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FINITE QUANTUM AND CLASSICAL ELECTRODYNAMICS* 
E. C. G. Sudarshan, Center for Particle Theory 

University of Texas at Austin 

In this paper I wish to report on a continuing/in-
vestigation of relativistic quantum theory which is free 
from mathematical absurdities, in agreement with physi-

the results so far obtained in the theory are encouraging 
and are of general applicability to strong, electro-
magnetic and weak interactions, for a variety of reasons 
I will confine my attention tojfinite quantum electro-
dynamics./ Even apart from the primary concern of this 

Conference, electrodynamics is the prototype of all 
field theories. It is universal and it has been the 
beginning of our understanding of the quantum nature of 
the primary constituents of the universe. More over, 
quantum electrodynamics has had many remarkable quanti-
tative predictions like the anomalous magnetic moment of 
the electron and the Lamb shift. At a conceptual level 

* Paper presented to the Third Rochester Conference on 
Coherence and Quantum Optics June 21-23, 1972. Work 
supported by the U.S. Atomic Energy Commission. 
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quantum electrodynamics reconciles the principles of 
statistical mechanics with the existence of systems 
with infinite number of degrees of freedom; and demon-
strates that virtual quantum field theoretic processes 
are real enough to produce observed quantitative physical 
effects. 

Troubles in Electrodynamics 
In spite of all these satisfactory features quantum 

electrodynamics is a sick theory. Many straightforward 
questions get meaningless answers. The mathematical 
formalism itself contains at best ambigous and at worst 
meaningless expressions. The appearance of divergent 
quantities makes the calculations more of a magical 
ritual than a mathematical derivation. The divergence 
problems eliminated from the Rayleigh-Jeans paradox for 
the black body reappear in the case of interacting 
systems as divergences in virtual processes. 

In the myth of creation light was the first to be 
created. Harmonies abounded in the successive stages of 
creation and disharmony came only with the coming toget-
her of the serpent, the woman, the man and the apple. 
But quantum field theory would rewrite the story and have it 
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that the disharmony has its roots in creating anything 
other than light which could emit or absorb iti There 
were no divergent radiative corrections until the sun 
and the moon were created. The coupling constant is 
the root of all disharmony. 

Yet it is said that the Creator found what he had 
created on the six days to be"Good" All the disharmony 
and error crept in when the snake persuaded the woman 
to take an arbitrary independent point of view about 
the nature of things. Much laborious work by the good 
Lord was necessary to correct these errors. 

Let us draw a moral from this myth and assert that 
the interacting radiation and matter system is not in-
consistent either physically or mathematically. But 
this consistency is for the complete system of inter-
acting constituents. The traditional version of quantum 
electrodynamics is not consistent in this sense. We 
must start afresh, but the theory must not only describe 
the usual kind of electrons and photons but be in 
quantitative agreement with the observed interactions. 

Some of the divergences of electrodynamics are an 
2 

inheritance from classical theory. Classical radiation 
theory in conjunction with the principles of statistical 
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mechanics gave rise to the Rayleigh-Jeans paradox. The 

classical electron is inconsistent. If it were not 

for nonelectromagnetic forces the electron should have 

exploded. Shall we follow Poincare and postulate such 
3 

nonelectromagnetic forces of electromagnetic strength? 

Could these nonelectromagnetic forces be? Should we now 

invent other forces like surface tension or incompressible 

matter, and then give up t\. v connection between forces 

and coupled fields? But if we invent new fields to 

produce these forces would they not have their own 

quanta? Where are they? 

Classical Electrodynamics with Nonelectromagnetic Fields 

Regarding these nonelectromagnetic stabilizing 
forces we note that for relativistic invariance of the 
theory this new field must behave in the same manner as 
the electromagnetic field and yet give an attractive 
force between like charges. In a classical Lagrangian 
theory such a result can be obtained from a Lagrangian 
of the form 

•*-£<=,-xl M O - j £ fc'cx^cao 

+ U V ^ G ^ -V , 
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where 

Note that the coupling of A^ and B^ are through the 

same coupling constants so that only the linear com-

bination Am + B^ enters the interaction. The sign of 

the free energy term of ,the satellite field B is of 

the sign opposite of the usual one. 

The equation of motion satisfied by the particles 

and fields can now be worked out by standard methods. 

We see that there is a relative sign change between 

the A^rand B^ fields in field equations. (This sign 

could be removed by replacing BM by -BM but then it 

will show up in the Lorentz force equation.) Precisely 

because of this sign change the mutual effect of two 

charge particles by virtue of their coupling to these 

two fields are of opposite signs. We may say that while 

the charged particles interact with both the electro-

magnetic field and the nonelectromagnetic field G»* 

in the same way, they act as sources for these two 

fields in opposite ways. The "absorption" 
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is the same for both fields but the "emission" is 
4 

opposite. Hence the difference. 

If we wish to develop this theory further and 

formulate its Hamiltonian equations we would conclude 

that it is necessary for the B^, ^y fields to have 

a Poisson bracket ^ith the sign opposite that of the V , 

fields. With this "minor" change the equations 

of motion of the system can be cast in a Hamiltonian 

form. We can verify that the self interaction between 

two charged particles is finite: In the specially 

simple case of static force the potential has the 

form 
Vt*> » cv - « ) 

V 

which no longer exhibits any explosive tendencies for 

r-^0. We could, at the same time verify that the 

infinite self stress of the classical electron has also 

disappeared. There is a finite self stress which does 

not lead to any difficulties. 

While this pleasant result has been achieved we 

must remember that we had to pay a price; we do have 

the field B^ for which the free field energy is negative 
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definite. We would find it embarrassing to have such 
negative energy fields being really'absorbed or emitted. 
Yet how can we eliminate them? 

This paper is devoted to quantum electrodynamics 
and so I shall not answer this question except to say 
that there is a method of devising such a theory. In-
stead we shall now jump to quantum electrodynamics. 

Quantum Electrodynamics with Photon Satellites 
Since we have to aeal with the quantum theory of 

radiation and matter we shall take as our model the 
quantum electrodynamics of electrons and photons, the 
theory of coupled Maxwell-Dirac fields. One starts 
with the Lagrangian density: 

Quantizing this system for e • 0 is quite straightfor-
ward and it leads to photons obeying Bose statistics 
and electrons and positrons obeying Fermi statistics. 
But when e ^ 0 and there is genuine interaction, the 
theory apparently breaks down. If we attempt to cal-
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culate the self energy of the electron we get an infinite 
result. This result was to be expected since we inherit 
it from the classical theory. (The modification of 
quantum theory is to reduce the divergence from "quadratic" 
to "logarithmic", but still it is infinite.) But in 
addition to this new infinities arise. The photon can 
virtually dissociate into an electron-positron pair and 
the modification of the propagation properties of the 
photon is again infinite: this is the so-called "vacuum 
polarization1'. Still another kind of infinity appears 
in the modification of the basic photon electron inter-
action. All these effects enter into the various higher 
order effects, the so-called "radiative corrections". 
But "corrections" which are infinite are no corrections 
but catastrophes. 

The ingenuity of the theorist has found ways of 
getting around in this absurd world and extract some 
meaningful predictions out of an apparently meaningless 
theory. The story of renormalized quantum electro-
dynamics is a heroic one and an intriguing one. It 
predicted correctly the Kusch-Schwinger anomalous 
moment of the electron; and still higher order corrections. 
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None the less the theory is absurd: renormalizations, 
yes, but infinite renormalizations, no. 

Let us make a finite quantum electrodynamics using 
the lessons learnt in classical electrodynamics with 
the satellite field B^ . With its inclusion the Lagran-
gian density is amended to read 

For e = 0 we can again quantize this system as 
before; the only modification is that the ^ , G ^ 
field is now quantized with the sign of the commutator 

brackets opposite the usual one. Its quanta are particles 
of mass M, but because of the peculiar sign of the 
commutator we get a strange kind of state space. The 
vector space now turns out to be an innerproduct space 
with an indefinite scalar product. We obtain a quantum 

1 5 
mechanical system with an indefinite metric. * But 
choosing this system all the equations of motion are-
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satisfied as in the classical theory. Since a quantized 

field is equivalent to a collection of oscillators, we 

may recognize the appearance of an indefinite m.etric in 

the case of a single oscillator degree of freedom. 

Let us, accordingly choose a single degree of 

freedom with variables q and p satisfying 

If we demand that a ground state exists such that it is 

annihilated by the destruction operator a, then 

If we now write 

) 

then 

, a l o > r O 
we obtain that the sequence of states 

" « 

are pseudoorthonormal in the sense 
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The state has the square -1 since 

Thus the opposite sign of the commutator automatically 

leads to an indefinite metric theory. But the opposite 

sign of the commutator came from the need to have the 

correct equations of motion, which in turn is necessitated 

by having to have the nonelectromagnetic force cancel 

the singularity of the electromagnetic force at short 

distances, 
i 

Since in every interaction the A^and B̂ , fields 

enter with the same coupling we may, if we so chose, insert 

an effective propagation function which is the algebraic 

sum of the propagators for the elctromagnetic and the 

nonelectromagnetic fields. Now, the photon propagator 8 2 2 -1 

(x ) and (x ) singularities and these are precisely 

cancelled by the corresponding singularities of the 

satellite propagator. Equivalently, in momentum spaca 
the standard photon propagation function had an inverse 

2 

p dependence; so does the satellite propagator but the 

leading term has an opposite sign. Consequently the 4 effective propagator will fall off as the inverse p ; it 
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is "superconvergent". 

Quantum Electrodynamics without Divergences 

This newly obtained superconvergence makes the 

electron self energy finite and generally improves the 

convergence of all quantities. But it is not sufficient. 

In quantum electrodynamics we have also the self energy 

of the photon ("vacuum polarization'1) , which is also 

infinite and not made any less divergent because of 

the satellite photon since the simplest process involves 

only an electron-positron pair and no photon propagator. 

Some people like to make it disappear by appeal to 

a magical incantation called gauge invariance, but I 

have not found any way to get convinced by this exorcision 

ritual. 

We must get rid of this infinity. We can do this 

only by use of electron satellites; each electron must 

have at least two satellites so that the propagators 

achieve the necessary degree of superconvergence.1 

Having obtained such a superconvergent electron 

propagator it follows that all the diagrams of quantum 

electrodynamics which have at least one pair of external 

lines now converge. There is no need to have the photon 

satellite, though there is no reason not to have it. Having 
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it does not remove any more divergences. 

There are still the vacuum processes which corres-

pond to the spontaneous creation and subsequent total 

annihilation of electrons, positrons and photons which 

lead from vacuum to vacuum. Due to the infinite volume 

of space time the amplitude for this process must diverge 

and cannot be made finite. However, in the observed 

transition matrices these infinities automatically cancel 

out and we may hence ignore them altogether. 

My own personal preference is to seek nonelectro-

magnetic stabilizing influences in the presence of satel-

lite electrons. I must admit that there is no reason to 

forbid photon satellites except that the simplest pos-

sibility is to have as few satellites as needed for con-

vergence; but perhaps we have both kinds of satellites. 

Let experiment decide. 
« 

Theory of Shadow States 

Divergence troubles have been eliminated, but 

what about the appearance of negative probabilities? 

After all, the probabilistic interpretation of quantum 

mechanics would breakdown if negative probabilities 

are introduced. We must therefore prevent these states 
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from appearing in the initial or final states despite 

the virtual processes involving such. Without such 

a device our theory is not physically useful. We 

already saw a similar requirement in classical theo. / 

where the nonelectromagnetic field had negative field 

energy. 

This is accomplished by the discovery of the theory 

of "shadow states".* Shadow states are states that enter 

the mathematical description of the dynamical variables 

and the interaction but do not contribute to incoming 

or outgoing probability fluxes. The probabilities are 

conserved entirely amongst the physical states only. 

A proper presentation of the theory of shadow states will 

be beyond the scope of this paper but it amounts to 

having standing rather than running waves in the shadow 

channels; running waves are allowed only in physical 

channels. The difference in behavior of these channels 

is entirely due to the choice of the appropriate boundary 

conditions, a freedom not constrained by quantum field 

theory. One can demonstrate these results for models 

which can be solved in closed form but they could be 

verified for field theories in general. 

Consider, for example, a two-channel quantum 
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mechanical model with a free Hamiltonian 

f ^ ^ A 

If is an eigenfunction H^ with eigen value the usual 

perturbation result for the corresponding eigenfunction 

for the total Hamiltonian 

is given by the familiar formula 

A ** 
• • • 

where 

is the (retarded) Green1s function, the boundary conditions 

associated with the i€ ensuring that there are "plane" 

w a = 

and an interaction 

V = 
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waves" plus "outgoing spherical waves". The corresponding 

scattering amplitude matrix is given by the coefficient 

of the diverging spherical wave 

- V ^ V & • • 

_ \ K v - 3 

This expression satisfies the unitarity relation 

assuring ourselves of conservation of probability. The 

probability is conserved amongst both the channels; 

of course transitions between channels occur only because 

the interaction V has cross matrix elements between the 

two channels. 

We now alter the boundary conditions and choose the 

new Green's function , i«\ . 
/ O - V U - W ) o 

= u - < o i ^ f 



where""^ is the projection operator to the first 

channel. In the second channel we have standing waves. 

Given this choice of Green's function we can compute a 

new scattering amplitude 

- " T =5 \ | * \J 

— \ | C ̂  -

This expression does not quite satisfy the unitarity 

relation but the truncated quantity 

does satisfy a unitarity relation of the form: 

T - - J * . c v - C - i O j ^ 

This assures us that there are no transitions between the 

two channels even though there is an interaction coupling 

them. The probability is conserved in channel 1 by itself. 

We call states in channel 2 as shadow states. Shadow states 

contribute to the dynamics but do not enter into probability 

conservation. Like the wind in Camelot which blows during 

the night to sweep away the fallen leaves, the shadow states 

in an indefinite metric theory blow away the infinities and 
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afcsurdities but yet never see the light of day. 

The theory is given more detailed exposition 

elsewhere* and shown capable of giving infinite "unitary" 

transition amplitudes between physical states which obey 
7 

conservation of probability. Since we may choose as 

physical states only states not containing any satellite 

quanta we shall have no problem with negative probabili-

ties. All probabilities are positive. Causality problems 

do not seem to provide any terrors either.** 

Confrontation with Experiments. 

We thus seem to have developed a conceptually 

satisfactory framework for finite quantum electrodynamics. 

We have convergence due to a suitable use of an indefinite 

metric theory, yet the probability interpretation is not 

upset. But what about the quantitative aspects of the 

successful predictions of quantum electrodynamics? 

Surprisingly enough, it turns out that both the 

anomalous moment of the electron and the Lamb shift are 

quite insensitive to these modifications. So is much 
9 

of the data on Compton scattering. We should look 

for possible departures in large angle muon and electron 

pair processes at very high energy. 

What kind of qualitatively new predictions does 

one expect? We can immediately say that the satellites 
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should exhibit themselves as resonances in the respective 

channels.1 If photon satellites are there we must see 

photonic resonances;^ we must also distinguish them 

from the observed vector meson-associated resonances. 

From what has been said above we know that electron 

satellites are expected. These satellites are more 

striking in the sense that we have no other mechanism 

for their occurrence.1^ 

There are other technical features which would 

be crucial: many of these resonances would have their 

phases rotate opposite to the usual case, i.e., the 

complex amplitudes will rotate clockwise. At the 

opening of the pseudothresholds associated with continuum 

shadow states the amplitude will have a point of non-

analyticity: the amplitude will be changing from one 

analytic function into a distinct one at this point. 

This piecewise analyticity would be a trademark of a 

shadow state theory.11 

Return to Harmony 

In conclusion we remark that harmony can be 

restored in creation provided we use a consistent 

formulation without mathematical absurdities from the 



beginning. This involves a generalization involving 

satellite fields and an indefinite metric and the 

theory of shadow states. It is a new theory. The 

standing waves in the shadow channel are the mathematical 

counterpart of the physical requirement that stability 

requires the presence of nonelectromagnetic forces at 

all times. 

I have not talked about the mathematical problems 

of taking products of field operators at the same 

point. But let me add here that once the indefinite 

metric is properly used only suitable combinations of 

the fields and their satellites appear in the inter-

action; and the mathematical ambiguities disappear.* 

At the turn of the century, Planck showed us that 

basic divergences of field theory required the bold 

experiment of a new conceptual structure. Should we 

not continue his work? 
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