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ABSTRACT 

A theoretical technique is presented which allows numerical in-
vestigation of wave propagation in a warm, bounded plasma. In this 
theory, all plasma dielectric tensor terms are expanded in power series 
of the hot plasma expansion parameter, and at some specified order, all 
series are truncated. The introduction of first and higher order correc-
tion terms, however, requires boundary conditions in addition to those 
on and fi^.. Assuming a rigid plasma-vacuum boundary, the continuity 
of the normal electric field is proposed as one additional boundary 
condition. 

Numerical results are presented fov the fast plasma wave propa-
gating near the second harmonic of the ion cyclotron frequency. Under 
this condition, finite temperature effects predict a strong wave damping 
mechanism. This damping mechanism has been observed experimentally 
yielding basic agreement with the theory. The results, however, are not 
as detailed as are desired because of poor repeatibility. This problem 
is still being investigated. 

Some of the problems one might expect to encounter in the appli-
cation of rf plasma heating to a fusion reactor are also discussed. 
Problems with arcing and coil cooling are discussed and possible solutions 
are presented. 
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LIST OF SYMBOLS 

B q = Static confining magnetic flux density (along z axis) 
Bz = Axial magnetic flux density 

- V B^ = Magnetic flux density perpendicular to z axis 
V 

6 = Fourier transformed (in x,y,z,t) magnetic flux density 
c = 3 x 108 m/s 

/ 

D see Fig. 6 
d see Fig. 6 
E z = Axial electric field intensity 
£ t = Electric field intensity tangential to boundary surface 
? = Electric field intensity perpendicular to z axis 
- > E = Fourier transformed (in x,y,z,t) electric field intensity 

-19 

e = 1.6 x 10 coulomb 
Hg = Hydrogen Balmer line (4861 A) 
Ht = Magnetic field intensity tangential to boundary surface i = f ~ - T 
Jjx) = Bessel function of the first kind of order v 
3 n = Conduction current density normal to boundary surface 
j(z) = Linear current density of wave coupler 
j n = Azimuthal sheet current 
K = Equivalent plasma dielectric tensor 

v — ^ k = k a + k a + k a = Vector wave number X X Jr jr 2 Z 

k 2 = k 2 + k 2 Kx y 
M = Order of hot plasma expansion parameter 
m. = Mass of type j plasma species j 

N » Plasma electron density 

i v 



r = Radial cylindrical coordinate 
T = Temperature perpendicular to BQ 

T | j = Temperature parallel to BQ 

Vz = Plasma drift velocity along BQ 

v * ^2kT ./m. 
11J 11J J 

Yv(x) = Bessel function of the second kind of order v 
Z(c) = Plasma dispersion function 
Z'U) = -2 - 2cZU) 
z = Axial coordinate 
e Q = 8.85 x 10~12 farad/m 
e. a -I for electrons; +1 for positively charged ions 
e « Azimuthal cylindrical coordinate 
•C - 1.38 x 10"23 joule/°K 2 2 = kjtcT. ./Jnm. = Hot plasma expansion parameter 
j jjj J j 
2 2 in = Ne /e m. = Plasma frequency squared of type j species 
J " v 

Mo = 4tt x ^ henry/m 
ft. = eB /m. - Cyclotron frequency of type j species 
j ^ J 

O) Radian frequency 
v = Vector del operator 
vt = ' - az 5 1 
2 

v - Laplacian operator 
v 2 = v z - a L * 3 2 2 

V 



I. INTRODUCTION 

The propagation of waves on a plasma column has received consid-
erable attention over the past few years. Much of this work has been 
concerned with plasma waves which can be used to heat the plasma ions. 
The purpose of such studies has been largely concerned with the develop-
ment of a technique to heat a plasma for a controlled thermonuclear 
fusion reactor. 

Essentially all of the theoretical studies of plasma wave propa-
gation in a bounded geometry have been performed with the cold plasma 
model. In spite of the sometimes severe approximations of the cold 
plasma model, surprisingly good agreement between theory and experiment 
has been obtained. However many interesting wave phenomena, such as 
wave damping, can be investigated only with the more difficult hot plasma 
model. 

Since a hot plasma in a bounded geometry is a rather difficult 
problem, only special or limiting cases have received theoretical 
attention. However a rather general technique for studying wave propa-
gation on a hot, bounded plasma has been developed and is presented in 
the following chapters. This technique enables one to investigate 
wave damping me' iinisms, effects of the plasma temperature on wave 
coupling, and many other temperature ffects which have undergone only 
approximate studies in the past. 

The theoretical technique presented here is formulated with the 
hot plasma theory as outlined by Stix^ and is therefore a linearized 
or small wave amplitude theory. The plasma density and confining 
magnetic field are assumed homogeneous while the temperature may take 
different values along and across the magnetic field. The effects of 
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collisions are neglected in the theory. One further assumption is 
made concerning the magnitude of the hot plasma expansion parameter 
A.ocT . Since each element of the hot plasma dielectric tensor can be 

J X. 
expanded into an infinite series in A., the technique assumes that the 
magnitude of the expansion parameter is such that these series can be 
truncated. 

ObviousTy as more terms are retained in the various series in-
volved in the dielectric tensor, the complexity of the problem increases. 
The addition of these higher order effects also cause concern as to how 
the plasma boundary should be handled. Consequently the present work 
has been primarily concerned with the case where only the zero and first 
order terms in A. are retained. Such a case allows the study of finite j 

temperature effects on the cyclotron waves and for waves near the second 
harmonic of the cyclotron frequencies. 

For cold plasma studies, and for the present theory when only zero 
order terms are retained, the conventional electromagnetic boundary 
conditions are sufficient to solve the bounded problem. It is shown in 
section II, however, that ar higher order terms are retained, additional 
boundary conditions are required. For the case for only zero and first 
order terms, one additional boundary condition has been proposed. Thus 
correct to first order in A. the bounded, hot plasma problem can be J 

solved with the present thaory. In order to make the numerical calcu-
lations simple and straightforward, we suggest that the current of the 

2 

wave coupler be modeled with a Fourier series technique rather than 
the more commonly used Fourier integral.* 

The theoretical development of the hot plasma wave fields presented 
here follows the same philosophy as did an earlier treatment of the 3 bounded, hot plasma problem. Upon evaluating this earlier work, however, 



3 
an error was discovered which made the technique appear to require more 
boundary conditions than could be easily formulated. Hence that theory 
has received little practical attention in the past due to its apparent 
difficulty. Upon correcting this error, the present theory results, 
which can be quite easily applied to a bounded, hot plasma problem. 

This theoretical development was originally motivated toy an 
4 

interest in investigating a recently discovered type of harmonic ion 
cyclotron wave, which propagates for frequencies just below harmonics 
of the ion cyclotron frequency and damps in a magnetic beach at w = Gsk, 4 

where G is an integer. Diamagnetic probe measurements have revealed 
that the wave damping is accompanied by an increase in the transverse 
temperature density product. 5 6 

Previous theoretical studies ' for the harmonic ion cyclotron 
waves have been made using the hot plasma electrostatic dispersion 
relation in an unbounded geometry. While these calculations employ 
some questionable approximations, they yield qualitative agreement with 
the experimental results. The most interesting result of these studies 
is the indication that the wave characteristics are independent of the 
plasma density. Hence the use of harmonic ion cyclotron waves might 
provide a heating technique for dense plasmas. 4 The previous experiments on harmonic ion cyclotron waves were 

18 -3 performed for rather low plasma densities (<10 m ). In this labora-
20 -3 

tory, higher densities (>10 m ) have been used for the wave investi-
gations. At these higher densities, however, no harmonic ion cyclotron 
waves have been observed to propagate. This lack of propagation is in 
agreement with a recent calculation7 which indicates that collisional 
effects can easily mask the harmonic wave characteristics. The low-
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density of the previous experimental investigation caused these colTi-
sional effects to be unimportant while a high density, low temperature 
plasma would cause the colli sional effects to predominate. Consequently 
it appears, at present, that these harmonic ion cyclotron waves can be 
investigated at high densities only if the plasma temperature is also 
high (> 50 ev), such that collisions are not important. 

Unfortunately, the theoretical technique developed here appears to 
be inadequate to investigate these harmonic waves thoroughly. Apparently 
these waves are characterized by having large transverse wave numbers. 

2 Thus since x .«k , higher order terms in x. may be required in order to 
j J 

describe these waves. 
Another possible plasma heating technique that has received inves-

tigation is the fast (right hand polarized) plasma wave propagating near 
o g 

w = 2a... Previous calculations * for a hot, unbounded plasma indicate 
that this fast wave should experience a rather stror^ spatial damping. 
Since the fast wave can be easily excited and typically propagates only 
at the higher densities, such a damping mechanism may have fusion plasma 
heating applications.* 

This predicted damping mechanism has been observed in this 
laboratory and the results of this investigation are given in section V. 
Experimentally we observe that as the wave propagates into a magnetic 
beach,1 the wave damping increases whenever u> * 2a.. A detailed 
comparison of these results with theory, however, has thus far not been 
possible because of poor shot-to-shot repeatibility. We are presently 
working to eliminate these difficulties so that verification of the 
damping mechanism can be completed. 
* These earlier studies were suggested by Dr. William Hooke of Princeton 

University. 
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A modest feasibility study of the application of rf plasma heating 
to fusion reactors has also been performed in this laboratory.10 This 
study is summarized in the final section of this report and indicates 
that one may expect some serious technological problems should rf plasma 
heating be employed in a fusion reactor. Several of these problems are 
investigated and means of overcoming some of them are suggested. 



II. WAVES IN A HOT PLASMA 

A technique for calculating the wave fields in a hot plasma 
immersed in a uniform magnetic field has been formulated. Employing 
these wave fields for a bounded plasma, however, requires boundary condi-
tions in addition to the conventional electromagnetic conditions. For 
the rase in which only zero and first order terms in the hot plasma 
expansion parameter are retained, one additional boundary condition is 
required and a way of formulating it is proposed. 

Wave Fields in a Hot Plasma 
Waves in a bounded, cold pUsma confined by a static magnetic 

field have been extensively Investigated. The more difficult bounded, 
hot plasma problem has received less attention. However, finite tempera-
ture effects can produce significant changes from a cold plasma study. 
For example power coupling and wave propagation characteristics may be 
effected. More important, the hot plasma theory introduces many colli-
sion! ess damping mechanisms which are often quite important. 

The hot plasma dielectric tensor, using the notation of Stix,1 is 
shown in Table 1. Upon assembling the hot plasma dispersion relation, 
one observes that the colli sionless wave damping mechanisms are described 
by terms containing the plasma dispersion function For non-
drifting plasmas ( V = 0} the general argument of the dispersion function 
is cn = U + nft)/kj|V||, n = 0, ±1, ±2, ••• with a and vj ( corresponding 
to either the ion cyclotron frequency and ion thermal velocity or the 
electron cyclotron frequency and electron thermal velocity. For those 
terms evaluated for electrons and n • 0, one has * w/k,, vt. = n l l l l e 
Vp/V||e where Vp = w/kjj = wave phase velocity. As is well known, 

6 



TABLE 1 
Ca r t e s i an Coordinate Hot Plasma D i e l e c t r i c Tensor 
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waves with vp « vj ( e suffer strong Landau damping. This Landau damping 
is thus accounted for in the hot plasma theory by the term Ztv^/v||e)» 
and this damping becomes strong whenever the argument vp/ v|| e becomes of 
the order of one. Similarly the terms for n = -1, -2, ••• describe 
wave damping at the fundamental cyclotron frequencies and their harmonics. 

Since the general hot plasma dielectric tensor is quite involved, 
one generally makes approximations and assumptions so as to neglect as 
many terms as possible and still be able to describe the phenomena under 
consideration. Thus for investigating the basic propagation character-
istics cf ion cyclotron waves, for example, taking lowest order terms and 
allowing T->0 is adequate. However, if ion cyclotron damping is also to 
be considered, the term Z(a)-^/kj jV{ ̂ ) must be retained in the theory. 

One approach employed for neglecting terms in the hot plasma 
dielectric tensor is based upon the magnitude of the hot plasma expan-

2 2 sion parameter x. = k~vT ./snm.. Each of the elements of the hot plasma 
j j_ . j J J J 

dielectric tensor can be expanded into a power series in x.( or k2). 
Thus for lowest order modes (small k^) and low plasma temperatures, one 
may need only to retain the zero order terms of these expansions. For 
such truncations, however, one must also be concerned with which damping 
mechanisms have been retained and which have been neglected. 

Although it is not obvious from the form of Table 1, the expansions 
2 into the power series in k show that zeroth order coefficients contain 

? 

the terms Z(c0) and Z(c_.j). The first order terms in k£ contain Z(c_2); 
the second order terms contain Z(c_3); etc. Thus by retaining only the 
zero order terms, the theory contains information about Landau and the 
fundamental cyclotron damping mechanisms. Several studies have been 
performed with these zero order terms for ion cyclotron resonance 
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13 20 heating. • As is obvious, these zero order terms also contain the 
cold plasma theory, which is obtained by allowing T-+0 and expanding the 
plasma dispersion function- into asymptotic series. 

In this laboratory, we have been concerned with damping at the 
harmonics of the ion cyclotron frequency which demands that higher 

2 

order terms in k be retained from the hot pUr^i theory. At first 
thought, one might think that these higher order terms would present no 
problem aside from complicating the algebra. For an unbounded plasma 
study this is true, but for a bounded plasma study, problems arise at 
the plasma boundary. One problem that occurs has to do with the actual 
boundary conditions that are applied. Thus let us consider this problem 
by outlining the important steps in the solution for the wave electro-
magnetic fields in the plasma. A much more detailed discussion can be 
found in our Report No. 6, 0R0-3778-6.13 With the dielectric tensor in 
Cartesian coordinates as given in Table 1, Maxwell's equations are 

t 
t * (1) 
K X wB = -K*t . 

The dielectric tensor shown in Table 1 assumes that the confining 
magnetic field is homogeneous and in the a z direction. The plasma 
parameters are also assumed homogeneous with Maxwellian temperature 
distributions. Colli sional effects have also been neglected. 

The field quantities ? and B are Fourier transformed variables 
as t - £(kx,ky,kz,oj)exp(ifc.r - iwt). The fields desired, however, are 
the spatially dependent fields describing wave propagation along the 
system axis (the z axis) as exp(ik2z - i^t). Consequently the inverse 
Fouv ier transform over k and k is required. Notice, however, that the x y 
dielectric tensor elements depend upon k and k in a rather complicated x j 
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2 2 2 

m a m e r (k, = k + k*;). This dependence can be made more obvious by j_ x y 
investigating the vector components of Eq. (1). Using the vector 
components of Eq. (1) one can easily solve for E and E as 

x y 
Ex = F [ " V ^ y " W + Ez ( F kx + A k y ) ] 

Ey = I [ ^ ( - y ^ - K ^ ) + Ez(Fky - Akx)] 
where b = y(y-2K) + K? 

(2) 

y = k_ - K 2 
z "1 

A = y K z 2 + Kg(k z • K z 1 ) 

F - (kz + Kzl)-(y - 2K0) - ̂  . 
From Eq. (2) note that E and E exist only for b ̂  0 unless 8_ and E_ 

A Jr Z Z 

also vanish. Thus fields for which b = 0, correspond to transverse 
modes. 

For b f 0, Eq. (2) can be algebraically combined with the remain-
ing components of Eq. (1) to yield two simultaneous equations in E z and 
V 

Ez(Ak2) + u)Bz(Yk2 + b) = 0 (3) 
E z ( C k i " Kzz b ) + w B

2 ( A K ^ ) s 0 (4) 
where C « K2[K2 + 2Kz2(kz + K z ])] - ( Y - 2K0)(K1 + 2 ^ + K ^ ) + yK\2 

Combining Eqs. (3) and (4) shows that both E and B satisfy the equation 
mm m 

[(K, + 2kzKzl + k{ - (C - , K z z ) k ^ b K z z ] { E
B ^ 0 (5) 

where * common factor b has been canceled. Now consider the inverse 
transform of Eq. (5) with respect to k and k . Thus transform to x y 
field quantities such as E, = Efx,y,k ,<o) e ^ z * * " ^ . 
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For this inverse transformation, one must recall that KQ, Kj» etc 
p 

are also functions of k£. Assume that the dielectric tensor elements 
are expanded into power series and truncated such that the highest 

M ou order terms retained are A? (or k* ). Introducing these terms into 
•J X Eq. (5) shows that E and 8 satisfy 

[ b o ^ ) + b , k ^ ) + . . . + b M + i - 0 (5, 

where the coefficients bQ, b^,***, b M +2 are functions)only of the plasma 
parameters, kz, and the radian frequency u>. It is these coefficients 
which also contain the wave damping information. 

By employing the Fourier transform identity of Eq. (6), the inverse 
transform of Eq. (5) can be obtained as given by Eq. (7). 

<*" v(t? n <r^>(ia,)nV(u>) dt F 
(6) 

oo 

where V(u>) = J v(t)e"iwtdt 

2 2 a^ where v. = v -
Z dZ 

For some M, the polynominal operator of Eq. (7) may be factored 
yielding 2(M + 2) independent solutions for B and generating (M + 2) 

mm 

2 values of k . Since E satisfies the same equation as B_, each inde-
JL z z 

pendent solution E ^ can differ from B ^ only by a constant. Thus 

Ezt = aZBzC9 1 * 1,2 2(M + 2) (8) 
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with ct£ a constant. Substituting Eq. (8) into Eq. (3) yields 
k 2 + b 

«, = -a) yJi U 9
 1 , I = 1,2,..., 2(M + 2), (9) 

A k 

where the subscript I indicates that y, b, and A are to be evaluated 
with k 2 = k2^ . 

With these solutions for Bz and Ez, one can again employ the 
vector components of Eq. (1) to solve for the transverse field compo-
nents as 

2(M+2) 
E i = i £ { 1 W u " p r a z* *Ae> (10) 

2(M+2) k_ 
^ S 1 A ^ "tBz£ + ̂  az x W • 

where f£ = [(k2 + K z U ) 2 K Q £ + k 2
£ ) - K ^ ] 

T i e 

a n d a 7 T T " V 2 K o £ + k ^ » K u + k z K z U > " W ^ W J ' 

Thus for known values of kz, u>, and the plasma parameters, the 
differential equation (Eq. (7)) yields solutions for the axial wave 
field 

components. Evaluation of Eq. (10) then provides the remaining 
field components. 

To complete the problem for a bounded plasma, one must solve for 
the fields exterior to the plasma and then use the boundary conditions 
to match the solutions. Thus this technique assumes that the plasma 
boundary is sharp. For a hot plasma, however, the assumption of sharp 
boundaries may be questionable due to the finite Larmor radia. Recall, 
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however, that cold plasma calculations commonly employ this same assump-
tion and typically yield quite good agreement with experimental studies 
on plasmas that do have finite temperatures.^'^ Thus the theoretical 
technique outlined here can be viewed as only introducing low order 
temperature corrections to the cold plasma theory where the assumption 
of sharp boundaries is not a major limitation. As mentioned previously, 
our main interest in this theory is describing wave damping near w=2a... 
Thus only first order terms in x. need to be retained, yielding small 

j 

corrections to the cold plasma theory. 
For a truly hot plasma, the sharp boundary assumption becomes 

very questionable. For these cases, one must handle the plasma boundary 
transition much more carefully. 

Boundary Conditions 
Consider now the boundary conditions needed to complete the 

bounded plasma problem. In cylindrical geometry, Eq. (7) factors into 
a product of Bessel operators such that the solution for B z assuming 
azimuthal variations as e i m 9 is 

B z ( r , e , k z , « ) = (a, J m ( k , r ) + ••• + a „ + 2 0 m ( k . ^ r ) 

(11) 

i(k,z+me-o>t) + b i V k i i r ) + - + W J V ) ) e 

From Eqs. (8), (9), and (10) all the remaining plasma fields can be 
evaluated and will contain the arbitrary constants a-j,... 

which is essentially the cold plasma theory, 
only 4 arbitrary constants are involved and, as is well known, the 
boundary conditions on the tangential electric (£t) and tangential 
magnetic (l?t) fields are sufficient to solve for these unknowns. 
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For M=1, 6 arbitrary constants are involved, requiring other 
boundary conditions in addition to those on t^ and For a circular, 
filled, plasma column, however, one would require b ^ O for finite fields 
at r=0, leaving only one additional unknown (a^) beyond the M?0 case. 
For an annular plasma (plasma in r^rcrg) both a 3 and b3 remain unknown, 
but now two boundary surfaces are present. Thus for M=1, only one addi-
tional boundary condition is required in either case. 

As can be shown,^ in any electromagnetic boundary value problem 
it is sufficient to insure that t^ and "fî  satisfy the proper boundary 
conditions, since this automatically insures that the normal components 
of 15 and 1* satisfy their respective boundary conditions. Hence the 
extra boundary condition needed for M+1 cannot come from the conventional 
electromagnetic conditions. 

An additional boundary condition can be derived by considering 
the continuity of total current flowing across a plasma-vacuum interface. 
Consider Maxwell's equation 

v x fi = 3 + 1«c t , (12) 
where 3 is the conduction current density and i w e ^ the displacement 
current density. Separating Eq. (12) into vector components normal and 
tangential to the boundary surface yields a normal component 

v. x H = 3 + iwe t . (13). t t n o n % ' 
Across the plasma-vacuum interface, however, is continuous 

from electromagnetic boundary conditions. Since v involves only 
derivatives with respect to coordinates along the boundary surface, the 
vector v^ x H^ is also continuous across this surface. Thus the right-
hand side of Eq. (13), which is the total normal current flow, must also 
be continuous across the surface. That is, 



U - iu)£ E n o n = J - icoe t. 
c n o n 

S 2 

15 
(14) 

where S| and Sg denote the limits of approaching the boundary from each 
side. 

Consider now how the rigidity assumption17 can be employed to 
provide a boundary condition independent of the conventional electro-
magnetic conditions. The rigidity assumption implies that no average 
particle flux exists normal to the boundary surface. That is, the 
boundary surface is assumed to be rigid or perfectly reflecting. Thus 
the rigidity assumption implies that the normal plasma conduction current 
must vanish at the boundary surface. Considering a plasma-vacuum boundary, 
no conduction current exists on the vacuum side. Consequently at the 
boundary, Eq. (14) reduces to 

0 5 ) o n = -iwe t 
o n 

S2 

Thus Maxwell's equations plus the independent rigidity assumption 
imply that the normal electric field intensity, £ p, must be continuous 
across a plasma vacuum interface. 

Consequently for the case with M=1, the boundary conditions are 
the continuity of fl^, and across the boundary surface. With 
M 2, additional arbitrary constants are introduced, requiring still 
additional boundary conditions. Calculations have not been performed 
for these cases and these needed boundary conditions have not been 
considered. Upon using the continuity of E n, however, the only field 
component not satisfying some type of boundary condition is Hence 
apparently these additional conditions must relate S^ or the derivatives 
of the field components across the interface. 
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Recall, however, that as higher order terms in A. are introduced, 
V 

the rigid boundary assumption becomes questionable. Thus while one can 
formally include these terms as is outlined here, the relationship 
between the theoretical model and the experimental plasma becomes 
uncertain. 

Waves on a Warm Plasma Column 
The equations necessary for the solution of a bounded, warm plasma 

have been developed in the preceeding sections, for the case M=l. Con-
sider how these results would be employed in the solution of the boundary 
value problem shown in Fig. 1. 

Wave propagation along this infinitely long plasma column is 
assumed to vary as exp(ikzz - iwt). The azimuthal current sheet Jn(z) 
represents the effect of the wave launching structure. The relationship 
of this sheet current to the physical wave coupler will be established 
shortly. 

The solutions for the wave fields within the plasma column (region i) 
are governed by Eq. (7). Upon establishing the plasma wave fields and 
the vacuum fields, the boundary conditions can be applied in a straight 
forward manner to evaluate all arbitrary constants. Hence the fields in 
all regions can be easily evaluated. 

The wave field solutions of the bounded plasma column obtained in 
this manner are obviously proportional to the azimuthal driving current 
sheet jn(z). Recall, however, that this current sheet, and in fact the 
entire problem, has been assumed to be of infinite length in the z 
direction. While this assumption simplifies the application of the 
boundary conditions, one must inquire how to relate this current sheet 
to a practical, finite length wave coupling structure. 



(i) plasma 

(ii) vacuum 

(iii) vacuum 

Fig. 1. Boundary Value Problem Geometry. 
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As a specific and comnonly employed coupler, consider the azimuthal 
current j(z) in a one wave length Stix coil1 as shown in Fig. 2. A very 
common method1 for relating this current to the sheet current j n is by 
means of the Fourier transform of j(z) as 

<x> 

j n ( k z ) = J j(z)e 2 dz , 
—oo 

(16) 

i f 1 K z 

j < z > = k W e dkz-

Thus Eq. (16) implies that j(z) can be considered as the super-
position of a continuum of infinite length azimuthal current sheets, 
each varying as exp(ikzz) with an infinitesimal amplitude J n(k z) dkz. 
Hence the current sheet j n shown in Fig. 1 would be thought of as the 
Fourier transform of j(z) of the wave coupling structure. The fields 
one obtains after applying the boundary conditions are then themselves 
Fourier transformed quantities. Thus to regain the spatially dependent 
field components the inverse Fourier transform must be evaluated. The 
plasma Bz field, for example, would be calculated as 

i f Ik-* Bz(r,o,z,io) = ij- I Bz(r,e,kz,u>)e * dkz , (17) 
-oo 

where Bz(r,e ,kz,u>) is shown in Eq. (11) with a-j, a2» a^ evaluated 
through the application of the boundary conditions. 

The integrand of Eq. (17) is typically a very complicated function 
of the integration variable kz, and the integration is typically per-
formed by contour integration and residue summation. For the case where 
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Fig. 2. Azimuthal Current Flow in a One Wavelength Stix Coil. 



20 

the plasma is described by a cold plasma model, the poles that are 
included occur for real values of k z which are easily found on a 
digital computer. By including finite temperature effects, however, the 
dielectric tensor elements become complex variables. Thus the residue 
summation would require solving for the zeros of a determinant with 
complex elements. Surely these zeros could be evaluated, but the compu-
tational time appears unacceptable. 

The difficulties anticipated by employing the Fourier transform 
can be eliminated, however, by using a Fourier series technique dis-

? 

cussed by Sigman. This technique considers finite length coupling 
structures placed periodically along the infinitely long plasma column 
as shown in Fig. 3 (for illustration Stix coils are again used). Being 
periodic with period 2L, the azimuthal current density j(z) can be 
expanded in a Fourier series as 

H z ) = g V 1 " <™> 

(18) 
L 

where J n - £ j ^ ^ • 
-L 

In this case, j(z) can now be considered as the superposition of a dis-
crete set of infinite length azimuthal current sheets each with an 
axial wavelength of 2L/n. 

One must also inquire as to how this periodic model relates to 
the usual experimental configuration of one coupling structure sur-
rounding a long plasma column. With finite temperature effects Included 
in the dielectric tensor, wave damping mechanisms are Introduced. Hence 
launched waves will decay in amplitude as they propagate away from the 



Coupling Coils 
4 

JW 

U 
n 

n 
n n a 

u 
a 

n 
D J 

4L 2 L 2L 4L " 

Fig. 3. Periodic Excitation Coils and Their Linear Current Density. 
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coupler. Thus if L is chosen much larger than this damping length, 
waves launched by the couplers located at z =*2NL, N = 1, 2, 3,..., 
will have damped to a negligible value before reaching the coupler 
located at z = 0. Thus wave damping isolates each coupler and allows 
one to consider essentially one coupler on a plasma column extending 
from z - -L to z = +L. As the damping mechanisms become less Important, 
however, L must be correspondingly increased. In the limit of no damp-
ing, i.e., the cold plasma limit, L would need to be set at Infinity 
and the Fourier series would evolve naturally into the Fourier trans-
form model discussed previously. 

Consequently, the sheet current j n shown in F1g. 1 can be thought 
of as the coefficients of the Fourier series of the periodic azimuthal 
current j(z) as shown in F1g. 3. For the one wavelength Stlx coil 
shown in Fig. 2 and 3, the expression for j n is given In Eq. (19). 

Note that each term of the series for j(z) 1s periodic along the 

Thus for n = 1.2,3, . . . , the expression for j n of Eq. (19) 1s to be 
employed along with k2 - m / l to evaluate the fields as previously 
discussed. For each n, the fields actually evaluated are themselves 
merely Fourier series coefficients. Each term of these Fourier series 
varies with z as sin (rnrz/L) exactly as does the driving current 
The total field quantities are hence obtained by superposition (now 
merely a summation rather than an integration) of the fields generated 
by each component j n. The total Bz field in the plasma region of 
Fig. 1, for example, would be evaluated as 

(19) 

z axis with period 2L/n such that the axial wave number 1s k_ - mr/L. 
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B (r,0,z,u>) = £ B sin ^ , (20) n-1 
where B z n is given by Eq. (11) with a-j, a2» and a^ evaluated through 
application of the boundary conditions with kz = nir/L and j n as given 
in Eq. (19) for n = 1, 2, 3, 

Since this Fourier series model does not require the use of an 
inversion integral, the calculation of the field components is very 
straightforward on a digital computer. The technique merely requires 
that L be somewhat longer than the wave damping length and that a 
sufficient number of terms be retained in performing the summations. 

In addition to the fields, another quantity of interest is the 
power coupled from the wave launching structure into the plasma column. 
Considering the finite length section |z| < L of the periodic system 
of Fig. 3, the power coupled to the plasma is evaluated as 

L 
Pc * " I f Ej1($,e.z,») j*(z) 2tts dz (21) 

-L 

where E^1 is the vacuum azimuthal field in region (ii) of Fig. 1 evaluated w 

at r = s. Introducing the Fourier series for j(z) and E*1 yields 

Pc = -,» J 2 , Een. s 1 n T * * % ^ T * d z- <22> 

Employing the orthogonality condition for the sine functions yields the 
rather simple expression for the power coupling as given in Eq. (23). 

p c - - * S L l " E e n • j n < 2 3> 



III. EXPERIMENTAL ARRANGEMENT AND DIAGNOSTIC TECHNIQUES 

The plasma wave propagation studies are performed with a hydrogen 
and/or deuterium plasma confined in a magnetic mirror configuration. 
Two different types of plasma sources have been employed to preionize 
the gas. Wave excitation is accomplished through the use of a high 
power pulsed rf amplifier or a single loop-capacitor discharge. Various 
diagnostic methods are used to measure the electron density, density 
gradients, particle temperatures, plasma impurity, plasma diamagnetism, 
and the wave electromagnetic field components. A block diagram of the 
experimental arrangement is shown in Fig. 4. 

Magnet and Vacuum Systems 
The magnet system consists of ten individual, water cooled coils. 

The magnet coils have been arranged to yield a magnetic mirror con-
figuration with a mirror ratio of 1.5. The magnet system is energized 
with two dc generators operating in parallel, and providing a maximum 
power of 120 kW. The maximum axial field produced with the present 
arrangement is .6 Tesla in the central region between the mirror peaks. 
Flux return plates have been installed at each end of the system and 
provide approximately a 6% increase in flux density for constant input 
power. A 10% magnetic beach1 has also been formed in the magnetic field, 
at the location indicated in Fig. 4. 

During the course of the investigation, it was observed that the 
output current of the dc generators contained some small random fluctua-
tions. These fluctuations were primarily of low frequency and caused 
the static confining field to drift a few percent from its initial value. 
The amplitude of these fluctuations has been decreased to an acceptable 
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value, however, by connecting an incremental gaussmeter into a feed-
back loop with a low power regulated dc source Iriving the field 

18 
windings of the generators. 

The vacuum system is a Varian ultra-high vacuum system with ion 
and sorption pumps. The plasma tube is of pyrex with a 11 cm o.d. 
A 6 cm o.d. plasma tube was used earlier in the investigations, but 
the calculations outlined in the previous chapter indicated that a 
larger plasma column would make the fast wave damping easier to observe. -8 

A base pressure of less than 10 torr is routinely maintained within 
the system. Typical operating pressures of .1 to 20 millitorr are 
measured with an ionization gauge, and a Baratron pressure meter. The 
Baratron meter provides the more accurate and reliable measurement, 
as it measures the differential force per unit area exerted upon a small 
diaphragm. The pressure on one side of tne diaphragm is that of the 
plasma tube, while the other side of the diaphragm is evacuated to 
typically 10"® torr. Thus the differential pressure measured is 
essentially the operating pressure in the plasma tube. 

A bellows assembly is rigidly attached to one end of the plasma 
tube as shown in Fig. 4. A 140 cm, 3/8 inch diameter, pyrex, re-entry 
tube is attached to the free end of the bellows. This re-entry tube 
accepts various magnetic probes which can be moved to all points with-
in the plasma tube through the use of mechanical adjustments. These 
probes measure the wave magnetic fields. The re-entry tube can also be 
replaced with another tube fitted with an electric probe for density 
gndient measurements. Thus the bellows maintain the high vacuum 
quality while allowing the probes essentially complete access to the 
plasiiH volume. 



Zl 
Plasma Sources and rf System 

In order to obtain a plasma column upon which to launch waves, two 
different plasma sources have been employed. The first of these sources 

19 
was a modified PIG discharge, which has been discussed in previous reports. 

The second plasma source, and the one presently in operation, is 
a linear or axial discharge. Two molybdenum disk shaped anodes are 
fitted inside the plasma tube, one slightly inside each of the magnetic 
mirrors. The two anodes are located approximately 80 an apart. A 
discharge is then initiated by connecting a charged energy storage 
capacitor between these anodes. Using a Marx network, up to 25 kV can 
be applied to the anodes. This yields a ringing current at ^ 60 kHz 
with a peak current of ^ 10 kA. After about 3 cycles of oscillation, 
it has been observed that the spsrk gaps in the Marx circuit sometimes 
extinguish and then occasionally restrike. In an attempt to help the 
plasma repeatability, an ignitron is used for a crowbar after 3 cycles 
of the discharge current. 

In order to allow the j*agnetic probes access to the plasma region 
and to permit a laser interferometer to be constructed, the molybdenum 
anodes each contain five-eights inch holes centered on the system axis. 
One anode also contains a slit to allow transverse movement of the 
probes. 

Over the typical initial gas pressures of 5 to 20 millitorr, it 
has been found that the discharge is not very repeatable from shot to 
shot. Thus rf preionlzation 1s typically applied prior to triggering 
the Marx circuit. This preionization 1s supplied by either a 1 kM, 
21 MHz pulsed linear amplifier or a 170 kW, 4 MHz pulsed power amplifier. 

This pulsed, high power amplifier has also been used for wave 
excitation on the plasma column and it has been described 1n detail 1n 
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13 20 previous reports. ' Currently, however, the wave excitation is 

accomplished by discharging a capacitor through a one turn coil 
surrounding the plasma tube. This means of excitation allows the wave 
to be launched at any desired point in the linear discharge afterglow. 
The capacitor for this wave launcher is a 1 meter length of low induc-
tance coaxial cable charged to ^ 10 kV and rings at ^ 4.75 MHz. 

Diagnostic Techniques 
Several diagnostic techniques have been employed to measure the 

plasma parameters and to detect wave propagation along the plasma 
column. The plasma parameters that have been measured include the 
plasma density, density gradients, and plasma temperature. 

Two interferometers are available for measuring the average 
electron density. A 36 GHz microwave interferometer measures the 
average density across the plasma column as indicated in Fig. 4. Since 

19 -3 the cutoff density (1.6 x 10 m ) is somewhat lower than those 
densities generated by the linear discharge, a laser interferometer of 

21 

the coupled cavity type has also been employed. 
Since the interferometers measure only an averaged density, a 

double electric probe has been constructed to investigate density 22 
gradients of the plasma column. This electric probe is housed in the 
vacuum bellows assembly, and was only employed to investigate the PIG 
discharge. 

The results of these studies show that the PIG source produces a 
plasma column with a somewhat hollow core. The plasma density, however, 
quickly decayed into an approximate cosinusoidal distribution upon termi 
nation of the discharge current. The actual density gradients in the 
linear discharge are unknown, but spectroscopic studies have been 
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performed on a similar linear discharge in this laboratory.23 These 
studies show a fairly uniform density profile with a slight dip on the 
axis in the early stages of the discharge. 

The plasma temperature has been measured spectroscopically. We 
employ 1ine-to-continuuni intensity ratios using the H. line, and also p 24 
continuum-to-continuum ratios. These intensities are measured with 
a one-half meter Jarrell-Ash spectrometer and an EMI 9558 photomultiplier. o 

Bandwidths of 2 and 4 A have been used for measuring these intensities. 
The spectrometer bandwidth is changed with a variable, entrance slit 
width control and is measured by scanning across a He-Ne laser with a 
known, very narrow line width. 

It must be stated that the electron temperature obtained from 
these ratios can very easily be "lower than the temperature actually 
present. The reason for this error is that the line intensity is 
strongest from volumes of the plasma where the temperature is low arid 
recombination occurs. Thus for the linear discharge, the line intensity 
is most likely dominated by the surface of the plasma which should be 
cooler than interior points in the plasma. Thus in an attempt to lower 
this effect, spectroscopic measurements are made end-on through the 
holes in the discharge anodes. Consequently the radiation from the cool 
surface layer can be essentially prevented from entering the spectro-
meter. Thus the measured intensity comes predominantly from the core 
of the plasma with a small contribution coming from the surface layers 
near the anodes. 

Another measure of the plasma temperature is obtained from the Q 

plasma diamagnetism. A five turn diamagnetic probe is wound around 
the plasma tube and is moveable along the plasma column. Integration 
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of the voltages induced in this loop yields the diamagnetic signal 
which is proportional to the product of the density and transverse 
plasma temperature. 

The propagation and damping of the plasma waves along the column 
is monitored with magnetic probes. Two types of magnetic probes are 
used for these measurements. Small probes for use with the vacuum 
bellows consist of 5 to 10 turns of # 30 wire wound on 3 mm diameter 
forms. Center tapped probes are used with a differential amplifier in 
order to reduce common-mode pickup. Probes for measuring t>2 and or 
& r have been wound and calibrated. The probes were calibrated by 
measuring the known field produced by a Helmholtz coil system. 

A second type of magnetic probe is used when the bellows 
assembly is removed to set up the laser interferometer. This probe 
consists of a one turn loop around the plasma tube. The loop is formed 
with rigid coaxial cable with a 1/4 inch break in the outer shield. 
Each end of the center conductor of the loop is then connected to a 
differential plug-in unit for display of the induced wave signals. 



V. FAST PLASMA WAVE NEAR u = 2«1 

Most of the present experimental and theoretical investigations 
8 9 

have been primarily concerned with the predicted ' strong damping 
mechanism of the fast plasma wave propagating near w * 2ft... This 
damping mechanism has been observed experimentally, confirming the 
predictions. A lack of good repeatability from shot-to-shot, however, 
has so far prevented a detailed evaluation of the damping phenomena. 

The Fast Plasma Wave 
Since other authors use different names for this wave (right-hand 

polarized wave, compresslonal wave, fast magnetosonlc wave, etc.), con-
sider first precisely which wave is under consideration. The basic 
characteristics of this fast wave are most easily obtained froa the 
cold plasma theory. Recall that the cold plasma dispersion relation Is 

2 2 quadratic in k£ and also k^. Hence for fixed plasma parameters, two 
2 

values of k^ result. Thus two waves are predicted: each wave char-
acterized by one of the values of and propagating as exp (+1k2z). 
For a) <_ ft. one of these waves is universally denoted as the 1on cyclo-
tron wave. The ion cyclotron wave experiences a resonance at » - a^ 
and does not propagate for w > The second wave predicted by the 
dispersion relation is what is called the fast plasma wave. This 
wave does not experience a resonance at u> » and can propagate on 
either side of n-. As the magnetic field increases to much larger 
values, this wave does experience a resonance at u s In this 
new region of parameter space, however, the wave is more commonly 
called the electron cyclotron wave. 

31 
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Consider now the region of parameter space with u of the order of 

rtj. Comparing the two waves, the phase velocity of the fast wave 1s 

equal to or larger than that of the 1on cyclotron wave; hence the name 

fast wave. For the phase velocity along the static Magnetic f ie ld , 

the ion cyclotron wave 1s left-hand polarized while the fast wave Is 

right-hand polarized. While the ion cyclotron wave fields correspond 

to a torsional or shear type motion of the plasma the fast wave fields 

produce a congressional type motion. 

Another difference between these two waves Is that In a bounded 

plasma the fast wave exhibits a cutoff condition. Neglecting terms of 

the order me/m^ and assuming u> to be of the order of q^, one can easily 

derive the approximate cold plasma dispersion relation1 as shown 1n 

Eq. (24). 

k2 . Q t ^ k ( 2 4 ) 

where P » 1 - (w/n,,)2 

2 & 2 - k* D - (»/n,)2] 

. II j W 0% « 
r * <cV4 - i 

The solution obtained with the plus sign of Eq. (24) describes 

the ion cyclotron wave. Employing the minus sign yields the fast wave. 

For wave propagation to exist as exp(1kzz), one must require that 

kz > 0. Hence for fast wave propagation, Eq. (24) shows that 
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Q - / q 2 - 4PR > 0 1f w < ftj, 

or (25) 

Q - / q 2 - 4PR < 0 I f u > n r 

Employing the definitions of Eq. (24), one can easily show that 

either condition of Eq. (25) yields the fast wave propagation condition 

n4<u 
k L < c 5 7 • < » > 

thus when the condition of Eq. (26) 1s not satisfied, the wave 

does not propagate or 1s cutoff. This cutoff condition can be viewed 

In several ways. For example when considering u» as the Independent 

variable, propagation exists only for w > wc where «c
 8 kjCQj/nj. 

However in the present experimental fac i l i ty , the frequency 1s fixed 

and the magnetic field 1s adjusted as required by the desired ratio 

of u/n^. Consequently the plasma density becomes the Independent 

variable and propagation exists only for N > N_, where c 

2 2 
Nc - i 0 ; a . (27) 

The value of k^ required 1n the cutoff condition 1s primarily de-

termined by the boundaries that are Imposed upon the plasma. An approxi-

mate value of kĵ  can usually be obtained from k^ - 2.4/p. This 

relationship Is obtained from a bounded, cold plasma solution for the 

fast wave, for which one requires that J0(kjP) « 0. Thus the cutoff 

density fL increases rapidly as the plasiia column radium 1s decreased. c 
With w » 2Qj and the parameters of the experiment (w * 2w4 x 10^ rad/s 
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and a 4 cm radius hyrdogen plasma), the cutoff density Nc = 4.7x10 m . 

Hence in the experiment, fast wave propagation occurs only at fair ly 

high plasma densities. 

Fast Wave Damping At a> = 

While the cold plasma theory yields a fair ly good description of 

the fast wave, i t does not predict any special phenomena at u> -

However, when f i rs t order terms in Aj are introduced from the hot plasma 

theory, u> = becomes an interesting point in parameter space, as 

was discussed previously. 

Observing this predicted damping mechanism at o> « has proven 

to be d i f f icu l t , f i rs t because of colHslonal wave damping and second 

because of the lack of repeatiblHty from shot-to-shot 1n our experi-

mental fac i l i ty . At the higher densities required for fast wave propa-

gation, coll1s1onal damping 1s quite strong unless the electron tempera-

ture is high. Many wave studies have been performed 1n this collision 
25 26 

dominated regime ' and wave damping lengths of a few centimeters are 

quite typical. Since the damping at w • 2^. is predicted by a f i rs t 

order temperature correction term (which 1s proportional to the ion 

temperature) the wave damping should be fa i r ly weak in a typical 

laboratory experiment. Thus unless one can experimentally obtain a 

high electron temperature collisional damping can easily mask the weaker 

col11sionless damping phenomena. Computer calculations for these 

collislonal damping effects Indicate that for our experimental fac i l i ty , 

an electron temperature of the order of lOeV should be adequate to make 

the collislonal damping substantially less than the collislonless damping. 

Our plasma is formed by an axial discharge (2yf at 25 kV) pro-

viding a peak current of ^10 kA. Two stages of prelonlzation are also 
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employed to yield a more reliable discharge. The f i rs t stage consists 

of a 1ms, 4MHz r f pulse of ~t50 kW which is capacitively coupled to 

plasma. At the termination of the r f pulse, a .lyf» 25 kV capacitor 

is discharged through a one turn coil surrounding the plasma tube. This 

discharge rings at 250 kHz and aside from prelonizatlon, i t should also 

yield a small amount of ion heating. The axial discharge is then 

Initiated and crowbarred l̂OOys later. In this hot after glow plasma, 

the waves are then launched by discharging a 1000 pf, 9 kV capacitor 

through a second loop. This last ringing circuit establishes the wave 

frequency at 4.7 MHz such that a magnetic field of ^1.55 kG is required 

for (D = 2n1. 

Wave damping at this crit ical magnetic field has been observed as 

the waves propagate into a 10% magnetic beach. The static magnetic 

field over this region is shown in Fig. 5. Thus by measuring the wave 

fields as a function of z over this region, one can observe the wave 

damping. With BQ • 1.35 kG (Bq = magnetic field at the wave exciter), 

the wave does not encounter o> = 2q. in the beach. Under these conditions 

we observe an essentially constant collisional damping length of ^9 cm. 

Upon increasing BQ to 1.58 kG, however, we observe a somewhat 

strong damping occurring near z = 14 cm, which from Fig. 5 is where 

u> - 2ft... Near this critical position, the measured damping length drops 

to -v3 cm. Increasing BQ to 1.65 kG yields an increased damping at z = 

20 cm, which is now where <u « 2ft... Figure 6 shows the behavior of bz 

under these conditions during one of our more repeatable runs. 

Thus even though collisional damping is fair ly strong, the predicted 

fast wave damping does appear to occur near w = While shot-to-shot 

variations yield a scatter in thr 4ata which is larger than one would 
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l ike, many different runs have been made, with each run behaving 

basically the same. 

A second observation of this fast wave damping has been obtained 

by measuring the wave magnetic fields at a fixed position 1n the mag-

netic beach as a function of BQ. The results of such a measurement are 

shown 1n Fig. 7, where the wave amplitude 1s measured near the bottom 

of the beach (z * 25 cm). Thus for BQ between *1.5 kG and *1.65 kG the 

waves should experience u « 2Qj before reaching the magnetic probe. 

Hote that Fig. 7 shows such a decrease in measured amplitude over this 

range. The general Increase 1n wave amplitude with increasing magnetic 

field 1s due to the coupling coefficient of the fast wave. This 

coupling coefficient Increases with BQ until the magnetic f ield reaches 

a value such that the fast wave experiences the previously mentioned 

cutoff condition. From Fig. 7 the drop 1n wave amplitude near 1.8' kG 
4 17 . 

is thus due to this cutoff and from Eq. (26) Implies that Hjpr • 1.1x10"m 

(p « plasma column radium 1n meters). Thus for a plasma radius of 4 cm, 

the density 1s 7x101 V 3 . 

Since this plasma density 1s somewhat below the sensitivity of the 

laser Interferometer (3.39») and well above the cutoff density 

(•v 1.6x10 m ) of our microwave interferometer, the plasma density and 

radius must be obtained from the wave propagation characteristics. One 

characteristic that was measured was the wave phase velocity. These 

measured phase velocities as a function of BQ are shown In F1g. 8* From 
the dispersion relation, the results of F1g. 8 show that the density is 

1 3 - 3 

6-9x10 m depending upon the plasma radius and electron temperature 

employed for the calculations. Spectroscopic measurements* along the z 

axis, of the electron temperature by continuum comparison indicate that 
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T e = 5-10 eV. However at this temperature, the theoretical collisional 
damping lengths are much longer than the 9 cm that was measured. Conse-
quently, with a radial electron temperature distribution the cooler 
outside and surface layers must make the effective temperature <5 eV. 

Theoretical calculations are presently in progress to determine 
more accurately the plasma parameters which are consistent with the 
measurements. The gross agreement is fairly good except for the 
theoretical damping length at w = 2fl.j. The observed damping appears 
to be stronger than can be obtained from the theory of Section III. 
This might be expected, however, when we recall that this theory neglects 
collisions (which are obviously not negligible experimentally) and 
assumes homogeneous plasma parameters and magnetic fields (no magnetic 
beaches are included). 

One other set of measurements was taken to ostabllsh the wave mode 
structure. These measurements were of the radial variation of tf»e 
wave magnetic field components. The amplitude and phase reversals of 
all three components were consistent with the theoretical profile for an 
m = 0 mode. 

The main concern with the present data is their scatter. Attempts 
have been maue to determine the reasons for this scatter but no obvious 
answer h?s been found. In any case, we fsel that, despite the relatively 
large standard deviations, the number of occasions on separate 
runs when the damping has always been observed, confirms the existence 
of a fast wave damping mechanism at u> - 2n.. 



IV. RF HEATING OF FUSION REACTORS 

One of the major problems in thermonuclear fusion research is that 
of plasma heating. The coupling of rf energy into the plasma constitutes 
one class of plasma heating techniques. Such methods, e.g. ion cyclotron 
resonance heating, have received extensive experimental study on labora-
tory plasmas. Using such techniques on a full scale theimonuclear fusion 
reactor, however, introduces many new problems that are not encountered 
on experimental devices. We have conducted a study in order to consider 

10 27 28 
some of these problems. in this section, we summarize the results 
and conclusions of this investigation. 

Arcing Problems 
The essence of rf heating of a fusion reactov is to generate and 

deliver > 1000 MW of rf power to the plasma, at least during start up. 
Even if the rf heating is used as a supplementary heating scheme, e.g. 
in addition to ohmic heating, the power requirement will certainly be 
in the several hundred MW range. Coupling this power Into the plasma 
requires that some type of rf coupling structure be Incorporated Into 
the reactor design. Thinking in terms of heating methods presently 
used, this coupler might consist of rf coils surrounding the plasma 
column. In order to prevent the meta? vacuum wall from shielding out 
the fields, the structure will apparently need to be located inside the 
reaction chamber. Consequently the structure must be adequately cooied, 
withstand the neut.-on radiation, and In some w^y be Insulated to prevent 
arcing from turn-to-turn or to the vacuum wall. 

It seems plausible that the neutral gas pressure In the region 
between the main fusion plasma and the reactor wall, where this rf 
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structure is located, can be kept as low as 10"^ torr by the use of, 
for instance, divertors and by continuous pumping of the neutral gas. 
A general analysis of the possible arcing between the elements of the 
rf structure is very difficult. The answers depend upon the size and 
spacing between the rf structures as well as the neutral gas pressure 

-4 in that region. If the pressure can be kept as low as 10 torr then 
the arcing problem may not be as bad as it might first appear, however. 

29 
It is well known that there are closed regions on a breakdown field 
versus frequency plot outside which a low pressure discharge can be 
neither started nor maintained. This phenomenon is known as multi-
pacting3® and various methods have been proposed31 for suppressing it. 
An apparently fortuitous aspect of this phenomenon, for our purpose, 
is that the higher the peak voltage, the better is the protection from 
rf breakdown. 

No experimental data has been found for the starting of low 
pressure rf discharges at the extremely high rf fields that will be 
necessary in an rf fusion reactor heating scheme. It is clear that one 
must be careful to choose the electrode spacing, frequency, and electric 
field to take advantage of the previously described region of no rf 
breakdown. One should further, with due regard for neutronics and 
temperature properties, try to choose an electrode material with a low 
secondary emission coefficient. All the experimental data on multi-
pacting breakdown are apparently taken without any applied axial magnetic 
field. There Is, however, no obvious reason why an applied axial 
(E | | B) magnetic field should change the basic behavior of this 
phenomenon. 
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In several experimental investigations of low pressure discharges, 

wall effects have been found to be important. If the rf structure is 
arranged so that the electric field is primarily along the magnetic 
field lines, then the wall effects should be reduced. A large electric 
field transverse to the magnetic field, such as between the rf structure 
and the reactor wall, can cause serious problems, however. A strong, 

29 
transverse magnetic field has been found to make the breakdown 
voltage nearly Independent of the applied frequency. 

One possible "trick" to improve the arcing situation 1s to Isolate 
the coupling structure from the plasma by locating it between a double 
vacuum wall. With this double vacuum wall arrangement, high vacuum 1s 
maintained around the rf structure. However, the inner vacuum wall will 
need to have a thickness less than an electrical skin depth in order 
for the rf fields to couple to the plasma. Hence this second vacuum 
wall must be very thin. Consequently structural strength and support 
problems would be severe. In addition, some provision must be made for 
cooling this thin wall. 

Another area where the arcing problem may be serious is the feed 
lines which deliver power to the coil. Since the ports containing 
these feed lines go through the reactor blanket, their size cannot be 
arbitrarily large. Hence the insulation employed for these lines will 
be quite critical. 

Rf Feed-Through 
Consider how the rf power could be fed through the reactor blanket 

to the coupling structure. This problem seems formidable but It may be 
possible to take advantage of the vacuum pumping ports. By arranging 
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the ports non-radially, as shown in Fig. g, the required Insulators 
around the rf leads can be located outside the reactor region where 
they will not overheat cr suffer neutron damage. The relatively high 
vacuum around the rf leads should also reduce any problems with arcing 
to the wall. By using this port for two purposes, rf feed-through and 
vacuum pumping, the overall required port area can probably be reduced 
and the neutronlcs of the reactor consequently Improved. 

Cooling of Rf Structure 
An rf structure located inside the vacuum chamber will be heated 

by two processes: (1) nuclear heating from the neutron flux, bremsstrahlung, 
etc., and (2) joule heating from the rf excitation current flowing in the 
structure. Assume that this structure is an rf coil formed from thin 
walled tubing as shown in Fig. 10. Such a geometry would allow coolant 
to be pumped through the coil, while the thin wall character lowers the 
nuclear heating. The amount of nuclear heating depends upon the vacuum 
wall loading factor designed into the fusion reactor. Our previous study 

2 
assumed a wall loading of ~ 20 MW/m , however, a more recent estimate 
indicates that 'v 2 MW/m2 will be more accurate.32 Thus if the coil of 
Fig.10 is niobium with a wall thickness of ~ .1 cm, D = 2m, and d = 10 cm, 
the nuclear heating would be * 60 kW. Thus for thin walled tubing, the 
nuclear heating is farily modest. Rather than pump coolant through the 
coil, one could also remove this heat by constructing the coil from a 33 
thin walled heat pipe. Current estimates with d = 10 cm indicate that 
^ 150 kW could be handled by a heat pipe with the configuration of 
Fig. 10. 

While the nuclear heating appears to present no major problems, 
the rf resistive heating of the coil can easily present problems. For 
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Fig. 10. Rf Coll Geometry Assumed for the Calculations. 



high frequency (10-100 MHz) rf heating techniques, the excitation current 
will flow essentially on the coil surface. Thus unless the coil thick-
ness is of the order of an electrical skin depth, one must consider the 
time required for heat conduction from the outer to the inner surface. 
For the metals commonly considered for use in reactors, this skin depth 
is of the order of .01 cm, which appears to be somewhat less than the 
metal thickness which can be conveniently employed. Consequently the 
resistive heating will primarily heat the coil surface and one must 
depend upon thermal conduction to remove this heat. 

Using a one-dimensional model, this heat conduction problem can 
34 

easily be evaluated. Figure 11-a shows a time history of the tempera-
ture profile in the wall for a total current of 40 kA. Under these 
conditions, the system reaches steady state 1r. approximately .2 sec 
with a linear temperature profile. As would be expected, the surface 
x = 0 has the highest temperature for all t > 0. Since niobium melts 
at approximately 2400°C, the conditions of F1g. 11-a show that the 
surface will be near the melting point under steady state. Increasing 
the total coil current to 50 kA yields the profiles shown 1n Fig. 11-b. 
In this case, the surface reaches the melting point before steady state 
is attained. Consequently the rf cannot be applied continuously at this 
power level but must be pulsed on and off to allow time for conduction 
to remove the haat to the inner surface of the heat pipe. 

In order to eliminate complicated boundary conditions, these calcu-
lations assume that the h«at pipe is able to remove all heat conducted 
to Its inner surface. Since current heat pipes cannot handle this 
amount of power, the results represent Na best case1' (e.g. the total 
power deposited In the coll under the conditions of F1g. >a Is * 200 MM). 
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Consequently, except for low currents 10 kA), the rf will have to be 
pulsed on-and-off to provide for adequate coil cooling. Even for the 
ideal conditions of these calculations, the on time is typically 
limited to tens or hundreds of milliseconds for currents in the range 
of 50 kA. 

These surface temperature limitations are of much less importance 
for the lower frequency 1 MHz) rf heating techniques. From calcula-

35 
tions by Wort for magnetic pumping at 70 kHz, we find that cycling is 
required only for very large excitation currents 350 kA which yields 
n, 500 MW coil loss if all the heat is removed.) However, one still has 
the problem of removing a large amount of heat, which may require 
cycling the rf even at these lower frequencies. 

Other Rf Coupling Arrangements 
While ingenuity and tecnnolog\'cal advancements may overcome the 

arcing and cooling problems associated with the rf coupling structure, 
it is tempting to seek a better way of coupling the power into the 
plasma. Any reactor will most certainly employ a vacuum wall. Conse-
quently any rf heating technique which could directly use this vacuum 
wall in some coupling scheme would be very attractive. One possibility 
would be to guide or direct the rf current flowing in the vacuum wall 
into an appropriate coupling configuration in some manner. This 
directing of current could be accomplished by including insulating 
materials into the vacuum wall structure, or by varying the vacuum 
wall thickness. Other techniques can also be envisioned to realize 
these effects, but practical and matarial problems make then, presently 
of little use. For example the extremely thin walls needed to direct 
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the current flow introduces structural strength and support problems. 
Also there does not appear to be an insulating material for use in the 
wall which meets the other requirements demanded of reactor vacuum 
wall materials. 

Another possibility of using the vacuum wall may exist for open-
ended reactors. For such a system, it may be possible to launch the 
waves in the mirror region and use the vacuum wall as a wave-guide 
to guide the waves (e.g. ion cyclotron waves) into the plasma region. 
In this case the rf structure could be located far from the hot plasma 
and the neutron heating problems thus be considerably reduced. The 
wave would then need to pass through large magnetic field and density 
gradients before reaching the plasma and reflections due to these 
gradients could possibly make the plasma region inaccessible. In e 

36 recent study of the torsional (left hand polarized) and compressional 
(right hand polarized) waves in an inhomogenecus magnetic field, however, 
no reflections were observed for the torsional wave. A recent paper by 
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Cramer gives theoretical calculations that agree favorably with these 
experimental results. 

No similar calculations have been found for the effect of severe 
density gradients. In the actual mirror reactor case the density ratio 
between mirror peak and reactor region would be expected to be of the 
order of 10^. The rf coupler may not need to be located exactly at the 
mirror peak but it is clear that such a severe density gradient may have 
a strong influence on the wave propagation. In the experiment mentioned 
earlier, no reflections were observed in a combined field and density 
gradient where the field gradient was somewhat realistic but the density 
gradient was much too small (whatever 1t w?s) and in the wrong direction. 



This experiment gives reason for optimism regarding this wave launching 
scheme but the effect of the density gradient needs further investigation. 

This entire launching scheme has one particularly attractive 
possibility. One of the main problems with regular ion cyclotron 
resonance heating (ICRH) has been that it does not appear to be practical 
for densities of fusion reactor interest. This is due to the difficulty 
in coupling the waves into the plasma at these high densities. Regular 
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ICRH thus seems to be limited to densities below 10 cm . By launching 
the waves in a low density region, such as proposed here, it may be 
possible, however, to penetrate the higher density region with the waves 
and thus utilize the attractive mechanism of ICRH. 

A further apparent difficulty with this mirror region launching 
scheme is that one would expect 50% of the rf power to be wasted through 
propagation in the direction opposite to the fusion region. It is 
possible, however, to design rf couplers that are unidirectional. A 38 recently proposed helical coupler has this particular property for 
torsional and congressional Alfven waves and by proper rf feed arrange-

39 
ment the conventional Stix coil can al«o be made unidirectional. 
Such unidirectional couplers can then be located at each mirror and 
used to propagate ion cyclotron waves into the reactor region where ihijy 
will damp at B » B_. 



VI. CONCLUSION 

A theoretical technique for the evaluation of wave fields in a 
hot, bounded plasma has been presented. The theory assumes that terms 
through order A*? (M - 0,1,2,...) are retained from the hot plasma 

j 

dielectric tensorJ For M - 0 the cold plasma theory results, while for 
M 1 finite temperature effects are included. With M > 1, the bounded 
problem requires boundary conditions in addition to those on and ft^. 
For the case with M = 1, one additional boundary condition is required, 
and upon employing the rigidity assumption^ a possible boundary condition 
is proposed. 

Employing these hot plasma wave fields with the Fourier series 
2 

model of the wave coupler yields a straightforward technique for solving 
the hot, bounded plasma problem. Using this technique, numerical calcu-
lations have been performed concerning the fast plasma wave propagating 
near w = . At this second harmonic of the ion cyclotron frequency, 
the fast wave experiences a rather strong damping mechanism. Since the 
fast wave is easily excited and can propagate at high densities, such a 
damping mechanism may provide a useful method for heating fusion plasmas. 

This wave damping has been observed to occur experimentally in a 
magnetic beach as w 2n... While the results are in basic agreement with 
the theory that has been presented, detailed comparison has been prevented. 
The problems in this area are due to strong collisional damping of the 
wave and somewhat large scatter in the data. More refined measurements 
and theoretical calculations are in progress to complete the confirmation 
of the predicted fast wave damping. 

The calculations and discussions of rf fusion reactor heating 
that are presented indicate that serious engineering problems can be 
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anticipated should rf heating be employed in a full scale fusion reactor. 
None of the difficulties examined seem insuperable, however. Several 
possible methods of overcoming some of these rf engineering problems 
have been proposed. However further investigations are needed in the 
areas of heat pipes, materials, secondary emission, and wave propagation 
in strongly inhomogeneous plasmas. 
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