105. There was a kind of similarity between Ehrenfest and Bohr. Bohr would often
interrupt the speaker in a seminar, "not to criticize, but to learn.” 1

106. In J. Schwinger’s collection of papers on "Quantum Electrodynamics" (Dover,
New York, 1958), this paper of Dirac’s is the first.

107. The reason is that the time cannot be treated symmetrically along with the posi
tion variables, but only as a c-numbers.

108. This had already been done for free radiation in the last article of/the Bora-l'1' , ■Heisenberg-Jordan paper. The quantization of the oscillator led to the quan- 
turn nature of radiation.

109. In his previous paper [lU], Dirac had already dealt with the B-coefficients.
110. P. Jordan and E. Wigner, Z. Phys. -U7., 631 (1928). 1
111. At the end of the paper [17], Dirac thanked Bohr for conversations. Bohr had

engaged Dirac’s attention in the problem of field quantization, and raised 
further questions to which Dirac returned only much later. „ - ;•

112. In the spring of 1926} Weyl had worked closely with Schrddinger in Zurich.
H3. GUnther Cario was an experimental physicist at Gdttingen. His family had been

" I ' ‘I

well off once, but the inflation had ruined them. The family had an enormous 
house with a large garden not far from the centre of Gdttingen, and they used to 
take in visitors, especially Americans. Among those who stayed at Carlos’s house 
were Condon, Dirac, Karl Compton, and Oppenheimer.21
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llU. See, e.g., R. Ladenburg, "The Quantum Theoretical Number of Dispersion Electrons," 
Z. Phys. h_, ^51 (1921); H.A. Kramers, "The Law of Dispersion and Bohr’s Theory 
of Spectra," Nature 113, 673 (192M, "The Quantum Theory of Dispersion," Nature 
llU, 310, (192U); H.A. Kramers and V. Heisenberg, "On the Dispersion of Radia-

. tion by Atoms," Z. Phys. 31, 68l (1925); W. Kuhn, "On the Total Intensity of
Absorption Lines Emanating from a Given State," Z. Phys. 33, ^08 (1925).

115. M. Born, Z. Phys. 37, 863-867 (1926); 38, 803-827 (1926).
116. See Electrons et Photons, Rapports et Discussions du Cinqui&me Conseil de 

Physique, Gauthier-Villars, Paris 1928, p. 182. (5th Conseil Solvay,
Brussels, 2U-29 October 1927.)

117. Electrons et Photons, .Loc. cit., pp. 258-263.
118. This is exactly the idea of the reduction of the wave packet, which was noted 

immediately by Born, and also discussed independently by J. von Neumann.
119. Electrons et Photons, loc. cit., pp. 26^-265-
120. In November 1927, on his return to Cambridge, Dirac was elected Fellow of St. 

John’s College, and he continued to build on the strong foundations he had laid 
for his work on quantum theory.
He travelled to the United States and Japan during 1929-30. During his five 
months stay in the United States, Dirac gave lectures on quantum mechanics in 
Michigan and Wisconsin. At about the same time Heisenberg also travelled and 
lectured in the United States. (Heisenberg’s book The Physical Principles of 
Quantum Theory, Chicago 1930, grew out of his lectures at the University of 
Chicago.)
On their way back to Europe, via Japan, Dirac and Heisenberg crossed the Pacific 
Ocean together in a Japanese boat. They had plenty of time to reflect upon and 
discuss their views about Nature; they got to know each other well and became good 
friends. (See W. Heisenberg, Physics and Beyond, loc.cit.s pp. 100-102). They 
discovered that they had a great deal in common; amongst other things both of 
them had a dislike of reporters. As they were approaching Yokahama, a reporter 
came in the pilot boat, got on board, and wanted to interview them. He soon 
caught Heisenberg and interviewed him, but Dirac managed to evade him. Dirac 
and Heisenberg were standing by the railing, when the reporter came up to 
Heisenberg and said, "I have searched all over the ship for Dirac, but I can
not find him." Heisenberg did not tell him that Dirac was right there standing 
beside him. "He was very loyal. What he said instead was, ’if you would like
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120 (cont’d.)
to ask me some questions about Dirac, I will try to answer them*1 So I just 
stood there, looking in another.direction, pretending to be a stranger and 
listening to Heisenberg describing me to the reporter. We had a very good 
time travelling around Japan." (in Dirac’s introduction to Heisenberg for 
his talk in From a Life of Physics, Trieste, 18 June 1968). After a month to
gether in Japan they separated, Heisenberg going on to India, and Dirac return
ing to Cambridge via Vladivostock and Moscow. *
Heisenberg once told me a charming story of this ocean voyage. Dirac would 
often sit at a table in a corner, having a sip of water or soft drink, while 
Heisenberg would take part in the entertainment offered by the boat including 
dancing. Once, at the end of a dance, Heisenberg returned to their table, and 
Dirac asked him, "Heisenberg, why do you dance?" Heisenberg said, "Well, if a 
girl is nice, I like to dance with her," and he moved on to another dance. When 
he returned again after some time, Dirac said, "How do you know that a girl is 
’nice* before you have danced with her?"

121. 0. Klein, Z. Phys. 37, 895 (1926). Actually this equation had already been ob
tained by Schrodinger in 1925? but he did not publish it. In his article on . 
"The Evolution of the Physicist’s Picture of Nature" (Scientific American 208,
No. 5, 1+5-53 (1963)), Dirac wrote: "SchrBdinger got this equation by pure thought, 
looking for some beautiful generalization of De Broglie’s ideas, and hot by keep
ing close to the experimental development of the subject in the way Heisenberg 
did.

’’I might tell you the story I heard from Schrodinger of how, when he first got the 
idea for this equation, he immediately applied to the behavior of the electron in 
the hydrogen atom, and then he got results that did not agree with experiment.
The disagreement arose because at that time it was not known that the electron 
has a spin. That, of course, was a great disappointment to SchrBdinger, and it 
caused him to, abandon the work for some months. Then he noticed that if he ap
plied the theory in a more approximate way, not taking into account the refine
ments required by relativity, to this rough approximation his work was in agree
ment with observation. He published his first paper with only this rough ap
proximation, and that way SchrBdinger’s wave equation was presented to the world. 
Afterward, of course, when people found out how to take into account correctly 
the spin of the electron, the discrepancy between the results of applying SchrB
dinger *s relativistLc equation and the experiments was completely cleared up."
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122. W. Gordon, Z. Phys. Ho, 117 (1926). The equation obtained by Schrddinger, 
and the one proposed by Klein, contained a t, rm which.took into account the 
interaction with the electromagnetic field. (V. Pock also obtained the same 
equation. Z. Phys. 38, 2k2; 3£, 226 (1926)).

123. Since ip refers to a complex Klein-Gordon field, one prefers nowadays to call 
p(x) the charge density rather than the particle density, and ip( ' then des
cribes both particles and antiparticles; but such a possibility was not known 
at that time.

12U. G.E. Uhlenbeck and S. Goudsmit, Naturwissenschaften 13, 953-95^ (1925). They 
referred to the introduction of an additional quantum number for the electrons 
by W. Pauli (Z. Phys. 31, 765-785 (1925)).

125. W. Pauli, ”Zur Quantenmechanik des magnetischen Elektrons," Z. Phys. 37,
263 (1926).

126. Weyl pointed out later on that such an extension would not be necessary in the 
case of particles with zero rest mass, because then a two-component relativistic 
wave equation exists to the first order in the momentum, (h. Weyl, Z. Phys. 56, 
330-352 (1929)). The need for having the extra components was not entirely clear 
to Dirac when he was attempting to obtain his equation. (Conversation with 
Dirac in Miami, 28 March 1969).

127. [2l], p. 352. For the probability, he chose
128. P. Debye and W. Heisenberg had already assumed their respective professorships 

at Leipzig, and together they organized a conference on "Quantum Theory and 
Chemistry.” Among the speakers were also W. Kossel (growth of crystals), C.N. 
Hinshelwood (chemical kinetics), F. London (chemical binding), and A. Fucken 
(heat conduction in solids).

129. A. Sommerfeld, Ann. Phys. (Leipzig) 511 1 (1916).
130. C.G. Darwin, Proc. Roy. Soc. (London) All8, 65U-68O (1928); A120, 621-631 (1928);

W. Gordon, Z. Phys. H8, 11-1^ (1928).
131. [22], p. 563. Dirac addressed himself here to the fact that in 1928 only the 

electron and the proton, two particles with equal and opposite charges but very 
different masses, were known to exist in Nature. In contrast to Dirac, Weyl 
was not bothered by the consequence of the equation.

132. He published two papers, one on "The Basis of Statistical Mechanics" [23], in 
which he treated quantum statistical mechanics in analogy with classical statis
tical mechanics; and the other on "Quantum Mechanics of Many-Electron Systems"[2h]
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132. (cont’d.)
In the latter, Dirac explicitly referred to the difficulties involved when high 
speed particles are present, and stressed the fact that in dealing with the 
problems of chemical binding these difficulties can be avoided; his aim was to 
obtain an approximate, practical method of explaining the main features of 
complex atomic systems. In two later papers, a "Note on Exchange Phenomena in 
the Thomas Atom" [27] and a "Note on the Interpretation of the Density Matrix 
in the Many Electron Problem" [ 30], he returned to similar questions.

133. [25], see p. 360.
134. As a price for the fact that is always positive in the theory of the elec

tron, the Hamiltonian becomes indefinite. This can already be seen in the 
classical form, namely Eq. (16) 9 in which both possibilities occur. In 
classical physics, transitions between positive and negative energy states 
might be suppressed; but in perturbation theory, with rapidly changing per
turbations, this is not possible. ,

135.
136.

[25], p. 362. 
[25], p. 363.

137 • Dirac calculated the stimulated emission of an electron under the influence of
two incident beams of radiation. Since the annihilation process can be regarded 
as the spontaneous emission of two photons from the electron-positron collision, 
one could then simply use the relation between spontaneous and stimulated 
emission.

138. J.R. Oppenheimer therefore proposed filling in all the holes cf negative energies 
(Phys. Rev. 35 9 562 (1930)). By doing so, first, no transitions occur, and 
second, electrons and protons could be regarded as independent objects.

139> E. Schrodinger, Sitz. Ber. Preuss. Aksd. Wiss. (Berlin) 1930, pp. 418-428.
l4o. It is also remarkable that A. Einstein, who at that time was already deeply in

volved in unified field theory, became interested in this problem by seeking to 
generalize the concept of spinors. A Einstein and W. Mayer, "Semi-Vectors and 
Spinors," Sicz. Ber. Preuss. Akad. Wiss. (Berlin h.932, pp. 522-550. In this 
theory, the ’’anti-particles ” could have different masses.

lUl. See H. Weyl, Gruppentheorie und Quantenmechanik, second edition, Leipzig 
1931, p. 234.

142. See [31], pp. 61-62. Dirac remarked later on: "I did not realize that the proba
bility was very much greater if you just have on y-ray hitting a nucleus, a 
Coulomb field."21 .
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1U3. C.D.Anderson, ’’The Positive Electron," Phys. Rev. ^3, U92 (1933). Anderson 
did not know about Dirac’s theory when he discovered the new particle in the 
cloud chamber. For details of the story of the positron, see N.R. Hanson,
The Concept of the Positron, Cambridge 1963» especially Chapter IX.

lM. There is a story, probably apocryphal, that Dirac had made a bet with Heisen
berg on the subject of spin, saying that he would find a more fundamental ex
planation of it than merely adding a new degree of freedom. Of this story, 
he said, ”1 don’t think I would make a bet on the future development of 
science, because it is so uncertain. I might have said that I was dissatis
fied with the theory and that I believed that some day a better theory would 
be discovered. Just now I could say that some day someone will find the 
reason for the constant 137.”3’21’22

1U5. Toward the close of his Nobel Lecture, Dirac’s words were prophetic: ’’In
any case I think it is probable that negative protons can exist, since as far 
as the theory is yet definite, there is a complete and perfect symmetry be
tween positive and negative electric charge, and if this symmetry is really 
fundamental in nature, it must be possible to reverse the charge on any kind 
of particle. The negative protons would of course be much harder to produce 
experimentally, since a much larger energy would be required, corresponding 
to the larger mass.

"If we accept the view of complete symmetry between positive and negative 
electric charge so far as concerns the fundamental laws of Nature, we must re
gard it rather as an accident that the Earth (and presumably the whole solar 
system), contains a preponderance of negative electrons and positive protons.
It is quite possible that for some of the stars it is the other way about, 
these stars being built up mainly of positrons and negative protons. In fact, 
there may be half the stars of each kind. The two kinds of stars would both 
show exactly the same spectra, and there would be no way of distinguishing 
them by present astronomical methods.’* (Nobel Lectures in Physics, 1922-Ul, 
Amsterdam 1965> pp. 32U-325).

146. See [31]. Magnetic monopoles have not as yet been discovered experimentally. 
However, no one has found any satisfactory reason either that they should not 
exist. They have also not been fully incorporated in the theoretical scheme of 
high energy physics. Dirac had proposed in 1931 that the attractive forces be
tween positive and negative poles are very large compared to the attractive 
forces between elementary charges. It is now believed that hadron interac
tions might be much larger than the strength of me nopole forces.
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ll+7. Dirac was persuaded, even as he prepared the first edition of his book The
Principles of Quantum Mechanics (1930) that the best form of presenting quantum 
theory would be the relativistic one. the time of the second edition of 
his book in 1935> and still more by the time of the third edition in 19^7, he 
recognized that there are concepts which cannot be preserved in relativistic 
mechanics, though they seem very natural to quantum mechanics in the nonrela
tivistic form. Moreover, the infinities arising in quantum field theory showed 
that the straightforward generalization of quantum mechanics was not the final 
answer to everything.
The second edition of Dirac * s The Principles of Quantum Mechanics was reviewed 
in Nature by C.G. Darwin, who expressed the view that ”we do not consider the 
new edition any better than the old. In the old edition, the author succeeded 
so admirably in expressing his philosophy that the new edition was almost bound 
to disappoint our expectation of still better things.” (Nature 136, lU Septem
ber 1935, pp. Ull-Ul2). S. Chandrasekhar told me the story that after a walk 
together in Cambridge, he invited Dirac to his rooms in Trinity College for 
tea. Dirac remarked, “Darwin thinks that the first edition of my book is better 
than the second.” ”Do you share that view?” asked Chandrasekhar. Dirac replied 
”If I had, then I should not have written the second edition.”
In 1939 Dirac proposed the new notation of bra- and ket-vectors, which he em
ployed in the third edition (19^+7) of his book. In a foreward to E.M. Corson’s 
book Perturbation Methods in the Quantum Mechanics of n-Electron Systems (Hafner, 
New York 1950), which was based on Dirac’s theory and his Princeton lectures,
M. Born wrote: ”1 have no great love for certain notations where brackets of 
every description replace ordinary symbols." (Born notwithstanding, the bra-ket 
notation has become standard in the language of quantum mechanics.)

lU8. w. Heisenberg and W. Pauli, Z. Phys. $6, 1; 99» 168 (1929).

1U9. See [33], p. U5U.
150. L. Rosenfeld, Z. Phys. 76, 729 (1932). Dirac, Fock and Podolsky [3H] improved 

the demonstration in their joint paper. In a later paper Dirac further clari
fied the concept of a Lagrangian theory, giving a coherent study of classical 
dynamics [37].

151. This idea was proposed by Dirac in his Bakerian lecture, delivered on 19 June 
19^1 (Proc. Roy. Soc. (London) Al80, 1-UO (19^2)). See V. Heisenberg’s con
tribution to this volume.
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152. See P.A.M. Dirac, "Is there an Aether?”, Nature 168, 906 (1951); 169, 146, 702 
(1952) and "The Lorentz Transformation and Absolute Time," Physica 19, 888-896 
(1953). His aim was to return to a Hamiltonian scheme for relativistic physics, 
and thereby cure the difficulties arising from divergences in qucntum field 
theory.

153. P.A.M. Dirac, Proc. Roy. Soc. (London) Al60, 1+8-59 (1937), Al65, 199-208 (1938).
154. P.A.M. Dirac, Proc. Roy. Soc. (London) A246, 333-343 (1958); Phys. Rev. 114, 

924-930 (1959); Phys. Rev. Letters, 2, 368-371 (1959).
155» For instance, Dirac was willing to accept the Bohr-Kramers-Slater idea of the 

statistical conservation of energy. (Bohr, Kramers, Slater, Phil Mag. 47, 
78>-802 (±924)). In his reply to Bohr’s message of congratulations for his 
Nobel Prize, Dirac spoke gratefully of the Influence which the imaginative and 
undogmatic Bohr had exercized on him.

156. Dirac has often expressed the need for mathematical beauty in physical theory.
"I feel that a theory, if it is correct, will be a beautiful theory, because 
you want the principle of beauty when you are establishing fundamental laws. 
Since one is working from a mathematical basis, one is guided very largely by

' the requirement of mathematical beauty. If the equations of physics are not 
mathematically beautiful that denotes an imperfection, and it means that the 
theory is at fault and needs improvement. There are occasions where mathema
tical beauty should take priority over [temporary] agreement with experiment.

"Mathematical beauty appeals to one’s emotions, and the need for it is ac
cepted as an article of faith; there is no logical reason behind it. It just 
seems that God constructed the Universe on the basis of beautiful mathematics 
and we have found that the assumption that basic ideas should be expressible in 
terms of beautiful mathematics is a profitable assumption to make.

"In an approximate theory the mathematics may not be beautiful. Newton’s 
theory has some beauty, but Einstein’s theory of gravitation has greater beauty. 
Pure mathematicians, even if they are not physicists at all, and not in the 
least concerned with gravitation are still interested in Einstein’s equations 
because they find the equations beautiful. The whole idea of Minkowski space 
and its equations is a beautiful thing because it is connected with the Lorentz 
group. Also non-relativistic quantum mechanics is a beautiful theory because 
it is complete.



P.23.

156. (cont’d.)
"I would consider the theory of complex variables a very beautiful theory 

because of the great power that one has with Cauchy integrals. The same 1 feel 
with projective geometry, but not with some other branches of mathematics, such 
as the theory of sets and topology.

"A beautiful theory has universality and power to predict, to interpret, 
to set up examples and to work with them. Once you have the fundamental laws, 
and you want to apply them, you don't need the principle of beauty anymore, 
because in treating practical problems one has to take into account many details 
and things become messy anyway." (Conversations with Dirac in Trieste and 
Miami, loc. cit.)

157. Dirac's talk in From a Life of Physics, loc. cit.
158. Dirac's talk on "Relativity and Quantum Mechanics" at The University of Texas, 

Austin, lU April 1970.
159. See P.A.M. Dirac, "Evolution of the Physicist's Picture of Nature," Scientific 

American 208, No. 5, ^5-53 (1963). Dirac does not believe that he was ever 
very good in carrying through an algebraic calculation without picturing what 
the equations mean. He told me (Miami, 28 March 1969) that he finds it dif
ficult to follow modern work in theoretical physics that employs purely alge
braic methods. He did concede though that his q-number manipulations were more 
algebraic than "geometrical." We have earlier mentioned his preference for 
geometry.

160. He pointed out that for the mass renormalization one could work either with the 
Wentzel field or a X-limiting process.

161. See. W. Heisenberg, Physics and Beyond, loc. cit., pp. 101-102.
162. From the presentation address by H. Pleijel, Chairman of the Nobel Committee 

for Physics (Nobel Lectures in Physics. 1922-Ul. Amsterdam, 1965, p. 289):
"The theory of wave mechanics which you have developed is characterized 

by its universality, since from the beginning you have imposed the condition 
that the postulate of the theory of relativity has to be fulfilled. In this 
way you have shown that the existence of the spin of electrons and its quali
ties are a consequence of this theory and not merely a hypothesis.

"Further you have succeeded in dividing the wave equation into two, which 
results in two systems of solutions one of which requires the existence of a 
positive electron of the same size and charge as the negative electron. The
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162. (cont’d.)
experimental discovery of the existence of the positron has iu a brilliant 
way confirmed your theory.

"For the discovery of new fertile forms of the theory of atoms presented 
by you and for its applications the Royal Academy of Sciences has awarded you 
the Nobel Prize."


