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DEPTH OF TRANSMITTANCE OF RADIALLY EMITTED RADIATION INTO A 
CYLINDRICAL SOLID, WITH APPLICATION TO LITHIUM FLUORIDE 

Peter Spindler* 

ABSTRACT 

The depth of transmittance of thermal radiation emitted 
by a central heater in a cylindrical solid is calculated with 
the mathematical relations of Czerny and Genzel. The absorp-
tion constant of the material is assumed to depend on wave-
length and temperature. The approximate equation treating 
the material as a gray absorber is given for comparison. 
The formulae derived are applied to single- and polycrystal 
lithium fluoride, for which absorption constant data are 
available over a large wavelength range. 

INTRODUCTION 

At high temperatures energy is transported through solids by heat 
conduction and radiation, and radiation often dominates at higher tem-
peratures. Therefore, the understanding of any process that involves 
radiation — for example, thermal conductivity of transparent or trans-
lucent solids at elevated temperatures — requires a knowledge of the 
optical absorption properties of the particular material. 

This report will discuss how spatially diffuse radiation emitted 
from the axis penetrates a cylindrical solid specimen of known optical 
absorption and how deep this radiation becomes absorbed. The cylindri-
cal system has been chosen because the results of this study will be 
used to interpret the high-temperature thermal conductivity results 
obtained with a radial heat flow method.1'2 The derived formulae will 
be applied to single-crystal and polycrystalline lithium fluoride in 
the range 300 to 1100 K. 

*Present address: 
West Germany. 

Siemens AG, Research Laboratory, Munich, 
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This presentation is based on a -work by Czerny and Genzel,3 who 
developed mathematical relations to calculate the penetration depth of 
radiation in different kinds of glasses. 

THE ABSORPTION OF RADIALLY EMITTED RADIATION IN A SOLID LAYER 

To make the derivation of the final equations clear, I first con-
sider the case of nondiffuse monochromatic light radially emitted by a 
heating rod in the center of a cylindrical solid having a wavelength-
dependent absorption constant K(A) (see Appendix A). If we neglect 
reflection, the transmittance of a light bundle is derivable from the 
integral of the decay law given in Appendix A. Thus 

T = exp[-K(A)r(l + r/2R)] , (l) 

where R is the radius of either the heater or the insulation material 
adjacent to the specimen and r is the radial coordinate of the specimen 
as measured from the core heater wall (i.e., r = 0 at R, see Fig. 5 in 
Appendix A), 

In the general case the incident radiation is not monochromatic 
but a composition of different wavelengths with different intensities. 
Since absorption constant varies with wavelength, the spectral distribu-
tion of the radiation varies with penetration. Consequently, the weakly 
absorbed wavelengths will dominate. The ratio of the penetrating total 
radiation energy to the incident total radiation energy is called the 
total radiation transmittance, II, by Czerny and Genzel.3 These authors 
give the following definition: If E(A, T ) is the spectral distribution 
function of the radiation source, then its integral over all wavelengths 
is the total incident intensity. The totally transmitted radiation is 
given by the integral of the product of E(?\, T0) and the transmittance 
T [Eq. (l)] over all wavelengths. Hence 

00 

J E(A, T ) exp[-K(A)r(l + r/2R)] 6k 

n= cs . (2) 
JE(A, Tq) dX 
A=o 



For a blackbody the distribution function is given by Planck's radia-
tion law: 

E T q ) = 2hc2/n2A5 / he s\ - 1 (3) 

where 
h = Planck*s constant, 
A = wavelength, 
c = velocity of light, 
k = Boltzmann constant, 
T0 = absolute temperature, 
n = index of refraction of boundary medium (in our case the sample), s 

Since the total radiation of a blackbody is given by the Stefan-Boltzmann 
radiation law as 

00 

(4) 
A=o 

where cr is the Stefan-Boltzmann constant, we finally obtain for the 
total radiation transmittance: 

n = 2irhc 
00 2 r exp 

cm' T 4 J 
-K(A)r^l + 2R, 

s o A=o A5 
/ he \ 1 

exp (jn^r ) ~ 1! 
' • S O / 

dA . (5) 

THE ABSORPTION OF DIFFUSE RADIATION IN A SOLID LAYER 

Instead of radially transmitted radiation, we now consider a 
spatially diffuse radiation, which shows the actual behavior of radia-
tion in real crystals. This radiation is assumed to be emitted by an 
infinitely long rod. It can be shown that this assumption does not 
lead to appreciable errors as long as the rod of the experimental s.etup 
is long compared to the diameter of the specimen. For a certain cylin-
drical layer element of a particular solid the transmittance for both 
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diffusely transmitting monochromatic and polychromatic radiation will 
"be determined. 

For the case of spatially diffuse radiation in one-dimensional 
Cartesian coordinates, Czerny and Genzel3 show that the general exponen-
tial function e x has to be replaced by a similar function —2k2(x), 
which is related to the exponential integral. For the present case of 
cylindrical coordinates no such function that satisfies the necessary 
conditions can be found. Hence, the expression for the transmittance 
of every monochromatic element of the diffuse radiation traveling from 
the core heater into the specimen is somewhat more complex than that 
given by Czerny and Genzel.3 If the index of refraction n^ of the 
insulating material or of the heater is equal to or larger than that 
of the specimen, n , we obtain for the transmittance of monochromatic s 
radiation 

^ = ~ 11 + V J exp 

/ 

-K(?0r ( 1 + r \ 25/ 
x tan' -x 

x=o 
A . t f - i 

x dx 

(6) 

where x = cos a and a is the angle through which the radiation flux hits 
an area element on the cylinder mantle. Equation (6) is derived in 
Appendix B. 

Since the intensity distribution of the total energy emitted by 
the radiating core heater or insulation material is E(A, TQ), the 
total transmittance of diffuse radiation of a specimen layer at radius r 
is: 

00 j 00 

H Eft, T0)T^d7, if E(?\, T0 ) dA . (7) 

If we assume that the radiating core emits blackbody radiation we 
replace Eq. (7) by: 
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nb -
1 = ™sTo 

00 

1 + 1 
0 A5 exp he 

,n AkT - 1 
exp 

r-K(X)r fl 2H> 
x=o 

x tan' x dx dA (8) 

If one knows the temperature and the spectral energy distribution of 
the radiating core as well as the wavelength and temperature dependence 
of the absorption constant, K, then one can determine the depth of dif-
fuse radiation into the cylindrical specimen by numerical integration 
of Eq. (7) or (£). On the other hand, if the core is a "gray" emitter 
the absorption constant, K, is independent of wavelength. Therefore, 
application of the Stefan-Boltzmann law [Eq. (A-)] yields 

exp 
/ 

r-Kr + 2R. 
x x=o 

tan' -l x dx (9) 

for the total radiation transmittance. In this case H® is a material 
property of the specimen. 

When the index of refraction n^ of the insulating material or the 
core heater is smaller than that of the specimen, n , we show in s 
Appendix B that the transmittance for monochromatic radiation is: 

\ 

Tm = ̂  2 ir exp 
X 1 tan' -l 

X = X Q 

1 + ~ 1 

x dx 

(10) 
where x« = J1 — n?/n2. For the total radiation transmittance of a sam-u i s 
pie layer at radius r we obtain an expression identical with Eq. (7) 
except that T^ is replaced by T̂ 1. Then, for blackbody radiation 
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00 

b 8hc f r 
= — T T i1 + R 2 crn T^ \ 

S o A=o A5 exp he 
,ngAkToy - 1 

I r - « » H i . 
exp 

x=x 0 

x tan" -l x 

1 + 9: rV 

Similarly, ' gray absorption of the specimen yields 

x dx dA . (11) 

= 4-it 6 • D / exp 
r/I + 2r)' tan" -l 

x=x. 
1 + V - 1 

x dx 

(12) 

As in Eq. (9), D® is an intrinsic property of the sample material. 

APPLICATION TO LITHIUM FLUORIDE 

The Eqs. (6) and (8) mil now be applied to single-crystal and 
polycrystalline lithium fluoride, for which thermal conductivity has 
been measured at high temperatures.2 The problems are to determine in 
which layer thickness of LiF the diffuse total radiation becomes absorbed 
and to ascertain when is it valid to approximate the wavelength-dependent 
absorption constant by one constant for all wavelengths; that is, to 
treat the absorbing matter as a "gray" absorber. 

Single-Crystal Lithium Fluoride 

The absorption behavior of lithium fluoride crystals at room tem-
perature has been extensively investigated4""11 over the wavelength range 
between 4.5 and 900 (im. On Fig. 1 we have plotted the absorption con-
stant (see Appendix A) of LiF against wavelength. In a3.1 our calcula-
tions for single-crystal LiF we have used the results shown in this 
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Fig. 1. Absorption Constant of Lithium Fluoride. The data point 
has been obtained for polycrystalline material by a transmittance mea-
surement in the visible light; region, and the dotted line represents the 
assumed absorption constant in this wavelength range. 

figure. The dotted extensions of the single-crystal curve were obtained 
by using least-square fits to the low- and high-wavelength tails of the 
data. Figure 1 shows that LiF is completely transparent between the 
visible light regime and about 10 |im. Then the high absorption peak 
occurs7 at \ = 32.7 |im. Above about 500 jim lithium fluoride is trans-
parent again. 

The dispersion theory of Born and Huang13 predicts an increase of 
the absorption coefficient k (see Appendix A) with increasing tempera-
ture on both the short- and long-wave length sides of the peak A0. At 
A0, however, k decreases with increasing temperature. This was experi-
mentally verified by Frohlich14 and Heilmann.15 The data of Heilmann15 
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were used to obtain a temper atxire dependence of k for wavelengths up 
to 36 fim that could be extrapolated over the whole temperature range 
investigated. 

In Fig. 2 the transmittance curves for the single-crystal LiF are 
depicted. The nine curves represent the temperature range from 300 to 
1100 K in steps of 100 K. Since alumina powder was used as a bounding 
medium during the bounding thermal conductivity experiments,2 we used 
n^ = 1.765, the index of refraction of alumina.16 Since the index of 
refraction of LiF is4 n = 1.38, n < n. and we had to use Eq. (8) to s 7 s 1 
calculate the depth of transmittance. The temperature of the insulation 
material, To, was within ±5 K of the specimen; and T0 was, therefore, 
assumed to be equal to the specimen temperature. The integration of Eq. (8) 
was carried out by means of Simpson's rule for the integral over A and 
a 16-point-Gaussian mechanical quadrature method for the integral over x. 
(Tests with 8- and 32-point Gaussian quadratures gave the same results.) 

ORWL-DWG 69-44210 

Fig. 2. Depth of Transmittance of Radiation into LiF Single Crystal. 
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Figure 2 shows that for all temperatures about 60$ of the radiation 
energy was absorbed in a layer of about 0.5 cm of the single-crystal 
LiF. The transmittance at room temperature has the most rapid decrease; 
at a thickness of 15 cm only 0.23$ of the radiation energy had not been 
absorbed. With increasing temperature the absorption of thermal radia-
tion by the material decreases. At 1100 K, for example, 20.6$ of the 
radiation penetrates a specimen of 15 cm radius without interaction. 
The very rapid decrease of the transmittance in the first layers can 
be explained by the sharp increase of the absorption constant at low 
wavelengths (see Fig. l). Since the high absorption peak decreases and 
the* short- and long-wavelength tails increase with increasing tempera-
ture,13 the initial steep slopes of the transmittance curves shown in 
Fig. 2 decrease with increasing temperature. 

The absorption constant of the polycrystalline lithium fluoride 
used in the thermal conductivity determinations1 was calculated from 
transmittance data between 2.5 and 12 |_tm with the relationship 
t = (l — r)2 exp (~Rx), where t = transmittance, r = reflectivity, and 
x = thickness of the specimen. The values of K as a function of wave-
length are given in Table 1. 

Polycrystalline Lithium Fluoride 

Table 1. Absorption Constant of 
Polycrystalline LiF 

Wavelength, A 
(|jm) 

Absorption 
Constant. K 

(mm"1) 

3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

2.5 0.27 
0.24 
0.17 
0.13 
0.16 
0.40 
0.85 
1.65 
3.95 
8.70 
19.0 
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The dependence of K on wavelength ie represented by the upper 
curve in Fig. 1. An observed17 absorption band at 2.8 p11 is not drawn 
in the curve. 

If we assume that the extinction constant of the polycrystal is 
composed of the optical absorption constant and a temperature-independent* 
scattering constant, then the same temperature dependence as for the 
single crystal can be applied to the polycrystal. 

Equation (8) was integrated as before. Figure 3 shows the trans-
mittance curves for the LiF polycrystal. From Fig. 3 one can see that 

*This is valid to about 800°C, where grain growth begins to become 
significant1 and could result in a decrease of K. 

ORNL-OW6 69-44334 

Fig. 3. Depth of Transmittance of Radiation into Polycrystalline 
LiF. The nine curves represent the temperature range 300 to 1100 K in 
steps of 100 K, and the curve that is lowest between 0 and 0.3 cm corre-
sponds to 300 K. 
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the total radiation energy emitted by a central heater is absorbed by 
a layer between 1.0 and 1.2 cm thick of the polycrystalline LiF for all 
temperatures investigated. This means that specimens of this particu-
lar material with a radius greater than 1.2 cm are optically thick. 
The general shape of the transmittance curves is similar to those of 
the single crystal; however, the temperature dependence is not as clear-
cut as for the single crystal. Some of the curves overlap at several 
radii of the specimen; this could be attributed to the relatively high 
absorption constant at low wavelengths. 

Gray Absorber Approximation 

In Fig. 4 corresponding curves are shown for the assumption that 
lithium fluoride is a "gray" absorber with several values of K constant 
over the total wavelength and temperature range. This result is 
obtained by integrating Eq. (6). 

ORNL-DWG 69-14209 

Fig. 4. Depth of Transmittance of Radiation into Blackbodies with 
Different Absorption Constants. 
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This figure shows that one has to be cautious when assuming a 
material is a "gray" absorber. A good knowledge of the average absorp-
tion constant over the important wavelength range for thermal radiation 
is a necessity when K is small. For average K values higher than 
0.1 mm"1, specimens with a radius of more than 1.4 cm can be treated as 
optically thick. 
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APPENDIX A 

For clarity we briefly outline the definition of the various 
quantities used in absorption theory. 

Assume ',hat a parallel bundle of light with radiation power per 
unit area penetrates in a slab layer of material of thickness Ax. 
Then the power loss per unit area AP by extinction is given by 
AP = —KPAx. Thus in the limit as Ax + 0 we have that 

dP/dx = -KP . 

If the radiation penetrates a cylindrical annulus the bounds of which 
are R and r + R, as depicted in Fig. 5, then the rate of decay of P 
with r + R is greater than the decay of P with x by a factor (r + R)/R 
so that 

dP/dr = -K(l + r/R)P . 

This derives from the fact that for a unit length of cylinder the ratio 
of mantle areas at r + R and R is (r + R)/R. Using the terminology of 
Pohl12 we call the proportionality factor K in this relation the 
"extinction constant." It is the sum of the absorption constant K and a 
the scattering constant K . Its units are reciprocal length. In the s 
limit of pure absorption, as is the case for a single crystal, only the 
absorption constant K is significant. For simplification we denote K a 
throughout this report as the absorption constant regardless of l. con-
tribution to the radiation extinction due to scattering. The absorption 
constant K is related to the absorption coefficient k by the equation 
k = KA/4-it, where A is the wavelength. The quantity k is dimensionless 
and is obtained by multiplying the absorption index k by the refractive 
index n (i.e., k = tlk) . The quantities n and K are usually called the 
"optical constants" and are also dimensionless. 
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Fig. 5. Geometry of Radiation from a Central Emitting Core. 
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APPENDIX B 

Derivation of Eqs. (6) and (10):* 

The annulus between the core heater and the inner cylindrical sam-
ple surface of the radius R was packed with insulation material, which 
was assumed to be a blackbody. The insulating material was at absolute 
temperature T0 and had an index of refraction n^. The index of refrac-
tion of the sample is ng. The problem involves determination of the 
diffuse radiation entering the infinitely long sampled at r = 0 and 
penetrating an area element df perpendicular to the cylinder radius 
(see Fig. 5). The radiation flux in the wavelength range between A and 
A + dA that hits the area element df through the angle Oi yields from 
Kirchhoff's law: 

50" = N 2E B(A, T q ) e x p 
K ( A ) r ( l + i 

cos a df cos a dH dA , (Al) 

where dft = sin a da dt is the solid angle in spherical coordinates, and 

E^A, T0) = 2rthc2/n2A5[exp(hc/nAkT0) - 1] 

is the energy distribution given by Planck's radiation law under the 
'assumption that n is independent of wavelength. The factor s 
exp [- K(A)r (l + r/2R)/cos a)] represents the absorption of radiation 
in the medium between R and r, where K is the wavelength-dependent 
absorption constant. 

The derivation is carried out in a similar way to that given by 
Czerny and Genzel.3 

T̂his necessary assumption does not lead to large errors, as can 
be seen easily when the cylinder length is large compared to the 
radius. The radiation calculated will always be larger than the "true" 
radiation of a finite cylinder. Since these calculations are to be 
used as a correction for thermal conductivity measurements, the final 
result will be always slightly overcorrected. 
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There is an area 1 + r/R on the cylinder mantle at r + R that 
corresponds to unit area on the mantle at R. Thus 

/df = 1 + | . (Al) 

Hence from Eq. (Al) 

= n?Eb(A, T0) exp 
-K(A)r 6 - + 

\ 

cos 
— h / \ — (l + |J cos a sin a <32 diR dA 

(A2) 

The aperture angle, >|r, goes from 0 to \jr at the mantle of the max 
radiating inner cylinder [see Fig. 5(a)]. Therefore, we obtain 

tan ̂  cos a 
max 

1 + i ; - 1 

or 

i|r = tan"1 max 
cos a 

1 + 1 ; - 1 

Since the integration has to he carried out from mantle to mantle we 
obtain: 

6t = 2n?Eb(A, T0) exp 
r-K(A)r + zrJ 

cos a 1(' • i) 
tan' - l cos a 

1 + w - 1 

cos a sin a dot dA . (A3) 
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For n. n the integration over a is performed from 0 to rt/2. We x s 
obtain the radiation penetrating through a unit area in a distance r 
from the total black core surface that is seen by this unit area:* 

/ \ r-K(A)r 6- + cos a 
dE = 2n|Eb(A, T0) (1 + fj dA J exp ^ & — i 

Q = 0 1 * I 

cos a sin a dec . (AU) 

Substituting cos a = x and consequently sin oi 5a = -dx yields 

l 
dE = 2nl^-h, T0) (l + f exp r r-K(A)r I 1 + ~ k 

r 
2R, 

x 
tan' -l 

x=o 

X 

- 1 

x dx . ( A 5 ) 

For r = 0, which is the actual radiating surface, we get from Eq. (A5) 
the energy penetrating the unit area: 

JL 

dE0 = A, T0) dA f | x dx , 

= | ^ ( A , T0) dA (A6) 

*The derivation of the same problem in one-dimensional coordinates 
[infinitely expanded radiating area (see ref. 3)3 yields a simpler 
expression to be integrated, which can be transformed to a so-called 
exponential integral. Values of exponential integrals are listed in 
several mathematical tables. In our case, however, a numerical method 
has to be used to solve the integral. 
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The transmittance T^ = dE/dE0 is then: 

T? = ! ( 1 + | ) / e X p 
r-K(A); l + D 

1 tan' -l 
x 

1 + - 1 
x dx 

(A7) 

For n^ < n the integration over a has to be performed from 0 to the 
limit angle cf total reflection ct̂ . Because of the transition from n^ 
to n , beams that are parallel to the cylinder surface enter the sample 
exactly under the angle a,p. Applying Snell's law of refraction -we obtain 
for an angle of incidence of jc/2: sin a = n./n , or a = sin"1 (n./n )• i i s i. i s 
Reflection losses at the sample surface are assumed to be negligible. 
Instead of Eq. (A4) we get: 

dE = 2nziEh(-X, T 0) (l + dA J 

sin"1 (n./n ) 1 s 
exp 

•-K(A): 1 + A 2R/1 
C O S Ct 

a~o 

tan' -l cos a 
\2 r 1 i + Im - 1 

cos a sin a da , (A8) 

or, with the same substitution as above, 

dE = 2n|Eb(A, T0) 
r-K(A)r (l + 

1 + -J dA J exp 
xo 

2R> 

tan' -l dx . (A9) 

1 + l, - 1 
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Again, Eq. (A9) divided by (A6) yields the transmittance: 

, m exp fr * l ) tan' -•j 
o 

X 

7 
V +

 V 

x dx , (AID) 
- 1 " 

where x« = J1 — n2./n2. u i s 
As already mentioned by Czerny and Genzel,3 the assumption of blackbody 
radiation is unimportant, since the expression E^A, T0) is canceled 
out in both Eqs. (A7) and (A10). Hence, these relations are valid for 
any spectral distribution of emission. 
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