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Abstract

Nonlinear magnetosonic waves propagating in a magnetic

neutral sheet are Investigated within the framework of a

fluid model. It is shown that the behavior of the magneto-

sonic waves are governed by a 'modified Burgers equation'

with an additional term c(r))<j> due to the relevant slowly

varying background plasma parameter (density or magnetic

field),

where <j>(?,n) is the amplitude of the magnetosonic waves,

5 = k d x + k y - dit, and n = ex is" the coordinate stretched

by a smallness parameter e. When we consider fast magneto-

sonic waves propagating toward the neutral region across

the magnetic field, they grow and undergo rapid steepening

after passing through the" neutral region; i.e., shock

formation is promoted by the background inhomogeneity. By

the numerical computation of the above equation, the time

evolution is examined for two initial disturbances, the

pulse type (gaussian) and the wave train type (sinusoidal

wave).

The relevance of the interactions between the magneto-

sonic shock waves and the neutral sheet plasma to plasma

heating and to a triggering mechanism of sympathetic flares

is also suggested.



1. Introduction

Plasma configurations with a region whera the main

component of the magnetic field reverses its direction are

called 'magnetic neutral sheet' and are important in a

number of geophysical and astrophsical applications,

especially in models of solar flares (for example/Sweet,

1969) and in the geomagnetic tail.

It has been assumed that when a solar flare occurs, two

processes take place in succession. The first process is

a 'triggering mechanism', and the second is the explosive

phase in v/hich most of the energy transformation takes place

within a time scale of 3 x 102 seconds. Ejection of plasma

following the explosive phase tiay account for the observed

horizontally propagating shock waves, and these shock waves

may contribute to the triggering of sympathetic flares.

Therefore, to understand the mechanism of the sympathetic

flares, we must investigate the propagation of the magneto-

sonic waves, the shock formation, and the plasma heating

near the neutral sheet.

The purpose of this paper is to investigate nonlinear

magnetosonic waves propagating in an inhomogeneous plasma

with a neutral sheet. In the previous paper (paper (I):

Sakai, 1972) we considered nonlinear magnetosonic waves in

a uniform plasma with an effective electrical conductivity,

and showed that these waves were governed by the Burgers

type equation, which has a shock solution. Inhomoger.eous
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effects, which were neglected in the previous work, must be

considered because the shock formation is promoted by these

effects.

Following a met-hod developed by Asano and Taniuti (1969,

1970), in Section 2 we will show that the nonlinear behaviour

of the magnatoson:".c waves is described by a 'modified

Burgers equation' with an additional term due to this slowly

varying density of the plasma (or to the slowly varying

magnetic field). The waves will grow due to the inhomo-

geneous effects and thus shock formation is promoted. In

Section 3, fast magnetosonic waves propagating perpendicular

to the main magnetic field are examined by a numerical

computation of the modified Burgers equation. Two initial

disturbances are examined; the first is of gaussian form

and the second is of the wave train type (sinusoidal wave).

In Section 4, interactions between the magnetosonic shock

waves and the neutral sheet are discussed by taking account

of some dissipation mechanisms (two-stream instability and

current driven instabilities) in the shock front passing

through the neutral sheet. It is suggested that, these

interactions will lead to the plasma heating near the

neutral sheet and will be responsible for the triggering

mechanism of solar sympathetic flares. Finally in Section

5 the main results are summarized.
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2. Physical Model and Formulation of the Equations

Recent observations of the neutral sheet in the

geomagnetic tail (Schindler and Ness, 1972) show that the

picture of a plane'current sheet model (Figure 1 and Figure

2) is useful if one is interested in the average field

structure. We here adopt the following static equilibrium

model for a neutral sheet,

B)/c, (1)

where P is the pressure and the current j follows from the

Maxwell equation, j = cV x 3/4ir.

Several simplifying assumptions are made. The plasma

density p0(x) and the magnetic field B (x)e vary slowly

in the x-direction, satisfying Equation (1), but are uniform

in the y-and z--directions. The plasma is isothermal, with

temperature T. Introducing the characteristic scale length

Lj = {d(topo)/dx}~1, which is a measure of the variation of

the background inhomogeneity, the equilibrium state varies

slowly compared with the characteristic magnetosonic wave

length k"1, i.e., p0 = Po(ex) and B = B (ex), where e

is a smallness parameter defined by e ~ (kLo) '.

In order to investigate magnetosonic waves propagating

in the x-y plane, we start with the system of MHD equations,

If
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3v 3v 3v , ̂  B 3B 3B
— £ + v — * + v - ^ + - T~ + S-£(-TT^ - -TP-) = 0 , (3)3t x 3x y 3y p 3x p v 3x 3y' ' ;

3v 3v 3v , „ S SB 3B

33 32B
,B,, - VyBx) - D m(-^f + -5^) = 0, (5)

SB 32B 32B

_ 1 B ( )
s ~ cs

2 4irp(0) '

m 4TT a ^^ c Lo '

where the following normalization have been used,

P = P/P(o)/ v = v/e g, B = B/B(»),

t = cgE/Lo ' ~x~ = x/L0 , ?(x, y) .

The quantities with the superscript tilde mean the appro-

priate unnormaii.zed quantities. p(0) is the plasma density

at x=0, and B(«0 is the magnetic field at, x=">. In Equation

(8) the effective electrical conductivity c o f f has been

introduced.
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To examine slow variation of the amplitude of the

magnetosonic waves, it is appropriate to introduce the

following new variables (S,n) through the stretching

= j kxdjs + kyy •- wt, (9)

"n = ex. (10)

At the same time, we expand the dependent variables around

the equilibrium state p0(ex) and B (sx), as a power

series in e:

P == Po + epx + e*P2 + •••, ' . (11)

v == 0 + ev + e2v + •••, (12)

Vy = ° + £Vyi

e Bx;

By =

We wish to examine Equations (2) - (6) for solutions in terms

of the variables (?,n). These procedure is the same as that

of paper (I) apart from the complexity of calculations (see

Appendix (A)).

- 6 -



We obtain the following dispersion relation for the

tnagnetosonic waves, which is determined by the local plasma

density p (n) and the local magnetic field Bv (vi)

a" - o>2k2(l + v 2(n)) + k
2k* v 2(n) = 0, (16)

where k2 = kx
2 + ky

2 and va
2(n) = s B (o?(n)/po (n)• After

some manipulation, we obtain a modified Burgers equation for

the wave amplitude $(€,n.):

= 0, (17)
O I | UL, V tp —

where a in), b(n) and c (n) are given by

[{l+(kVu>2-l)/2+v 2(kyu)2-l)2}k2

1 (18)

b(n)= m x Y— a-2—3C _ # (19)
k { v a

2 2 / 2 }
X a, 0

2<ok {va
2(k2/a)2-l)-l}

(2

In Equation (17), the second term and the third term

represent the nonlinearity and the effect of dissipation
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due to the effective electrical conductivity, respectively.

The last term represents the effect of the plasma inhomo-

geneity. This equation is to be compared with the well-known

Burgers equation, in which coefficients a and b are constant

and the last term is not present. We shall, therefore,

refer to Equation (17) as the 'modified Burgers equation1.

It is difficult to solve the above modified Burgers

equation under any given plasma model, but we can investigate

th.p problem of how the background inhomogeneity affects

wave propagation. If one neglects dissipation effects (Dm->0),

then we can integrate the equation by the method of characte-

ristic (Asano and Taniuti, 1969). The wave amplitude is

given by

• U/n) = •0EXP(-| c(n)dn), • (22)

along the characteristics defined by the equation

(23)

where 0 is the wave amplitude at n='no» From Equation (22),

we find that if c(n)dT] is negative, the waves grow along

the characteristics. This means that the inhomogeneous e.ffoct

promotes shock formation.

3. Fast Magnetosonic Waves passing through a Neutral Sheet

In the previous section we derived the modified Burgers
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equation which governs r :linear magnetosonic wave

propagation in a plasma with a slow variation of the

background.' We here investigate only the fast magnetosonic

waves propagating perpsndicular to the magnetic field in

a plasma with a neutral sheet. We assume that the plasma-

with the neutral sheet is described by the following density

and .magnetic field, which are also solutions in static

equilibrium:

p (n) = sech2(n), (24)

B y
( O (n) = tanh(n). (25)

In the case of the fast magnetosonic wave, the coeffi-

cients of the modified Burgers equation (17) reduce to

u+(2 + 3 v a
 2)

D UJ2 v 2

b{r)) = m + ao
 f (27)

2(1 + v 2 ) 5 / 2

ag

(4 + v 2) .'dp.
c(n)= ^ — -|- g-i , (28)

4(1 + v 2) po dT1

ao

where we have used the following dispersion relation for the

fast magnetosonic wave,



u>+
2 = k +

2 ( l + v a o
2 ) , (29)

where the subscript '+ ' i s used for defini teness. Substi tut-

ing Equations (24) and (25) into Equations (26)~(28), we obtain

to [2 + 3stanh2 (n)cosh2
 vn) ]

a(n) - — : j , (30)
4[1 + s tanh 2(n)cosh 2(n)J 3 / 2

D a) 2stanh2 (n)cosh2 (n)
b(n> = — ^ - ,

2[1 + s tanh 2 (n)cosh 2 (n)] 5 / 2

ctTl\ _ tanh(Ti)[4 + stanh2(n)cosh2tn)3_ / 3 2 \
2ri + stanh2(ri)cosh2(Ti)]

The n dependency of these coefficients is shown in Figure 3,

and approximate forms near n=0 are given by a(n)=u>,/2,

b(n)£Dma)+
2sn

2/2, and c(n)=2n.

We show some results of the numerical computation of

the modified Burgers equation (17), solved by the use of

a finite difference method (Appendix.B). Two initial

perturbations are examined; the first is the pulse type;

<f>0 (£/n=-no)=EXP (-£
2); the second one is the wave train,

$0 (5/Ti
=~n0)~SIN(£) . The second case was solved under periodic

boundary conditions for £; i.e., we assumed that <J> (£)=<(> (5+2ir).

Consider the magnetosonic waves excited at T\=-2 ,0 (see

Figure 2), having the form of a gaussian and a wave train

in the frame moving with the local phase velocity (the wave
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frame). These waves propagate in the positive x-direction,

across the main magnetic field B . The wave speed is

approximately determined by the local phase velocity

v >=(c2 +V 2) 1' 2, which decreases until n=0, and thenpn s a

again increases in the positive x-direction. When the

waves approach the region of the null magnetic field,

the compression effect of waves occurs, because the wave

speed becomes slower. At the same time/ the compression

effect is promoted by the inhomogeneity, and shock forma-

tion becomes more rapid (see Figure 4 ~ Figure 7).

The following parameters have been used: (a) s=B2 C00)/

4irp (O)C2=1, which is derived from Equation (1) with use of
s

Equations (24) and (25); (b) U)+=ti>/ Ccs/L0)=0.1, 0.3 and 0.5,

which correspond to 10~2w .<ui<lO~xoi . for solar corona

parameters, B(«)~102G, T~106K; and (c) D =c2/4ircr -pC L ~e=0.1,

from which we obtain a f-=c
2/4irc Ii06

!=10ll*/L0.

As shown in Figure 4 and Figure 6, in the case of

w =0.1 (w-.10~2uj .) , we find that the steepening effect is
• C-L

rather weak as compared with the other cases ofw =0.3 and

0.5. Even for a very weak dissipation effect Dm~(10~
2~10"s),

we find from numerical results that the wave pattern is

the same as in Figure 4 and Figure 6, and the steepness is

also weak. However, as the frequency <o increases, then the

wave length decreases, the steepening effect becomes stronger

(Figure 5 and Figure 7), and leads to shock formation.

We here note the Alfv£n Mach number of these waves (k =0).

From Equations (9) and (10), we obtain
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In the laboratory frame, this reduces to

(34)

Using Equation (23),. we obtain the Alfven Mach number as

M = ^ d t , { 1 + (C /v )
2}1/2[1 +e{l+va v s a a o

l

which is determined by the local plasma parameters and the

wave amplitude $(C/i"i).

4. Neutral Sheet Plasma. Heating by Magnetosonic Shock

In the preceding sections we have shown that magnetosonic

waves passing through the neutral sheet steepen and become

shock-like due to nonlinear effects and background inhomo-

geneity. So far, we have simply expressed the effects of

any micro-instabilities by an effective electrical conduc-

tivity a ,pf without discussing these in detail. We now

discuss some dissipation mechanisms near the magnetosonic

shock front and the resultant plasma heating by the magneto-

sonic shock waves.

Let us consider the situation where the magnetosonic

shock wave propagates through the neutral sheet, and a shock
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front of width L exists near the sheet (Figure 8). A

diamagnetic current is produced by the magnetic field

gradients VB near the shock front. The diamagnetic current

gives rise to a txvo-stream instability and some current-

driver, instabilities [for example, Tidmann and Krall, 1971].

The tv7o-stream instability will be excited under the condi-

tion that the drift velocity v, produced by the magnetic

field gradient exceeds the electron thermal velocity v , ,

and the current-driven instabilities associated with unstable

ion aconstic waves and unstable electron Bernstein modes

will be excited under the condition v,>c =(m /m.) : / 2 v, ,-Vj,/4 3,

which is weaker than that the two-stream instability. The

drift velocity v, can be estimated from the Maxwell equation

VxB=4irj/c as

vd ~ (c/tene)(dB/dx). - (36)

Then the condition for the excitation of the two-stream

instability, v,>v,h becomes

> <vth/c
2)(wpe

2A>ce*>, (37)

where £=B/B(°°) is the shock wave amplitude normalized by

the magnetic field B(°°), u is the plasma frequency, and
*

<o =eB(«)/m c. From the result of some laboratory experiments

[for example, Paul, 1972], the width L may be estimated to

be as L~ac/tu , where a is a numerical factor and of valuepe
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in the range l~10 lAppendix CJ. Using L~ac/w , we obtain

the criterion of the two-stream instability from Equation

(37) to be

e H (B/B<«))> a(vth/c)(«pe/wc*) = eQ. (38)

We must also consider another criterion, that the above

instabilities can grow enough in the shock front. This

condition is that the maximum growth rate y of the instabili-

ties must be large compared with the inverse of the transit

time T, during which the shock front passes through the scale

of the front width; iue., y x̂_ > 1. Since v £c in the

neutral region, we can estimate the transit time x^

Ttr~ L / C s ~ a(c/<u
Pe°s

)' ( 3 9 )

For parameters of the solar corona, say, B(»)~10G, n~108cm 3,

T~102ev and a~l, we have e ~0.1 from Equation (38) and

T. ~4xio~6sec from Equation (39). From y xfc >1 the maximum

growth rate y must be y >2.5xlOs sec~io) /40 for e>e ~0.1.
m m ce c

Among the instabilities due to diamagnetic current,

the two-stream instability is strongest, and its maximum

growth rate y equals (m /m.)1//3t«> ^lO'sec"1. The current

driven instabilities associated with unstable ion acoustic

waves and unstable electron Bernstein modes have maximum

growth rate ym~ (10~Jvl0~
2)tii [for example, Lashmore-Davies,

in ce
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1971]. Therefore the two-stream instability and the current

driven instabilities will probably be responsible for

dissipation of the magnetosonic shock front near the neutral

sheet.

Next we consider how much the neutral sheet plasma is

heated by the magnetosonic shock waves. The schema of energy

flow is supposed that the energy of the shock waves is

partially transformed into the energy of the unstable modes

excited near the shock front and into thermal energy of the

neutral sheet plasma by turbulent ohmic dissipation. The

change of the drift energy is given by

Using Equation (36) and the relation L~a/cu , we obtain

m.n m.

where eD is the density of the shock wave, e =B2/8TT. We
a a

obtain Eg.-2.5xio10 eV, and drift energy rainvd
2/2~4.5xlO12 eV

(we put a=l), for the magnetic field intensity of the shock

of the order of one gauss, which is 1/500 of the sun spot

magnetic field intensity. A portion of this drift energy

will be transformed into plasma thermal energy, introducing

the efficiency n of transformation from drift energy to
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thermal energy (ri <1)/ we expect the resultant temperature

to be

T . ^ 4.5 « 1 0 " ( e V ) . (42)

For example, if we take n ~ 108 cm"3, n ~0.01, then we obtain

T~450 eV, which is about 4.5 times higher than the tempera-

ture of the solar corona T0~10
2eV. The unknown parameter

ri must be determined by taking account of the nonlinear

saturation mechanisms of the above instabilities, which

remain as future problems.

From these discussions, the magnetosonic shock waves

passing through the neutral sheet plasma will produce the

turbulence generated by the two-stream instability and

current driven instabilities, and the resultant effective

electrical conductivity near the neutral sheet will be reduced

by the scattering between the turbulence generated by the

magnetosonic shock waves and electrons maintaining the

neutral sheet current. Then the magnetic field produced

by the neutral sheet current will be dissipated by the

turbulent ohmic dissipation induced by the passing of the

magnetosonic shock waves. These processes will ba responsi-

ble for a triggering mechanisrr; for the sympathetic flares.

5. Conclusions

Our main conclusions are summarized as follows.
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Cl) Nonlinear behaviour of magnetosonic waves propagating

in a weakly inhomogeneous plasma governed by the equations

of static equilibrium (Equation (1)) is found to be described

by a modified Burgers equation (17).

(2) The fast magnetosonic waves passing through the neutral

sheet grow and undergo rapid steepening and shock formation

is promoted by the plasma inhomogeneity. In the low

frequency region, the steepening effect is weak, but in the

higher frequency region the steepening effect becomes

stronger.

(3) The magnetosonic shock waves passing through the neutral

sheet plasma will produce turbulence as a result of the

two-stream instability and current driven instabilities,

and the effective electrical conductivity will be reduced.

Then, due to turbulent ohmic dissipation, the magnetic

field energy will be also reduced. It is suggested that

these successive processes may be responsible for trigger-

ing of the sympathetic flares.
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Appendix (A)

We obtain the following equation for order e.

(1)
A 0, * (A-l)

where A and U are a 5x5 matrix and a column vector,

respectively. The components of AQ and U are defined as

follows;

(0)

0 , -skyBy
(0Vp0 ,

-u , • 0 ,

0 , -k B (0) , 0 ,
y y '

o , o ,

(A-2)

(1).
Pi

v x
V

Bx
B

y

i

i

i

i

(A-3)
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Det AQ=0 yields the local dispersion relation, Equation {16)

for magnetosonic waves. The solution of Equation (A-l) can

be written as

(A-4)

whe"re R is a column vector satisfying

A0R = 0. (A-5)

We obtain from Equation (A-5)

Vy
(0)

-By
(0)(ky

2/0)2

(A-6)

From Equation L A0=0, where L is a row vector corresponding

R, we also obtain
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kV

From the second order, we have the equation,

(A-7)

3U (2)

— n (A-8)

(.2)where B and U are coluran vectors;

v

v

B

(A-9)
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3v,

(0)

83.

y p0

82B

».

We multiply Equation (A-8) by the left eigenvector L,

substituting Equation (A-4) and Equation (A-6) into Equation

(A-8) at the same time. From LB=0, we obtain the modified

Burgers equation (17).
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Appendix (B)

We describe the finite difference method used for solving

the modified Burgers equation (17). The following differences

were used:

h ^-rV2A5 , (3-2)

(B-4)

In order to obtain <$>..-, ., we have used the values at

i for the coefficients a, b, and c. We note that the stability

condition for the diffusion equation exists approximately

at each point of r\, i.e.,

2b(An)/(A? f < 1, for |i = b|||- . (B-5)

We define the following quantity I

r
I = <t> (?/n)d£ . (B-6)

— 00

Integrating Equation (17) from -» to <» with respect to £,
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and using <j) C5=£ro)=Q*34>/3£! = 0, we obtain

+ c(T))I = 0. (B-7)

The solution of Equation (B-7) is

I(n) = I0EXP( - I c(i)dTl), (B-8)

where Io is the value of I at TI=-T]0 • When C(n) is an odd

function and n=n0 >
 w e obtain I=I0; i.e., the quantity I is

conserved. The fact that quantity I is conserved is used

to check the accuracy of the above.finite difference method.
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Appendix C

In paper (I), we derived the shook front thickness L in

the case of the fast mode,

T t-£—)2 e f f
(c-1

V TT+FT" ' (c X

where v0 is the front velocity, v -, the effective collision

frequency, and g=(c /v ).
s a

If the two-stream instability may be responsible for

dissipation of the magnetosonic shock, we can estimate the

width It, using the relation that the effective collision

frequency v £ £ equals the maximum growth rate y -, fan /m,. )
l'3u ,

as

where a=(me/mi)
1/3 (c/vfl)(1+3

2)"1 is a numerical factor and

approximately of value in the range 1 ~ 10.
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Figure Captions

Fig.l The coordinate system and magnetic field configuration

in a plasma with a neutral sheet. Magnetosonic waves

propagate in a x-y plane across the magnetic field.

Fig.2 Configurations for the density and the magnetic field

across the neutral sheet; po=p (o)sech
2 (r)) and

By
(0)=B(»)tanh(n).

Fig.3 i,-dependency of coefficients a£n)» b(n), and c(n) of

the modified Burgers equation (17), in the case of

w =0.3, D =0.1 and s=1.0.

Fig.4 Evolution of an initial pulse <!>.(£» TI=-2.Q)=EXP(-£2) ,

in the casa of u -0.1 and D =0.1.
+ m

Fig.5 Evolution of an initial pulse <)> (£, n=-2.0)=EXP(-52) ,

in the case of w =0.5 and D =0.1.
+ m

Fig.6 Evolution of an initial wave train 4>a (£, n=-2.0)=SlN {£)

in the case of u> =0.1 and D =0.1.+ m

Fig.7 Evolution of an initial wave train <(>„(£# n=-2.0)=SIN(S)

in the case of oi,=O.3 and D =0.1.
+ m

Fig.8 Magnetosonic shock wave near the neutral sheet. L is

the width of the shock front and
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