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THE EFFECT OF THE REDUCED WIDTH AMPLITUDE SIGNS IN 

THE MULTILEVEL CALCULATION OF NEUTRON CROSS SECTIONS 

M. Motta C ) 

1. THE PROBLEM 

In a multilevel description of neutron cross sections, the inter

ferential effects among the resonances strictly depend upon the sign at-
l 

tributed (plus or minus) to the reduced-width amplitudes y = T2 of every 

resonance level for each reaction channel. 

Let us assume as a reference the calculated cross section without 

interference. For a fixed set of y-signs it can be seen that the inter

ference contribution along the energy axis changes from destructive into 

constructive and viceversa. 

An example of this typical behaviour is shown in the fission cross 

section curves of fig. 1. A two level, two channel (enter-exit) formula 

was used with a positive (curve 1) and negative (curve 2) sign of gamma 

products T*vl . Both curves are partly above and partly below the curve 

(3) obtained without taking into account the interferential effects. 

Within the simple assumption of a two-channel reaction, the two 

level formula produces two possible interferential cross section values, 

due to different choice of signs. As the number of the considered levels 

is increased, the number of possible sign permutations also increases. 

Any calculation with a multilevel formula and a given input set of reso

nance parameters becomes more difficult. 

Comitato Nazionale Energia Nucleare, Centro di Calcolo, Bologna, Italy. 
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In order to overcome the practical difficulties, a special proce

dure will be here adopted for such calculations, For any energy, it pro

vides all the cross section values corresponding to all the possible sets 

of Y~signs. The procedure's main feature is constituted by its particular 

suitability for translation into a fortran code for digital computers. 

The calculations with all the Y~sign sequences are automatically performed 

even when a large number of levels, say 10-15, is assumed, 

A brief description of the method will be presented in the next 

section, concerning the simple case of two channel (enter-exit) reactions. 

The fortran code PIUME was prepared for this special case. With 

the aid of the code, an answer will be given to several questions arising 

in connexion with the different assignment of signs to the width amplitudes. 

According to Bethe's assumption ([lj , p.302), when a large number 

of levels must be treated, the average cross section within a finite energy 

interval can be obtained assuming a random sign for the reduced amplitudes. 

The consequences of such assumption upon the energy by energy 

cross section values were nevertheless unexamined by calculations. It will 

be therefore interesting to answer the questions posed by the following 

problems which will be later numerically analyzed. The problems are: 

a) The evaluation of the amount of uncertainty in the cross sec

tion value, due to the random signs of the width amplitudes y , and its 

variability as a function of the excitation energy. 

b) The comparison between the arithmetic mean of all the cross 

section values and the value obtained without interference among the res

onances. The comparison must be made also with regard to a variable num

ber of considered levels. 

c) The search for the distribution density of the cross section 

values in any fixed point of the variable energy. 

d) The investigation of the sensitivity of the calculated cross 

section to the choice of signs. The sensitivity probably changes with 

the energy. Therefore it may be useful to foresee the ranges of maximum 

sensitivity in order to pick up energy values where the sequence of the 

y-signs can be better determined by a fit. 
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e) The verification of the vanishing in the mean of the interfer

ence terms whenever a great number of levels is considered (as it happens 

for sufficiently high energies [2, p.60] , [l2, p.396]). 

In the next sections a multilevel two-channel formalism will be 

briefly described and the results of its application will be discussed. 

Only the s-wave case will be considered at this initial stage of 

the problem. 
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2. THE FORMALISM 

Let us consider the general two-channel multilevel formula with 

interference for the s-wave as given by Feshbach et al. [3], [4], It can 

be easily recognized {_5j , [GÌ] , that the cross terms rendering the interfer

ences as well as the single level terms, are fully described by the her

mit ean form 

a - a.. zJ z 
c jk (1) 

where, according to Einstein's convention, a summation is intended over 

the j and k - level indexes. 

The fundamental tensor a., is real symmetric, expressed by 

i.k -7rXg(uruk) 

being 

u. - ± (x r r ): ; u. = ±(x r r )* 
j n c j ' k n e k 

where g is the statistical factor, the neutron wavelength, 

(2) 

(3) 

the 
n 

neutron width of the entrance channel and the width of the exit 
c 

channel for the examined decay process. All the quantities are given in 

the energies of the j and k - levels, when so labeled. 
The complex z variables are respectively 

x. - i •£ 

-k 
z 

•v-^H^—g 11 « m • • 

*k + lT 

(4) 

where x. « E-E. , i.e. the distance of the excitation energy E from 
J «J 
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the resonance energy E. . The I\ is the total width at the j-level. 
-J J 

The bar over z indicates the complex conjugate. 

The formulas from (1) to (4) can be extended to the many channel 

case [5J but such an extension will not be considered here since a first 

analysis of the mentioned problems is better performed in a simpler case. 

Due to the fundamental tensorfs symmetry, the imaginary parts of 

the hermitean form (1) are elided in the summation. 

All previous algebraic manipulations of expression (1) were avoided 

in the fortran code PIUME. The z variables were left in the complex 

form (4). For numerical reasons a residual imaginary part can be obtained 

in the final result. Nevertheless, in the considered cases, with a non 

too high number of levels (< 15), it has been found to be negligible. 

The main advantage of the complex form is the great code's simpli

fication afforded and the easier attribution of signs to the total sequence 

of reduced width amplitudes. 

Moreover, the simple change of the j and k variability allows 

a corresponding change in the number of treated levels. 
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3. THE GENERATION OF THE SIGN SEQUENCES 

In the expression (3) a plus or minus sign has to be attached to 

every r's square root: 

u. = A* (± r*). x (± r*). 
J J n j c'j 

Nevertheless, it can be observed that the same random attribution of 

sign can be directly attached to u. , as in (3), since one half of the 

generated signs is positive while the other is negative (see table 1). 

TABLE 1 - The random generation of signs for u. 

<ri>j 

• 

— 

+ 

<ri>i 

+ 

— 

-

+ 

u. 
J 

+ 

+ 

-

% events 

I so 
J 
I 50 
I 

Therefore, the form (3) is correct for our calculations requiring 

random assignments of signs to the square root ol capital gammas. 

The random attribution of signs to the expression (3) does not 

modify the symmetric character of the fundamental tensor a.. . Then 

a.^ • a, . and a triangular set of elements may be determined in order to 
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obtain the final result. 

If n levels are considered, the indexes run from 1 to n and 

the total number of different elements to be examined is given by Jn(n-l), 

The number of ordered distinguishable sequences of size Jn(n-l) with 

repetition of two elements (+ and -) is given by 2s . It corre

sponds to the possible sets of non diagonal terms with different sequences 

of signs. 

But it must be observed that, due to the fact that each element 

a., is obtained by a product of two factors of index j and k respective

ly, the sign attribution is not completely free once the signs of the factors 

r* have been assigned. More precisely, the free and bound elements are so 

distributed: 

total = free + bound 

*n(n-l) = (n-1) + |(n-2)(n-l) . 

An example of the case with n=3 is shown in table 2 where a maxi

mum number of four possible distinct sequences is extractable from the to

tal number of sign sequences for the square root of capital gammas. 

TABLE 2 - The possible sequences of signs for a matrix of order 3 

No. 

1 

2 

3 

4 

5 

6 

7 

8 

Y l 

+ 

+ 

+ 

+ 

-

*•» 

<•* 

-

_ ^ 

Y2 

+ 

+ 

-

-

+ 

+ 

w 

-

Y3 

+ 

-

+ 

-

• 

-

+ 

-

• , • . i • • 

No. 

1 

4 

6 

7 

7 

6 

4 

1 

a12 

+ 

+ 

-

-

-

-

+ 

+ 

a13 

+ 

-

+ 

-

-

+ 

^ 

• 

a23 

+ 

-

-

+ 

+ 

-

-

+ 

- 13 -

Due to the special nature of the elements a- , only 2 dis

tinguishable ordered sequences of signs can be obtained for the non diag

onal elements of the matrix. 

The sequences are actually generated from a table of binary num

bers with n bits, one for each level. The values written in binary form 

from zero to (211"1-!), extrema included, each reproduce a distinguishable 

sequence when minus and plus substitute the bits zerc and one respectively 

(or viceversa). 

For example, in the case of table 2, the following binary numbers 

originate the four sequences from 0 to (22-l) = 3 ; 0 -• 000 ; 1 -• 001 ; 

2 •* 010 ; 3 •*- Oil , which clearly reproduce the sequences No. 1 to 4 (or 

5 to 8) if plus and minus are put in place of zero and one respectively 

(or viceversa). 

In the execution of the products u ^ = a ^ , u ^ = a^ , 

u u~ = a9i , the same signs are obtained from the sequences No. 1 or 8, 

2 or 7, 3 or 6, 4 or 5, and our prediction about the free elements is there

fore verified. 

Within the frame of the above described formalism, some simplifi

cations in the cross section multilevel formula were adopted in order to 

abbreviate the computing time. 

The potential scattering and the phase shift were not considered. 

The aim of the present work is to examine that part of the cross section 

which depends upon the choice of signs. 

The result of simplified calculations will sufficiently evidence 

the consequence, of an attribution of signs to the interferential terms. 

Such consequences will not occur in presence of a very large number 

of open channels when the interferential effects tend to elide one another. 

However, for the physical case involving two or three exit channels, as in 

the fission reaction, a preliminary investigation of the one exit channel 

case is necessary in order to test whether or not more difficult and time-

expensive calculations [7] would be worthwhile. 
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4. SOME APPLICATIONS AND RESULTS 

A fictitious set of resonance parameters could be adopted for the 

present investigation. Nevertheless, existing sets of parameters in lit

erature were preferred. 

Single level parameters of fifteen Gadolinium-152 resonances [8] 

and multilevel parameters of twelve resonances of the 233 Uranium isotope 

[9] were used (table 3). 

The fact that the Gadolinium parameters are "single level" is in

deed unessential for our numerical calculations. We assume that the first 

guess of absolute widths sufficiently approximates the cross section, 

within the uncertainties due to the sign selection. 

The results of the application of the PIUME code [io] to the cross-

section calculation with the formalism of sees. 2 and 3, are shown in 

figs. 2-4. 

The cross sections with no interference were found identical to 

those calculated by means of the SLP code [il]. A similar comparison 

with the results of a multilevel calculation and a prefixed set of signs 

for the T* products, was equally satisfactory. 

Using the PIUME code, the totality of possible sign sequences of 

the u. terms were constructed in the case of the twelve U-233 resonances 

given in ref. [9] . 

The absolute uncertainty and the relative differences between the 

maximum and minimum fission cross section values thus obtained are plotted 

in figs. 2 and 3 respectively. 
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TABLE 3 

U-233 multilevel resonance parameters assumed 

in calculations of the fission cross section 

Level 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

Level 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 

Ej (eV) 

0.195 
1.55 
1.76 
2.31 
3.61 
4.75 
5.82 
6.82 
7.60 
8.70 
9.20 
10.47 

Gd-152 

8J 

7/12 
5/12 
7/12 
7/12 
7/12 
5/12 
7/12 
7/12 
7/12 
7/12 
7/12 
7/12 

r . 

2.6053 x 10' 
2.0542 x 10' 
2.0563 x 10-
1.3070 x 10' 
1.1400 x 10-
2.8332 x 10" 
1.1338 x 10" 
7.8345 x 10* 
1.9290 x 10' 
2.9490 x 10" 
5.7620 x 10-
1.3299 x 10' 

single level resonance 

in calculations 

E j ( e V ) 

8.00 
12.35 
36.86 
39.30 
42.70 
74.30 
85.10 
92.40 
100.00 
124.000 
140.40 
185.20 
202.00 
223.00 
231.00 

83 

-7 

-4 
-4 
-4 
-4 
-4 
-4 
-4 
-5 
-5 
-5 
-3 

rr. u. 

0.060 
0.562 
0.182 
0.048 
0.174 
0.718 
0.316 
0.146 
0.125 
0.300 
0.180 
0.270 

parameters assumed 

of the capture 

T1 

i . 

0.00509 
0.00218 
0,03890 
0.03890 
0.00307 
0.05520 
0.00360 
0.16000 
0.00900 
0.00779 
0.12400 
0.10500 
O.J9900 
0.29900 
0.10000 

cross section 

r . 
YJ 

0.057 
0.057 
0.058 
0.058 
0.057 
0.047 
0.057 
0.057 
0.057 
0.057 
0.046 
0.062 
0.057 
0.057 
0,057 

(ref[9]) 

+ 
• • • 

-

+ 
+ 
• • • 

-

+ 
-

-

-

+ 
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The tabulation of the requested values was limited to the subinter-

val from 5 to 11 eV which contains six (each indicated by an arrow) of the 

twelve considered resonances. 

A maximum absolute difference of about 100 barns were found be

tween minima and maxima, within the interval (fig. 2). The ratio of the 

maximum difference to the average cross section is greater than seven 

(fig. 3). The average is calculated as the arithmetic mean of all the 

possible values for a given energy point (question a) of § 1). 

The arithmetic mean resulted to be always identical to the cross 

section valae calculated without interference, independently of the number 

of the considered resonances (questions b and e). 

However, the frequency distribution of all the calculated cross 

sections at different excitation energies is noe symmetric around the mean 

value (question c), This can be shown by the distributions plotted in 

form of hystograms in fig, 4 which were obtained by processing fifteen 

Gadolinium resonances with the PIUME code. 

The maximum number of 2 different sequences of signs was generated, 

and the corresponding 2 cross section values were distributed within 20 

equal subintervals of the total variation interval. 

Clearly, the distributions are far from being uniform and one or 

two peaks of maximum probability appear. No rules were found for the be

haviour of the frequency distributions as a function of energy and of the 

level positions. A theoretical investigation is now in progress in order 

to determine the nature of the distribution law. 

We observe that the one-peak distribution happens to exist within 

the energy intervals where an inversion of the interferential effects 

with respect to the "neutral" case without interference is exhibited by 

all the possible cross section curves. In other words, a crowding of 

curves happens to occur in some "nodal regions" where the higher number 

of interferential effects changes from constructive to destructive and 

viceversa. 

The fact that a two-peak distribution exists near the resonance 

energies can probably be explained if one observes that the interferential 
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effects are t'.ie-e percentually less important. The distribution tends 

therefore to accumulate around two values of destructive and constructive 

interference. 

A satisfactory explanation will nevertheless come only from the 

results of the theoretical investigation. 

Concerning the question d) of § 1, a general rule for the evalua

tion of the sensitivity of the cross section variation corresponding to a 

change in the sequence of the u. signs, cannot be provided. 

It is still evident from the above discussion that the "nodal re

gion" is less sensitive to the sign assignment. This region is generally 

situated in the middle of an interval between a level energy and the near

est minimum of the cross section value. 

At the resonance energies, the absolute difference between the 

values of the two peaks of maximum probability is generally very small 

and cannot be advantageously used for a sign determination. 

Therefore, the best interval seems to lie where more uniform is 

the distribution and where the wideness of the band covered by the cross 

section values between maximum and minimum is the largest. 

Generally, the middle portion of the region comprised both between 

two successive resonances and two nodal regions better corresponds to such 

a situation. 
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5. CONCLUSIONS 

In a multilevel two channel (enter-exit) calculation of the neutron 

cross sections the choice of signs of the reduced width amplitudes may have 

a great influence upon the result. If the choice is random, the cross sec

tion uncertainty is largely variable with the energy. 

One can infer that a proper choice of the y-signs will sometimes 

make possible a satisfactory approximation of cross section data, even 

when a "single level" set of resonance parameters is used. Caution must 

be adopted whenever a multilevel formula has to be used. In such cases -, 

starting from a given initial set of parameters deduced from a first anal

ysis of experimental data, a previous determination of the uncertainty 

band due to the y-signs (as done for example in fig. 2) appears to be very 

useful. 

If seme experimental values do not fall within the band, it is ev

ident that only by changing the assumed resonance parameters one can re

produce the observed cross section in a multilevel approximation with in

terferential effects. The sequence of signs of the r2 products deter

mined through a fit, may be impossible when the experimental error in the 

cross section is comparable with the discussed uncertainty. 

Finally, it can be observed that the number of different sets of 

orientated eigenvectors of a real symmetric matrix is 2 . If the direc

tion of one of the eigenvectors is fixed, the number of possible choices 

for the directions of the others is 2n"~ , The same number has been found 

for the sequences of y-signs. The fact can be explained remembering that 

in the multilevel formula (1) a diagonalization of the matrix a ^ im-
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plies the reference of the matrix to its own axes (i,e. the eigenvectors), 

The uncertainties in the signs of the off-diagonal elements which have the 

described special form of a product, remains in the eigenvectors1 orienta

tions. 

As it happens in the determination of the sign sequences of the 

resonance reduced width amplitudes, the experimental apparatus usually de

termines the choice of such directions, by means of boundary conditions. 

The mentioned unsolved problems and the results of the present 

calculations encourage to carry on researches taking into account two or 

three reaction channels, vrhich better simulate the physical reality of the 

nuclear reactions we want to consider. 
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FIGURE CAPTIONS 

Fig. 1 - A two-level two-channel fission cross section with interference 

(1 and 2) and no interference (3), 

Fig. 2 - The uncertainty band of the multilevel fission cross section of 

the U-233 isotope, as obtained from all the possible sequences 

of signs of the u. terms, 

Fig. 3 - The ratio of the difference (a-*maximum - cr-minimum) with respect 

to the average cross section calculated with no interferences. 

The fission cross section of fig. 2 is considered. 

Fig. 4 - Frequency distribution of Gadolinium-152 capture cross section in 

some fixed energy points, as due to the uncertainty in the y-signs. 

The hystograms give the number of cross section values which fall 

within channels of the total interval between the minimum and 

maximum of the uncertainty band at each energy. 
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