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ABSTRACT 

Research progress on our Contract AT-(40-1)-2434 is 
summarized for the 14 months beginning August 1, 1973t and 
ending September 20, 1974. The main thrust of the research 
in our contract involves an experimental study of nuclear 
models. During the last contract year , we have made considerable 

210 
progress in our study of the level structures of Bi and 
209 Bi using the assumption of proton-neutron coupling and a 

210 simple shell model interpretation for Bi and weak coupling 
210 209 of the proton hole to the Bi core in the case of Bi. 

We have also studied a sequence of odd-A neutron deficient La 
isotopes. These nuclei are normally thought to lie in the 
transition region between deformed and spherical nuclei. 
We have observed a decoupled band which proves that at least 
this sequence of states in these La nuclei involves a considerable 
prolate deformation (3 0.2). Among the deformed nuclei which 
we have studied are 175Hf , 182W, 1 8 4W and 1870s. All four 
of these nuclei are analyzed utilizing the Nilsson model. Our 
theoretical research involves the study of back bending in 
nuclei,, the use of the generator coordinate method to study 
decoupled bands, a description of the potential energy surface 
for the neutron deficient Ba nuclei and the application of 
the generator coordinate method to the pairing vibration. 
Molecular spectra of isotopically substituted metal carbonyls 
is described briefly. Finally, our experimental progress during 



the last contract year for the study of muonie x-rays at 
LAMPF in collaboration with LASL is presented. Our first 
paper in this area, a theoretical paper involving the effects 

192 of gamma instability on the muonic x-rays of Os, is described. 
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I. DECAY SCHEMES AND NUCLEAR REACTIONS 

A* Nuclear Reaction Spectroscopy 

Shell Model Nuclei 
Levels in 210Bi and 209Bi 

This contract year has seen the culmination of our 
work on the shell model states in the vicinity of the double 

208 closed shell nucleus, Pb. In particular, we have been 
working with three nuclei. These nuclei are 210Bi, 209Bi 

208 and Bi. They represent one proton and one neutron beyond 
210 the double closed shell in the case of Bi, one proton 
209 

beyond the closed shell in the case of: Bi, and a proton 
particle and neutron hole in the case cc Bi. Two of 
these studies are reasonably complete. Dr. Lee Ponting 
successfully defended his Ph.D. dissertation which he 
received in March of this year using the studies of the 

210 209 

levels in Bi and Bi as the major portion of his Ph.D. 
study. 210 

The nucleus Bi has been studied using the reactions 
209Bi(d,p) 210Bi at Florida State University, 209Bi(t,d) 
210Bi and 209Bi in y 210Bi at the Los Alamos Scientific 
Laboratory. In addition, an attempt was made to study the 
reaction 210Bim(d# d')210Bi at Yale University. Unfortunately, 
the cross sections in this study were unsatisfactory under 
the conditions under which they were run in which the main 209 emphasis was the study of Bi. 
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Since a much more detailed discussion of this work will 
be presented in the Renewal Proposal, a brief survey of the 
experimental work will be presented in this Progress Report. 
The (d,p) and (t,d) reactions help one to identify those 

209 
calculations which contain the Bi h ^ ^ P r o t o n ground 
state. In general, one will not identify excited proton 
configurations unless they have an appreciable component 
mixed into the ground state configuration. On the other 
hand, the (n,y) reaction through cascades of y rays tends 
to populate most of the low lying states whether they involve 
ground state proton configurations or not. Here the states 
most likely to go unpopulated are those which differ in 
spin most from jv 4~ and 5~ (the spin and parity of the 
capture system). Thus, in the (n,y) reaction very low 
and very high spin states are most likely to go unpopulated. 

Using all of these methods, it has been possible to 
identify many more configurations than were previously known 

210 in Bi. In particular, the configurations observed are 

*h9/2 vg9/2' *h9/2 vill/2' *f7/2 vg9/2' *h9/2 vd5/2' 
1,̂ I9/2 v^15/2' v*ll/2' anc^ ^9/2 vSl/2* T^is makes the 

210 
knowledge of the two-quasi particle shell model states in Bi 
unusually complete and detailed. For this reason a comparison 
of the experimentally observed states with this theoretical 
calculation is particularly valuable. Such a comparison has 



been carried out with the calculations of Kim and Rasmussen,^ 
two separate calculations of Kuo and Herling, and the cal-

2 

culations of Vary and Ginocchio. Details of these com-
parisons will be presented in the Renewal Proposal. The 
second study was carried out at Yale University using the 
reaction 210Bi (d,t) 209Bi. For this purpose the 2 x 106 

— 210 year half life 9 isomeric state in Bi was employed. 
A target separated on the Florida State isotope separator 
made this project possible. The reaction was run in the 
multi-gap spectrograph so that all angles were obtained 
simultaneously. It is immediately obvious that those 

209 states most strongly populated are expected to be the Bi 
ground state and a series of three-quasi particle states 
of the type [^9/2 ^9/2^9- ® • Clearly, the 
in the above formula will correspond to the energetically 

207 
lowest lying hole states in Pb. 

It is of considerable interest that we were able to 
populate a specific set of three-quasi particle states. 209 
The exact nature of the higher lying states in Bi has 
been heavily studied in the process of trying to understand 
the collective states and their coupling in the very close 208 
vicinity of the Pb closed shell. Details of the experiment 
including the angular distributions will be presented in 
the Renewal Proposal. 208 

The experimental study of the levels of Bi via the 
reaction 210Bi (p,t) 208Bi has been initiated very recently 
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and very few details are available. It is, however, expected 
that one might hope to see four-quasi particle states since 
one makas two neutron holes in a target which began by having 
two-quasi particle states. Considerable progress on this 
study should be made during the next contract year. 

210 It is expected that papers on the levels in Bi and 
209 

Bi should be completed toward the end of the next contract 
year or at the latest in the beginning of the contract: year 
1975-76. 

REFERENCES 
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transitional Nuclei 

a* Prolate Deformation in Neutron-Deficient 
Lanthanum Isotopes 

A sequence of odd-A isotopes from A=125 to 137 have 

been studied using in-beam y-ray spectroscopy and by charge 

particle reaction spectroscopy using a spectrograph coupled 

with the Tandem Van de Graaff. The reactions involved were 
116,118,120,122- ,14,. , . _ 130-138- , _ , 1 ' Sn ( l\,xn) La, Ba(art) La, and 
130-138 3 

Ba( Ke,d) La. In the proton transfer reactions 

a low lying ll/2~ level was observed systematically. In the 

in-beam y-ray spectroscopy, a unique j, j+2, j+4 band was 

observed built on this ll/2~ state. Furthermore, an extremely 

close energy resemblance was obvious between the energies 

of these rotational bands and the ground state band of the 

neighboring even-even Ba isotope. These results can be 

understood as a decoupling of an single proton from 

the Ba core."*" However, this interpretation is possible only 

if both the Ba core and the odd-A La isotopes are prolate 

deformed. This experimental finding is in contrast to 

previous experimental and theoretical conclusions ' ' but 

is in agreement with our own original work with this field. 

This research has led to theoretical calculations which are 

able to approximately reproduce the experimental findings 

and is presented in a later part of this Progress Report. 

This research was published in Phys. Letters and is appended 

as Reprint No. 1 at the end of this Progress Report. 
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3. Deformed Nuclei 
175 a* Energy Levels of Hf 

Among the strongly deformed nuclei studied during this 
175 

contract period Hf is typical. Probably this nucleus 
has not been previously studied because of the difficulty 
of producing satisfactory targets. Ideally, one would like 
to study both the (d,p) and the (d,t) reactions since both 
174 176 Hf and Hf exist in nature. However, the extremely 174 
small natural abundance of Hf (0.18%) made it impossible 
to produce a target which could be used in the study of the 
(d,p) reaction. 

It was however possible, using the Florida State 
isotope separator to further separate target material obtained 
from Oak Ridge and thereby study in detail the (d,t) reaction. 
This study was carried out using the Florida State Tandem 
Van de Graaff coupled to the Browne-Buechner broad range 
magnetic spectrograph. In all, twenty-four states were 175 
observed in Hf, Fifteen of these states were given 
Nilsson model assignments assuming a prolate deformed nucleus. 
These include a 5/2" [512] band up to spin 11/2", the 1/2*" [521] 
band up to 9/2~, the 7/2+[633] band up to the 13/2+, the 
7/2"[514] band up to the 11/2*", tentative identification of 
the 7/2~ and 9/2" members of the 5/2"" [523] band and tentative 
identification of the band heads of the 7/2 [503] and 
9/2"[505] bands. In addition the K-2 y band built on the 
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1/2"" [521] band mixed with the 3/2" [521] band is tentatively 

identified with 3/2" and 7/2~" members beginning at 941 keV. 

These assignments go well beyond previous assignments but agree 

in detail with previous assignments where they have been made. 

Using these energy levels, the systematics of the Nilsson levels 

for the Hf isotopes is compared with the systematics for the 
175 Yb isotopes. The data for nuclei other than Hf produced 

in this study are taken from the compilation of Bunker and 
2 

Reich. This study has been published in the Zeitschrift 

fur Physik and is appended at the conclusion of this Progress 

Report as reprint No. 2. 
REFERENCES 
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b. Two-Quasiparticle States and the Microscopic 
Composition of Iv1[ = 2"1" Collective Excitations 
in and I84W 

18 2 18 4 
The nuclei W and w occur at the low-mass end of 

the transition region between the strongly deformed r are earth 

nuclei and the more spherical nuclei around A=200. Although 

they have been extensively investigated in radioactive decay 

and Coulomb excitation studies, only a few of the levels above 

1.5 MeV could be characterized as specific nuclear excitations. 

An analysis of single neutron transfer reaction studies 

carried out at the Niels Bohr Institute Tandem Accelerator 

was completed during the past contract year. The experiments 

consisted of (d,p) , (d £), and (t,a) measurements at bombarding 

energies of 12.2 and 21 MeV, respectively. Although in 

general, several it-values contribute to the population of a 

final state in an even nucleus and therefore both the finger-

print pattern for the final configuration and the particle 

angular distributions become less specific , in the special case 

of the target with I77 = l/2~, only two I-values contribute 

to the population of natural parity levels, and one Jl-value 

to the unnatural parity states. The measured angular distri-

butions can therefore still provide valuable clues for two-

quasiparticle configuration assignments. .?lso in this special 

case, the fingerprint patterns remain rather distinctive for 

the particular two-quasiparticle excitation. The (t,a) 

measurements provided important complementary data locating 
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182 several W states populated with £ = 6 transfer and thus 
aided the identification of two-quasipartide amplitudes 
involving an neutron coupled to the 1/2[510] target 
orbital. 

The two-quasiparticle configurations identified include 
the 9/2[624], 1/2[510] K = 4~ and 5~, 3/21512], 1/2[510] 
K = 2+ and 1+ and tentatively the 1/2[512], 1/2[510] K = 1+ 

in 182W; and 11/2[615], 1/2[510] K = 5~ and (6~) , 7/2[503] 
1/2[510] K = 3+ and (4+) > and 3/2[512), 1/2[510] K = 2+ and (1+) 
in 184W. 

Since vibrational states can be populated in single 
neutron transfer through two-neutron components involving the 
target ground state orbital, the results of such measurements 
directly provide information about the microscopic composition 
of vibrational excitations. A particularly interesting result 
of the present study is the classification of a previously 
known 2+ level at 1386 keV in 1 8 4W as a K = 2 bandhead having 
a large 3/2[512], 1/2[510] K = 2 amplitude. The occurrence 

184 
of this second collective band in W, as well as its apparent 

182 

absence in W, can be attributed to the particular location 
of the Fermi surface relative to the neutron orbitals which IT + 
most strongly contribute to the collective K = 2 excitations. 

This research has been published in Nuclear Physics, A208, 
93 (1973), and is appended as Reprint No. 3. 
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187 Cb levels of Os 

The isotopes of Os lie in an unusually strategic 
position spanning a sequence normally assumed to be a 
transition region from fully deformed prolate nuclei to 
little deformed or possibly triaxial and oblate nuclei. 
During the last contract year, Roger Thompson undertook 

187 
the study of Os. Since it lies in the middle of the 
region of Os isotopes it is normally thought of as a 
reasonably well deformed prolate nucleus. However, it 
is assumed that some of the effects of the transition 
region should be felt in this nucleus. The fact that 
Os is a highly refractory material has in general discouraged 
attempts to make the thin targets necessary for the reaction 
spectroscopy. However, a new technique involving the use 
of OsO^ in the Florida State Isotope Separator has enabled 188 us to produce isotopically pure targets of Os with the 

2 thickness of approximately 15 pg/cm . Unfortunately, 
186 it was not possible to produce targets of Os because 

of the low natural abundance (1.59%). Therefore, the 
187 

levels of Os could be studied using the (d,t) reaction 
only, and even then the population of most states was 
fairly weak. Those states observed have been interpreted 1 
in terms of the unified model. Among the various Nilsson 
states observed, particular mention should be made of the 
1/2""[510] and 3/2~[512] bands which are strongly Coriolis 
coupled* A number of y vibrations built on other states 
are also observed. Members of the 7/2"*[503], ll^^CSlS] 
and 7/2~£5143 bands are also identified. 
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The present work indicates how essential the role 
played by the one-phonon y band is in understanding the 
structure of the odd-A osmium isotopes in this region. 
This fact is also hinted at in the theoretical treatment 

2 187 of Bes and Cho. Of the nine bands in Os which are 
at least tentatively identified in this study, only two, 
the 7/2~[503] and the ll/2+[615], are interpreted as not 
having large phonon admixtures. An interesting observation 
is that the K-2 y band built on the 1/2*" [510] band at 
501 keV has a larger (d,t) cross section and therefore 
a larger single-particle component of the 3/2"[512] band 
than does the band at 10 keV. As a consequence, one is 
led to the conclusion that the lower band at 10 keV has 
more of the collective y-band characteristics than does 
the band at 501 keV. 

This research has been published in the Physical 
Review and is appended as reprint No. 4. 

REFERENCES 
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theoretical Nuclear Research 

1. Competition Between Coriolis-Anti-Pairing and 
Decoupled Band Hybridization in Nuclei 

The recent observation of what has commonly become 
known as back bending has had a stimulating effect on 
both experimental and theoretical low energy nuclear 
physics. In back bending transitions involving higher 
spins (such as the 16+ + 14+) actually have a smaller 
rotational energy than transitions involving lower spins 

4- + 

(such as 14 -»• 12 ). The explanation for this effect 
has normally been assumed to be Coriolis-anti-pairing 
as first described by Mottelson and Valatin, However, 
recently another explanation has been advanced by 2 

Stephens and Simon. To explain this phenomonon they 
use a low lying Coriolis compressed two-quasi particle 
band from a high spin orbital instead of the unpaired 
band of the Coriolis-anti-pairing effect. Schematically, 
therefore, the descriptions of Mottelson and Valatin and 
Stephens and Simon are very similar. In each case one 
has a band with a very high moment of inertia crossing 
the ground state band in the vicinity where the back 
bending occurs. However, the nature of this high moment 
of inertia band is quite different as described above. 
Using fairly simple macroscopic arguments it is possible 
to show that the effect of Mottelson and' Valatin and the 
effect of Stephens and Simon should compete in the region 
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from 100 < A « 190 while the effect of Stephens and Simon 
will be dominant for the heavier nuclei and the effect 
of Mottelson and Valatin for the lighter nuclei. This 
paper has been published in Phys. Letters and is appended . 
as reprint No. 5. 

REFERENCES 

1. B. R. Mottelson and J. G. Valatin, Phys. Rev. Letters 
5, 511 (1960). 

2. F. Stephens and R. Simon, Nucl. Phys. A183, 257 (1972). 
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2. Description of Decoupled Bands Using the Angular 
Momentum Projection Method 

In 1972 a new type of band was discovered in the La-
isotopes by using an in-beam spectroscopy technique. This 

= 11/2*" band has two unique features: (1) the spin of 
its members increases by 2h with energy, and (2) the energy 
spacings of this band are quite similar to those of the 
quasi-ground rotational band of the adjacent even nuclei. 

A qualitative understanding of this band is provided 
by the strong coupling model. One of the important factors 
responsible for these characteristics is the Coriolis force, 
which tends to counteract the deformed field. In a nucleus 
of small deformation or with high spin orbitals involved, the 
Coriolis force dominates and the decoupled band develops for 
the particle states. Although the strong coupling model is 
successful in providing qualitative understanding of this 
band, it is not reasonable to expect a quantitative description 
because it assumes a rigid rotor which is not justified for 
nuclei with such small deformation. 

It is obvious that we need a more elaborate model, which 
should be applicable to nuclei with small deformation. The 
angular momentum projection method is very appealing. It is 

o 
capable of reproducing a wide variety of poor rotor spectra. 
We have employed the method to describe the decoupled bands 
of the La-isotopes. All the Nilsson orbits arising from the 
spherical h,1/9 orbital were assumed to be particle states. 
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The results are in good agreement with the experimental energy 
spectra. The paper which was published in Physics Letters 
is appended as Reprint No. 7. 

REFERENCES 
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Ground State Moments of Inertia of Deformed Nuclei 
around Barium 

It was pointed out in I. A. 2a. that both the Ba and 

La neutron deficient isotopes must have a prolate deforma-

tion in order to understand the decoupled bands in the 

odd-A La nuclei. However, careful microscopic calculations''" 

have tended to suggest that the deformation of these nuclei 
2 

may be oblate although our own work suggested that they 

are prolate. For this reason, detailed microscopic calcu-

lations have been undertaken on the ground state moments 

of inertia of nuclei in the vicinity of the neutron deficient 

Ba isotopes. This work was done in collaboration with a 

number of people at the Niels Bohr Institute and at the 

Institute of Mathematical Physics at the University of Lund. 

Ground state moments of inertia and collective gyromagnetic 

ratios of deformed even nuclei with 50 < Z,N < 82 were cal-

culated. The dependence of the moments of inertia on the 

quadrupole, hexadecapole and on axial y deformations were 

investigated. Reasonably good agreement with experiment 

was achieved. It is, however, noteworthy that the calcu-

lation suggests that the deformation in the light Ba region 

is extremely sensitive to small changes in the single-particle 

scheme and the pairing-force strength, whereas in fact 

all nuclei in this region are now believed to be definitely 

prolate. The dependence of the three components of the 
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moment of inertia on the y deformation for triaxial nuclei 
is of particular interest- This paper was published in 
Nuclear Physics and is appended as reprint No. 7. 
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Investigation of the Integral Equation of the 
Generator Coordinate Method 

The generator coordinate method (GCM) was proposed a 
long time ago for nuclear collective motion. In the last few 

1 2 
years many theorists have presented a variety of formalisms ' 
to describe nuclear collective motion and heavy ion reactions ' 
in the framework of the GCM. However, it could be safely said 
that few of them have been used to calculate actual phenomena. 
The lack of successful application of the GCM to physically 
realistic and interesting problems is mainly due to the 
difficulty in solving the integral equation appearing in the 
GCM. 

It is well known among the theorists working in this 
field that a numerical solution of the integral equation brings 
about a rapidly oscillating generator wave function, which 
makes a simple physical interpretation difficult. 

For this reason we have investigated the integral equation 
in detail. Our purpose is to solve the integral equation very 
accurately and to obtain the generator wave function in various 
representations. 

We employed the pairing vibration as an example and solved 
the integral equations for two-level and three-level systems 
with multi-degeneracy. The integral equations were solved by 
expanding the generating wave functions in terms of the shell 
model basis to get quite accurate solutions at least for the 
lowest and first excited states. The generator wave functions 
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are obtained in the original representation, the biorthogonal 
representation and the representation introduced by Griffin 

5 

and Wheeler. It is found that rapid oscillation of the 
generator wave function is inherent to the original represent 
tation, in which the generating wave function changes its 
nature slowly with the generator coordinate. It is only in 
the representation introduced by Griffin and Wheeler that 
the generator wave function gives a feasible physical inter-
pretation. To our knowledge, this is the first paper that 
presents the generator wave functions explicitly for the 
problems which have not any analytical solutions. 

We believe this finding is of importance in the understanding 
and utility of the GCM, and that this work gives a basis ^or 
attacking more complicated problems. This paper was published 
in the Physical Review and is appended as Reprint No. 8. 
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16 Axial Asymmetry and the Spectrum of 0 

As a result of the collaborative work with Professor 
S. G. Nilsson and his group at the Institute of Mathematical 

16 
Physics in Lund, a study of the spectroscopy of 0 from 
the point of view of the deformed shell model has been possible. 
One of the difficult points in our consideration of the deformed 
shell model was the existence of rotational states beginning 16 
with the first excited state in 0 at 6.05 MeV. In view of 
the fact that nucleon number 8 did not suggest a deformed 
she.ll for either prolate deformation 3 = 0.6 or oblate deforma-
tion 3 = -0.75, this low lying rotational band was difficult 
to explain. However, using a triaxial harmonic oscillator 
with oscillator frequency ratios 3:2:1 and a deformation 
Y = 30° and e2 = 0.87, one gets a considerable shell gap for 
nucleon number 8 which should give rise to a very deformed 
band. Using this interpretation, it is possible to explain 3 6 
the experimental positive-parity spectrum of " O. The moments 
of inertia of the band are found to agree very well with the 
theoretical predictions. In addition, the existence of an 
anharmonic ground state vibrational spectrum is postulated. 
Finally, the empirical evidence of an extremely strongly 
deformed rotational band at ^17 MeV is tentatively associated 
with a 4:1 shell structure expected for nucleon number 8. 
Hartree-Fock calculations have also suggested that the rota-
tional band in 1 60 should be a triaxial rotor. Thus, the 
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16 interpretation of the rotational bands in 0 is not new, 
but this new potential energy surface picture sheds new 
light on an already accepted coexistence interpretation. 
This publication appeared in Physics Letters and is appended 
as Reprint No. 9 at the conclusion of this Progress Report. 



-23-

C. Isotopic Substitution in the Metal Carbonyis 

1'. Infrared and Raman Spectra of ReCo (CO) g and MnCo (CO) p 

The infrared and Rai^an spectra of the bimetallic carbonyis 

ReCo(CO)g and MnCo (CO) ̂  have been examined in the CO stretching 

region, 2200-1800 cm"*1. Assignments have been made for the CO 
13 

stretching modes and with additional data from CO enrichment, 

simplified sets of CO force constants calculated. Although the 

symmetry of the molecules is C , the results show that each half 

of the molecule maintains its local symmetry in the spectral 

analysis. 

Recently, Mooberry and Sheline1 found from single crystal 

broadline 

NMR experiments that the Co—atom in the MnCo(CO)^ had 

threefold symmetry and thus the molecular symmetry was C . 

However, the infrared spectrum reported for MnCo(CO)^ shows 

fewer CO stretching bands than expected for a molecule of such 

low symmetry. Therefore, a complete study of the IR and Raman 13 
spectra was undertaken and with additional CO enrichment, 

approximate CO stretching force constants calculated. 

The infrared spectra show only three strong bands and 12 two very weak bands in the CO stretching region. The two 13 
weaker bands are due to the low natural abundance of CO. 

If the molecule has C symmetry, nine bands are expected 

(7A1 + 2A"). Accidental degeneracy or coupling across the 

metal-metal band may lead to the observation of fewer bands 

than expected. However, both IR and Raman spectra do not 
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display the Cs structure. Thus it is assumed here that the 
coupling across the metal-metal band is so weak that each 
half of the molecule behaves as if the other half were just 
a single point mass. In other words, the Co atom sees an 
environment of C3 v symmetry, whereas the Mn or Re atoms see 
a C4 v local symmetry, respectively. Therefore, we classify 
the effective symmetry of the molecule as c^ + C 3 v instead 
Of C8. 

The force constant calculations indicate that the end-
to-end interaction of two CO groups is quite small and that 
only nearest equatorial neighboring CO groups seem to inter-
act considerably. The Cotton-Kraihanzel assumption that 
k . ^ ^ « 2k . was found to hold for both ReCo(CO)Q and trans cis y 
MnCo(CO)g as in other bimetallic carbonyls. 

This research has been published in the Journal of 
Inorganic and Nuclear Chemistry and is appended as Reprint 
No. 10. 
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D. Equipment 

1. Isotopic Separator and Evaporator 

During the last contract year a 270° electron gun 

and power supply have been purchased for the vacuum 

evaporator, and a bell jar and related hardware have 

been constructed for one of the vacuum coaters. This 

equipment will be used in superconducting thin film 

work. The electron gun has been a very useful tool in 

the target making laboratory and has been used to make 

thin carbon film both as stripper foils for the Tandem 

Van de Graaff accelerator and as backing materials for 

targets. 

To date, the isotope separator and vacuum coater 

equipment have been able to produce some 150 isotope 
in n 1 r separated targets ranging from B to U. 
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II. MUONIC X-RAY STUDIES 

A. Experimental Progress During the Last Contract Year 

The progress toward the study of muonic x-rays using 
the Los Alamos Meson Physics Facility has proceeded in 
conjunction with the progress on the stopped-mu channel. 
No experiments have been done since the tuning of the 
channel has not been completed as of February, 1974. Tuning 
thus far has yielded information about the muon intensity 
and spot size which is far different from earlier antici^ 
pations. This has demanded a modification in experimental 
goals and apparatus. The progress made in these experiments, 
therefore, is strictly in the form of planning for the use 
of the facility in view of the facts known about the muon 
beam. This planning has been a cooperative venture between 
R. K. Sheline of Florida State University; E. T. Jurney, 
R. B. Perkins and E. B. Shera of Los Alamos Scientific 
Laboratory; Enloe Ritter of the AEC; Rolf M. Steffen of 
Purdue University; and one graduate student, Lou Wagner, and 
one research associate, Peter Kleinheinz of Florida State 
University. 

The system for the detection and identification of 
stopped muon events in our targets has been carefully planned 
and the fast electronics has been obtained and tested. 
Since the electron contamination in the y-beam was found 
to be 8%, it has been decided to investigate the use of a 
time of flight mechanism to gate our detection apparatus 
only on muon events. A diagram of our system appears in 
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figure 1, Detectors 0 and 1 determine the time of flight 
gate. Coincidences between 0, 1, and 2 identify a muon. 
The variable absorber (CH0) will be used to maximize y" stops 
in targets A, B, C. Scintillators 3a, 3b, 3c are placed in • 
front of these targets to identify which one a muon enters. 

Ge(Li) 
I I v _ 

m 

0 

3a /A 

3 b 

3c 
£ 7 

Scintillator 4 will be used to reject events for which a muon 
passes through the target. Scintillator V will discriminate 
against Ge(Li) events for which a charged particle enters the 
jelly detector. Thereforet- valid events are given by 
coincidences between 0, 1, 2, 3a or 3b or 3c, not 4 and not 
V. The cage necessary to support all the apparatus has been 
constructed and much of the effort in planning, building and 
testing of this equipment must be accredited to Erooks Shera 
and Lou Wagner. 

A high resolution Ge(Li) detector will be used to 
detect muonic x-rays and will be on line with a PDP-11 
computer. The main effort in this aspect of the experiment 
is due to Brooks Shera and Enloe Ritter. .The slow electronics 
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necessary for this purpose have been obtained. Computer 
programs are soon to be tested. These programs include data 
acquisition, display, and spectra calibration routines. 
The is capable of storing twenty different spectra 
simultaneously depending on the targets and energies of 
the muonic x-rays. Routines for distinguishing prompt photon 
events from delayed ones are also ready for testing and will 
be used to se£>arate muonic x-ray spectra from nuclear gamma 
ray spectra. The slow electronics and software will be 
tested with an (n,y) experiment before being employed on the 
muon experiments. 

Due to the lower intensity of the beam than predicted 
and the spot size of 8 0 cm2, the plans for the targets have 
been altered and initial experiments will be done with zinc, 
nickel, and iron targets on the order of 60 grams each and 
dimensions of 6 cm x 8 cm. This work will be done in cooper-
ation with Gerhard K. Fricke and Hans Dieter Wohlfahrt of 
the University of Mainz and will complement the extensive 
nuclear charge distribution studies which they have already 
done on these nuclei using electron scattering data. 

Peter Kleinheinz and Brooks Shera have designed and been 
responsible for the construction of a helical wire chamber 
which will be used to gain a better understanding of the beam 
prior to these experiments. 

It should be mentioned that a more sophisticated detection 
system is to be employed when the beam increases in intensity. 
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This system will use a sodium iodide annulus in coincidence 
or anti-coincidence with muonic x-rays to reduce background 
significantly. Most of the apparatus necessary for this set 
up has been obtained including the annulus. 

Finally, the major responsibility for capital items 
for this program has resided in LASL. The responsibilities 
of Florida State involved personnel on the part of the senior 
investigator, one research associate, and one or two graduate 
students. It is hoped that Florida State University will be 
able to contribute apparatus as well as personnel in the 
coming contract year. 
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B. Theory 

1. The Effects of Gamma-Instability on the Muonic 
X-Rays of 192ps 

The theoretical treatment of muonic x-rays of transi-
tional nuclei is rather complicated compared with muonic 
x-rays of well-deformed and spherical nuclei. In the 
transitional region nuclear structure theory itself is not 
on a very firm footing. For this reason no theoretical 
calculations of muonic x-rays of transitional nuclei (with 
the possible exception of tungsten) had been undertaken 
prior to this research. However, for W-Os-Pt nuclei 

there is the successful theoretical nuclear structure work 
1 

of Baranger and Kumar. Moreover, in this decade experi-
mental technique and theoretical accuracy in muonic x-ray 
study have been improved enough to discuss more detailed 
nuclear structure. Therefore, we thought it interesting 
and also meaningful to investigate the muonic x-rays of 
transitional nuclei. For example, the nuclear quadrupole 
moment of first excited 2 state has great influence on 
the dynamic hyperfine structure. In the limit of the 
rotational model the values (2| |M(E2) | |2) and (0||M(E2)| |2) 
are related to each other by Clebsh-Gordon coefficients. 
For transitional nuclei, however, the relation deviates 
considerably from the rotational model prediction as was 
shown in the paper of Baranger and Kumar. It is also an 
important feature of transitional nuclei that levels below 
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1 MeV may be seen in either 3- and y-bands, whose contri-
bution to nuclear polarization is significant. 

As a first step we have investigated the muonic x-rays 
192 of Os. We use E2 matrix elements from experiment and 

from the Baranger-Kumar calculation. Since no muonic 
192 

x-ray experiments have been done for Os yet, we compared 
our results with those calculated using the rotational model 
prediction. The difference between these two sets of cal-192 
culations is ascribed to the transitional nature of Os. 

The difference amounts to a few keV in certain muonic 
x-ray energies and 10% in intensities for transitional nuclei. 
We conclude that the effects of the transitional nature can 
be observed through muonic x-ray measurements. (See 
reprint Wo. 11 at the end of the Progress Report.) 

REFERENCES 

1. K. Kumar and M. Baranger, Nucl. Phys. A122 (1968) 273. 
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III. SUMMARY OF PUBLICATIONS, PERSONNEL AND MISCELLANEOUS 
ITEMS 

During the last contract year eleven publications have 

resulted from the relationship between Florida State Univer-

se v.y and the Atomic Energy Commission. These publications 

have been discussed at considerable length in the earlier 

parts of this Progress Report and are appended as reprints 

at the end of this Progress Report. In addition, there have 

been a number of oral presentations at American Physical 

Society meetings, at international conferences, and at 

invited seminars. These include the following: 

1. "Potential Energy Surfaces and the Periodic 
Table", R. K. Sheline, physics seminar, Florida 
State University, February 8, 1973. 

2. "Studies of Nuclear Shapes by Single Nucleon 
Transfer and (a,xny) Reactions", Peter Kleinheinz, 
physics seminar, Florida State Univ., April 19, 1973. 

3. "The Effects of y-Instability in Nuclei on Muonic 
X-Rays", M. Ikeda, A. Ikeda and R. K. Sheline, 
1973 Spring Meeting of the American Physical 
Society, April 23-26, 1973. 

4. "Numerical Solution of the Integral Equation of 
the Generator Coordinate Method Applied to the 
Pairing Vibration", A. Ikeda, M. Ikeda, R. K. Sheline, 
and S. Yoshida, 1973 Spring Meeting of the American 
Physical Society, April 23-26, 1973. 

5. "Particle Rotor Coupling and Spectroscopic Strengths", 
Peter Kleinheinz, Gordon Research Conference on 
Nuclear Chemistry, New London, New Hampshire, June 
25-29, 1973. 

6. "Experimental Verification of Shell Structure for 
Deformed Nuclear Shapes", R. K. Sheline, is-vited 
paper at the Gordon Research Conference on Nuclear 
Chemistry, New London, New Hampshire, June 25-29, 
1973. 
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7. "Studies of Nuclear Deformations from the Spertros-
copy of Pure-j Yrast Levels", Peter Kleinheinz, 
physics seminar, Los Alamos Scientific Laboratory, 
Los Alamos, New Mexico, July 5, 1973. 

8. "Shell Structure in Deformed Nuclei", R. K. Sheline, 
seminar given for the Department of Chemistry of 
Michigan State University, October 16, 1973. 

208 9. "Core Coupled States in Bi", W. D. Callendar, 
K. A. Erb, G, E. Holland, R. K. Sheline, 1973 Fall 
Meeting of the Division of Nuclear Physics, 
Bloomington, Indiana, Nov. 1-3, 1973. 

10. ."A Stwdy of [210Bi(9~) 0 (n£j)~lv] Configuration in 
209Bi via the 210Bim(d,t) Reaction", R. L. Ponting, 
R. K. Sheline? W. D. Callendar and T. P. Cleary, 
1973 Fall Meeting of the Division of Nuclear Physics, 
Bloomington, Indiana, Nov. i~3f 1973. 

11. "Studies of Shape Coexistence and Nuclear Deforma-
tions from the Spectroscopy of Pure-j Intruder 
Shells", Peter Kleinheinz, seminar at Williams 
Nuclear Structure Laboratory, University of Minne-
sota, Dec. 19, 1973. 

All personnel who have been directly connected with the 
joint contract between Florida State University and the AEC 
during the time from August 1, 1973, through October 30, 1974, 
are listed in Table I. In addition to those listed in Table 
I are a number of other personnel such as machinists, a glass 
blower, electronic technicians, and secretaries that have 
been involved in the successful operation of our contract in 
a part-time capacity. For the most part, these people have 
been supported by the nuclear program of the State of Florida, 
and to a lesser extent, by Department of Chemistry and Depart-
ment of Physics state funds. These people have been utilized 
by many other projects and contracts in addition to the 
contract described herein. 
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Table 1.* 

Personnel connected with the joint project of 
Florida State University and the Atomic Energy 
Commission under Contract AT-(40-1)-2434 during 
the contract year Au<7 . 1, 1973/ through Sept. 30, 1974 

Principal Investigator 
Raymond K. Sheline 
Research Associates 

Akitsu Ikeda Peter Kleinheinz 
Miyo Ikeda Yasutoshi Tanaka 
Frantisek Sterba 

Graduate Students - Chemistry 
Dirck Benson Wayne Roberts 
Harald Mcihnke 

Graduate Students - Physics 
Lee Ponting Lou Wagner 
Romedon Lasijo 

Consultant 
Sitaram Shastry 

Isotope Separator Engineer 
Bob Leonard 
Technicians 

Jon Ware Lucy Wright 
Secretary 

Carol Guthrie 
* A number of personnel listed above are no longer connected 
with this project, and others will be connected with the 
project before September 30th but as of this writing are 
not involved in the projecto These details are spelled 
out in the body of this Progress Report. 
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Three • graduate students got their doctorates during 
this last contract year. The first is Ron Mlekodaj who is 
now working with the Isotope Separator Project of Southern 
Universities at the Oak Ridge National Laboratory. The 
second is Dirck Benson who completed his degree in March, 
1974, and is now working for the Brookhaven National Labora-
tory as a research associate. The third is Lee Ponting who 
also completed his doctorate in March. He has accepted a 
temporary assistant professorship at the University of 
North Carolina and hopes that it will prove to be a permanent 
position. It seems probable that Harald Mahnke will complete 
his doctorate some time during the summer of 1974. Thus 
this contract year will probably have seen four students 
attain the doctorate. The other graduate students have done 
well. In particular, Lou Wagner has completed both his 
written and oral comprehensives and he and Peter Kleinheinz 
are now spending most of their time at the Los Alamos Meson 
Facility at Los xAlamos, New Mexico. Wayne Roberts will take 
qualifying exams in chemistry, which are crucial, in late 
June of 1974. Romedon Lasijo will take comprehensives at 
almost the same time. 

Dr. Akitsu Ikeda and Dr. Miyo Ikeda will be returning 
to Tokyo in late August of this year. They will be replaced 
by Yasutoshi Tanaka, who tentatively plans to arrive in late 
August. Dr. Tanaka appears to be an outstanding theorist 
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and the type of person who collaborates well with experimen-
talists, Accordingly, we believe he will be able to act 
extremely effectively as a "house theorist". Peter Kleinheinz 
will probably be accepting a permanent position in Germany 
and leaving our group approximately September 1st. We have 
not yet decided on a replacement. However, we are negotiating 
with a number of postdoctoral students. Dr. Sitaram Shastry, 
Associate Professor of Physics at State University, Plattsburgh, 
New York, has asked to spend his sabbatical year with our 
group. He will be with us from July 1, 1974, until September 
1, 1975. Frantisek Sterba, an associate professor from the 
University of Prague in Czechoslovakia, spent approximately 
three months with us and then returned to Czechoslovakia. 
Unfortunately, Professor Sterba was emotionally upset during 
the latter part of his stay and had planned to stay somewhat 
longer with us. Even so, one or two projects were very ably 
begun during the time he was here, and it seems probable that 
he will complete some of this work in collaboration with us. 
in Prague. Mrs. Lucy Wright has turned out well as the plate 
counter in our group. During the latter part of the last 
contract year, Mrs. Wehunt retired. In addition, we have 
hired one student assistant, Jon Ware, who helps us in runs 
on the Tandem Van de Graaff here at Florida State. Very 
recently he completed the operator school and is now quite 
competent as the Tandem Van de Graaff operator. 
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During the last contract year we have made effective 
use of a number of accelerators at a number of other 
installations. During March and April, Peter Kleinheinz 
will again use the 88" cyclotron at the University of 
California at Berkeley. We expect to be using the Tandem 
Van de Graaff at Los Alamos, although final plans are not 
complete, and we have been using the LAMPF accelerator at 
Los Alamos setting up our project with muonic x-rays. 
During the next contract year we hope to interest a number 
of chemistry and physics graduate students in our program 
both in low and medium energy physics. 

In conclusion we wish to express our appreciation 
to the USAEC for its support. It is clear that our program 
could not exist without this support. We hope and believe 
that our program has been successful and that the support 
for past years and for this next year is well merited. 
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IV. INCIDENT REPORT 

There have been no incidents as defined in Attachment 
from the period November 5, 1958, when this contract 
initiated to the present time, May 1, 1974. 
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V. University and AEC Expenditures on 

Contract AT-(40-1)-2434 

Statement of Actual and Estimated Costs 

AT-C40-D- 2434 Mod. 17 
Period - Actual Expenditures 08/01/73-05/31/74 

Estimated Exp. 06/01/74-09/30/74 

Personnel Costs $ 54,343.97 

Materials and Supplies $ 1,383- 55 

All Other Direct Costs $ 5,616. 40 

Ind i rect Costs (40% S & W) $ 15.869. 19 
Base Amount - $ 39,672.97 

Total Project Costs thru 5/31/74 $ 77,213. 
« 

11 

Estimated for remainder of period $ 67,404. .89 

TOTAL $ 144,618. ,00 

Total actual and estima-
ted costs chargeable to 
AEC 77% $ 112,000, .00 

Accumulated Costs 
Chargeable to AEC from 
Prior Periods and Costs 
Stated Above $ 468,000 .00 " 

Accumulated AEC Support 
Ceil ing to date $ 468,000.00 

Estimated funds re-
maining at end of 
peri od $ -0-

-

Eld cL J . ^ June 4? 1974 
Richard T. Lutz * ^ 

Assistant Director of Research 



VI. ENDORSEMENT 

This Progress Report has been read and approved by the 
undersigned. 

nond K. Sheline, Professor 
Chemistry and Physics 
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VII. REPRINTS 

1. Prolate Deformation in Neutron-Deficient Lanthanum 
Isotopes, K. Nakai, P. Kleinheinz, H. P. Leigh, 
K. H. Maier, F. S. Stephens and R. M. Diamond, 
Phys. Letters 44B, 443 (1973). 

175 
2. Energy Levels of Hf, J. I. Zaitz, R. K. Sheline and 

R. D. Griffioen, Zeit. f. Physik 264, 227 (1973). 
3. Two-Quasi-Particle States and the Microscopic Composition 

of I0T=2+ Collective Excitations in 1 8 2W and 184 w, 
Peter Kleinheinz, P. J. Daly and R. F. Casten, Nucl. Phys. 
A-208, 93 (1973). 

187 4. Analysis of the Levels of Os Populated by the (d,t) 
Reaction, Roger Thompson and R. K. Sheline, Phys. Rev. 
7C, 1247 (1973). 

5. -Competition Between Coriolis-Anti-Pairing and Decoupled 
Band Hybridization in Nuclei, R. K. Sheline, Phys. Letters 
45B, 459 (1973). 

6. A Description of Decoupled Bands Using the Angular 
Momentum Projection Method Applied to the Coherent 
Phonon State, A. Ikeda, R. K. Sheline and N. Onishi, 
Phys. Letters 44B, 397 (1973). 

7. Ground State Moments of Inertia of Deformed Nuclei 
Around Barium, K. Pomorski, B. Nerlo-Pomorska, I. Ragnarsson, 
R. K. Sheline and A. Sobiczewski, Nucl. Phys. A2Q5, 433 
(1973). 

8. Investigation of the Integral Equation of the Generator-
Coordinate Method Applied to the Pairing Vibration, 
Akitsu Ikedaf R. K. Sheline, Shiro Yoshida, Phys. Rev. 
8C, 2101 (1973). 

16 9. Axial Asymmetry and the Spectrum of O, S. E. Larsson, 
G. Leander, S. G. Nilsson, I. Ragnarsson, and R. K. Sheline, 
Phys. Letters 47B, 422 (1973). 

10. Infrared and Raman Spectra of ReCo(CO)^ and MnCo(CO)9 
in the CO Stretching Region, W. T. Wozniak and R. K. Sheline, 
J. of Inorg. and Nucl. Chem. 35̂ , 1199 (1973) . 

1 Q 2 
11. The Effects of y-Instability on the Muonic X-Rays of Os 

M. Ikeda, A. Ikeda and R. K. Sheline, Phys. Letters 45B, 
187 (1973). 
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PROLATE DEFORMATION IN NEUTRON-DEFICIENT 
LANTHANUM ISOTOPES* 

K. NAKAI*1 and P. KLEINHEINZ*2 

The Niels Bohr Institute, Copenhagen, Denmark 
and Lawrence Berkeley Laboratory, University of California, Berkeley, Cal. 94720, USA 

J.R. LEIGH*3, K.H. MAIER*4, F.S. STEPHENS and R.M. DIAMOND 
Lawrence Berkeley Laboratory, University of California, Berkeley, Calif. 94720, USA 

G. L0VH0IDEN* 5 

The Niels Bohr Institute, Copenhagen, Denmark 

Received 17 April 1973 

The odd-A La isotopes from .4 = 125 to 137 have been studied by in-beam 7-ray spectroscopy of Sn(14N, xn) La 
reactions and from A = 131 to 139 by particle spectroscopy of the Ba(a, t)La and Ba(r, d)La single-proton transfer 
reactions. In the latter experiments a lo\v-lyingll/2~" level was systematically ideiilified, and the rotational bands 
built on these levels were observed in the 7-ray work. The strong resemblance of the.transition energies in these bands 
to the ground-band transitions in the neighbouring even Ba isotopes is very striking. These results can be understood 
as a decoupling of an h j y a single proton from the Ba core. This interpretation of the observed bands requires a pro-
late defo- 'on for these nuclei, which is in contrast to previous conclusions. 

The neutron-deficient odd-yl lanthanum isotopes 
extend from the N = 82 closed shell downwards into 
a region of deformation [1] which has not been ex-
tensively investigated experimentally. However, there 
have been several theoretical studies which predict 
oblate deformation or the coexistence of different 
shapes for the nuclei in this region [2, 3 ] . In addition, 
there are recent Coulomb excitation experiments on 
nuclcar reorientation that indicate prolate [4] and 

* Work performed under the auspices of the U.S. Atomic 
Energy Commission. 

** Present address: Department of Physics, University of 
Tokyo, Bunkyo-ku, Tokyo 113, Japan. 

*2 Present address: University of California, Lawrence Berke-
ley laboratory, Berkeley, California 94720, supported by 
the. U.S. Atomic Energy Commission Contract At-(40-l) 
2423 with Florida State University. 

*3 Present address: Department of Nuclear Physics,, The 
Australian National University, Box 4, P.O., Canberra, 
Australian A.C.T. 2600. 

** Present address: Hahn-Meitner Institute, 1 Berlin 39, 
Germany. 

*s Present address: Department of Physics, McMaster Universi-
ty, Hamilton, Ontaria, Canada. 

oblate [5] shapes for the doubly-even Ba nuclei. Of 
particular interest are the properties of the energy 
levels associated with the unique-parity h s h e l l -
model state, and alow-lying 11/2"" isomer in 1 2 9La, 
identified by Alexander et al. [6], has been interpret-
ed as evidence of oblate shape. Similar conclusions 
were also made in other investigations of nearby Cs 
isotopes [7 ,8 ] . 

In the present work the odd-mass lanthanum iso-
topes have been studied by in-beam 7-ray spectros-
copy of the 1 1 6 ' 1 1 8 > 1 2 0 ' 1 2 2 Sn( 1 4 N 5 xn7) reactions 
[9] and by the (<x, t) and (r , d) single-proton transfer 
reactions on the even-mass130 t o 1 3 8Ba targets [10]. 
Combining the two complementary experiments it 
was possible to identify systematically the low-lying 
unique-parity levels in the odd-mass nuclei 
125 to 139 L a . 

The initial aim for tLie 7-ray studies was to popu-
late the rotational band built on the 11/2" isomer in 
1 2 9La with the 1 1 8 Sn( 1 4 N, 3n)1 2 9La reaction. How-
ever, instead of the relatively complex spectrum ex-
pected for a rotational band in an odd-/! nucleus, 
only a few traditions were observed. By 7-7 coin-
cidence and 7-ray angular distribution measurements 
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the transitions were identified as members of a stretch-
ed E2 cascade which strongly resembled that of the 
ground band of the neighbouring doubly-even nucleus 
1 2 8 Ea (fig. 1). The 104 and 67 keV transitions in the 
isomeric decay reported by Alexander et al. [6] were 
observed in the spectrum between the beam bursts with 
almost the same intensities as that of the lowest transi-
tion in the cascade. The 11/2" state was assigned as 
the lowest member of the band on the basis of this in-
tensity relation. The assignment is also strongly sup-
ported by the systematics established below for the 
other odd-/l La isotopes. Of the total observed prompt 
7-ray intensity more than 90% populates the 11 /2~ 
level through the rotational band. The remaining y-
rays were quite weak and no attempt has been made 
to place them in the level scheme. 

Similar characteristic stretched E2 cascades were 
also observed in the other La isotopes with mass num-
bers from >4 = 125 to 137. In all cases the energies of 
the cascade transitions were very close to the ground 
band transitions in the neighbouring Ba isotopes (fig. 
1). Since no delayed transitions were observed in 
1 2 5 , 1 2 7 j t m a y possible that the E2 cascade feeds 
the ground state in these nuclei. 

Since the 11/2 - assignment for the state at the bot-
tom of the stretched E2 cascade was not always unam-
biguous, detailed studies were made which included the 
transitions that de-excite the 11/2" isomeric states. Ad-
ditional information was obtained from a study of y-
transitions following 0-decay of Ce isotopes produced 
by Sn(01 6 ,xn)Ce reactions. These studies, together 
with data in the literature, yielded the level schemes 
shown in fig. 1. 

"Finally, the 11/2" states were independently locat-
ed in the isotopes 1 3 1 ~ 1 3 9 La by (a, t) and (r, d) 
single-proton transfer reactions. In these experiments 
isotopic barium targets (50 to 200 jug/cm2 thick, > 
95% enriched) prepared in a mass separator by depo: 

sition onto carbon backing were bombarded with 
beams of 27 MeV a particle and 22 MeV 3 He particles 
from the Niels Bohr Institute Tandem accelerator. The 
reaction products were analyzed in a magnetic spectro-
graph. The different momentum matching of the two 
reactions is used to determine the /-transfer; the ratio 
of cross sections populating the same state, 

125—130 
Fig. 1. Partial level schemes of the odd-mass La nu-
clei and the neighbouring even-mass Ba-isotopes. 

444 
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Fig. 2. Triton spectra of the (a, t) reactions on the even-mass 
Ba targets. 

o(cx, t)45° /o(r, d)3o°, decreasing by a factor of approx-
imately two per each unit decrease in /-value. In each 
nucleus a strongly populated level could clearly be 
identified as having 1 = 5 transfer from this cross-sec-
tion ratio. Spin 11/2 is inferred since no 9 /2" strength 
is expected in this energy region. The triton spectra 
from the (a, t) reaction, which favors high angular-
momentum transfer, are shown in fig. 2. They clearly 
demonstrate the systematic appearance of the 11/2" 
level. In addition, essentially only the low-lying 7/2+ 

and 5/2+ states, which contain large spectroscopic 
strengths, are populated in this reaction, whereas the 
(T, d) spectra (not shown here) exhibit a much larger 
number of levels, in particular for the lighter-mass La 
isotopes. The present 11/2~ assignments agree with 
previous identifications f o r 1 3 9 »137 La, and all other 
assignments are fully in accord with the results from 
the y-ray studies. 

Relative normalization of the cross sections mea-
sured in the five isotopes was obtained in a separate 
experiment using a mixed target of known isotopic 
composition and independently, by measuring the 

elastically scattered particles. By using the Q-depen-
dence of the transfer cross sections calculated from 
the DWBA with standard optical-model parameters, it 
was found that the spectroscopic strength of the 11/2" 
levels decreases regularly towards the lighter La-isotopes; 
in 1 3 1 La the strength is approximately 40% of the near-
unity spectroscopic factor found in 1 3 9 La [11]. This de-
crease was obtained independently from the (oc, t) as 
well as from the (r, d) data. 

The experimental results found can be summarized 
as follows: 1) in the 1 2 5 - 1 3 9 L a nuclei 11/2" levels 
have been identified; 2) the in-beam 7-ray cascade 
leading to the 11/2" state consists of stretched E2 
transitions, indicating a band with the spin sequence 
11/2, 15/2, 19/2,...; 3) the spacings of this band are 
closely similar to those of the ground band of the 
even-even Ba core; 4) the spectroscopic factors of the 
11/2" levels decrease regularly with mass number; and 
5) the 11/2" state monotonically drops from 1.42 
MeV in 1 3 9 La to perhaps becoming the ground state 
in 1 2 5 La. 

An explanation for all these features is provided by 
a model consisting of a single particle coupled to an 
axially-symmetric rotating core [12, 13]. The essential 
point is that under certain conditions a new coupling 
scheme may develop. In this case it is most advanta-
geous for a nucleus to align the angular momentum of 
the high-/ particle parallel with the rotor axis so as to 
minimize the value of the rotor spin for a given value 
of the total angular momentum, / . The aligned particle 
then acts as if it were decoupled from the core, and so 
the yrast levels will have the spin sequence,/, / + 2, 
/ + 4, . . . , and the energy spacings will be the same as 
those of the doubly-even core. Such a band will have 
precisely the features found above for the 11/2" bands 
in the odd-inass La nuclei, and very different proper-
ties than would be expected from either a strong- or 
weak-coupling scheme. 

To produce such a band, a necessary requirement 
is th?t the Fermi surface be near the SI = 1/2 Nilsson 
orbital. In the present case of the La isotopes, Z = 
57, this can only be true if the nuclei are prolate. If 
they were oblate, the Fermi surface would be near 
the £2 = 11/2 level, and only a normal Q, = 11/2 rota-
tional band would result, with a level sequence having 
spins 11/2,13/2, 15/2, . . . . Hence, in disagreement 
with earlier workers [6—8], we conclude that the odd-
mass La nuclei are prolate, not oblate. 
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The reaction 176Hf (d, f) 175Hf was studied using 12 MeV deuterons from the Florida 
State University super FN tandem Van de Graaff accelerator. The outgoing tri tons were 
analyzed by means of a Browne-Buechner type broad range magnetic spectrograph. 
Twenty-four states in 17SHf have been identified and fifteen states have been given wave 
function assignments on the basis of the spectroscopy associated with rotational band 
structure in deformed odd-/* nuclei. The Q-value for the reaction was measured to be 
— 1925 + 8 keV. 

Introduction 
The nucleus 1 7 5Hf is known to be strongly deformed. Previous 

experimental studies have found a n ordering of Nilsson neutron levels 
near the Fermi surface of 1/2"[521], 5/2" [512] and 7/2"[514] as well as 
rotational band structures built on these intrinsic states [1]. In the present 
research a further investigation of the states in 175Hf has been made by 
studying the spectra f rom the reaction 176Hf(d, t)175Hf. This reaction 
was performed using 12 MeV deuterons from the Florida State Univer-
sity super F N tandem Van de Graaff accelerator. The outgoing particles 
were analyzed by means of a Browne-Buechner-type broad-range magne-
tic spectrograph. 

The analysis of the resultant spectra was performed by a method that 
has been successful in studies of other Hf isotopes [2-41 and involves the 
identification of intrinsic and rotational states through the characteristic 
energy spacings and cross section patterns of the rotational bands [5]. 
The rotational bands which are expected to be populated in the present 
study are listed in Table 1. Also listed are theoretical relative (d, t ) cross 
sections of the band members at 45, 65 and 90 degrees. 

* Research supported in part by the U.S. Atomic Energy Commission under Contract 
AT-(40-l)-2434 with Florida State University. The Florida State University tandem 
Van de Graaff accelerator program was supported in part by the National Science 
Foundation Grant No. NSF-GP-25974. 



228 J. I. Zaitz et al. 

Table 1. Relative theoretical cross sections of states populated in the reaction 
x76Hf(rf, r)175Hf 

The DWBA cross sections used in the calculations are determined by the computer 
code DWUCK. The optical model parameters used in the code are those used by 
Rickey [2] in his study of the reaction 178Hf (d, *)177Hf. The occupation probabilities 
used are estimates based on the experimentally determined occupation probabilities 
in 177Hf and 179Hf. 

45° 65° 90° 

5/2~ 1512] 0.20 0.44 0.68 
7/2" 25.35 57.80 89.15 
9/2" 0.46 1.34 1.91 

11/2- 0.16 0.51 0.77 
1/2 [521] 32.67 77.99 91.82 
3/2" 6.65 15.90 18.76 
5/2" 8.34 18.78 28.97 
7/2" 9.38 21.98 33.26 
9/2- 0.93 2.93 4.13 

11/2- 0.13 0.45 0.72 
7/2+ [633] 0.01 0.05 0.07 
9/2+ 1.15 4.59 6.98 

11/2+ 0.03 0.04 0.115 
13/2+ 3.42 5.29 14.515 
7/2" [514] 1.09 2.65 3.97 
9/2" 1.86 7.25 8.42 

11/2- 0.06 0.22 0.29 
9/2+ [624] 0.05 0.22 0.33 

11/2+ 0.01 0.01 0.02 
13/2+ 0.51 1.01 2.38 
5/2" [523] 4.56 10.31 16.58 
7/2- 7.47 17.61 27.81 
9/2" 5.49 23.02 27.30 

11/2- 0.38 1.72 2.13 
3/2- [5211 19.72 48.87 57.37 
5/2- 0.07 0.16 0.25 
7/2" 40.97 96.91 152.0 
9/2- 2.10 9.15 11.35 

11/2" 0.68 3.16 4.06 
5/2+ [642] 0.15 0.61 0.84 
7/2+ 0.05 0.21 0.28 
9/2+ 2.90 12.82 17.79 

11/2+ 0.04 0.07 0.18 
13/2+ 4.04 8.96 21.62 

Experimental Procedures 
The reaction 176Hf(</, *)175Hf was studied at reaction angles of 

45, 65, 75, 85 and 90 degrees using 12 MeV deuterons from the Florida 
State University super FN tandem Van de Graaff accelerator. The out-
going tritons were analyzed by means of a Browne-Buechner type broad-
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range magnetic spectrograph with four nuclear track emulsion plates 
spring-fitted along the focal curve to serve as a particle detector. After 
each exposure the plates were developed and counted in 1/2 m m strips 
with a binocular microscope equipped with a special state for accurately 
measuring distances. The resulting histograms of tracts per 1/2 m m strip 
were fitted with sums of Gaussian peaks by the computer code Strilde 
[6]. This code determines the centroids and areas of the fitted peaks, the 
energies and g-values to which the peak centroids correspond and, from 
the peak areas and the focal-curve dependence of the solid angle of the 
spectrograph, the relative cross sections of the different peaks. 

The targets used in the present experiment were prepared both by the 
technique of vacuum evaporation and through the use of an electro-
magnetic isotope separator. Both of these processes made use of 50 
jig/cm2 carbon backings to support the target material. An enriched 
sample of Hf02 was obtained from Oak Ridge National Laboratory for 
use in the evaporation. For the isotope separation it was found that HfF4 
produced the strongest and most workable hafnium beams. 

Experimental Results and Interpretations 
Levels in the odd-A nucleus 175Hf have been studied by the reaction 

176Hf(# 0175Hf. This reaction was carried out at angles of 45, 65, 85 
and 90 degrees using 12 MeV deuterons incident on a separated target, 
and at 75 degrees using deuterons of the same energy incident on an 
evaporated target with an 81 % isotopic enrichment. The identification 
of hafnium impurities in the evaporated target spectrum and the 13C 
impurity in the 85 and 90 degree separated target spectra allowed the 
determination of the Q-value for the reaction. By using the energy posi-
tions of the impurity peaks to re-evaluate the experimental parameters, 
the Q-value was measured to be —1925+8 keV. 

A sample 176Hf(V/, ?)175Hf spectrum is shown in Fig. 1. The low 
energy portion of the spectrum consists of many states which have been 
observed and identified by previous researchers [1]. This work confirms 
the assignments of nine previously identified states, observes 15 states 
not previously observed, and assigns or suggests the assignment of spins 
to 6 of these newly observed states. A listing of the averaged excitation 
energies and the corresponding relative intensities at 45, 65 and 90 
degrees of the states populated in 175Hf is given in Table 2. 

The ground state of 175Hf is known to be the 5/2" [512] neutron state. 
This state is observed in all five experimental spectra despite the fact 
that it has a vanishingly small theoretical (d, t) cross section. It is suggest-
ed that perhaps the Cj, coefficient for this state is not as low as theory 
predicts. Another possible explanation for the enhanced population of 
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Fig. 1. Triton spectrum from the reaction 176Hf (d, /)175Hf at 65c 

Table 2. Energies and relative cross sections for levels in 175Hf populated in the 
(d, t) reaction 

Peak 
No. 

Excitation 
(keV) 

o 
(keV) 

Relative cross section 

45° 65° 90° 

0 1 0.6 0.02 0.04 0.04 
1 81 0.4 0.50 0.60 0.68 
2 126 1.00 1.00 1.00 
3 195 0.5 0.10 0.10 0.07 
4 214 1.7 0.10 0.15 0.18 
5 259 2.4 0.04 0.07 0.08 
6 347 0.9 0.02 C.02 0.05 
7 375 1.8 0.13 0 20 0.29 
S 411 2.6 0.01 0.01 0.02 
9 436 0.5 0.04 0.04 0.14 

10 475 2.9 0.01 0.02 0.01 
11 941 1.0 0.27 0.18 0.24 
12 962 1.9 0.02 0.02 0.03 
13 968 1.3 0.02 0.02 0.07 
14 1000 3.6 0.03 0.01 0.02 
15 1056 2.6 0.05 0.04 0.11 
16 1066 2.f 0.06 0.02 0.03 
17 1081 1.4 0.07 0.07 0.14 
18 1139 2.2 0.06 0.05 0.10 
19 1252 2.5 0.01 0.02 0.07 
20 1584 2.0 0.15 0.04 0.12 
21 1635 2.9 0.12 0.03 0.09 
22 1671 1.3 0.02 0.01 0.05 
23 1746 2.9 0.03 0.01 0.05 
a a represents the standard deviation of the energy excitations at the different angles. 
b Excitation reference. 
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the 5/2" [512] band head is that a two-step process [7] involving the 
rotational excitation of the target is a significant factor in the reaction. 
It should be mentioned, however, that the importance of this process 
has been discounted in single neutron transfer reaction on Yb and W 
isotopes [8, 9]. The 7/2" member of the 5/2" [512] rotational band is 
predicted to have virtually all the strength of this band and is seen as a 
giant state at 81 keV. The 9/2" and 11/2" members of the 5/2" [512] 
band have been observed by previous researchers at 185.8 and 312.4 keV 
but these states have very small (d, t) cross sections and are not observed 
in the present study. 

The 1/2" [512] intrinsic state is observed at 126 keV. This state cor-
responds to the largest peak in the present spectrum. The 3/2", 5/2", 
7/2" and 9/2" members of the 1/2" [512] rotational band are identified 
at energies of 195, 214, 375 and 411 keV. This compares with energies 
which have previously been observed for these states of 196.4, 213.4, 
375.4 and 409 keV. These latter energies yield a moment of inertia para-
meter of 13.4 keV and a decoupling parameter of 0.75. 

The other intrinsic state which has been previously identified in 
175Hf is the 7/2"[514] state. This state and the 9/2" and il/2~ members 
of its rotational band have been identified at excitation energies of 
348.4, 474.8 and 622.0 keV. In the present work the 7/2" and 9/2" states 
are populated and these states are seen at energies of 347 and 475 keV. 
Coriolis coupling calculations have been carried out for the mixing of 
the 7/2" [514] band with the 5/2" [512] band but the mixing is slight and 
the cross sections of the states in the two bands are not appreciably 
affected. 

The 7/2+[633] intrinsic band head has been tentatively identified by 
Harmatz, Handley and Mihelich [10] at an excitation energy of 207 keV. 
This state is not observed in the present spectrum but the 7/2+[633] state 
has a small theoretical (d, t) cross section and would not be expected to 
be populated in the present reaction. The 9/2+ and 13/2+ members of the 
rotational band, however, do have appreciable theoretical id, t) cross 
sections and these states are identified in the present spectrum as the 
levels at 259 and 436 keV. These assignments are based partially on the 
strengths of these states but mostly on the fact that energetically the 
259 and 436 keV states are the only candidates for the 9/2+ and 13/2+ 
members of the 7/2+[633] band. Based on the present assignments the 
moment of inertia parameter for the 7/2+ [633] band is 7.45 keV. This 
compression of the rotational band can be accounted for by the fact that 
the band should mix heavily with the 9/2+[624] band, a rotational band 
which cannot be populated in the present (d, t) reaction. 

The 176Hf(d, f)175Hf spectrum is characterized by a region between 
excitation energies of 475 and 94J keV in which no triton groups appear. 
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This gap can be accounted for by the fact that the states expected to 
occur in the 475-941 keV region are particle states with small occupation 
probabilities and small cross sections in the (d, t) reaction. 

The states above the energy gap are in a region where strong mixing 
with vibrational excitations is a possibility. These states do not lend 
themselves easily to the present spectroscopic analysis and the remaining 
level assignments are made on a speculative basis. 

The hole states expected to occur in the 1.0-1.5 MeV energy region 
in 175Hf are the 5/2"[523], 3/2"[521] and 5/2+[642] states. Of the ro-
tational band members associated with these states, only the 3/2 ~ and 
7/2" members of the 3/2" [521] band have very large theoretical (d, t) 
cross sections. Calculations by Onishi [11] indicate that the 3/2 ~ [521] 
band mixes strongly with the K-2 y band built on the 1/2" [521] state and 
displays an anomalous character. This prediction is substantiated by the 
absence in the high energy portion of the present spectrum of very strong 
states which could account for the 3/2*" and 7/2" members of an unmixed 
3/2" [521] band. The band head of the mixed 3/2" [521] band is tentatively 
identified as the level at 941 keV while the 7/2" member of the band is 
tentatively identified as the level at 1081 keV. The relative strength of 
these states is in serious disagreement with the unmixed theoretical 
predictions but compares reasonably well with the strengths observed 
for these states in (d, t) reactions [8] on 176Yb, 174Yb, 172Yb, 170Yb and 
168Yb. The moment of inertia parameter for the band is measured to be 
11.7 keV. 

I2S2 -I 1227 <i/r£505] 1139 -g/2-) 

622.0 11/2" 

436 -13/2*406.1 375A 
U1U& -9/2" 

312.4 
259 -9/2+ 2134 
7/2* [633] .9/2" 

1/2" [52Q 

Fig. 2. Level scheme for 175Hf showing assignments of rotational bands. Levels 
marked with triangles are observed in the present study. Energies for the observed 

levels in the 1/2~[S21], 5/2~[512] and 7/2~[514J bands are from Ref. [1] 



Energy Levels of 175Hf 233 

The 7/2" and 9/2" members of the 5/2'[523] rotational band are 
tentatively identified as the levels at 1056 and 1139 keV. These states are 
expected to be relatively pure and to display a cross section pattern which 
is in agreement with the formula of Satchler [5]. This formula predicts 
relative strengths for these states of 1.02 at 90 degrees and 1.30 at 65 
degrees. The experimental relative strengths at these angles are 1.10 at 
90 degrees and 0.875 at 65 degrees. 

Fig. 2 presents a level scheme of the states in 175Hf. Included are the 
levels at 1046 and 1227 keV which Harmatz, Handley and Mihelich [10] 
have observed and tentatively identified as the 7/2" [503] and 9/2" [505] 
intrinsic states. 

The systematics of the Nilsson levels for the Hf isotopes is compared 
with that for the Yb isotopes in Fig. 3. The data for nuclei other than 

97 99 101 (03 105 107 109 
NEUTRON NUMBER 

Fig. 3. Systematics of the Nilsson levels for the Hf and Yb nuclei. Those levels in 
175Hf marked with an X have had previous assignments confirmed in this research. 
Those levels marked (•) include two new tentative assignments and four earlier tentative 

assignments (Refs. [10] and [13]) 
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175Hf are taken from the compilation of Bunker and Reich [12]. Most 
of the assignments for the Hf nuclei are from Rickey and Shehne [2] 
whereas most of those for Yb are from Burke et al [8]. Those Nilsson states 
of 175Hf marked with an X are previous assignments which this research 
has confirmed, whereas those marked (•) include two tentative new assign-
ments from this research together with three tentative assignments of 
Harmatz et al. [10] and one tentative assignment of Alenius et al. [13]. 
It is immediately obvious that the general nature of the 175Hf assign-
ments is in harmony with the other Hf systematics. Furthermore, the 
systematics of the Hf Niisson levels is quite similar to the corresponding 
but somewhat more extensive systematics of the Yb Nilsson levels. In 
particular the deep hole states 3/2" [521] at 941 keV and 5/2" [523], 
calculated from the position of the 7/2" rotational band member and the 
observed moment of inertia of the band to be at 991 keV, are in good 
agreement with the corresponding 3/2" [521] Niisson ievel in 173Yb and 
the relative position of the 5/2" [523] Nilsson level in 167Yb and 169Yb. 

The authors would like to thank Ron MIekodaj, Roger Thompson, R. Lee Ponting 
and Romedon Lasijo for their help in gathering data. Thanks are also due to Bob 
Leonard for preparing the targets and to Ella Jean Wehunt and Susan Wozniak for 
their careful plate scanning. 
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Abstract: Energy levels of 1 8 2 W and 1 8 4 W have been investigated by (d, p), (d, t) and (r, a) reactions 

on enriched 1 8 3W targets. In the deuteron induced reactions, the reaction products at 60°, 
90° and 125° were magnetically analysed and approximate /-transfer values were deduced from 
the cross-section ratios at these angles. The (r, a) measurements provided important comple-
mentary data locating several 1 8 2 W states populated with / - - 6 transfer. The two-neutron 
configurations identified include |[624], £[510] K v = 4" and 5~, 1[512), H5!0] K" = 2 + and 
1 + , and tentatively £[521], £[510] Kv = 1+ in 1 8 2W, and V1615], £[510] K* = 5" and (6~), 
11503], H510] Kn = 3 + and (4+), and f[5121, £[510]*" = 2 + and (1 + ) in J 8 4 W . T h e results 
also provide valuable insight into the microscopic structure of the y-vibrations and higher-
lyi.ig Kv -- 2+ excitations in these nuclei and made possible a detailed test of the predictions 
of microscopic calculations. Our analysis indicates that the distinct difference in the observed 
collcctive character of the higher-lying Kn = 2+ excitations in the two nuclei is associated 
with the N ~ 108 energy gay in the Nilsson diagram. 

E 
NUCLEAR REACTIONS 1 8 3W(d, t ) , 1 8 3 W(d,p) , 1 8 3 W(r , a ) , Ea = 12.1 MeV, 
Ex = 20.3 MeV; measured a(Eti 0), a(Ep, 6), a(£"«, 60°). deduced levels, 

J, K, TC, two-quasiparticle configurations. Enriched targets. 

1. Introduction 

The nuclei 182W and 184 W occur at the low-mass end of the transition region be-
tween the strongly deformed rare-earth nuclei and the spherical nuclei around 
A = 200. Our present knowledge of the level spectra of these nuclei is mainly derived 
from numerous radioactivity investigations [e.g. refs. l-10)3 and studies of the 

t Present address: University of California, Lawrence Berkeley Laboratory, Berkeley, California 
94720. Supported by the USAEC contract AT-(40-l>2434 with Florida State University, 

t t Work supported by the TJS Atomic Energy Commission. 
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183W(n, y) reaction [e.g. refs. 11_13)]. Many levels have been located and at least 
partially characterised in both nuclei and the ground and y-vibrational bands have 
been well established. However, it has not been possible on the basis of the decay 
results to interpret unambiguously most of the known levels in the 1200-2500 keV 
energy range in terms of specific nuclear excitations. Recently, the collective excita-
tions, which are of particular theoretical interest in these transitional nuclei14), have 
been more fully investigated by inelastic deuteron scattering15) and by Coulomb 
excitation measurements i6). 
In the present work, the levels of 182W and I84"W have been investigated further 

by single neutron transfer reaction spectroscopy. The scope of these experiments was 
limited by the fact that183 W is the only stable odd-mass wolfram isotope. Accordingly, 
the levels in 182W were studied by pick-up processes, viz., (d, t) and (T, a), whereas 
those of 184W were studied by the (d, p) reaction alone. As has been demonstrated, 
[ref.17)], (T, a) cross section measurements, in combination with (d, t) data, provide 
a particularly powerful means of identifying levels populated in transfer with high 
/-values. 
In a previous investigation of the level structure of the odd-mass wolfram isotopes 

179W to 187W by single neutron transfer reactions 18), we found that the experimental 
level spectra up to about 1200 keV excitation energy could be explained in detail on 
the basis of Satchler's stripping theory 19), the Nilsson model 20) wave functions, the 
single particle cross sections obtained from a DWBA calculation, and the pairing 
theory. The resulting detailed knowledge of the level structure of the odd-mass W 
isotopes proved to be invaluable in the present study of doubly even final W nuclei. 
In the case of transfer into doubly even final nuclei, two-quasiparticle amplitudes 

involving the coupling of the odd target nucleon with the transferred particle arc 
selectively populated. Since the target spin is non-zero, each observed particle group 
usually contains contributions with several different /-transfer values; consequently 
the fingerprint patterns for doubly even final nuclei are generally much less distinctive 
than for odd -A final nuclei. However, in the particular case of the 183W target nucleus, 
with /" = only two /-values contribute in the population of natural parity states 
and only one /-value for unnatural parity states, so the expected intensity patterns for 
various possible two-particle combinations are generally quite characteristic. More-
over, angular distribution measurements can still provide a valuable guide in assigning 
approximate /-transfer values. 
Since vibrational states can be populated in single neutron transfer through two-

neutron components involving the target ground state orbital, the results of these 
measurements directly provide information about the microscopic composition of vi-
brational excitations, and thus allow comparison with theoretical predictions based on 
microscopic calculations including a residual pairing plus quadrupole force. Such cal-
culations start out from the unperturbed two-quasiparticle energies, and the particular 
vibrational excitation - in the case of K — 2, the y-vibration - is extracted as the 
lowest-lying root of the secular equation; since in this case all the contributing ampli-
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tudes are coherent, a large B(E2) value results. Thus far the interest has been mainly 
focussed on the composition of the vibrational states but in the present work infor-
mation has also been obtained about higher-lying roots containing the remaining 
fractions of specific two-quasiparticle excitations. 
The results of an earlier investigation of the I84W levels by means of the (d, p) 

reaction, have recently been reported 2l). Although the proton spcctra obtained in 
our study resemble those illustrated in rcf. 21) in broad features, the much superior 
energy resolution in the present experiments made possible a more complete and 
certain spectral analysis, which in turn led to several quite different conclusions about 
the ,84W level structure. 

2. Experimental procedure, data analysis and results 
2.1. EXPERIMENTAL 

The experimental procedure was similar to that followed in our earlier study ,8) of 
the odd-mass wolfram isotopes. The ,33W target (« 50 /tg/cnr, > 95% isotopically 
enriched), prepared with an isotope separator by direct deposition on a carbon back-
ing foil, was bombarded with 12.08 MeV deuterons from the Niels Bohr Institute's 
tandem accelerator. The reaction products were analysed at 60% 90° and 125" in a 
broad range magnetic spectrograph ar-d the protons, dcmcrons and tritons were 
recorded simultaneously on photographic emulsions in different areas of the focal 
plane. In a separate experiment, a 200 /tg/'em2 83% enriched ,8>,W target. prepared 
by evaporation of W03, was bombarded with 20.3 MeV 3He ions and the a-particlcs 
from the (r. a) reaction were analysed at 60" and photographically recorded. In all 
exposures the beam current was measured with a Faraday cup 10 cm behind the tar-

EXCITATlON ENEKGY (ktV) 
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Fig. I. Triton spccirum from the , 8 , W(d . s)'*aW reaction. 
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Fie-2. Spcctrum ef a-partici,?s from the , 8 3W(r , a) , " 2W reaction. The shaded peaks arc due to 
the even-mass \V isotopes present in the larger. 
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get The energy resolution was ? to 8 keV F W H M for the trilon spectra, 10 to 12 keV 
FWHM for t!ic proton spcctra and about 30 keV FWHM for the a-spectra. Typical 
spcctra for the three reactions studied arc shown in figs. 1-3. 

2.2. DATA ANALYSIS AND RESULTS 
As dcscribcd in rcf. '*), absolute (d, p) and (d, t) cross sections were determined 

from the total number of tracks in the peaks by a comparison with the known sum 
of inelastic and clastic deuteron scattering, cms sections at 12 McV. In the spectral 
regions corresponding to excitation energies of 1200-2500 keV, high level densities 
gave rise to many composite peaks. In some eases the spcctra were so complex that 
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the decomposition of unresolved groups could not be achieved in an unambiguous 
way. Such groups are denoted as "composite" in tables 1 and 2, which list the level 
energies and experimental cross sections. Estimated uncertainties on absolute cross 
sections greater than 20 /tb/sr are about ±20%. The energy uncertainties for well-
resolved peaks range from about ±2 keV below 1200 keV to about ±8 keV at 2500 
keV excitation energy. 
Tables 1 and 2 also list the 90° (d, p) and (d, t) cross sections reduced 18) to stan-

dard (Rvalues, which were +3.0 MeV for the (d, p) reaction and —2.0 MeV for the 
(d, t) reaction. AH. cross section comparisons with theoretical predictions which arc 
mentioned in this article refer to these Q-reduced differential cross sections at 90°. 
The experimental (T, a) cross sections, normalized as described in ref. "), are also 
given in tabic I. 
Several of the levels populated in the transfer reactions are probably identical with 

levels loeated at similar excitation energies in the earlier radioactivity, (n, y) and 
(d, d') studies. The energies listed arc those obtained from the present reaction mea-
surements, and more precise energies obtained from y-ray studies are given for com-
parison. The levels which arc populated in (d, d') or by primary -/-transitions follow-
ing neutron capturc are so indicated in the comments columns of the tables. 
2.3. ESTIMATION OF /-TRANSFER VALUES 

In our investigation of the (d, p) and (d, t) reactions on doubly even W targets I8), 
it was found that she ratios of the 60°, 90° and 125° cross sections could be used to 
estimate /-transfer values within ± 1 unit. In the present study, /-values were estimated 
in a similar manner and these arc included in tables 1 and 2. As mentioned earlier, 
the / — £ target spin introduces a complication in that two different /-values will 
generally contribute to the population of each natural parity state. Indeed, the angular 
distribution patterns observed for the known 2* levels sn 1B2W and 184W in most 
cases appeared to be intermediate in character between those expected for pure / = I 
and / = 3 transfers, reflecting the fact that both /-values apparently contribute to the 
cross sections. It is emphasized that the empirical procedure adopted yielded only 
approximate /-values which were however extremely useful in the interpretation of 
the spectra. 

3. Interpretation of the data 
As mentioned in the introduction, the knowledge of the level structure of the odd-

mass W nuclei was very valuable in interpreting the data obtained in the present in-
vestigation, Fig. 4 shows the eight intrinsic states which were firmly identified in 
t83W as good single particle excitations, well described by the Nilsson wave functions 
and which are the only states predicted by the Nilsson model in this energy region. 
Also shown for each state arc approximate occupation factors U2, V1 inferred from 
the (d» p) and (d, t) data; these factors were used consistently throughout the present 
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the decomposition of unresolved groups could not be achieved in an unambiguous 
way. Such groups are denoted as "composite" in tables i and 2, which list the level 
energies and experimental cross sections. Estimated uncertainties on absolute cross 
sections greater than 20 j/b/sr are about ±20 %. The energy uncertainties for well-
resolved peaks range from about ±2 keV below 1200 keV to about ±8 keV at 2500 
keV excitation energy. 
Tables 1 and 2 also list the 90° (d, p) and (d, t) cross sections reduced 18) to stan-

dard ̂-values, which were +3.0 MeV for the (d, p) reaction and —2.0 MeV for the 
(d, t) reaction. All cross section comparisons with theoretical predictions which are 
mentioned in this article refer to these Q-reduced differential cross sections at 90°. 
The experimental (r, a) cross sections, normalized as described in ref. 22), are also 
given in table 1. 
Several of the levels populated in the transfer reactions are probably identical with 

levels located at similar excitation energies in the earlier radioactivity, (n, y) and 
(d, d') studies. The energies listed are those obtained from the present reaction mea-
surements, and more precise energies obtained from y-ray studies are given for com-
parison. The levels which are populated in (d, d') or by primary y-transitions follow-
ing neutron capture are so indicated in the comments columns of the tables. 

2.3. ESTIMATION OF /-TRANSFER VALUES 

In our investigation of the (d, p) and (d, t) reactions on doubly even W targets 18), 
it was found that the ratios of the 60°, 90° and 125° cross sections could be used to 
estimate /-transfer values within ± 1 unit. In the present study, /-values were estimated 
in a similar manner and these are included in tables 1 and 2. As mentioned earlier, 
the I — i target spin introduces a complication in that two different /-values will 
generally contribute to the population of each natural parity state. Indeed, the angular 
distribution patterns observed for the known 2+ levels in I82W and 184W in most 
cases appeared to be intermediate in character between those expected for pure / ~ 1 
and / ~ 3 transfers, reflecting the fact that both /-values apparently contribute to the 
cross sections. It k emphasized that the empirical procedure adopted yielded only 
«P!'ifoxi?rm(v /-values which were however extremely useful in the interpretation of 
the spectra. 

3. Interpretation of the data 

As mentioned iii the introduction, the knowledge of the level structure of the odd-
mass W nuclei was very valuable in interpreting the data obtained in the present in-
vestigation. Fig. 4 shows the eight intrinsic states which were firmly identified in 
183W as good single particle excitations, well described by the Nilsson wave functions. 
and which are the only states predicted by the Nilsson model in this energy region. 
Also shown for each state are approximate occupation factors C2, V2 inferred from 
the (d, p) and (d, t) data; these factors were used consistently throughout the present 
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TABLE I 

Levels of 1S2W populated in the (d, t) and (r, a) reactions on , 8 3W 

Energy {keV) Assignment Experimental (d, t) cross scction (^b/sr) £)-reduced (r, a) Infer red Comments 

from 
(d,t) 

from y-ray 
mcas. 

[Nii.ylZ, 51 Of] 60° 90° 125" 
(d, t) cross 

section 
0«b/sr) 

90° 

cross 
scction 
0«b/sr) 

60° 

/-value d) 
or(d, d') 

(//b/sr. 

0 0+0 ground band obsc. 11 5 4 49450 
100 100 2+0 ground band 687 491 220 169 0.8 1,3 3620 
329 329 4*0 ground band 85 105 66 39 0.6 3 105 
678 6S0 6-0 ground baud « 1 4 5 1.8 h 

1137 0+0 j?-bandc) < 4 1.8 0.7 0.9 « 3 
1221 1221 2*2 y-band 6 6 3 3 1,3 78 
1258 1257 2+0 /?-band c) 19 19 10 11 1,3 23 
1288 1289 2"2 octupole bd. L3 1.1 i.S 0,5 
1331 1331 3 + 2 y-band 4S 62 42 36 1.1 3 
1442 1443 4+2 y-band 5 6 5 4 3, h 5 
1510 1510 4 + 0 /?-bandK) 7 13 9 8 3, h 
1553 1553 4~ 51011 4 7 6 5 4 
1623 1623 5+2 y-band < 3 3 4 2.1 (4) * 2 
1664 1660 5~ I6i-pt, 510f] < 2 2.9 1.8 2.1 (4) 4 
1768 1769 6 - [6i v> f, 51 Of ] 6 18 21 14 8 6 131 

i8ii 1810 5" [ 6 i ^ , 5 1 0 | ] 5 13 10 11 4 
IS31 1829 6~ I6i#%5l0?j < 3 5 3 5 2.1 (6) 
1357 1856 2+ 2 [512!, 5101] 20 23 14 19 (1,3) 5 
1916 7~ [6iv f , 51 Of] « 3 18 20 16 8 6 
J 923 

[6iv f , 51 Of] 
« 2 ar 4 < 2 ^ 4 

1957a) 3+2 [512|,5i0;] « 18 « 24 a 15 « 21 
1961 ") 1961 6 ,7" [6i ? f ,5I0fJ « 3 « 13 « 16 « 12 7 6 9 

£ z K m 
3 N . 



1966') a 18 a 24 
1985 a 3 a 6 
2016 8 9 
2057 2057 1 + I £5124-, 510f J 10 11 

a 2071 < 2 a 3 
a 2086 4*2 {5121, 51Of] a 4 5 
a 2110 b) i + l [521 j , 510f] 92 104 

2131 7- [6i^f,510tl 5> 4 12 
a 2148 ") 2 + i [512|,510t] 17 20 

2171 10 15 
2204 9 11 

a 2217 2 6 
a 2240 b) (0, l)+ [521;, 510)] 84 n o 
a 2270 a 2 a 3 
a 2284 b) (0,1)+ 1521|, 5I0fJ 102 124 
a 2322 b) a 31 S: 49 

2359 11 17 
a 2376 a 14 a 28 
a 2384 a 14 a 19 

2395 19 28 
2427 b) 6 14 
2453 21 44 
2471 a 6 10 
2492 obsc. 11 

a) Components of a composite peak, resolved wifh difficulty. 
b) Composite peak. 
c) We label the lowest known K = 0 cxcitation as 0-band. 

The symbol h is used for / > 3. 
' ) From ref. , s ) ; mean value of differential cross sections at 90° and 125° listed. 
f ) The (d, d) reaction probably populates the 5 "2 octupole member2) at 1621 keV. 
*) Herzog et al. 33) suggest the K — 3 octupole band head at this energy. 

a 15 a 21 
a 3 a 5 

6 8 1,3 
7 11 1,3 
3 a 3 
5 5 

62 107 1 
17 12 a 6 6 

obsc. 22 a 3 
8 17 3,1 a 2 

12 13 3,h 15 
3 7 

74 127 I 
a 4 a 3 a 3 

81 147 1 
41 ^ 6 1 3 a 3 
14 22 3 

a 30 a 37 4 
a 11 a 26 1,3 

21 38 3,1 
10 J 8 3 
37 62 3, h 

7 14 3 
11 16 

w 

N> + 
r> o r 
r m o H < 
m 
w X o 
>: 
o z w 

so vo 
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TABLE 2 

Levels of 184W populated in the 183W(d, p) reaction 

Energy (keV) Assignment 

60a 

Experimental (d, p) 
cross section (/tb/sr) 

90° 125° 

0-reduced 
(d, p) cross 

section 
(/tb/sr) 

90° 

Inferred 
/-value d) 

Comments 

from 
(d,p) 

from y-ray 
meas. 

l"K [ A M ^ , 51 Of] 
60a 

Experimental (d, p) 
cross section (/tb/sr) 

90° 125° 

0-reduced 
(d, p) cross 

section 
(/tb/sr) 

90° 

Inferred 
/-value d) 

<7(d, d') e) 
(/<b/sr) 

0 0 0 + 0 ground band 0.3 49800 (n,y) 
III 111 2+0 ground band 74 37 14 74 1,3 3160 (n,y) 
363 364 4+0 ground band 8 e j 1.6 9 128 
902 903 2 + 2 y-band 37 15 obsc. 22 1,3 133 (n,y) 

1005 1006 3+2 y-band 73 obsc. 18 « 55 « 3 f ) 
1120") 1121 2 + 0 7?-band e) 18 12 7 17 3,1 7 (n ,y) 
J132a) 1133 4+2 y-band « 2 « 4 2.7 a 6 6 
1295 1295 5 + 2 y-band 1.9 1.9 1.4 2.6 
1358 4+0 0-band c) 6 3 2.3 4 « 2 
1386 1386 2 + 2 [512}, 510f] 39 28 7 37 1,3 17 (n,y) 
1425 1425 3+3 [503f,5l0tJ 125 101 49 129 3 
1444 1447 6 - [6i^f,510f] 13 13 9 16 h, 3 
1478 6+2 y-band SS2 5S 1.3 ^ 1.6 « 4 
1522 a) 3+2 [512},5IOf] 32 24 10 30 1,3 
1535 ") 153 7 4+3 [503f, 51 Of] 27 18 9 23 1,3 20 
15S3 1581 6" 1.5 1.6 1.9 (h) 
1613 1615 88 56 27 67 1,3 (",}') 
1627 1628 54 28 15 34- 1 (n,y) 
1637 7" [6i*f,5I0t] 4 « 2 
1676 1677 5 + 3 [503 f. 51Of] 7 4 4 5 
1696 4+2 [512},510f] 4 
1722 7 4 « 1 4 



1754 4 + 4 [503f, 510t3 76 
1772 1775 151 
1796") 7~ [ 6 ^ , 5 1 0 ^ ' ) 75 
1810 1810 38 
1901 9 
192! » 8 
2022 £ 6 
2044 27 
2066 2063 17 
2104 10 
2127 2126 19 
2172 2! 68 104 
2226 2223 58 
2247 10 
2300 13 
2325 14 
2349 » 7 
2371 31 
2394 70 
2420 28 
2442 31 
2485 24 
2519 69 
2533 45 
2576 41 
2600 43 
2634 36 
2677 70 

a)-e) See corrcsponilmsr footnotes of table 1. 
f) The (d, d') reaction populates 0 + 0 level at 1003 keV. 
*) See subsect. 3.6. 

64 34 74 3 
107 55 123 1,3 
81 45 93 h, 3 
24 9 27 1 

« 11 1.9 « 12 
« I « 8 

3 3 
20 13 21 3 

7 4 8 1 
« 4 « 4 

15 5 15 1,3 
59 30 60 1,3 
26 12 26 I 
4 4 
6 2.8 6 
6 2.5 6 
7 2.4 6 

15 6 14 
37 20 34 
17 5 16 
27 8 25 

7 3 7 
40 16 36 
22 19 20 
28 14 24 
28 18 25 
20 O 17 
53 23 45 

(n,y) 
(n ,y) 

13 

(n ,y) 

(n ,y) 
(n,y) 
(n ,y) 

a 2 

» 1 

n • K) 
on 
* 
it 
S> 
+ 

n o r r m o H < 
W rrf X o 
H 
M o 2 W2 
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Fig. 4. Lower part: Single-neutron excitations and pairing factors in , 8 3 W [from ref. J8)]. The 
factors U2 are given for the particle states (shown to the right) and the factors V2 for the hole 
states (left). Upper part: Transfer cross sections calculatcd from eq. (1) for the pure two-neutron 
excitations using a 183W target. The band members accessible in single neutron transfer are 
indicated by ticks, with spin increasing towards icft. The (d, t) and (d, p) cross sections are given for 

the hole and particle excitations, respectively. 

study in deriving theoretical transfer cross sections for the 183W target nucleus. The 
cross sections predicted for the two-quasiparticle bands arising from the coupling of 
each orbital with the i [510] target neutron are shown in the upper part of the figure. 
The spectral interpretation described in the following sections is based mainly on 
comparisons of the experimental cross sections with these theoretical values, which 
were calculated from Satehler's equation for single neutron transfer leading to a level 
J, K in the final even nucleuc from an odd-/V target with the ground state /0, iv0: 

= 9* I <I0jK0AK\!Ky2CfMO)P2- 0) d£2 .// 
Here j and / are the total and orbital angular momenta, respectively, of the transferred 
neutron and g2 is equal to 2 when two neutrons in an identical orbital combine to 
K — 0, and is otherwise unity. The orbital involved in the transfer has the projection 
quantum number AK. The CJt values obtained with Nilsson model parameters of 
ref. 20) (;7 = 4), the DWBA cross sections from ref. 18) and the pairing factors 
Pz — U2, V2 of fig. 4 were used in the cross section calculations. 
An important aspect of the odd-̂ 4 W level structure, which was explored in some 

depth in our earlier study, was the effect of Coriolis mixing on level spacings and trans-
fer cross sections. In the present work Coriolis effects are more difficult to treat be-
cause only a small fraction of the many levels expected in the energy region considered 
are populated in neutron transfer and the uncertainty in the location of the unobserved 
two-quasiparticle states introduces ambiguities in interpretation. Since, however, all 
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the levels populated in transfer reactions on a I83W target involve the ̂ [510] orbital, 
which in general has small Coriolis matrix elements with the other Nilsson orbitals 
in the region, the mixing among the configurations identified in this study is in most 
cases expected to be quite weak. Notable exceptions are the negative parity two-quasi-
particle bands involving the Nilsson orbitais stemming from the î  spherical state, 
which are connected by very large coupling matrix elements. These bands are dis-
cussed in subsect. 3.6. *> 

3.1. G R O U N D S T A T E B A N D S 

The ground state bands in 182W and 184W are populated in (d, t) and (d, p) reac-
tions on a 183W target by transfer of a 4[510J neutron. The observed cross sections 
for both nuclei are listed in table 3 and it is evident that the intensity patterns are in 

TABLE 3 

Transfer cross sections a) for ground bands and /S-bands 

1* Calculated h) 
(/ib/sr) 

Experiment (,ub/sr) 
ground band /?-band 

183W(d, t)1 8 2W 0 + 2.0 4 0.9 
2+ 325 169 11 
4 + 30 39 8 
6+ 0 1.8 

total cr(d, t) 357 213 20 
I . .total o-(d, p) -v 1 8 3W gr.band 357 c) 235 c) 

l 8 3W(d, p ) , 8 4 W 0 + 2.0 obsc. 
2+ 341 74 17 
4 + 34 9 4 
6 + 0 

total <>(d, p) 377 83 21. 
i x total <r(d, t) -> , 8 3 W gr. band 377 c) 147 B) 

a) All cross sections listed are the 90° differential cross sections reduced to the standatd (2-values 
of —2 MeV for the (d, t) reaction and + 3 MeV for the (d, p) reaction. 

b) Spectroscopic cross sections listed (U, V = I) . 
c) From ref. , 8 ) , corrected with the ratio of spectroscopic cross sections <rs(d, p)/or5(d, t) — 1.06. 

good agreement with predictions. Burke and Elbek 23) have discussed in some detail 
the populations of the ground state bands of doubly even nuclei in transfer reactions 
on odd-mass targets. In accordance with their conclusions, the absolute (d, t) cross 
sections for population of (he ground state band in 182W should be given by the prod-
uct of the total spectroscopic cross section f (do[dQ)s for transfer of the ̂[510] 
neutron and the Uz factor for the i~[510] orbital in 182W. The identical U2 factor 
applies in the reaction 182W(d, p),83W. Since the total spectroscopic transfer cross 
section (in units of single-particle cross sections from an even target into the 

t Calculated from eq. (t) with P2 — 
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ground band of an odd-,4 nucleus is predicted to be twice as large as the transfer cross 
section into the same even nucleus from that odd-/! target, one should expect the (d, t) 
cross section into the 182W ground band to be half the observed (d, p) cross section 
into the -£[510] band in 183Wt. Similarly the absolute (d, p) cross section for the 
population of the l84W ground band is {dojdQ\V2 (where V2 refers here to the 
i[510] orbital in l84W) and would be expected to be half the observed (d, t) cross 
section into the 4[510] band in 183W. In table 3, the transfer cross sections for the 
odd-/! and evcn-/l W targets are compared. The results for the reactions 183W(d, t) 
J82W and l82W(d, p)l83W are compatible, but the factor of 1.8 discrepancy between 
the results for the 183W(d, p)l84W and 184W(d, t)183W reactions greatly exceeds the 
experimental uncertainties. Similar large discrepancies have been found in other 
studies 23-24), and they are difficult to understand since the underlying principles 
appear to be quite simple and straightforward. 

3.2. THE ^-VIBRATIONAL BANDS 

In earlier studies ' 11), KR = 0 h excitations with band origins at 1138 and 1003 
keV in ,82W and 184W respectively have been located. These bands are expected to be 
populated in transfer reactions in much the same way as the ground state bands and 
with similar intensity patterns. The 0+, 2+ and 4+ members of the 182W /3-band have 
been observed in the (d, t) reaction with relative cross sections somewhat different 
from those determined for the corresponding members of the ground band (table 3). 
In the (d, p) measurements, the proposed location of the /J-band origin in 184W, at 
1003 keV. could not be confirmed, because the 3+ member of the y-band, which is 
expected to be populated much more strongly, is known to occur at 1006 keV. The 
particle group corresponding to an excitation energy of 1005 keV observed in the 
(d. p) spectra was not abnormally broad and it has been assumed that essentially all 
the intensity of the group is associated with the population of the 3.?* state. The known 
2+ member of the band at 1120 keV is populated quite strongly in (d, p), and the 
1358 keV level, also observed previously in the (d, d') study 15) of I84W, is here inter-
preted as the 4+ band member. It is noted that the ratio of total transfer cross sections 
into the/?-bands and ground state bands is 0.25 in 184W and only 0.1 in 182W, but 
due to the present limited understanding of K — 0 excitations this result cannot readi-
ly be interpreted in a quantitative manner. 

3.3. THE --VIBRATIONAL BANDS 

The results obtained for the population of the -/-vibrational bands in the (d, p) and 
(d, t) reactions are especially interesting since earlier theoretical treatments"'5,26), 
indicate that the significant two-quasiparticle components of the y-vibrations in ltsZ W 
and 184W include the -|[512], H^IO] and f [512], i[510] two-neutron configurations, 
both of which are accessible in the transfer reactions studied here. 

• See also table 3, footnote c). 
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In 182W, the known 2+, 3+, and 4+ members of the y-band are populated in the 
(d, t) reaction, and the level at 1623 keV is interpreted as the 5+ band member, a new 
assignment which is supported by the radioactivity data of Ageev 3). Similarly, the 
known 2+, 3+ and 4+ y-band members in 184W are populated in (d, p), and the weak-
ly populated level at 1295 keV is here interpreted as the 5+ member of the band; in 
this case the 5+ assignment is supported by the results of a recent study of the l84Ta 
decay 27). A weakly populated level at 1478 keV, which is also seen in (d, d'), is ten-
tatively suggested as the 6+ band member. 

FN the 1 8 3 W target nucleus (fig. 4 ) , the I [ 5 1 2 ] intrinsic state occurs a few hundred 
keV above the Fermi, surface while the f [512] orbital is a deep-lying hole state. AC-

TABLE 4 

Transfer cross sections a) for they-bands in l 8 2 W and I 8 4 W 

In E Calculated cross section (/*b/sr) Experiment 
(k c V> [5I2f, 5l0f l [5!2J, SlOj-] mixedb) ~ O'b/sr) 

183W(d, t) ' 8ZW 2+ 1221 0.6 » 4 3 
3+ 1331 113 36 36 
4 + 1443 41 4 4 
5+ 1623 2.0 1.0 2.1 

, S 3W<d,p)1 8 4W 2+ 903 0.0 76 52 22 
3+ 1006 7 n o 79 55 
4 + 1133 2.4 13 7 % 6 
5+ 1295 0.1 2.3 1.8 2.6 
6 + 1478 0.0 0.1 0.0 < 1.6 

a) See table 3. Pairing factors of fig. 4 were applied in all calculated cross sections listed. Un-
observed band members with calculated cross sections 1 ftb/sr are omitted. 

b) Calculated from eq. (2) with the theoretical RPA amplitudes «si2t.s»ot ~ —0.461, flsuj.sio; 
« -0 .545 in 182W and as 12t.stot -~-= -0.286, «SJ2 i .5i t , t ----- -0 .828 in' , 8 4 W. The Nilsson wave 
functions used were for the 5l2f orbital: . . ., Cv- - -i-0.062, -f-0.883, -0.426, -0.188, and 
for the 512} orbital: C^, . . Cy = -1-0.338! -1-0.825," -0.296, -0.336, -J-0.071. 

cordingiy, the population of the 182 W y-band in the (d, t) reaction should arise mainly 
from the J-[5I2], JO] component, although the contribution from the i[512], H5I0] 
configuration may slightly affect the (d, t) cross sections. On the other hand, the 
-f [512], 2 [510] component alone should be of importance in the (d, p) population of 
the ,84W y-band. In table 4, the experimental cross sections are shown together with 
the theoretical cross section predictions for the pure f [512], ̂ [510] and §[512], H510] 
two-neutron combinations. Tt is evident that the observed intensity patterns are in 
fair agreement with the predicted relative intensities for the 1[512], ][5I0] configura-
tion in the (d, t) reaction and in good agreement with the 4[512]v I [510] fingerprint 
pattern in the (d, p) reaction. However, when two components of the y-vibration are 
accessible, the neutron transfer cross sections arise from a coherent sum of the ampli-
tudes of the individual components 28). Such is the case in the reactions considered 
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here, and therefore the theoretical cross sections were calculated using the modified 
form of cq. (!) applicable for mixed final states; 

I ^ O J ^ m m C i f P ^ M O y (2) ds2 ji .tK » 
The amplitudes a M m 4 and aiti a . of the f (512}, | [5I0J ami 1(5123, 1(510} conftgyra* 
lions in the y-vibrations were taken from the RPA calculations of Hamamoto lH)t 
which arc described more fully below. The cross sections calculated with the admixed 
amplitudes arc also shown in table 4. It is clear that the inclusion of the admixed 
1(512), 4f510j amplitude ir» the '82W y-vibration results in much better agreement 
between theory and experiment for the (d, t) cross sections while, in the case of the 
,84W y-vibration, inclusion of the |[5I2J. 4[510} amplitude docs not significantly 
alter :he predicted (d, p) intensity pattern, since the J{512) orbital lies far below the 
Fermi surface in the target nucleus. 

3.4. OTHER K" » 2* BANDS 
According to the microscopic theory, only fractions of the contributing t\v<K|ua*;> 

particle excitations compose the y-vi brat ion and the remaining fractions of these exci-
tations occur at higher energies. Indeed, the absolute magnitudes of the transfer cross 
sections (table 4) show that only about a third of the 3(512), ifSIO) strength occurs 
in the ,8~W y-vibration and only approximately half of the 1(512h !(SI0) strength 
in the ,S !\V y-vibratiom and in the cour.se of the present study we tried to locate the 
remaining strengths of these A'R ~ 2* excitations. 
Of the groups in the (d, i) s>pcctrum which have not thus far been assigned, all those 

below 1850 keV have angular distribution patterns indicating high /-transfer. The ftrs? 
level populated with low /-transfer occurs at 1S57 keV and it probably corresponds 
the (h 2)* level at IS56 keV identified in decay " " J) ami possibly al»o the level 
at 1860 keV. weakly populated in the (d„ d') reaction 1 which would favour the 2* 
assignment. It is likely that this state is the origin of a K" « 2* band of cither 
3[5I2)» 1(510} or §1512), | {510 j character. Since the 2" cross section is quite large and 
no level in this region is populated with the very large caws section characteristic 
or the 31512). H*I0) K « 2 configuration, the f (512), §|5!0) combination very prob-
ably contributes significantly to the IS57 keV Mate. Moreover, a K* « 2 s band can 
be constructed with an intensity pattern in satisfactory agreement with thai predicted 
for the ̂ (512). 510J K » 2 configuration (table 5). The data do not rule out the 
possibility of a small contribution from the f (512), 1(510) combination and in fact a 
calculation using the theoretical amplitudes given in the table h also tn fair agreement 
with experiment. In summary, we conclude that the ](S12), 1(510} configuration 
probably contributes the dominant amplitude to the 1857 keV K* » 2' band. At-
tempts to identify a higher-lying band of |(5I2|, ||5I0) character proved unsuccessful 
and most of the remaining strength of this excitation must lie above 2100 JscV. 
In ,,4W, the level at 1386 keV strongly populated in the (d, p) reaction is clearly 

* 
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?*t»X S 
Transfer eras* uttfliom*) for ™ 2* bamls i« , rHV and , M W eotttammg the remaining ffSJ2|, 

$ss Ubki 3 and 4. 
Calculated fmm (J) wiili Use thcorctkat IU*A amplitudes -0.198, 

40.808 w **5W ami «*> O.^JS, « 0.566 in * M W and with 
the Cj value* given in lafcte 4. 

identical with the /" « level previously identified in (d, d) and Coulomb exci-
tation 1 M*}« in the ,5UW(n. y) reaction 11 "iX) and m the decay of ,ft4Rc frefs. a* -)). 
The 8{&2) value of 0.7 single particle units determined in the Coulomb excitation ex-
periment clearly demonstrates the collective character of the state and it is therefore 
particularly important to establish Hs A'-value. Earlier, a K ™ 0 assignment was ten-
tatively suggested M") and, sub>e<jueiM}y,, the K-conversion coefficient for the tran-
sition to the 2" member of the ground hand was found to he significantly larger than 
the theoretical value of E2 ntuftipolariiY, possibly indicating an admixture of EO 
character However* recent detailed measurements '') of the branching ratio* in 
the de-exdtalion of the I 386 keV level strongly favour a K = 2 assignment over any 
other possibility. Specifically, the transition from the I3S6 keV level to the ground 
band member has been determined to he weaker than the transition to the 2* band 
member by more than a factor of 10 as would be expected for the K -- 2 assignment 
but in an;51 disagreement with the intensity prediction for cither K — 0 or K « I. 
Moreover, the observed direct population of the 1386 keV level in the EC decay of 
the IMKe Ks ~ 3 ground >iatc offers an additional compelling argument in favour 
of A ks 2 us against a pure K -- 0 alignment1. We note thai the !3B6keV level dc-
excites relatively strongly to the 2* and 31 members of the y-band but since 
the transition multipoiariiies are yet unknown, this information is not helpful in 
deciding between possible A'-values. I lowcver, an evaluation of all the available data 
overwhelmingly favours the A's » 2* assignment for the 1386 keV level, although 
there may be some K* ™ 0* admixture. 
The large (d, p) cross section observed en the present work for the 13S6 keV level 

suggests* strongly that it arises from cither the A' = I or K - 2 coupling of the 
" in a very * w m analysis40) using a (lvalue of 14%±51ieV jrcf. 4 , ) J for ilic ,M«Rc -»• , M W 

decay. Jug/f values of 7.4 and 7.9 wcr** derived for the KC branches into 8hc 903 and !3S6kcV 
tsvete m ,snv. 

/* £ Cafeutcticd cross jcciioo ifibhrt Experiment M. * „ * in ira nniiNii'U *utu aummavr r wrnri mi'jiiWMitHlwiiai.•• w'taaiw i i • » ISI2S, 5f0t J rniscd ̂  0'»fsO 

•»« 

2* ISS7 ie II 19 
y mi 21 is *2t 
4* 2086 2.6 7 5 

U86 76 25 37 
1522 110 34 .10 

4* M6 13 7 ft 3 
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3(512 J, {[510] combination. The arguments against a K = 1 assignment given in the 
prcccding paragraph arc further strengthened by the absence of any evidence for a 
possible !*K ss 14T level below 1386 keV either in the (d, p) spectrum or in any of 
the other studies of (he ,B4W levels. Wc therefore conclude that the 1386 keV level is 
very probably the origin of a band containing the remaining strength of the 1(512], 
4(510) K = 2 excitation. The (d, p)data indicate that the group at 1522 keV corresponds 
to the 3+ band member and the weakly populated level at 1696 keV is tentatively 
assigned an the 44 member. The observed :ntcnsiiy pattern for this band is somewhat 
different from that of the y-vibration but ii is still in fair agreement with ihc fingerprint 
pattern for a pure |(5I2J, {(510) combination (table 5). As in the y-bancl, the cross 
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Fig. 5. Calculated compositions ami f!(l.2't) values of low-lying K* •-> 2 ' excitation* in ' ®*W ami 
, 8 4 W [from rcf. The figure shows the unperturbed Iwo-qua&iparticlc excitations ami their 
contributions to the resulting RPA stales. The / i ( O ) values were calculated with the effective 
charges rR

t , f . I.J and r / ' ' 0.1; the Nilv.\>« levels with oscillator quantum numbers 3 < »V $ 
were included in the RI'A calculation. P or both nuclei ten two-tiuaviparlictc excitations are predicted 
below 2.75 McV. hxcilations which in the interaction remain 95% pure are omitted from the 

future. 

section predictions arc liule affected when the possible contribution from the H^l 2}. 
H510] configuration is taken into account. In contract to the Irs definite assignment 
in «"W. the identification of the remaining |{5I2), 1(510) K ~ 2 strength in >B W 
is considered to be reasonably firm. 
It is of much interest to understand the nature of (his band and its associated large 

B(E2) value in the framework of microscopic descriptions of nuclear vibrations. The 
compositions of lhe A'* *= 2' excitations in lt<:!VV and 184W, »ts predicted from theory, 
arc illustrated in fig. 5. These results were obtained in an RPA calculation 2>) with 
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two-quassparlicle energies (poles) calculated from modified 32) Nilsson model single 
particle energies and with the chemical potential derived from a BCS calculation. The 
quadrupoic interaction strength was adjusted to reproduce the experimental energies 
of the y-v'brat ions. The two-quasiparticlc amplitudes for the y-vi brat ions calculated 
in this manner were used in the cross section con* orisons of table 4, and good agree-
ment was obtained, particularly for ,82W. In addt.ion, the calculated B{E2) values> 
which arc largely determined by the amplitudes of two-proton components, are in 
satisfactory agreement with experiment. 
Fig. 5 illustrates an obvious and important difference in the two-quasiparticle ener-

gy spacings for ,82W and l84W, which is related to the N — 108 energy gap in the 
Nilsson diagram and the particular locations of the Fermi surfaces in these two nuclei. 
In I84W, the Fermi surfecc lies close to the £[510] and £[512] neutron orbitais and 
therefore the £-[512], j[510] state occurs at much lower energy than in I82W. On the 
other hand, the next two higher-lying K ~ 2 two-quasiparticSe slates 1 [514]*', $[5I2]r 
and |[512J»s j[510]r involve neutron orbitals which lie well below the Fermi surfacc 
in these nuclei and they accordingly occur al higher cxcitation energies in ,84W than 
in ,82W. As a consequence of the very large energy separation of the two lowest two-
quasiparticlc states in l84W, the first 2+ cxcitation above the y-band receives apprecia-
ble contributions from several poles, including the high-lying two-proton states; 
its composition is not unlike that of the y-vibration and the calculated R(E2) value 
is rather large. In contrast, the corresponding 2* state in ,82W is composed mainly 
of strong components from the two nearby two-neutron states and thus has a much 
smaller B(L-2). The calculations thus provide a natural explanation for the definite 
collective character of the 1386 keV 2H state in 184W, whereas in ,82W, the B(E2) 
value for the higher-lying 2*2 excitation identified in this work is known1 s) to be 
small, 
It is interesting thai the £[512], i[5IO] K ~ 2 components above the y-band were 

located in both nuclei, whereas, surprisingly, a major fraction of flic |(512], i[5l0] 
K ~ 2 strength in ,H1W, representing a much larger (d, t) cross section, could not be 
locatcd. This may be fundamentally due to the fact that in both nuclei the 3[5I2], 
J|510) combination is the lowest two-quasiparticle cxcitation, which in general con-
tributes to only two perturbed slates (including the y-vibration), whereas the higher-
lying two-quasipariiclc states usually split into three major fractions. In accord with 
these considerations, the total (d. j>) cross section to the y-band and 1386 keV A"K ~ V 
band in ,H4\V of 155 /ib/sr approximately exhausts the predicted toial cross suction 
for the 3(512], ] [510] K =2 configuration. The RPA calculations predict thai this 
configuration contributes twicc as much to the -/-vibration as to the 1386 keV band, 
but the observed cross sections of 85 and 70 /ib/sr indicate that the strength is distrib-
uted more nearly equally. Similar comparisons cannot be made for ,82W since the 
^ [512], 4 [510] amplitudes arc only weakly populated in the (d, t) reaction and the 
population of the y-vibration is dominated by the much larger cross scction of the 
|[5!2], ][510] component. 
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3.5. THE A"" 2" OCTUPOLE VIBRATIONS 

In other work ®5,27'32,?J), the A"* = 2" octupole bands in ,82W and ,84W have 
been firmly established, but we have found that they arc negligibly populated in the 
transfer reactions. This finding is in agreement with the microscopic description of 
these excitations 34), which includes no sizable two-neutron components involving 
the }[510)v orbital, as indeed one might expect since no K" = 14 or KR — £+ exci-
tations occur at low cxcitation energies in the odd-mass W nuclei. 

3.6. NEGATIVE PARITY HIGH-* TWO-QUASIPARTICLE EXCITATIONS 

The two-quasiparticle bands arising from combinations ofthe][510] target ground 
state with the low-lying ̂[624] and -V-[615] orbitals originating in the î  sphcrical 
state are populated predominantly by / = 6 transfer and hence the corresponding 
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Fig. 6. The (d, l) cross sections for energy levels in ,B*W. Levels populated in the (r ,«) reaction or 
by inclastic deulcron scattering arc indicated. 

groups in the (d, p) and (d, t) spectra are quite weak. However, in ,82W several of 
these bands have been located by means of the (t, a) reaction, which favours high 
angular momentum transfer. Between J500 and 2200 keV excitation, the (r, x) spec-
trum indicates five strongly populated groups (figs. 2 and 6). Four of these correspond 
to wcll-resolvcd peaks in the (d, t) spcctra and the ratio of (r, «) to (d, t) cross sec-
tions for each of these states establishes t « 6 transfer zz). which is independently 
supported by the observed (d, t) angular distributions. The (d, l) cross scction cor-
responding to the remaining, a-particie group (at 1961 fccV) could not be detcrmhwd 
since the triton spcctrum at that energy is very complex; however, two levels with 
/" s 7" and 6~ at 1960.3 and 1960.8 keV have earlier2,5) been established in in-
vestigations of the EC dccay of 64 h i£2Re. 
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It is generally accepted that the frequently studied 13 h and 64 h isomers of 182Re 
have particle configurations arising from the KN = 2+ and KN - 7+ couplings, re-
spectively, of the orbitals f [402\n and f [624]v. In the decay of the 7+ isomer many 
high-spin negative parity ,8ZW levels are populated, some of which have been inter-
preted as specific two-quasiparticle states involving the %[624] neutron. The transfer 
reactions, which exclusively populate two-quasiparticte levels involving the £[510j[i' 
target ground state orbital, provide important information which complements and 
augments the radioactivity results. Due to the unusually large Coriolis matrix elements 
between the N = 6 (iij») orbitals, the high-K negative parity bands arc expected to be 
strongly mixed. In addition, strong proton-neutron coupling of two-quasiparticle 
configurations involving N = 6(î ) neutrons has been firmly established 35'36) in the 
,76Hf and ,78Hf nuclei and might well be expected in the wolfram nuclei as well. 
Indeed, both the cross sections and energy spacings of the observed bands clearly 
indicate large admixed amplitudes of other two-quasiparticle excitations. However, 
a quantitative coupling analysis cannot be made since the locations of most of the 
contributing bands are not known. 
The !82W levels at 1553, ss 1664 and 1768 keV seen in the (d, t) reaction clearly 

correspond to the three lowest members of the Kx = 4" band previously established 
in radioactivity studies and interpreted 37) as the $[<324], £[510] KK — 4" excitation, 
partly on account of the observed 4.7 ns half-life of the 1553 keV level. The 1916 keV 
level populated by I — 6 transfer is assigned here as the 7" rotational state. The reac-
tion data also confirm the previously suggested 37 ) 5~ and 6" members of the 2 [624], 
11510] KR « 5" band at 1811 and 1961 keV. In addition, the 7" band member is 
observed al 2131 keV in the reaction spectra. The unusually small inertial parameters 
for these K81 ~ 4~ and 5" bands of 10.1 and 12.3 keV (compared to 16.7 keV for the 
ground state band) clearly indicate strong Coriolis mixing with higher-lying bands. 
The effects of the mixing are also reflecicd by the poor agreement between the mea-
sured cross sections and those calculated from cq. (1) (sec table 6). As the mixing is 

TABLE 6 

Transfer cross scciions*) for the g (624], A [510] Kr ---- 4~ and 5" bands in , M W 

t" E (d, t) cross scction (/fb/sr) 
0 " ' v ) calc. " ~ ~ cxpt. 

K" « 4 " 4 ' 1553 1.6 5 
5' « 1664 0.2 2.1 
6" 1768 9 14 
7" 1916 2.4 16 

K* ~ 5" 5- 2811 1.7 11 
6- 1961 1.6 «12b) 
7" 2131 10 12 

J) See tables 3 and 4. 
b) Not resolved from Jhc 1960 keV /» — 7" level. Total cross scction listed. 
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dominated by the matrix elements connecting N = 6(i4? ) neutrons, which all have the 
same sign, the cross section tends to accumulate in the lowest-lying [6U], i[510] 
two-reutron states as is indeed evidenced by the experimental findings. Eq. (i) also 
predicts large population cross sections fcr ihe 6~ rotational level whenever an N = 6 
(ii?) neutron combines antiparallel (Z = 0) with the target orbital, whereas large 7~ 
cross sections are predicted for the parallel (1=1) couplings (table 6). The observa-
tion of similar cross sections to both the 6" and 7~ band members suggests that the 
two couplings contribute comparable amplitudes to the wave functions of both bands. 
The 7" = 6" level at 1829 keV established in decay studies has earlier 3?) been 

interpreted as the §[S12]v, f [624]v Kn = 6~ bandhead. However, the observed / = 6 
transfer cross section to this state indicates that it too is of more complex character 
and that a significant amplitude of N = 6(î )v, i[510]v excitations contributes to 
that level as well. Two recent studies 2> 5) of the 64 h 182Re decay gave widely different, 
estimates of the EC branching intensity into the 7* = 1~ level at 1960 keV and the 
level has been interpreted either as the 7~ rotational state built on the 1829 keV 
InK = 6~6 state or as the bandhead of the f [512]v, §[624]v K* - 7~ excitation. In 
the charged particle spectra the level could not be resolved from the 1961 keV PK — 
6" 5 state and therefore neither of the two alternatives can be excluded on the basis of 
the present measurements. However, the detailed energy systematics of the neutron 
orbitals in this region established in our recent studies 18) of the odd-A W nuclei indi-
cate that the i [5I2]v, \ [624]v KK — T excitation is very unlikely to occur below 2000 
keVin ,82W. 
Of the several remaining groups in the (T, a) spectrum only two, lying close to 3 

MeV excitation, could clearly be associated with specific triton groups of absolute 
cross sections and angular distributions indicating high /-transfer. Excitation energies 
of 2857+10 keV" and 2940+10 keV were estimated from the triton groups. At the 
energies of the remaining a-particlc groups, the (d, t) spectra arc complex and there-
fore no specific energies are given for the corresponding states. 
It is finally noted that the total / = 6 transfer cross section observed in the (T, a) 

reaction agrees, within the experimental error of about 20 %, with that found in the 
(t, a) reactions using the even targets 184 W and ,82W and thus 22) exhausts the entire 
1 = 6 strength expected below the Fermi surface in 182W. Whereas Nilsson model 
calculations predict this / = 6 strength to be distributed over an energy interval of 
about 2.5 MeV, it is experimentally found to be concentrated within about 1.5 MeV 
in 182W as well as in the odd-/f final nuclei, indicating that the gross features of the 
N — Coriolis mixing arc similar in the even- and odd-mass wolfram isotopes. 
In the nucleus l84\V, the lowest-lying two-neutron level involving an TV = 6(î ) 

neutron has been established at 1285 keV in a study 6) of the decay of 165 d 184mRe, 
which has the probable configuration -§[402]ti, -V[615]v lnK = 8+8. The 5285 keV 
level has a half-life of 8.3 /is and it has been interpreted as the-̂ [615], i [510] K* = 5" 
baridhead. The state is not observed in the (d, p) reaction but the 7* = 6" rotational 
state 6) at 1446 keV is populated with 16 /ib/sr and the weakly populated level at 
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1637 keV is assigned as the 7" rotational member. The agreement of experiment with 
the calculated cross sections of 0.1, 14 and 3 ̂b/sr respectively for these states is quite 
good and is in accord with qualitative considerations on Coriolis mixing as well as 
with the results found in the odd-J wolfram nuclei 22). Although these levels contain 
amplitudes from other two-quasiparticle excitations involving N = 6{i#) neutrons, 
those amplitudes will have little effect on the (d, p) cross sections as the associated 
neutron orbitals lie well below the Fermi surface. The weakly populated level at 1583 
keV is also excited in 184Ta decay 27) and it is tentatively assigned as the -V-[615], 
£[510]£* = 6" bandhead. The 7" rotational state possibly lies at « 1796 keV. The 
observed angular distribution for the intense proton group at that energy indicates 
that a high-/ transfer component may contribute to its intensity, although it is not 
possible to estimate the possible 1—6 cross section contribution from the data in any 
dependable way. 

3.7 . H I G H - L Y I N G T W O - Q U A S I P A R T I C L E E X C I T A T I O N S I N , 8 2 W 

In the preceding sections, all the levels populated in the (d, t) reaction up to an exci-
tation energy of 1960 keV have been interpreted. In an interval of a few hundred keV 
above this energy there are many levels which are populated in (d, t), some with ex-
tremely large cross sections, but the complexity of the spectrum in this region makes 
definite assignments difficult. 
The levels at 2057 and 2148 keV probably correspond with those identified at these 

energies in earlier decay studies. Spin-parity values of 1+ or (2) have been suggested 
for the 2057 keV level and (2) for the 2148 keV level 2'4). These could be the first two 
members of the -f [512], ̂  [510] K = 1 band and the weak population of the 2148 keV 
level in the (d, d') reaction provides support for such an interpretation. The observed 
(d, t) cross sections to the proposed 1+ and 2+ band members of 11 and 27 ;<b/sr 
respectively agree quite well with the corresponding predicted values of 9 and 19 
/ib/sr. The 3+ level, expected to be populated with a cross section of 10 /ib/sr, might 
be a component of the complex group at x 2284 keV. 
From the 183W level spectrum (fig. 4), one would expect excitations with large 

associated (d, t) cross sections arising from the K ~ 1 and 0 coupling of the £[521 ] 
and £[510] orbitals and the K = 2 and 3 coupling of the £[510] and [512] orbitals 
to occur in the 1.9-2.5 MeV energy range in 182W. The predominantly l—l angular 
distributions of the three strongest trilon groups observed in the region indicate that 
they involve transfer of the £[521] rather than the -f [512] neutron. However, the case 
in which two K — £ orbitals couple is theoretically rather complicated. Both the odd-
even shift in the K ~ 0 band members and strong Coriolis coupling between the 
K — 0 and K = 1 configurations are to be expected 3S) and it is difficult to predict 
with confidence what the perturbed level structure or cross section distribution might 
be. In view of the theoretical difficulties and the complexity of the experimental data, 
we can only suggest that the 2110 keV level is probably the bandhead of the £[521 ], 
£[510] K* — 1+ excitation (lower-lying by the Gallagher-Moszkowski rules) and that 
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the 2240 and 2284 keV levels may be associated with the 0+ and 1+ states arising from 
the K = 0 coupling of these orbitals. The bands based on the 1[512], ̂ [510] Kn = 2+, 
3+ excitations are expected to be characterized by strongly populated levels with /-
transfer values ̂  3 but there are no obvious candidates among the remaining levels 
observed in this region of the spectrum. 

3.8. THE 415031, A[510] K* = 3+ BAND IN , 8 4 W 

The levels at 1425, 1535 and 1676 keV populated in the (d, p) reaction are inter-
preted as the lowest members of the 1[503], ̂  [510] K* = 3+ band. All three levels are 

TABLE 7 

Transfer cross sections ') for the I [503], {[501] Kn = 3+ and4+ bands in 1 8 4W 

I" E 
(keV) 

(d, p) cross section (tib/sr) 
calc. expt. 

K" = 3 + 3+ 1425 174 129 
4+ 1537 27 23 
5~ 1677 0.8 5 

K" « 4 + 4 r 1754 b) 199 74 
5 + 2.2 

*) See tables 3 and 4. 
6) Cf. subscct. 3.9. 

also populated following the dccay of 184Ta and spin-parities of 3 + , 4+ and (5+) have 
been deduced in the radioactivity study27). The experimental (d, p) cross sections 
arc in excellent agreement with those predicted (table 7) and the assignment is there-
fore considered as certain. This interpretation also accounts for the observed direct 
population 8) of the 1425 keV level in the decay of 184eRc, which has the configura-
tion -I[5l0]v, 1 [402]?r K* = 3". 
Rather large (d, d') cross sections have been observed for the 4+ member of this 

K* = 3+ band, for the I [503], i [510] K* = 4+ bandhead, tentatively assigned below, 
and for several /" = 5" and 7~ members of the high-AT two-quasiparticle bands dis-
cussed in sub.secl. 3.6 (cf. tables 1 and 2). These states all involve orbitals lying close 
to the Fermi surface, receive large transfer cross sections, i.e. have large effective 
Cji values, and have natural parity. The unexpectedly strong population of these 
states in the (d, d') reaction appears to be an interesting observation. 

3.9. HIGH-LYING TWO-QUASIPARTICLE EXCITATIONS IN 1 8 4W 

fn addition to the two-neutron configurations already identified, the f[5!2], 1[510] 
Kn = 1+ and 3[503], i[510] KR = 4+ excitations are expected to occur in the 1400-
2000 keV region in 184W and they should both be populated strongly in the (d, p) 
reaction. A large (d, p) cross section (199 /xb/sr) is predicted for the 4+ member of 
the K = 4 band while the other band members should be very weakly populated. Five 
strongly populated levels in the 1600-1800 keV region of the (d, p) spectrum are thus 
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Fig. 7. The (d, p) cross sections for energy levels in 184W. Population of a level by inelastic dcuteron 

scattering or by a primary j'-transition after neutron capture is indicated. 

far unassigned, and those at 16] 3, 1627 and 1772 keV are marked with spins $1 2 
since they are populated also by primary capture y-rays in the 183W(n, y) reaction 
[refs. ,2-13)] (cf. fig. 7). It is almost certain that one of the two remaining levels, at 
1754 and 1796 keV, is the Kn — 4+ bandhead but the available data do not decisively 
favour one specific assignment over the other. In the level diagram, the 1754 keV level 
is assigned as the Kn — 4+ bandhead since the observed (d, p) angular distribution 
is consistent with pure / = 3 transfer, as required; however, the absolute (d, p) cross 
section is considerably smaller than the predicted value (table 7). Although, a larger (d,p) 
cross section is observed for the 1796 keV level, the data indicate that its popula-
tion includes an appreciable high-J transfer contribution and we therefore consider it 
slightly less likely to be the Kn = 4+ bandhead. 
A spin-parity of 1+ has been proposed for the 1613 keV level on the basis of reso-

nant neutron capture y-ray studies u ) and the observed (d, p) cross section is in good 
agreement with that predicted for the bandhead of the f[512], H510] KK = 1+ exci-
tation. However, the lowest reasonable candidate for the 2+ member of this band oc-
curs at 1772 keV, and the only higher-lying group with sufficient cross section to be 
assigned as the 3+ member lies at 1796 keV. The highly irregular level spacings in 
such a band could be explained by assuming an alternating term in the energy ex-
pansion arising from a diagonal </sf = 1|/?2I-̂  = —1> type matrix element 39); how-
ever, this term is expected to vanish for a simple axially symmetric rotor 39). A less 
radical assumption is that strong mixing with a close-lying KK — 0+ band, of which 
the 1627 keV level could be the 2+ member, might account for the energy perturba-
tion. While definite level assignments cannot be based on such ad hoc arguments, the 
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striking decrease in (d, p) cross section above 1800 keV excitation (figs. 3 and 7) 
closely resembles the pronounced cross section reduction between 500 and 1000 keV 
observed in the (d, p) spectra into the neighbouring 183W and 185W nuclei18). 
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Fig. 8. Two-neutron excitations in lf l2W, populating in the pick-up reactions using a 133W target. 
The letters A, B and C denote certain, probable, and tentative assignments, respectively. The transfer 
data indicate strong mixing for the bunds marked with asterisks (cf. subsect. 3.6). Well established 
band members known from other studies but not observed here are indicated as dashed lines. The 

low-lying unassigned levels populated in the transfer reaction are shown above the ground band. 

1696—— 

1478———6 4 , 5 2 2 " ~ 
1358—C—4 + 

.T. <J -Q R 
1386—— 

1295—-—5+
 K = 2 

I <20—-—2* "34——<i 
3—— 
K = 0 

-4* 

"GG3—— r ~ 
748-

-O* 1006—-— 3+ 
903—-— Z* K= 2 X-vibr 

[512], V [510] 

1345-
1221 
1(30 

1754*——— 
1637———7 " r 1677 5+

 K = 4 

,46 6- K-6 , 4 2 5 _ A _ v 

K = 3 

I 
1446———6 

-4 ' 
1285 5" 

" ^ IC - K 

K-2 Oct. vibr 
%lS03], £ [510] 

% (5!5].V (510] 

'64- -4* 
111 2 
O ——— 0* 184 w 

Fig. 9. Two-neutron excitations in l 8 4 W, populated in the l83W(d, p ) ' 8 4 W reaction. See also 
caption to fig. 8. For the InK = 4+4 level at 1754 keV cf. subsect. 3.9. 
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It is therefore very likely that the i[512], £[510] K = 1 band in 184W lies below 1800 
kfcV. The available data suggest that the 1613, 1772 and 1796 keV levels may be the 
1+, 2+ and 3+ members of this band, although the reason for the irregular level 
spacings must at present remain a matter of speculation. 

4. Summary 

The present transfer reaction study has provided significant new information about 
the level structure of 182W and ,84\V which is not readily obtainable in other experi-
ments. The level assignments proposed arc summarized in the level diagrams of figs. 
8 and 9, with our degree of confidence in each assignment indicated. AH the ,82W 
levels below 1960 keV populated in the pick-up reactions and all the 184 W levels below 
1600 keV populated in the (d, p) reaction have been interpreted and the expected two-
quasiparticle excitations, arising from the coupling of the £[510] target neutron with 
the other neutron orbitals known to be low-lying in this region, have been identified. 
The negative parity states observed in the present study involve Jhe coupl ng of 

N ~ 6(î ) neutrons with the £[510] target neutron. In ,82W several levels populated 
by / — 6 transfer have been identified, establishing f values of 6" or 7" and pro-
viding clear evidence for large N = 6(i¥), £[5I0j amplitudes. The transfer data 
demonstrate, more clearly than earlier radioactivity results, the presence of strong 
Coriolis mixing, which makes specific /̂ -assignments for these levels less meaningful. 
Valuable insight into the microscopic structure of the y-vibration and the next 

higher-lying Kn — 2+ band in each nucleus has also been obtained. Of particular 
interest is the second K — 2 excitation in 184W, which is identified with the known 
coliectivc P ~ 2+ level at 1386 kcV. The transfer results indicate that the microscopic 
composition of the 1386 kcV band is fairly similar to that of the y-vibration in the 
same nucleus, in accord with theoretical predictions. The occurrence of this second 
collective Kn ~ 2+ excitation in the TV = 110 nucleus ;svW is attributed to the par-
ticular location of the Fermi surface with respect to the neutron orbilals which most 
strongly contribute to the K — 2 excitations. 
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states in the wolfram nuclei and for carrying out, on our behalf, the specific calcu-
lations quoted in this article. 



I\ KUSINHEtNZ rf ul. 

Rcf«r«nccs 

1) Nuctcar l>,na HI (1966) «,>. I, a.-ul f«&rcm"c« ii»c»ctn 
2) J. I . Kapyia, E. G. i'Mftfe and I. W. Mtltcfcft. Nwrt. Vhys. A139 ( v m ) m 
3) V, a , Aitecv, tt. I. Gavrilml;. V.T. 0-1>. LatMwv,1. N. I.jwitji, Va. V. 

ami A. !. S»«ofeibi«»v. litv. Akad. Mauk SSSK Ji/.i 34 < m a j 213$ 
4) P. Oslain T. 0;iJ3«e»v.i, Z. N. V^nma, »«tt K. Sir^mewk*. KucJ. i'Hjs. 

M M (m*Jt m 
5) f». Gatoij, T. Galitnova »ml M. W K Afcatl. Nattfc SSSft t*rr. fl*.) 35 J? 
6) J, Clatx, K- IL G. ami F, a i r m a n , Vhn- W 
7) V. A, A. it. K1im?n!>ttt V. K, Msulsis^tsJ; A. t l'V«»|;lMov, Hull. Av;nl. Sci. USSR 

stfr.l 30 (I9G6) 
S) A. i t . Kukot, It. $m|?h. $, l>. Kins »mt II- \V. Tartar. N«<l. t»hv*. AI4? 545; 

M. W. Tsylof, J. !». ami li. Singfc, Ca». J, 4*> %Wt} 2614 
9) D, J. McMillan I t O. Ilehncr, U. I>. frkbasc and C W. Rdrtt, Al'C r«p«»« IN-140? m m M4 

10) f», Calan, Occfc. J. 
11) K« f , lister. R. H- Spewcr ami R. A. Italian. I'hy*. Rfv. 17$ f|«t6Tj t W 
12) C Samotu, J, Jttlicit, H. N. Alv**, & I S ^ f u j . J. M*rg<n»i«rff, Nad. P»j». AtSi* t iW/) 5Sf 
13) R. C. CiraimtuM! and C. \V, Rvtcli. AI'.C M|Wl ASCII-mil* <|9?|) 
14) K. Kttmar ami M. IfetwiKt. Ntwl, A m CHfesj 2?;* 
15) t \ Gtimlicr. I*. Klcinhctft/. R. | . t\i**c« ami it Wxk. Hud, Ph^. AMI 
16) W*T. M)!«vf. tK K, U, t . I*. t t X*xHmm<.t IV O. K^srl Al?? 

CI97I) t 
t?) W. I*. AtfofiS t>mt l>. Ck insvv- IKS { 
1$} R. r ; i * . amilinvl. fvv, i>.Ht. v̂ i. m>. I.* 

<1, R. S'stixllkf. «f 3 
20) S. €L D;$n Vnl ScKt, U* 
2t| A. t. T. K. liaiit. V, K w ^ M , t\ K. K*»«*»>», h 
22) I*. H- t?- IJ. \'«t>M3i» Nmi-
2J| t>. O. iltirU' anil |t. ivlho*, t'> v. l̂tt. V'H?. ft ii'Ĥi 
24) Ji. tt|«rt*haUn, J, It IUM;, A US i l ' i ^ s 241 
25) M, K. ««wi t*. Vojwt, H«tt At^L 5U>ji«5R W s f ^ j 2HO 

l>. H. l-'v̂-mKtn. t;. %U%tmiki A, Nml. Ĵ'̂vt,, *»$ U'if'fj ? 
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Analysis of the Levels of Os Populated by the (d, t) Reaction 

Roger Thompson and R. K. Sheline 
Physics Department, Florida State University, Tallahassee, Florida 

(Received 20 January 1972) 

A study of the levels of m O s below 1500 keV excitation has been made with the (d,t) reac-
tion, The states observed have been explained in terms of the unified model. The 4-T5101 
and f~l512] bands have been fitted with strong coriolis coupling. The K-1 y vibration built OK 
the ground state has been observed. Tentative observation is made of the K+2 y vibration on 
the ground state and the K~2 and K+2 y vibration built on the £~[512j band. Members of the 
£~[503J, £+l615], and £*1514] bands are identified. 

INTRODUCTION 

The isotopes of osmium lie in a s t rategic posi-
tion in the transit ion region around A = 190. The 
l ighter osmiums are sufficiently deformed that the 
cha rac t e r i s t i c s of the Nilsson Model1 may possibly 
be followed as the successively heavier isotopes 
become l e s s and l e ss deformed. The present 
l 8 8 Os (d , t)m work indicates in 187Os the prominence 
phonon s ta tes play in the nuclear s t ruc ture of this 
region. 

We have studied the react ion 1880s(d, f)187Os on 
the Flor ida State University tandem Van de Graaff 
fac i l i t ies . Deuterons with an incident energy of 
12 MeV impinged upon a thin, carbon-backed t a r -
get of 188Os, prepared on the Flor ida State Univer-
sity isotope separa to r . The tr i tons were detected 
by photographic emulsions mounted in a magnetic 
spectrograph.2 This react ion l imi ts us to studying 
only the neutron hole s ta tes in 187Os. However, 
the distinctive pickup c ross - sec t ion intensit ies 
coupled with the level excitation energies and the 
previous conversion-electron work3*4 gives enough 
information to make, in many cases , unambiguous 
wave-function assignments to the individual levels. 
This nucleus i s one of the more definitely deformed 
of the s table osmiums, and a s such, should be de -
scribed reasonably well by the unified model. The 
levels below 1 MeV can, indeed, be so descr ibed 
when account i s taken of s t rong coriol is coupling 
and s ingle-par t ic le , vibrational mixing between 
levels . 

EXPERIMENTAL PROCEDURE 

The fact that osmium i s a highly r e f r ac to ry m a -
ter ia l has discouraged at tempts in the past to 
make very thin ta rge ts suitable for cha rged-pa r -
ticle spectroscopy. A technique involving the ion-
ization of 0 s 0 4 in the Flor ida State University i so -

tope separa tor h a s enables us to produce a target 
of isotopically pure 188Os with a thickness qf a p -
proximately 15 i ig/cm8. The efficiency of this 
method of producing osmium ta rge t s is very low 
and required runs on the o rde r of 50 to 100 h on 
the separa to r . 

Runs were made for the 1880s(d, f)187Os reaction 
at 72.5, 80, and 90°. These angles were chosen to 
maximize the (d, t) c r o s s section. The basic p rob-
lem in this experiment , a f t e r the fabrication of the 
target , was obtaining sufficiently large peak c r o s s 
sect ions . For each run the target was exposed to 
20000 (iC of 12-MeV deuterons. The photographic 
p la tes were scanned in £~mm s t r ips , and a l ea s t -
squares fit to Gaussian peaks was made to d e t e r -
mine the experimental peak position along the focal 
plane of the spectrograph. The three spec t ra ob-
tained a r e shown in Fig. 1. The length of t ime in-
volved with each run made it impossible to ext rac t 
I - t r ans fe r values by doing a complete angular d i s -
tr ibution. The nature of the levels was determined 
by comparing the re la t ive c ros s sections and exci ta-
tions of the levels with the "f ingerprint pa t te rn" ex-
pected f rom the Nilsson model. The spins and p a r i -
t ies of the known levels obtained f rom previous 
conversion-electron work3 '4 were important in this 
analysis . This information led in many cases to 
unambiguous level ass ignments and tentative a s -
signments to mos t of the remaining s ta tes . 

The resolution (full width at half maximum) at 
al l th ree angles was about 16 keV. The only ob-
served impurity in the spec t ra was the ground 
state of the l3C(d, t)12C reaction. In Table I the lev-
e l s observed in the (d, t) react ion ore listed along 
with thei r excitation and c r o s s section. The ground 
state of 187Os was not observed; consequently, we 
have defined our energy scale by assigning to the 
very close §", §" doublet the accepted value of 74.5 
keV. These peaks in tha decay work4 have been 
shown to have values of 74.3 and 75.0 keV above 
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An exact t r e a t m e n t of the co r io l i s coupling6 be -
tween two bands whose K va lues d i f f e r by oue, 
g ives e igenvalues of 

E* LU) = UZE± &E [1 + (J-K)(l +K + 1){2Ax/6E)Y>2} , 

w h e r e XE = E(K,I) + E{K +1,1), and bE=E(K,I) 
-E(K + 1,I), E^K + 1,1), E(K,I) a r e the unper tu rbed 
e igenvalues and E"(I) and EL (/) a r e the h igher and 
lower of the e igenvalues of the mixed s t a t e s of 
spin I, r e spec t ive ly . AK i s the s t reng th of the c o r -
io l i s coupling, given by7 

Ak = faV2 Cf, K+ TCJ.A ( j - K)(j + K + l)]1'2, 
j 

FIG. 1. Spectra of the 188Os(rf,f)l87Os reaction. 

the ground s t a t e . Even though the peak i s an unre-
solved doublet in our work , i t de f ines (he energy 
s c a l e m o r e accura te ly than any o ther candidate . 
Cer t a in of the peaks in Table I a r e not seen a t a l l 
t h r e e angles . Those that a r e not obviously o c -
s c u r e d by i m p u r i t i e s have ve ry sma l l c r o s s s e c -
t ions . It i s poss ib le that poor s t a t i s t i c s i s the 
cause of the i r absence ; n e v e r t h e l e s s , the i r e x i s -
tance mus t be cons idered ten ta t ive . 

A. j- "[510] and -§- '[512] Bands 

These Ni lsson s t a t e s a r e such that they should 
not be cons idered s e p a r a t e l y . The band heads of 
the two s t a t e s a r e within 10 keV of each o the r , 
causing, a s a r e s u l t , the s t r o n g co r io l i s mixing 
between the i r ro ta t iona l m e m b e r s . The p rev ious ly -
accep ted level sequence5 of itie ro ta t ional m e m b e r s 
of these bands had been d e t e r m i n e d without exp l ic i t -
ly cons ider ing co r io l i s coupling. A s a r e s u l t , i t 
s e e m s apparen t that the leve l a t 351 keV h a s 
been i nco r r ec t l y ass igned to the -|-_[510] band. With 
the in format ion available then, the ass ignment was 
r ea sonab l e . The 1 " s t a t e a t 321 keV was unknown 
b e f o r e 1970. Using the p a r a m e t e r s E0 = - 1 6 . 7 keV, 
H 2 / 2 0 = 2 4 . 8 keV, and a = 0.046, one ca lcu la tes the 
ene rgy l eve l s fo r the K -k band a s shown in F ig . 2. 
The p a r a m e t e r s E0, d, a, and K a r e , respec t ive ly , 
the energy of the unper tu rbed band head, the m o -
m e n t - o f - i n e r t i a p a r a m e t e r , the decoupling p a r a m e -
t e r , and the pro jec t ion of the nuc lea r angular m o -
mentum onto the s y m m e t r y ax i s . The value of 
K2/2S i s quite a bit h igher than one would expect . 
F r o m compar i son with ad jacen t nuclei a value of 
about 18 keV i s expected. M o r e o v e r , the f" [512] 
i s seve re ly c o m p r e s s e d , necess i t a t ing a p a r a m e t e r 
value of fiz/28 = 13 keV. 

TABLE I. Relative energies and cross sections ob-
served in the 1880s(d, t )1870s reaction. 

Cross section 
Peak Energy Error (number of triton tracks) 

number (keV) (keV) 72.5° 80° 90° 

1 74.5 . . . a 329 40 0 381 

2 100 1 114 141 165 

3 332 2 35 42 47 

4 418 3 15 . . .b 29 

5 501 2 32 63 43 

6 593 1 174 209 207 

7 726 3 18 18 . . . c 

8 752 3 33 41 55 

9 836 4 23 23 35 

10 888 2 c 18 20 

11 933 6 13 15 15 

12 958 5 10 12 . . . c 

13 1005 6 . . . c 6 . . . c 

14 1048 6 . . . C . . . c 17 

15 1080 8 . . . c . . . c 14 

16 1110 5 8 24 41 

17 1246 5 11 9 30 

18 1354 3 . . . d 20 35 

19 1563 5 . . . d 8 , . . c 

20 1619 13 . . . d . . - d 9 
21 1647 12 . . . d . . . d 10 

a Excitation energy is normalized to this peak. 
b Obscured by the 13C{d, t)nC ground state. 
c Low cross section and poor statistics may have ob-

scured these. 
dObscured by the 188Os(d, rf)188Os ground state. 
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w h e r e Cit K i s the coef f ic ien t of the component of 
angula r momentum j in the Ni l sson wave funct ion. 
The wave funct ion of t h e s e s t a t e s i s 6 

w h e r e & I t K and K + 1 a r e wave funct ions of the 
p u r e Nilsson s t a t e s . a f L and b",L a r e the coe f i -
c i e n t s of mixing and a r e 

a f h ={ 1 + [±R + (1 +R2)l/Z ]2}"1/2, 

2Ak(I- K)(T+K + 1)' 

b?=-af, b\ = a". 

This a s s u m e s , a s is t r u e in the c a s e in quest ion, 
tha t the K+1 band head i s h igher in energy than 
the K band head. 

The calcula ted energy va lues of these s t a t e s w e r e 

fitted to the e x p e r i m e n t a l va lues by va ry ing the p a -
r a m e t e r s AK, KZ/26, and e 3 / 2 , which i s the u n p e r -
turbed energy of the §~[512] band head r e l a t i v e to 
the |~[510] band head. The b e s t f i t w a s obtained 
using AK = 17.3 keV, H2/20 = 18.0 keV, and e 3 / 2 = 30 
keV. The £"[510] b a n d ' s ro ta t iona l spac ing i s d i s -
turbed by i t s decoupling p a r a m e t e r a. In a l l c a s e s 
where the m e m b e r s of th is band have been ob-
se rved , the va lue of a has been very s m a l l . All 
a t tempts to m a k e a nonze ro in th is f i t t ing e i t h e r 
made the f i t w o r s e o r m a d e no pe rcep t ib l e i m -
provement . We have concluded that i t h a s a n e g -
gibly s m a l l e f f e c t on the level spac ings of t he se two 
bands. The ca lcula ted energy va lues , wave f u n c -
tion ampl i tudes , and spec t ro scop ic f a c t o r s a r e 
given in Table II , and the B{E2) va lues of the t r a n -
s i t ions between l eve l s a r e given in Table III. The 
resul t ing ca lcula ted energy leve l s a r e shown in 

•9/2" 595 

9/2" •506 

7/2~ 351 

9/2" 

7/2--
7/2~-

•284 

•351 
•332 7 / 2 - •326 

9/2' •304. 

5/2" •187 
7/2" •167 

7/2" 
5/2* 

191 
187 5/2* •182.4 7/2" •190 

3/2~- -74.4 5/2"-
5/2' 

-75.1 3/2" 
• 75.1 
-74.4 3/2" •74.3 5/2" -81,6 

.1/2" 3/2" 

1/2 "[5I0] 
•9.8 

3 / 2 " [512] 

-v y 
3/2--̂  
1/2-— 

EXPERIMENTAL 
LEVELS 

•10 •0 1/2" 3/2" •9.7 

1/2" [510] 3/2 "[512]' 
-v 
B 

FIG. 2. Comparison of the interpretation in Ref. 5, the levels of which are shown as Set A, and the interpretation of 
the present paper shown as Set B. Set A does not include coriolis coupling. The g [5101 band has sV2S=24.8 keV and 
a , the decoupling parameter, is 0.046. The |"[512l band has £2/20 =13.1 keV. Set B dees include coriolis coupling be-
tween the bands. In this set /j2/2fl = 18 keV, the decoupling parameter is zero, and the strength of the coupling between 
bands is AK = 17.3 keV. 
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TABLE II. Coriolis coupling of the f"[510] and f"[5l2) bands. 

/ 
E 

(keV) ai h 5/ (/xb/sr) (/ub/sr) 
! > • > 
(H b/sr) 

f 0. 1. 0. 0.00014 0.181 0.196 0.199 

9.7 0.560 0.825 0.002 95 7.4 8.1 8.2 

74.3 0.825 -0.560 0.1145 288 314 318 

kL 81.6 0.590 0.752 0.0964 96 110 130 

§.If 182.4 0.752 -0.590 0.00116 1.16 1.39 1.58 

& 190 0.620 0.740 0.00? 48 1.97 2.37 2.68 

\H 326 0.740 -0.620 0.0155 20.6 24.9 28.2 

H 304 0.637 0.730 0.013 85 2.06 2.75 3.7 

f* 506 0.730 -0.637 0.000 27 0.04 0.054 0.072 

Fig . 2. The calculated theore t ica l value of AK i s 
1 .025ff 2 /26 and i s in c lose a g r e e m e n t with the 
f i t ted va lue . 

The (d, t) c r o s s sect ion of individual s t a t e s 
i s modified by the coherent summat ion of the a m -
pl i tudes of the pure Ni lsson wave functions which 
make up these s t a t e s . The spec t roscop ic f ac to r 8 

f o r the mixing of these two bands i s 

CH.L __JL_ r lrl/2-[510l <T\I2~C5I0j 1 "2/+11 7 1/2 

+ 6,*XC?/| J8123 F3'2"^]2, 
w h e r e V is the pa i r ing p a r a m e t e r which i s the 
s q u a r e roo t of the probabil i ty that the pa r t i cu la r 
Ni l sson s ta te i s occupied. The H and L s u p e r -
s c r i p t s r e f e r to the higher and lower of the s ta tes 
with spin I, r e spec t ive ly . The (d, t) c r o s s sect ion 
i s given by8 

~{6) =3 .33(21+l )S z 4 t l { e ) > 

TABLE IH. Calculated B(E2) reduced matrix elements3 

for the mixed f"[510], f-~[512j bands higher level of B(E2) 
transition. 

f \H fx, t* iL f* 
f 0.246 0.538 0.275 0.446 • • • • • • 

f L ••• 0.835 0.580 0.101 2.28 0.0004 

\H 0.051 0.300 0.146 2.68 

fi. ••• • • • • • • • • * 0.276 0.234 0.0025 ^ 

ffr ... • • • 0.0166 0.186 
• • • • • • • « • • • • 0.024 

a Units are in e2b2. 

where I i s the spin of the r e s idua l n u c l e a r s t a t e 
and </>,(#) i s the in t r ins i c s ing l e -pa r t i c l e c r o s s 
sec t ion . The </>,(£) va lues have been de t e rmined 
f r o m a d i s to r t ed -wave Born-approx imat ion (DWBA) 
calculat ion with the computer code DWUCK. The 
optical p a r a m e t e r s used a r e given in Table IV, 
and the i n t r i n s i c s i ng l e -pa r t i c l e c r o s s sec t ions 
a r e given in Table V. Both the spec t ro scop ic f a c -
t o r s and the c r o s s sec t ions fo r the s t a t e s a r e g iv -
en in Table II . 

The only s t a t e s which a r e pred ic ted to have c r o s s 
sec t ions l a r g e enough to be detec ted a r e the •§•#, 
\ L , and \ H . The -§L level i s p red ic ted to be a t 
the l imi t of observabi l i ty but was not seen e x p e r i -
menta l ly . The •§•H and L leve ls a r e unresolved 
in our s p e c t r a ; however , the i r summed c r o s s s e c -
tion f i t s well the l a rge peak at 74.5 keV. Because 
the ground s ta te i s not observed in our r eac t ion 
th is l a r g e peak was chosen as the exci ta t ion s t a n -
da rd in each of our s p e c t r a . The •§•H and ~L l ev -
e l s a r e not observed and should not be . The ~H 
level is obse rved but not in the posi t ion commonly 
accepted f o r the 1 -i~[510] s t a t e . In the c o r i o l i s -
coupling calculat ion it i s imposs ib le to f i t the r e -
maining leve l s if the \ H level i s f i t ted to an exc i t a -
tion a s high a s 351 keV. The bes t f i t i s about 326 
keV. The re i s no observed s t a t e in o u r da t a at o r 
around 351 keV. Malmskog et al.4 in the i r r e cen t 
study of 187Os through the decay of 187Ir, found in 
addition to the leve l a t 351 keV a level a t 
332 keV. We also obse rve a s ta te at 332 keV; 
m o r e o v e r , this s ta te ha s p r ec i s e ly the expected 
c r o s s sect ion for the \ H level . We fee l that on 
the s t rength of th is evidence it i s r e a sonab l e to 
a ss ign the 332-keV level to the \H s ta te of the 
mixed }"[510] and f "[510] bands. The c h a r a c t e r 
of the s t a te a t 351 keV i s not eas i ly explained. In 
addition the y - r a y in tens i t i es which depopulate the 
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TABLE IV. Optical-potential parameters used in the 
DWBA calculations. For an explanation of symbols see 
Ref. a . 

V r 0 a W r0T rc 
Particle (MeV) (fm) (fm) (MeV) (fm) (fm) (fm) (fm) 

t 154 1.10 0.75 12 1.40 0.65 1.15 0.75 
d 86 1.15 0.87 12 1.37 0.70 1.20 0.87 

a M. Jaskola, K. Nybirf, P . O. Tjizfm, and B. Elbek, 
Nucl. Phys. A96, 52 (1967). 

TABLE V. Intrinsic single-particle cross section a 

calculated with the computer code DWUCK. 

4>t(61) 72.5° 80° 90° 

1 189 206 209 
3 50 60 68 
5 4.5 6 8 

a Units of (fib/sr). 

of this band a r e observed 1 0 with the a t 198 keV 
and the i§+ at 304 keV. In 189Os the level i s ob-
served 1 1 us ing both (d, p) and (d, t) r e ac t i ons a t 290 
keV; the level i s not o b s e r v e d . The a s s i g n -
ment of ^ 31+[615] to the 417-keV level consequen t -
ly s e e m s fa i r ly c e r t a i n and i s shown in F i g . 3. 

C. 7 -
"5" [503] Band 

"[503] Ni lsson configu-

two ~~ s t a t e s s e e m to imply that the 351-keV level keV. In 185W, the isotone of 187Os, both m e m b e r s 
i s the 1 i " [ 5 1 0 ] s t a te . Malmskog et al.4 also did a 
co r io l i s -coup l ing calculation on these two Nilsson 
bands . They f i t ted the i r p a r a m e t e r s to the y - r a y 
in tens i t i e s depopulating the s t a t e s r a t h e r than f i t -
t ing to the energy l eve l s . A compar i son of the 
B(E2) va lues ca lcula ted by us using our p a r a m e t e r s 
i s made with the i r f i t ted values in Fig. 3. The i r 
va lues of A* = 90 keV and %2(2fl =30 k e V a r e much 
l a r g e r than o u r s and a r e much f u r t h e r f r o m the 
theo re t i ca l va lues . It s e e m s that f i t t ing to the ex-
p e r i m e n t a l B{E2) va lues i s a l e s s sens i t ive device 
than f i t t ing to the level ene rg ies . Our calculated 
B{E2) va lues a r e in f a i r a g r e e m e n t with the i r s 
while the i r energy levels a r e not pa r t i cu l a r ly c lose 
to the exper imenta l va lues . 

An a t tempt was made to include in the cor io l i s 
coupling an exact t r e a t m e n t of al l of the N= 5 N i l s -
3on s t a t e s . The calculat ion was done using a c o m -
pu te r p r o g r a m of N. Onishi . The bes t f i t w a s ob-
ta ined using p a r a m e t e r s c lose to those we use in 
f i t t ing only the two bands. The f i t , however , i s 
not a s good. P e r h a p s this i s a manifes ta t ion of 
the e f f ec t noticed by Cas ten et al.9 in the cor io l i s 
coupling in the odd-A tungsten i so topes . They w e r e 
able to achieve a good fit only by introducing an a t -
tenuation ampli tude into the cor io l i s m a t r i x e l e -
men t . This ampli tude var ied f r o m band to band in 
a s y s t e m a t i c way, being unity c lose to the ground 
s t a t e and becoming p r o g r e s s i v e l y s m a l l e r a s the 
exci ta t ion energy i n c r e a s e d . It may be that in not 
incorpora t ing th is f ea tu re in our calculat ion we 
o v e r e s t i m a t e the e f fec t the Ni lsson s t a t e s a t high 
exci ta t ion have on the co r io l i s coupling nea r the 
ground s ta te . 

The band head of th is Ni l s son s ta te h a s been 
located in previous work4 , B a t 100 keV. The r e l a -
tive c r o s s sec t ions of the h igher ro ta t iona l m e m -
b e r s of th i s band p rec lude t h e i r obse rvab le popula-
tion in th is expe r imen t . The s t rongly populated 
s ta te observed at 100 keV i s c l ea r ly the prev ious ly 
observed band head of the ~ 
ra t ion . 

o.io 

0.08 

0.06 
CM jB 

' 0.04 

OJ ui 
5 O.OZ 

0.0 
2 3 4 5 6 7 8 / 1 2 3 4 5 6 7 8 

\ / 
2 3 4 5 6 7 8 

\ / 

B. 4f+[615]Band 

In previous work4 , 5 the band head of the ~ + [615] 
h a s been observed a t 257 keV. This i s the only l ev -
el of this band to have been observed in 187Os. The 
s m a l l Cit p r e c l u d e s any chance of detect ing the 
band head in our work . Near ly a l l of the s t rength 
i s in the ro ta t ional level . The only candidate 
f o r this s t a t e in this reg ion is the level a t 417 

FIG. 3. A comparison of the B(E2) values calculated 
from our fitted mixing coefficients with those of Ref, 4. 
Set A are the values from our calculation. Set B are the 
experimental values extracted in Ref. 4. Set C a re the 
values fitted by Ref. 4 to the experimental values to de-
termine the coriolis coupling parameters . The values 
in each set are: 1, £(JE2,fff — 2, B(E2,§H^ffl); 
3, B(E2,§H-±); 4, B{E2,%L-fi); 5, B(E2,§L 
6, J3(E2,§H—§.L); 7, B(E2, %L - £); 8, S(E2, — 
In set A a quadrupole deformation of 0.2 is used. In set 
B the deformation parameter is 0.15, 
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D. 7 Bands 

Normal ly , in a d e f o r m e d nuc leus one does not 
expect to populate v ibra t iona l s t a t e s with a s ingle -
p a r t i c l e t r a n s f e r r eac t ion . In a mic roscop ic i n t e r -
pre ta t ion 1 2 the y v ibra t ion in an odd-A nucleus i s 
a summat ion of many t h r e e quas ipa r t i c l e s t a t e s , 
the ampl i tude of any one being re la t ive ly sma l l . 
In gene ra l a t h ree quas ipa r t i c l e s ta te cannot be 
excited by the t r a n s f e r of one neut ron when using 
an even-even t a r g e t . If , however , t he r e ex i s t s a 
s i n g l e - p a r t i c l e s t a t e which i s connected to the 
Ni l sson s t a t e upon which the y band i s built by a 
l a r g e E2 m a t r i x e lement , then th i s s i ng l e -pa r t i c l e 
s t a t e i s s t rongly mixed into the y band.1 3 It i s p o s -
s ib le to de t ec t the v ibra t iona l s t a t e with a s i ng l e -
n u c l e o n - t r a n s f e r r eac t ion by populating this a d -
mixed s i n g l e - p a r t i c l e level . If only one s ing l e -
p a r t i c l e s t a te i s predominant ly mixed into the y 
band, the " f i n g e r p r i n t " pa t t e rn obse rved will be 
l a rge ly that of the admixed s i ng l e -pa r t i c l e s t a t e . 

Th i s phenomenon c l ea r ly o c c u r s in the ca se of 
187Os. The bands £"[510] and f~ [512 ] a r e c lose ly 
ad j acen t and have re la t ive ly l a rge E2 m a t r i x e l e -
m e n t s coupling them. The K-2 y band built on the 
ground s t a t e i " [ 5 1 0 ] wil l have mixed into i t the 
• |"[512] l eve l s and should be seen in the (d, t) r e a c -
t ion with the c h a r a c t e r i s t i c " f i n g e r p r i n t " pa t t e rn 
of the §-[512] band. The f " l eve l a t 501 keV, the 
593-keV, and the 752-keV leve l s a r e i n t e r p r e t e d to 
be the K-2 band head, the f " ro ta t iona l l eve l , 

and the ro ta t ional level , r e spec t ive ly . The level 
spacing and c r o s s sec t ions a g r e e v e r y well with 
what i s expected fo r the K-2 y band built on the 
ground s t a t e . The spin and pa r i ty of the 501 
keV h a s been prev ious ly de t e rmined f r o m decay 
work.3*4 The 593-keV level i s probably the level 
s een by Malmskog et al.4 a t 586 keV. They find 
that th is s t a t e i s coupled to the 501-keV s t a t e by 
a l a rge y - r a y t rans i t ion which indica tes that the 
c h a r a c t e r s of the two l eve l s a r e s i m i l a r . The 
752-keV level ha s not been obse rved p rev ious ly , 
but the c r o s s sect ion and exci ta t ion energy points 
s t rongly to i t s m e m b e r s h i p in the K-2 y band. 
H ighe r - sp in m e m b e r s of th i s band have v e r y low 
c r o s s sec t ions and a r e not expected to be obse rved . 

The s i tuat ion with r e s p e c t to the K+2 y band built 
on the ground s ta te i s l e s s c l e a r . The band expec t -
ed to be m o s t s t rongly mixed into this v ibrat ional 
s t a t e i s the - |"[512]. The fac t that only the r o -
tat ional m e m b e r h a s a c r o s s sect ion suff ic ient ly 
l a r g e fo r observa t ion m a k e s the a s s ignmen t of th is 
band d i f f icu l t . F o u r m e m b e r s of this band with the 
•§•" band head at 888 keV have been observed by 
Cas t en et al.10 in 185W, the isotone of 187Os. Level 
s y s t e m a t i c s indicate that th is band should l ie higher 
in excitat ion in 187Os. T h e r e a r e no good candidates 
f o r th is band observed in the expected region . 
T h e r e i s a level at 836 keV which gives a K-2, 
K+2 spl i t t ing of 182 keV when in t e rp re t ed a s the 
i " m e m b e r of the K + 2 y band buil t on the -i.~[510]. 
This spl i t t ing c o m p a r e s with o ther y-band sp l i t -
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FIG. 4. Levels in 187Os. Those levels which have been observed in previous conversion-electron work are identified 
by the triangular flag on the left-hand side of the level. The degree of population in the (d,t) reaction is indicated by the 
length of the heavy bar on each level. 
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t ings : l05Ho, 172 keV1 4 and l 6 7 E r , 180 keV. 1 5 It i s 
d i f f icu l t to explain, however , why the i " , and in 
p a r t i c u l a r , the •§." band head a r e not seen in the 
decay of 1 0 7Ir. The (d, t) s t r eng th of the level i s 
somewhat s m a l l e r than one expec t s f o r a p u r e s i n -
g l e - p a r t i c l e s t a t e ; m o r e o v e r , the band a p p e a r s 
pushed down f o r m the excitat ion energy p red ic ted . 
On th i s evidence we make a tentat ive ident i f icat ion 
of the 836-keV level with the ro ta t ional m e m b e r 
of the K+2 y band buil t on the ground s t a t e mixed 
with the | " [ 5 1 2 ] band. 

The level a t 726 keV, which has a re la t ive ly 
s m a l l (d, t) c r o s s sec t ion , h a s been with va r ious 
evidence ass igned va r ious sp ins of i " , and 

by o the r s . 3 ' 4 No expected s i ng l e -pa r t i c l e band 
can be a s soc ia t ed with this l eve l . Unless th is can 
be identif ied a s the ~~ rota t ional m e m b e r of the 
K-2 y band bui l t on the |~ |512] band, no a s s i g n -
ment i s eas i ly made . The s i ng l e -pa r t i c l e s t a te 
predominant ly mixed with the K-2 y band on the 
•§•"[512] band i s the £ ' [510], which cont r ibutes i t s 
c h a r a c t e r i s t i c " f ingerpr in t p a t t e r n " to the y band. 
Unfor tunate ly , only one s t a t e i s p red ic ted to be 
obse rved : the level . The fact that the i-" band 
head, and the m e m b e r of th i s band, a r e not 
seen in the p rev ious decay work c a s t s doubt on 
th i s specula t ion . 

E. £ 1514] Band 

In a Ni lsson d i ag ram one s e e s that the spl i t t ing 
between the ^"[514] and i " [ 5 1 0 ] bands should r e -
main f a i r ly constant with changing de fo rma t ion . 
Consequent ly , th is band will in a f i r s t a p p r o x i m a -
tion have an exci tat ion cor responding to the sp l i t -
t ing of the bands in the isotonic nucleus 18SW, 1034 
keV.1 0 The spec t roscop ic f a c t o r s a r e such that o n -
ly the and •§" leve ls have suff ic ient s t r eng th to 
be de tec ted . There exis t two poss ib le pos i t ions 
f o r this band f r o m the exper imenta l evidence. One 
a s s igns the l " band head to the 1080-keV level and 
the •§" s t a t e to the 1246-keV level; the o ther a s -
s ignment puts the s t a t e a t 888 keV and the •§•" 
s t a t e at 1048 keV. Both i n t e rp r e t a t i ons f i t equally 
wel l the r e l a t i ve c r o s s sec t ion and energy spacing 
expected. It may be that the lower band can be a s -
socia ted wi |h the K+2 y v ibra t ion buil t on the 
f~ [512] band. The s ing l e -pa r t i c l e s ta te which is 
expected to mix mos t s t rongly into this v ibra t ion 
i s the | "[514]. In th is ca se , it may be that both 
bands a t 888 and 1080 keV have a mixed ^"[514] 
plus v ibra t ional c h a r a c t e r . 

F. Other Levels 

The f ~ m e m b e r of the | -"[505] band can be ex -
pected to be s e e n . A Ni lsson calculat ion l eads one 

to look f o r th is s t a t e in the neighborhood of 900 
keV. It i s not imposs ib l e that one of the unass igned 
l eve l s a t 933 and 958 keV may be identif ied a s th i s 
s t a t e . The f ac t that t he se leve ls a r e not s e e n in 
the decay work may indicate that they a r e not l ow-
spin s t a t e s . The re does not a p p e a r , however , to 
be su f f i c i en t evidence to make th i s a s s i g n m e n t . 

The m e m b e r of the f + [ 6 2 4 ] band might a l s o 
be expected to be s e e n , probably around 700 keV. 
T h e r e i s no evidence a t a l l f o r i t s obse rva t i on . 

The level a t 987 keV seen in the decay of 
ia7jr3,4 i s n o t populated in the (d, t) r e ac t i on , p e r -
haps an indication of a p u r e co l lec t ive n a t u r e . The 
1112-keV level seen in the decay work probab ly 
c o r r e s p o n d s to our leve l a t 1110 keV. The s t a t e h a s 
a re la t ive ly l a rge (rf, t) c r o s s sect ion but f i t s into 
no obvious i n t e rp re t a t i on . In l 8 9Os the i " [ 5 2 l ] 
band is seen a t 688 keV1 1 and in w s W the band b e -
gins at 1013 keV.1 0 In 187Os one would expec t to 
s e e th is somewhere in th is reg ion . The a b s e n c e 
of th is band with i t s d i s t inc t ive " f i n g e r p r i n t p a t -
t e r n " i s puzzling. 

CONCLUSION 

The p r e s e n t work ind ica tes how e s sen t i a l the 
r o l e played by the one-phonon y band i s in u n d e r -
s tanding the s t r u c t u r e of the odd-A o s m i u m i s o -
topes in th is reg ion . Of the nine bands in lB7Os 
which a r e a t l e a s t tenta t ively ident i f ied in th i s 
s tudy, only two, the ^" [503] and the ^ + [615] , a r e 
i n t e r p r e t e d as not having l a r g e phonon a d m i x t u r e s . 
An in t e r e s t i ng obse rva t ion i s that the K-2 y band 
bui l t on the i~[510] band a t 501 keV has a l a r g e r 
(id, t) c r o s s sect ion and t h e r e f o r e a l a r g e r s ing l e -
p a r t i c l e component of the |-~[512] band than d o e s 
the band at 10 keV. A s a consequence , one i s led 
to the conclusion tha t the lower band a t 10 keV h a s 
m o r e of the col lect ive y -band c h a r a c t e r i s t i c s than 
does the band a t 501 keV. 
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The anomalous behavior of the rotational motion in high spin states of deformed nuci i is ascribed to a combina 
tion of both Coriolis-anti-pairing (CAP) and hybridization of decoupled band (HDB). Calculations suggest that the 
CAP effect should be most important for light nuclei, the HDB effect for actinide nuclei while the two effects 
should compete in the nuclear region 100 < A < 190. 

Recent measurements [1-4] of the E2 gamma 
cascades involving high spin members (up to 22+) of 
the ground state rotational bands of deformed even 
rare earth nuclei show dramatic decreases in the val-
ues of7z2/2<7 over the region of a few relatively high 
(e.g., 14+ 12+ and 16+ 14+) spin values of the 
cascade. In a few cases (i.e., 158Er, 160Er, 162Er, 
164Yb, 166Yb and 168Hf) nuclei exhibit the charac-
teristic which has come to be known ss "back bend-
ing" in which transitions involving higher spins 
(16+ 14+ in 162Er) actually have a smaller rotatio-
nal energy than transitions involving lower spins 
(14+ -* 12+ in 162Er). 
This exciting experimental phenomenon was pre-

ceded by a possible explanation for the effect. Al-
ready by 1960 Mottelson and Valentin [5] had 
pointed out that as the spin of the ground state ro-
tational band increases, with corresponding increase 
iii the frequency of rotation of the nucleus, the cor-
relation due to the pairing force would cease at 
some critical value of the spin, /crit, as a result of the 
coriolis-anti-pairing effect (CAP) [6] resulting in an ab-
rupt phase change from superfluid (paired) to non-

<•; superfluid (unpaired) states. The situation is shown 
schematically in fig. la in which a plot of the energy 
versus /(/ + 1) is presented for two pure rotational 
bands (no rotation-vibration or other interaction is 
included). The paired ground state rotational band 

* Nordita Professor in Lund, 1972: this work was also sup-
ported by the USAEC. 

z 

6 20 42 72 110 156 210 272 342 1(1+1) 

0) 2 
£ CM 

Fig. 1. A schematic drawing of the dramatic increase in the 
moment of inertia, 9, for the ground state band of even even 
deformed nuclei. Fig. la presents a plot of the energy versus 
1(1 + 1) for the ground state and a higher lying rotational 
band, whereas fig. lb shows the corresponding plot of the 
moment of inertia, 29/fr2 versus (fioj)2 where « is the angular 
velocity. Increase in mixing between the bands is shown with 
solid (no mixing), dotted, dashed and dotted-dashed (maxi-
mem mixing) lines in both la and lb. It should be noted that 
fig. la and lb represent either the coriolis-anti-pairing (CAP) 
effect or the hybridization with decoupled band (HDB) ef-
fect depending on the character of the excited band. 
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labeled h2/29normai /(/ + 1) is crossed by the un-
paired rotational band with the parameters 
ft2/29rig + 1) at the /crit spin. Because of the 
unpaired nature of the higher band and its cor-
respondingly higher moment of inertia, it inevitably 
must cross the ground state band. In considering 
the CAP process, then, the only questions which re-
main are what value of /crit is anticipated and how 
much mixing of the two bands is to be expected (re-
presented in fig. la by dashed-dotted, dashed and 
dotted lines.) 
The usual method of displaying the dramatic 

changes in moments of inertia is presented schemat-
ically in fig. lb. The values of 2<7/7?2 are plotted 
against (hco)2 where w is the angular frequency. The 
correspondence between the two types of plots in-
cluding the mixing of the two bands is easily seen by 
a comparison between figs, la and lb. In particular, 
the "back bending" represented in fig. lb by the 
dotted line arises when there is very little mixing 
between the paired and unpaired bands so that the 
break in fig. la is quite sharp rather than gradual. 
Actually, both "back bending" and gradual transitions 
represented by the dashed-dotted curve in fig. lb are 
experimentally observed [1-4]. 
Recently Stephens and Simon [7] have pointed 

out an alternative to the CAP effect. In this alterna-
tive a low lying coriolis energy compressed two 
quasiparticle band from a high spin orbital takes the 
place of the unpaired band with the rigid moment 
of inertia of the CAP effect. The schematic represen-
tation for the effect of Stephens and Simon which 
we will call hybridization with decoupled band (HDB) 
is equally well represented by fig. la and lb as is the 
CAP effect. 
The question naturally arises then how these two 

processes compete with each other in the explanation 
of the experimentally observed phenomena of /crit 
and "back bending". In this regard it is instructive to 
consider the A -dependence of the two effects. 
It should be implicit in the discussion that no sim-

ple A - dependence of /crit can be expected to fit ex-
periment. Instead/crit should have a complex micro 
structure because of a number of parameters in both 
the CAP and HDB effects which vary erratically over 
a short A -region (e.g. from one closed shell to the 
next). This fact is emphasized in what follows by the 
calculation of a smooth curve for the A -dependence 

of /crit for the CAP effect which leads naturally to 
such a simple closed form -dependence, whereas in-
dividual values of /crit are calculated for deformed 
nuclei over a wide region of A for the HDB effect 
using the experimental values of parameters. Variation 
in the smooth trend in /crit is obvious even in the 
clearly rotational regions for the HDB effect Even 
greater variations are expected for nuclei close to 
closed shells. Similar variations are also expected for 
the CAP effect. 
Mottelson and Valatin [5] originally estimated 

the value of /crit * in the CAP effect by considering 
the equation: 

Ti2 h2 
ĉr it (-'crit + 0 ~ (1) ^̂ normal ^̂ rig 

n̂ormal anc* 2xi<> are norma^ an(3 rigid moments 
of inertia; A is the pairing energy and d is the spacing 
between the Nilsson orbits near the fermi surface. 
However, since « 2^normal in nuclear regions as 
widely varying as ,4 ~ 20 and ,4 ~ 260, the first term 
of eq.(1) 
^Wnormal - »2/22ri* * 36 MeVM5/3. 
Furthermore, 

HAMeY/A1!2 
(2) 

(3) 
and 
d^ 63 MeV/A. (4) 
Putting eqs. (2), (3) and (4) in eq.(l), one obtains 
Wcrit +1)^0.0573^5/3. (5) 

On the other hand a lower limit for /CTit can be 
calculated for the HDB effect of Stephens and Simon 
[7] using the equation 

ft2 

XT ĉrit(̂crit + 0 <J normal 
~h2 

"̂ normal 
+ 6 

[~/38.5/3(2/—1) "I (4/- 2) + 2 ; I' + A2 
1/2 

fi2 
(/crit-2/+l),>0 

X K-̂crit — 2/ + 1) (/crit - 2; + 2)] (6) 

£ See next page. 
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Cri t i ca l spin ( I c r i t ) 

Fig. 2. Comparison of the /4-dependence of / c r j t for coriolis-
anti-pairing (CAP) and hybridization with decoupled band 
(HDB) effects using eqs. (5) and (6) respectively. The solid 
line gives the ,4-dependence for the CAP effect whereas the 
points with arrows (indicating they are lower limits) give the 

-dependence for HDB effect. The scatter of the points in 
the HDB effect results because experimental parameters have 
been used in eq. (6) (see text). 

where the first and second terms to the right of the 
equality sign are the rotational energy and lower limit 
to the particle energy respectively, / is the maximum 
value observed for either proton or neutron orbitals 
in the shell region under consideration, /3 is the de-
formation and all other symbols have the same signi-
ficance as in eq. (1). The last term in cq. (6) is zero 
because of the kroniker delta except when /crit — 
2/ + 1 > 0. The values of /crit have been calculated 
for = 8, 20, 102, 126, 160 and 240 using the ex-
perimentally observed parameters in eq. (6). The de-
formation, has been assumed to be 0.3, 0.4,0.6, 
0.2, 0.3 and 0.27 for A = 8, 20, 102, 126, 160 and 
240 respectively. The calculated values of/crit are 
lower limits because in the experimental situation 
decoupling may not be complete and the decoupled 
band in general will not be found immediately adja-
cent to the fermi surface as assumed in eq. (6). 
The A -dependence of /crit for the CAP effect (eq. 

(5)) is presented as a smooth line and compared with 
the calculated lower limits for the HDB effect (eq. (6)) 
presented as individual points in fig. 2. It is immedi-
* The value of / c r j t used here corresponds to the point at 

which the moment of inertia, is changing at the maxi-
mum rate and not the point at which it reaches the 9 rjg 
value or observably departs from 9 normal a r e u s e d 

others. 

ately obvious from the .4-dependences in fig. 2 that 
the CAP effect will be relatively more important at 
lowv4 and the HDB effect at high/4. 
The actually calculated values for presented 

in fig. 2 agree well with experiment. In the rare earth 
region the calculated values, 12.5 and 15.9 for the 
HDB and CAP effects respectively, approximately 
span the observed values. Furthermore, experimental 
plots of 2̂ jffi versus (Tzco)2 published elsewhere [8] 
of the A regions ~22, ~ 102 and ~ 126 suggest ex-
perimental/crit values of ~3, 8-10 and 10—12 res-
pectively, in approximate agreement with the values 
calculated by the CAP or HDB effect, whichever is 
lower. This suggests that the CAP and HDB effects 
may compete in the region 100 <y4 < 190 with the 
HDB effect more important for the actinide region 
and the CAP effect more important for the lightest 
nuclei. 
However, it must be recognized that the approxi-

mations made in deducing eqs. (5) and (6) make the 
quantitative calculation of /crit presented here some-
what uncertain. Indeed the experimentally observed 
variation in /crit observed in the rare earth region 
[1- 4] and more recently in the A ~ 126 region [8, 
9] (although it is not large) indicates clearly that even 
among the well deformed nuclei there are other pa-
rameters affecting /crit which do not vary smoothly 
with In particular, the variation of/crit with ,4 
should show a micro structure within the shell for 
both the CAP and HDB effects because of the micro 
structure in A and ̂ 2/2 n̂orma|. For example, it is 
clear that there is a pronounced shell eiTect on 7crjt 
with considerably lower values [10] for/crit close to 
closed shells largely as a result of the increase in 
tP-j29normal as shells are approached. Further-
more, the variation in d for the CAP effect and the 
position of the fermi surface relative to j in the HDB 
effect will augment this micro structure. Indeed both 
the position of / with respect to the fermi surface and 
the increase in #2/2^normai suggest thai for higher A 
nuclei the HDB effect will be relatively more impor-
tant for transitional nuclei (in the intermediate region 
between spherical and deformed nuclei) than the CAP 
effect. It is, however, beyond the scope of this paper 
to attempt a detailed calculation of the micro struc-
ture of the CAP and HDB effects. Instead, we must 
content ourselves with the cruder calculations pre-
sented, which appear to be valid in spite of their micro 
structures. 

461 



Volume 47B, number 5 PHYSICS LETTERS 10 December 1973 

Crucial suggestions for this manuscript, particularly 
with regard to the CAP effect, were made by Prof. 
B.R. Mottelson, and for the HDB effect by Dr. F.S. 
Stephens. Helpful discussions wit*i Professors A. Bohr, 
A. Faessler, S.G. Nilsson, and Drs. A. Johnson, P. 
Kleinheinz, J. Krumlinde and A. Sobiczewski are 
gratefully acknowledged. 

References 

[1J A. Johnson, H. Ryde and S.A. Hjorth, Nucl. Phys. 
A179 (1972) 753; 

see also A. Johnson, H. Ryde and S.A. Hjorth, Phys. 
Lett. 34B (1971) 605. 

[2] P. Thieberger et al., Phys. Rev. Lett. 28 (1972) 972. 
[3j R.M. Lieder et al., Phys. Lett. 39B (1972) 196. 
14] H. Beuscher et al., Phys. Lett. 40B (1972) 449. 
[5] B.R. Mottelson and J.G. Valatin, Phys. Rev. Lett. 5 

(1960) 511. 
[6] A. Faessler, W. Greiner and R.K. Sheline, Nucl. Phys. 

62 (1965) 241. 
[7] F. Stephens and R. Simon, Nucl. Phys. A183 (1972) 

257. 
[8] R.K. Sheline, Nucl. Phys. A195 (1972) 321. 
[9] P. Taras et al., European Conf. on Nuclear physics, 

Aix-en-Provence (1972), ed. M. Porneuf. 
[10] E.R. Marshalek, Phys. Lett. 38B (1972) 367. 

462 





Reprinted from 

PHYSICS LETTERS 

Volume 44B, No. 5, 28 May 1973 

A DESCRIPTION OF DECOUPLED BANDS USING THE ANGULAR MOMENTUM 
PROJECTION METHOD APPLIED TO THE COHERENT PHONON STATE** 

A. IKEDA* and R.K. SHELINE 
Department of Physics, The Florida State University, Tallahassee, Florida, USA 

and 
N. ON1SHI 

Institute for Nuclear Study, University of Tokyo, Mdori-cho, Tanashi-shi, Tokyo, Japan 

pp. 397 - 400 

N O R T H - H O L L A N D P U B L I S H I N G C O M P A N Y 

A M S T E R D A M 



BLANK PAGE 



Volume 47B, number 5 PHYSICS LETTERS 10 December 1973 

A DESCRIPTION OF DECOUPLED BANDS USING THE ANGULAR MOMENTUM 
PROJECTION METHOD APPLIED TO THE COHERENT PHONON STATE* 

A. IKEDA* and R.K. SHELINE 
Department of Physics, The Florida State University, Tallahassee, Florida, USA 

and 
N. ONISHI 

Institute for Nuclear Study, University of Tokyo, Midori-cho, Tartashi-shi, Tokyo, Japan 

Received 18 April 1973 

The decoupled bands of the odd-v4 La-isotopes are described by the angular momentum projection method. The 
coherent phonon state is assumed for the intrinsic wave function of the core. The present model covers the particle-
vibrator and the particle-rotor coupling model. The results are in good agreement with the experimental energy spectra. 

Recently [1, 2] a previously unknown type of rota-
tional band has been found in a number of odd-yl La-
isotopes using in-beam spectroscopy of the type [ 1] 
Sn(14N,xn7)La and one proton transfer reactions on 
Ba [2]. Two unique features of this F = 11/2~ band 
is that the spin of the members increases with energy 
giving rise to the sequence 11/2", 15/2", 19/2"... 
and that the energy spacings of this sequence are sur-
prisingly similar to the<0+, 2+, 4+ sequence of the 
quasi rotational ground state band of the Ba isotope 
with one less proton. This band has been called [1] a 
decoupled band. 
The first theoretical explanation by Stephens et al. 

[1], involving the diagonalization of the Coriolis for-
ce in the Bohr-Mottelson strong coupling scheme, met 
with considerable success. Then the same Hamiltonian 
was diagonalized [3] in Vogel's particle-rotor coupling 
scheme [4] with similar qualitative success. These cal-
culations are essentially the same in spite of their dif-
ferent coupling schemes and explain the decoupled 
nature of this band. If we compare the matrix elements 
of ref. [3] with those of the usual particle-harmonic 
vibrator coupling model, we learn that the correct par-
ticle-core coupling should be of particle-rotor type, in 
which the core states are connected with each other by 
E2 matrix elements of a rigid rotor. Although the calcu-

* Work supported by the U.S. Atomic Energy Commission. 
* On leave of absence from Department of Physics, Tokyo 

Institute of Technology, Oh-okayans* Megmo, Tokyo. 

lations of refs. [1,3] are successful in explaining the 
decoupling nature, they cannot be quantitative be-
cause they assume a rigid rotor for the core while in 
fact E^+/E2+ range from 2.83 (124Ba) to 2.29(136Ba). 
Whereas it is clear that it is possible to use the exper-
imentally observed energies for a core while keeping 
the rotor type particle-core coupling, this procedure 
is neither very consistent nor aesthetically pleasing. 
In order to get rid of the assumption of a rigid rotor, 
or phenomenological insertion of experimental ener-
gies, the use of the angular projection method is par-
ticularly appealing because it is able to reproduce a 
wide variety of poor rotor spectra. In this note, we 
use the angular momenturti projected states out of a 
coherent phonon staterfor the quasi rotational ground 
state bâ d of the core. This model for the even-even 
nuclei was introduced by Haapakoski et al. [5]. A 
similar use of the coherent phonon state was proposed 
by Onishi to renormalized the core effect in the gene-
rator coordinate method applied to the nuclear qua-
druple collective motion [6]. The quasi rotational 
ground state band is described in terms of the wave 
functions projected out of a coherent phonon state 
onto angular momentum eigenstates, 

(D 
where Nj is the normalization constantand/Jw is the 
rotation operator. The intrinsic state, |0>, is the co-
herent phonon state 
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|0> = exp(y»|o]|0>, (2) 
where is the creation operator of the quadrupole 
phonon. The energies relative to the ground state are 
given by 

where Hc = Cj ^ 
(3) 

•2 32tt4 

X /dnfldfldJoCO^CflJexpya^®)] . (4) 
0 

The energy expression (4) is just the same as the one 
which appeared in the parametrized generator coordi-
nate method of Onishi et al. [7]. In view of this fact, 
it would be reasonable to identify the intrinsic wave 
function, |0>, as the BCS ground state wave function 
based on the Nilsson crbits. If we confine our interest 
to the decoupled band, it is sufficient to consider only 
the Nilsson orbits originating from Oh^j shell model 
state for the last odd proton. These orbits can be re-
garded as eigenstates of the operators/2 and/z to a 
good approximation [1,4], further assume that all of 
these orbits are particle orbits, i.e., u^ = 1 and û , = 
0. This should be a reasonable assumption for the La-
isotopes. Then we get 

o V 

CM 
CM 
CM 

in in en 

01 m O 
N 

2 2 

S OB 

CD K> 

CM <* 
in 

<o «o 
CM 

m 
in 

10 09 CM 
o en 

00 
CM 
CM 

tol o to 

m m m 

CD ID 
m to 

in to 

<n O) 10 B 
\ 2 r 

m m col 
« CM 

UJ 

IO o o o m 10 
N 

O u 

o ml 
CM! 

o m 
CM 

u o O 
o ffl a. * 

Cjm 10 > = 0, for the / = hnf2 proton, (5) 
i ~ t 

instead of a.jm |0> = 0 where Cjm and Ojm are the anni-
hilation operator fcfr a nucleon and a quasi particle, 
respectively. Condition (5) is equivalent to the assump-
tion that the orbits arising from the Ohjĵ  shell model 
state are not involved in forming the core. This means 
physically that the effect of the intrinsic deformation 
on the single particle orbits is neglected. We use the 
following basis wave functions: 
|jJ;IM>= E(JmJn\IM)clm^ (6) 

mix 

Fig. 1. The results of the presgnt calculations axe shown for 
the decoupled bands as well as the experimental energy spec-
tra. Core states up to / = 18+ are included. Theoretical and ex-
perimental energy spectra are also illustrated for even-even Ba-
isotopes. The parameter/used in the calculation for each odd-
A La-isotope is fixed by reproducing E2+ and E4+/E.2+ of A—l 
Ba isotope. 
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Fig. 2. The quantity R = eQ2+/[5(E2,2-+ 0 ) ] l / 2 in the pre-
sent model is plotted as a function o f / ( fu l l line). The rigid 
rotor values for R are shown by dashed lines. 

The Hamiltonian of the total oddvl system is 

H = HC + J}e}cfmc 
Um jm 

(7) 
where is the shell model single particle energy. The 
matrix elements of the Hamiltonian (7) are easily ma-
nipulated to give 
<iJ'jM\HWJM> = 
(e}.+Ej)8jf-(-y+J-J\/(2j+ 1)(2V> 1) 
X WQjJ'J; 2I)<i\\V(r)Y2lp<j'Wb+b+U), (8) 

where 
<j'\\b+b+m= 

32rr4 NjNf (/0 2 01/0) V(2/+l)(2/'+l) 
XfJ sin0d01̂ (6) + dj>)] exp . (9) 

The parameters/and Cj of eqs., (4) and (9) are ob-
tained by reproducing E2+ and Ê +/E2+ of the even-
even core. A reasonable form factor V(r) of the parti-
cle-core interaction can be obtained from the quadru-
pole-quadrupole force [8] 

Ht — 4 - x S (10) 

Applying the standard technique, which is used in ob-
taining the transition operator in terms of phonon 

operators, we get the same particle-core coupling as 
appeared in eq. (7) with 

V(r) = X -R: 2 47T Jy2 r25co b2 ' 1 (ID 

where B is the mass parameter for the harmonic vibra-
tion and fico is the phonon energy. The value \Jh/2B<x> 
can be obtained from the B(E2) value of the even-even 
core. We have used Grodzin's semiempirical formula 
for the life time of 2+ state [9] 
7X2+ -> 0+) « 3 X 1 01qE4Z2A ~1 see"1 , 
to fix the value. Eq. (80) of ref. [8] is used in deter-
mining X- It should be noticed that, as/0, the pre-
sent model tends to the usual particle-harmonic vibra-
tor coupling model in the space where only the state 
with the largest spin occurs for each vibrational state, 
i.e. only J~2N state for the Af-phonon states. 
The results of the numerical calculations are shown 

in fig. 1, in which the energies of the lowest 11/2~ 
state are set equal to zero. Positive values are assumed 
for/, which correspond to prolate deformation. The 
agreement with the experimental energy spectra are 
good except for a scaling factor. The scaling factor may 
have resulted from assumption (5) in which the defor-
mation effect on the single particle orbits is neglected. 
We are now attempting a calculation which includes the 
effect of the deformation on the single particle orbits. 
This calcultion, if successful, will be reported later. 
It turns out that the matrix elements of the quadru-

pole operator are surprisingly similar to those of the 
rigid rotor model for all spins involved. As an example 
the ratios of the quadrupole moment of the first ex-
cited 2+ state, Q2+, to 5(E2, 2+ 0+) are plotted as 
a function off in fig. 2. We see that the ratio is very 
close to that of the rigid rotor model even at l/l —1.8 
which corresponds to J5,4+/̂ 2+ = 2.28. This is the rea-
son why the present model should be successful in ex-
plaining the decoupling nature of the band over widely 
differing nuclei. 
We have seen that the particle-core coupling in the 

present model is of the particle-rotor type for the nu-
clei of E4+/E2+ = 2.4 to 2.8. In view of the present 
success, this kind of particle-core interaction may be 
essential for many poor rotor nuclei and apply to con-
siderably more nuclei than previously thought. 
The authors are grateful to Professor S. Yoshida for 

his interest in this work and his encouragement. 
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Abstract: Ground state moments of inertia and collective gyromagnetic ratios of deformed even 
nuclei with 50 < Z, N < 82 are calculated in the cranking-model approximation. Rather 
good agreement with experimental values of the moments of inertia is obtained. The 
dependence of the moment of inertia on the quadrupole (axial e and non-axial y) and on the 
hexadecapole e* deformations is investigated. Special consideration is given to the problem of 
the collectivity of the moment of inertia and to its sensitivity to the single-particle scheme and 
the pairing-force strength. 

T 1. Introduction 

The characteristic regularity of the rotational spectra 2) is one of the most impor-
tant and practical features of deformed nuclei. The regions of nuclei with rotational 
spectra which have been known for some time are the rare earths, the actinides and 
the A « 25 region. In recent years, however, at least two other regions have been 
found. One of them is the region of neutron-deficient nuclei with 50 < Z, N < 82. 
The first experimental evidence for existence of deformed nuclei in this region has 
been provided in ref. 3). Subsequent experiments 4~9) have enlarged this evidence. 
Theoretical calculations 10~13) predict, in accordance with this experimental evi-

dence, that when we go far enough away from closed shells in both proton and neu-
tron number we reach nuclei with stable deformation. Recent calculations 12,13) show 
that nuclei in the 50 < Z, N < 82 region are expected to be approximately as well 
deformed as nuclei in the rare-earth region. More specifically the largest deformations 
and the largest deformation energies obtained for the two regions are similar. 

t On leave of absence from the Institute of Physics, The Maria Skiodowska-Curie University, 
Lublin, Poland. 

tt Nordita Professor 1972. Supported in part by the US Atomic Energy Commission. Permanent 
address: Florida State University, Tallahassee, Florida. 
ttt On leave of absence from the Institute for Nuclear Research, Warszawa, Hoza 69, Poland. , 
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It is of interest to the experimentalist to note that the proton drip line (where the 
proton binding energy is zero) passes through the middle of the 50 < Z, N < 82 
region. Thus, experimentally only the lower right-hand part of this region of deforma-
tion (on the normal isotopic chart) can be studied. 
Theoretical investigations of refs. 14~17) on rare earths and actinides showed that, 

having reproduced the experimental equilibrium deformations of nuclei, one was also 
able to reproduce their experimental moments of inertia. More specifically, using'the > 
cranking formula and a realistic model of intrinsic structure of a nucleus (realistic i 
single-particle potentials plus pairing interaction) one is able to reproduce the ex- , 
perimental ground state moments of inertia within the limits of 10-25 %. 
The aim of the present research is to calculate the ground state moments of inertia 

(and also gyroniagnetic factors) of the even nuclei in the 50 < Z, N < 82 region. It 
is also the intention of this research to investigate the dependence of the moment of 
inertia on different types of deformation such as axial quadrupole deformation e, 
hexadecapole deformation e4 and non-axial quadrupole deformation y. The depen-
dence on y deformation may be important for well deformed nuclei, for which the 
potential surface is approximately flat in the y-coordinate. According to the theoreti-
cal calculations such energy surfaces are rather common for nuclei in the investigated 
region. 
It is also important to discuss the sensitivity of the moment of inertia to such fac-

tors as the single-particle scheme and the pairing-force strength since we know very 
little about these factors in the investigated region. 
In sect. 2 we describe the calculations, in sect. 3 we present the results and in sect. 4 

we discuss the dependence of the moment of inertia on different factors. The conclu-
sions drawn from the research are given in sect. 5. 

2.1. METHOD OF CALCULATION AND FORMULAE 

We use the cranking-model formula for the calculation of the moment of inertia. 
After the inclusion of the residual pairing interactions by the quasiparticle formalism, 
the formula for the ̂ -component of the moment of inertia 14) reads 

In eq. (1) jx is the single-particle angular-momentum operator corresponding to the 
rotation around the intrinsic x-axis, wv and vv (u* ~ 1 — v*) are the variational param-
eters of the Bardeen-Cooper-Schrieffer wave function corresponding to the single-
particle state |v> and Ev is the quasiparticle energy of this state. 
We have in formula (1)̂ TV, Kv. K^ — % and K^- = — i, where Ky is the pro-

jection of the angular momentum of the state |v> on the symmetry axis (z-axis). The 
contribution of the time-reversed states is already taken into account. 

2. Description of the calculations 

j? = 2h2h 
I v , V ' Ev+Ev/ " n, ft' Ep+En* 

H' /> / 
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The reason for the separation of the two terms in eq. (1) is to stress some asymmetry 
between them. Namely, in the first term, representing the contribution to «/ of the 
states with ^ i for both v and v', we have Kv ̂  Kv, while in the second term 
representing the contribution of the states with \K\ = we have K^ > 
The consequence of the asymmetry is more easily seen after a minor transformation 

of eq. (1). 
In fact, using the operators 

j-h = Jx+ijy> 
j- = L-ijyi (2) 

and taking into account that 
<p\J-\p'> = <P'\J+\P> (3) 

for the states |p> and |p'> with arbitrary Kp and Kp., we obtain 
j ; = hz j £ <v\j+\v'y(uvvv>-uv.yv)z j , <ji\j+\n' - ) 2 ( u „ y - t y ^ 

l v , v ' E v + Ev> p./i' E A + j E M » J 

Thus, we get' "̂efficient \ in the second term, reflecting the asymmetry mentioned 
above. 
Now, let us transform the operator j+ in this final formula (4) to the stretched co-

ordinates rj, £ defined by 
„ 1 /M(0x I/Mw, „ ]/M(0z 

The expression for j+ is 
j+ = af+ +(1 - a)s+ -bf+> (6) 

where f+ is of the same form as j+ but in terms of the new coordinates q, £ instead 
of the old ones x, y, z, 

= (7) 
where sx and sy are the spin operators and f+ has the form 18) 

/+ = i m + i n l A l (8) 
where At is the Laplace operator in the new coordinates. 
The coefficients a and b are 18) 

a = i(c-M), 

b = i(c-d), (9) 
with 

3 0 , 

where s is the quadrupole deformation parameter. 
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As the first two terms in eq. (6) have non-vanishing matrix elements only within 
one shell and the term/+ only between shells with N differing by 2, their contribu-
tions to J may be separated: 

J = Ĵ +.«/,, (10) 
where J> t is the contribution of the term bf+ . 
The cranking formula for the collective gyromagnetic ratio gR for the ground stayte 

of an even nucleus 14) is 
$ W W 

(11) 

where is the proton contribution to the total moment of inertia«/, and gp
s and g\ 

are the proton and neutron gyromagnetic factors, respectively. 
The quantities WP and WN are given 14) by the formula 

wi = 2h* ( £ ^ ^ " v Py ~tty "v)2 
Q IV.V EV+EY 

+ £ ^ ~ ~~ *V ~ *V vm)2\ (12) 
ffit' Ep+Ep J 

where q stands for p (protons) or n (neutrons). 
Expressing./* and sx by j+,j~, s+ (cf. eqs. (2) and (7)) and = sx—isy we obtain 

W = h2 j £ <v|J + |v/><V,lMv>(ttyPv--Mv'gy)2 
Iv, V' EV+EV> V 1 - " V 

n, n' Ep+Ef ) 
Here KV ^ K^ = £ and = — i, the same as in eqs. (1), (4) and (12). 

2.2 . C H O I C E O F T H E P A R A M E T E R S 

The calculations are based on the Nilsson single-particle potential including the 
</2> term 19). The potential is characterized by two parameters K and fi, each of 
which has the same value for all shells but usually differs for protons and neutrons. 
For protons, we adopt values fitted to the single-particle levels in the deformed rare-

earth region. They are Kp = 0.0637 and jxp = 0.60. 
For neutrons, we use two different sets of parameters: 
(i) The set corresponding to rare earths 19), i.e. Ka = 0.0637 and fxa = 0.42. The 

results presented in this paper are obtained exclusively with these parameters. 
(ii) The extrapolated set. It is obtained by linear extrapolation in neutron number 

N of rare-earth and actinide values of K and ft. The resulting values are ica = 0.0638 
and nn — 0.491. They are close to the values 13) obtained by linear extrapolation in 
the mass number A. 
The effect of using the set (ii) instead of (i) is discussed in sect. 4. 
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The following pairing-force strengths are used: Gn = 25 A~l MeV for neutrons 
and Gp — 28.5 A~x MeV for protons. They correspond to the 24 levels nearest to the 
Fermi level taken into account when solving the pairing equations 12). 
The G-values have been found by fitting the theoretical energy gaps A to the odd-

even mass differences for nuclei with 100 < A < 150. In all calculations we have used 
G constant with deformation. The use of G proportional to the surface area, instead, 
' changes the results only a little (for such small deformations as considered in the 
paper) and thus leads to differences small with respect to other uncertainties. The 
effect of some changes of G is discussed in subsect. 4.5. 
In all the calculations we allow both quadrupole e and hexadecapole e4, axially 

symmetric deformations. 
To get the equilibrium deformation we calculate the energy surface and find a 

minimum on it. The energy surface is calculated [cf. refs. 13,20)] in this research as a 
sum of the liquid-drop energy, with the liquid-drop parameters taken from ref. 21), 
and the Strutinsky shell correction energy 22). 

3. Results 

Let us first review some of the results concerning the potential-energy surface of 
nuclei in the 50 < Z, N < 82 region. 
According to recent calculations 12,13) these nuclei are expected to be almost as 

well deformed as the nuclei in the rare-earth region. Namely, the deformation ener-
gies calculated for them are almost as large as the energies obtained for rare-earth 
nuclei. They have values up to about 8 MeV. 
However, there is an important difference between the two regions. Well-deformed 

rare earth nuclei (i.e. nuclei in which the deformation energy is larger, let us say, than 
2 MeV) always have the energy minimum corresponding to prolate shape lower than 
that corresponding to oblate shape. The difference between these two minima is large 
in the rare-earth region. However, for 50 < Z, N < 82 nuclei this difference is rela-
tively small, never being more than about 2.6 MeV and usually being considerably less. 
The situation is illustrated in fig. 1 which presents the dependence of the ground 

state energy of 126Ba on the quadrupole deformation s. For each e the energy is 

Fig. 1. Dependence of the ground state energy E of 126Ba on the quadrupole deformation e. Here for 
each e the energy is minimized with respect to the hexadecapole deformation e*. 



TABLE 1 

Ground state moments of inertia J , proton contributions to them J v and gyromagnetic ratios QR 

Nuclide («4)o" 9R~ 
2 
¥ 

(MeV)"1 

2 

(MeV)"1 

2 
— 

h2^ 
(MeV)'1 

h2* 
(MeV)'1 

h2 

(MeV)-1 

(e*)o+ 

(MeV) 

AEm 

(MeV) 

116Xe -0.192 -0.020 0.24 3.9 13.2 16.5 5.2 0.25 0.208 -0.007 1.0 0.1 

" 8 X e -0.191 -0.012 0.23 3.8 12.9 19.6 5.9 0.23 0.227 0.001 1.2 0.0 
120Xe -0.194 -0.003 0.20 3.7 13.8 18.6 21.5 6.1 0.21 0.235 0.011 1.3 - 0 . 1 

* 
" 2 X e -0.198 0.005 0.16 3.8 15.5 18.1 20.6 5.5 0.19 0.225 0.018 1.3 - 0 . 3 

* 

124Xe -0.184 0.011 0.14 3.3 13.5 16.9 12.3 3.4 0.19 0.169 0.007 1.1 - 0 . 3 
u 
s 

126Xe -0.160 0.016 0.13 2.5 10.2 15.4 10.8 2.8 0.15 0.152 0.008 0.9 -0 .1 
o SB cn 
B 
a 

120Ba -0.233 -0.012 0.33 6.6 18.8 26.7 9.1 0.28 0.262 0.002 2.6 0.4 

o SB cn 
B 
a 

,22Ba -0.231 -0.001 0.29 6.3 19.0 30.5 a) 28.0 8.9 0.25 0.264 0.014 2.7 0.3 
124Ba -0.232 0.009 0.23 6.1 21.2 26.1 27.5 8.1 0.22 0.255 0.024 2.6 0.0 
l26Ba -0.222 0.014 0.20 5.6 20.3 23.5 23.4 7.0 0.24 0.235 0.025 2.2 - 0 . 1 
l 2 8Ba -0.183 0.016 0.20 3.9 13.5 21.2 14.1 4.1 0.19 0.170 0.011 1.6 0.0 
t 3 0Ba -0.156 0.021 0.17 2.9 10.6 16.9 12.8 3.4 0.15 0.155 0.013 1.1 0.1 

i«Ce -0.245 -0.012 0.36 7.9 21,2 33.3 13.0 0.35 0.289 0.004 4.1 1.0 
124Ce -0.240 0.000 0.32 7.4 21.0 34.5 12.5 0.31 0.289 0.016 4.2 0.9 
126Ce -0.240 0.010 0.25 7.1 23.2 35.5 a) 33.8 11.4 0.28 0.281 0.027 4.0 0.6 
128Ce -0.240 0.016 0.22 7.1 24.2 29.0 28.4 9.5 0.28 0.255 0.029 3.3 0.2 
« o C e -0.214 0.017 0.26 5.9 18.5 23.6 21.9 7.3 0.26 0.215 0.021 2.4 0.2 
132Ce -0.162 0.021 0.21 3.5 11.7 18.5 14.4 4.2 0.18 0.160 0.015 1.6 0.2 



I 2 8Nd -0.252 0.013 
130Nd -0.250 0.019 
132Nd -0.234 0.020 
134N(J -0.183 0.022 
136Nd -0.160 0.026 

132Sm -0.261 0.025 
134Sm -0.244 0.024 
136Sm -0.198 0.025 
138Sm -0.160 0.028 

« < * G d -0.253 0.030 
138Gd -0.210 0.029 
i4o G d -0.163 0.030 
142Gd -0.149 0.027 

140Dy -0.215 0.033 
142Dy -0.170 0.033 
144Dy -0.157 0.030 

a) Ref. 9). 

0.26 8.0 25.3 38.3 14.5 

0.22 7.8 26.6 35.3 13.0 

0.27 7.1 22.0 27.3 10.2 

0.27 4.8 14.3 20.4 19.6 6.5 
0.22 3.7 12.6 14.0 4.7 

0.22 8.8 29.5 39.8 15.0 
0.28 8.1 24.3 31.2 12.5 
0.30 5.9 16.5 24.1 9.2 
0.24 4.2 13.4 15.0 5.4 

0.29 9.2 26.9 34.3 14.4 
0.34 7.1 18.8 27.8 12.0 

0.27 4.8 14.5 17.1 6.8 

0.28 4.2 13.0 11.4 4.1 

0.36 8.2 20.6 29.9 13.8 
0.31 5.8 16.1 20.1 8.9 
0.33 5.3 14.7 13.7 5.4 

0.33 0.299 0.030 5.4 1.2 
0.33 0.284 0.036 4.6 0.8 

0.33 0.240 0.026 3.5 0.6 

0.25 0.186 0.019 2.2 0.4 

0.25 0.159 0.019 1.2 0.1 

0.34 0.299 0.045 5.8 1.3 
0.37 0.256 0.031 4.4 0.9 

0.32 0.214 0.024 2.9 0.6 

0.28 0.160 0.021 1.6 0.1 

0.40 0.267 0.039 5.2 1.3 

0.40 0.234 0.032 3.5 0.9 
0.33 0.169 0.024 2.0 0.2 

0.26 0.128 0.018 0.5 -0 .2 0 
0.44 0.240 0.040 4.1 1.1 

0.41 0.184 0.031 2.3 0.3 

0.32 0.141 0.021 0.7 - 0 . 3 

Values are calculated both for negative deformations e0~, (e4)0~ (left part of the table) and for positive deformations e0
+ , (£4)0+ (right part) for 

nuclides specified in the first column. Available experimental values of the moment of inertia are also given. The last two columns present the 
calculated deformation energies Eiet

+ and the differences AEict = E i z t
+ • 
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minimized with respect to the hexadecapole deformation e4. Thus, each value of s 
is a projection of the total deformation, described by the two-dimensional point (e, s4), 
on the e-axis. 
The curve has two minima: one at negative deformation ê  (representing the two-

dimensional point 5 (e4)o ])> and the other at positive deformation £Q (representing 
the point [eo, (e4)o ])• The corresponding deformation energies are denoted by EJC( 
and respectively. We see that the difference between the energies corresponding 
to oblate and prolate shapes AEdef = E(SQ)~E(EQ) ~ Ede[—EJe{ is quite small. 
For this reason we decided to calculate the moments of inertia for both shapes 

So and and discuss the differences between them. The results are presented in 
table 1. 
The quantities calculated for negative deformations , (e4)o are given in the left 

part of the table and those calculated for positive deformations ê , (e4)o are present-
ed in the right part. The quantity p is the proton contribution to the moment of 
inertia, J> is the total moment of inertia, being the sum of the proton and the neutron 
contributions, and gR is the gyromagnetic ratio. The experimental values of the mo-
ment of inertia are obtained from the formula 

=
 0 4 ) 

where the experimental energies of the first excited 2+ states are taken from refs. 5-9) 
[cf. also the review report23)]. 
In the last two columns of table 1 the deformation energy £d+ef and the difference 

AEAcl are given. With them we can establish which of the deformations GQ , (e4)o or 
£0+, (e4)o corresponds to the equilibrium shape of a nucleus, how large the deforma-
tion energy is at the equilibrium point (i.e. how well deformed the nucleus is) and how 
large the difference between the energies corresponding to the negative and the posi-
tive shapes is (i.e. to what degree one shape is preferred over the other). The inequality 
AEdef > 0 means that the prolate minimum is deeper. 
If one compares the quantities £d+cf and AE f̂given in table 1 with the corresponding 

values of ref. 12) one can see systematic differences. They come from two sources. 
The first involves the fact that in table 1 the hexadecapole deformations are taken into 
account while in ref. 12) they are not. The second is that in table 1 the energy surface 
is obtained from the liquid-drop energy modified by the Strutinsky shell correction 
[ref. 22)], while in ref. 12) the energy is calculated by summing up the single-particle 
energies with the pairing present 24). The Strutinsky prescription gives a systematic 
downward shift of the prolate minimum with respect to the oblate minimum. This 
shift is up to 1 MeV for nuclei in table 1. Using the Strutinsky formalism we therefore 
obtain fewer nuclei in which the oblate minima are lower. Indeed, among the nuclei 
in table 1 which are expected to be well deformed (i.e. with, let us say, Eief > 2 MeV), 
only 126Ba has its oblate minimum lower than its prolate. When zero-point energy is 
taken into account, it seems that even this nucleus does not have a stable oblate shape. 
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Therefore it is possible that none of the even nuclei in the investigated region has 
stable oblate shape. 
However, because of the closeness in energy of prolate and oblate minima, there is 

still a chance for oblate ground states and for shape isomerism in odd nuclei in this 
region. This results from the rather important effect of an odd particle on the energy 
surface, as discussed in refs.i2,13). 
The systematic differences in the equilibrium deformations and deformation ener-

gies, when comparing to ref.13), are due to the fact that the pairing of ref.13) is dif-
ferent and as a whole stronger than in the present paper. This tends to flatten out the 
energy surfaces and make the equilibrium deformations and deformation energies 
smaller. The difference in the single-particle scheme is probably less important. 
Nuclei in table 1 have been restricted to those which are not too far off the in-

stability line. Although we present in the table all nuclei with Ede{ S 1 MeV, we dis-
cuss the results mainly for those with Edef > 2 MeV. 
We can see that for each of the nuclei with Ede{ > 2 MeV, the moment of inertia 

corresponding to the prolate shape is larger than that corresponding to the oblate 
shape. The difference averages about 25 % of the moment of inertia ~̂ (eq) at the 
equilibrium point (lower minimum), but is as large as 40 % of ̂ (eq) for some nuclei 
(i22,i24Ce) 
The experimental values J2re*p are available for only a few of the nuclei in the region. 

The comparison between them and the theoretical values J^eq) shows that for nuclei 
with Ede( > 2 MeV the difference between the two does not exceed 15 % of Jfexp. 
The theoretical values, both </[eo , (e4)o J and , (e4)o ] are lower, as a rule, 

than J***. 
To visualize some results of table 1, we have drawn fig. 2. It presents the rotational 

energies Ez+ calculated from -f by the formula 
h2 E 2+ = 6, (14a) 
2 Jf V 7 

for both prolate and oblate shapes. Only nuclei with Edc[ > 2 MeV are given. 

4 0 0 

200 

0 

Fig. 2. Energies E2 + of the first excited 2+ states in even nuclei, calculated as rotational ones, for 
both prolate and oblate shapes of a nucleus. For all the nuclei, with the only exception of 126Ba 
(as can be seen in table 1), the prolate shape corresponds to lower energy. The experimental values of 

E2 + are also shown in the figure for comparison. 
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We can see that the experimental values are closer to theoretical values when 
they correspond to prolate shapes. We do not think, however, that it presents a strong 
argument for prolate shapes. In fact, both values ir2+(eo ) and E2+(8o ) are satis-
factorily close to i?2X+, when the uncertainties in the single-particle scheme and the 
pairing-force strength are considered. These uncertainties are particularly large in 
this new, relatively unexplored region of deformed nuclei. Still* it is, in a sense, satis-
fying and consistent that when the prolate minimum becomes deeper (more neutron-
deficient nuclei) the ) value comes much closer to «/"exp than ). 
Concerning the equilibrium deformations, only the absolute values of the quadru-

ple deformations eeq are known. They are deduced from the B(E2) values for four 
nuclei only [cf. refs. 5,25)J. Among these four nuclei, only 126Ba seems to be well de-
formed. For this nucleus the theoretical value of eeq is very close to the experimental 
one given in ref. 5) and about 15 % smaller than that given in ref. 2S). 

4. Discussion of various effects 
4.1. DEPENDENCE OF THE MOMENT OF INERTIA ON THE AXIALLY SYMMETRIC 

QUADRUPOLE DEFORMATION 

The dependence of the microscopic moment of inertia on the axially symmetric 
quadrupole deformation s is presented in fig. 3 for 126Ba. The dependences of the 
rigid-body and irrotational flow moments of inertia on the deformation e are shown 
for comparison. 

Fig. 3. Dependence of the moment of inertia of 126Ba on the deformation e. The microscopic, 
rigid-body and irrotational-fiow values are shown. The figure is drawn for e4 = 0. 

The formula for the moment of inertia of the rigid ellipsoid, 

with respect to the x-axis is 
rjF* = JfQ(bz + cz)l2Rl, (16) 
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where 
Ĵ o = W A R l (17) 

is the moment of inertia of the rigid sphere. 
In the case of axial symmetry (a — b) formula (16) may be written as 

J^rig = J?0F(s), (18) 
with 

M = 

Here, as in the whole paper, e is the deformation parameter introduced by Nilsson 
[ref.18)] and R0 is the radius of the sphere having the same volume as the ellipsoid 
(15). 
The formula for the moment of inertia of the irrotational fluid contained inside 

the ellipsoid (15) rotated around the x-axis 26,27) is 

= jf0 . (19) 
2R%(b + c ) V ' 

In the case of axial symmetry (a = b) it may be written as 
jrirrot =s0G(e), (20) 

with 
s2(l-ie)2 G(e) = 

The formulae for both «/fi® and jf irrot correspond to constant matter density inside 
the ellipsoid. 
We see in fig. 3 that the moment of inertia increases quickly with the deformation e. 

In the microscopic case it increases more quickly than in both rigid and irrotational 

60 

i . i i i i 

^ 3 (MeV ') 
i ''•- —i—y 

tot^y 

40 
; \ '26Ba / V . 

J/K 
20 - - C S — A / s s / / f 
0 . 1 , . . 1 e -J i i 

-0.4 -0.2 0 0.2 0.4 

Fig. 4. Dependence of the neutron (n) and the proton (p) contributions to the total (tot) moment 
of inertia of 126Ba on the deformation e. The dependence of the contribution J f (/) , corresponding to 
the coupling between N and N±2 shells, to the total moment of inertia is also shown. The figure is 

drawn at = 0. 
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cases. This fact stresses the importance of accurate knowledge of the equilibrium de-
formation of a nucleus for the calculation of its moment of inertia. It seems that the 
equilibrium deformations are usually calculated with an accuracy not better than 
As = ±0.01 [cf. e.g. ref.12)]. According to fig. 3 this would imply an uncertainty of 
±7 % in the moment of inertia of 126Ba. 
Another implication of the quick increase of the moment of inertia with deforma-

tion, important for the actinide nuclides, is that we would expect rotational energies 
at the second minimum or at the saddle point about £ or less than at the first minimum. 
The dependence of the proton and the neutron contributions to the total 

moment of inertia Ĵ  on the deformation s is given in fig. 4. We can see rather large 
fluctuations of the ratio with the deformation, which suggests large fluctuations 
of the gyromagnetic ratio gR with the deformation. 
Fig. 4 also shows the dependence of the term T [cf. eq. (10)], corresponding to 

the coupling between N and N± 2 shells, on the deformation. Around the equilib-
rium point, this term amounts to about 6-7 % of the total amount of inertia J'. With 
increasing deformation, however, the contribution of this term to <f increases. 

4.2. DEPENDENCE OF THE MOMENT OF INERTIA ON THE HEXADECAPOLE 
DEFORMATION 

The dependence of the total moment of inertia and the proton J*p and neutron 
Jn contribution to it on the hexadecapole deformation s4 are illustrated in figs. 5a 
and b for 126Ba. Fig. 5a corresponds to the quadrupole deformation s = —0.25 and 
fig. 5b to e = 0.25. 

30 

20 

10 

o „ 
-0.08 -0,04 0 0.04 0.08 -0.08 -0.04 0 0.04 0.08 

Fiig. 5. (a) Dependence of the total moment of inertia and of the neutron and proton parts of it on the 
hexadecapole deformation E*. The figure is drawn for 126Ba and for the quadrupole deformation 

s = —0.25. (b) The same as fig. 5a fore = 0.25. 

We see that the changes of both «/p and J"n with e4 are large. Although for 126Ba 
they compensate to some extent, for other nuclei they may add more coherently. 
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This is the reason that, although the equilibrium hexadecapole deformations e4q 
are smaller in that part of the 50 < Z, N < 82 region presented in table 1 than in the 
rare-earth and actinide regions, we decided to take them into account. 
Both in the rare earths, for which 4q « -0.04-0.06 [cf. refs. 20,2S'29)], and in the 

actinides, for which « -0.06-0.06 [cf. refs. Z0,2% 30)], the inclusion of e4 in the 
calculations generally improves17) the results for moments of inertia, especially at 
the boundaries of those regions. 

4.3 . D E P E N D E N C E O F T H E M O M E N T O F I N E R T I A O N T H E Y - D E F O R M A T I O N 

As the difference AEie{ between the energies corresponding to oblate and prolate 
shapes of a nucleus is small for many nuclei in the investigated region and as also the 
energy barrier between these two shapes is small or even sometimes "negative", when 
going via non-axial deformation y [ref.12)], the dependence of the moment of inertia 
on the deformation y may be important. 
Let us look first at this dependence in the two limiting cases: the rigid-body case 

and the irrotational-flow case. 
We can describe the semi-axes of the ellipsoid (15) by the two deformation param-

eters p and y introduced by Bohr *) in the following way [cf. e.g. ref. 32)]: 
a = R0 [1 - k cos(y+60°)], 
6 = /Ul-fccosfr-eO0)}, 
c = R0[l+k cosy], (21) 

where k = V5/4tc& 0 ̂  J3 ̂  n/4tt/5 and 0° ̂  y ̂  60°. For y = 0° the ellipsoid is 
elongated (cigar shape) and axially symmetric with respect to the z-axis. For y = 60° 
it is shortened (discus shape) and axially symmetric with respect to the y-axis. For y 
in between, i.e. for 0° < y< 60°, axial symmetry is destroyed. 
The volume conservation implies the deformation dependence of R0: 

Ro(P,y) = -%k2 + e cos y(cos2 y-Z)T\ (22) 
where R0 = R0(P = 0) is the radius of the sphere from which the ellipsoid is obtained 
in a volume-preserving way. 
Formula (16) for the moment of inertia in the rigid-body case now gives 

= (23) 
where 

~UP>yr2 
m y) = ? • [ - {i-k sin (y -30°)+^2[cos2 y+cos2 (y~60°)]}. 

Ro 
In the irrotational-flow case, formula (19) gives 

= (24) 
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with 
G(0,y)= cos2 (y - 30°) 

L Rq J 
[1 sin (y—30°)]2 

1 - k sin (y - 30°) 4- \k2 [cos2 y+cos2 (y- 60°)] 
In both formulae «/0 is given by eq. (17) and y) by eq. (22). Up to third-order 
terms in formula (24) coincides with the respective formula given in ref.*). 
The dependence of the moment of inertia on the deformation y is given in fig. 6. 

Three cases are presented: rigid, irrotational and microscopic. The microscopic 

60 40 20 60 40 20 
Fig. 6. Dependence of the moment of inertia on 
the deformation y. The ratio of the moment of 
inertia J of the deformed nucleus (/? = 0.25) to 
the moment of inertia of a rigid sphere J o is 
presented for three cases: microscopic, rigid and 
irrotational. The microscopic values are calcu-

lated for 126Ba. 

Fig. 7. Dependence of all three components J x , 
jFy and . / - of the moment of inertia of 126Ba on 
the deformation y. All components are calcu-

lated microscopically at j3 = 0.25. 

values are obtained [cf. ref. 31)] using formula (1) but with the single-particle states 
|v> and |v'> corresponding to the non-axial single-particle potential 32'33). The figure 
is drawn for /? = 0.25. 
We see that <frig decreases monotonically with y, while jficrot has a maximum at 

y = 30°, the value of which is about 33 % larger than the value at y = 0°. The micro-
scopic moment of inertia JrmiGt, calculated for 126Ba, shows a non-axial maximum 
at y « 38°, the value of which is about 40 % larger than the value at y = 0°. We see 
therefore that for deformed nuclei with approximately flat potential energy in y5 the 
dependence of on y may be quite important. 
Fig. 7 presents the y-dependence of all three components of the moment of inertia 

Jf̂  and corresponding to the three intrinsic axes Ox, 0y, 0z of the ellipsoidal 
nucleus (15). They all are calculated microscopically. 
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4.4. DEPENDENCE OFTHE MOMENT OF INERTIA ON THE SINGLE-PARTICLE SCHEME 

To investigate the effects of a change in the single-particle scheme on the moments 
of inertia «/, we have calculated with the two different single-particle schemes 
presented in subsect. 2.2. We find that the differences in calculated with the two 
schemes (but with the same equilibrium deformations 8eq) usually do not exceed 5 % 

The equilibrium deformations calculated with schemes (i) and (ii) are close in 
value. They usually do not differ more than 0.01. This affects the moment of inertia 
less than 7 %. Thus, the total effect of using scheme (ii) instead of (i) is usually less 
than 12 %. 
Certainly, the experimental sin/jle-particle scheme for the 50 < Z, N < 82 region 

may differ more from scheme (i), for which we presented the results, than scheme (ii) 
does. We believe, however, that the numbers given above give an idea of the effect 
of changes in the single-particle energies on the moments of inertia in this region. , 

4.5. DEPENDENCE OF THE MOMENT OF INERTIA ON THE PAIRING INTERACTION 
STRENGTH 

Fig. 8 presents the dependence of the neutron, and proton, e/p, parts of the 
moment of inertia of 126Ba on the energy gap parameter A, over a wide interval of A. 
The figure is drawn for the deformation e = 0.25 and e4 = 0. 

of./. 

-f-, 3 (MeV"') e = 0.25 

20 

30 

10 

A ( f i w 0 ) AG (MeV) 0 1 ' > L 0 L 1 J. 1 1 i i • 0 10 20 30 40 0 0.1 0.2 0.3 0.4 

Fig. 8. Neutron and proton parts of the mo-
ment of inertia o f 1 2 6Ba versus the pairing energy 
gap parameter A at the deformation, e = 0.25, 
e4 = 0. The circles on the curves correspond to 

the realistic values of Aa and Ap (cf. fig. 9). 

Fif? 9. Neutron An and proton Ap energy gaps 
as functions of the pairing interaction strength 
G (multiplied here by the mass number^). The 
circles on the curves correspond to the realistic 
values Gnxyl = 25 MeV and Gp x ,4 = 28.5 MeV 
used in this paper. Here, as in fig. 8, e = 0.25, 

£4. = 0. 

To learn the sensitivity of the moment of inertia to a change of pairing interaction 
strength G we have drawn, in addition to fig. 8, also fig. 9 which gives the dependences 
of the neutron An and the proton Ap gaps on this strength. For each value G the gaps 
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J„ and Jp are found taking into account the 24 single-particle levels nearest to 
the Fermi level. The circles on the curves correspond to the values used in the 
paper. 
We can see that changes in Gn and Gp of ±5% correspond to changes in An and Ap 

of about + 10 %. This in turn corresponds to a change in and of about +10 %. 
Thus, the ± 5 % change in G gives approximately a + 10 % change in ̂ . 
This rather large sensitivity of the moment of inertia to the pairing strength G 

is still about 1.5-2.0 times lower than the corresponding sensitivity of the mass param-
eter B describing the inertia of a nucleus with respect to a change of its quadrupole 
deformation e. According to ref. 34), on the average, the +5 % change in the value 
of G leads to about + 17 % change in B. 
Besides the calculations described above which use the pairing strengths 

Gp x A = 28.5 MeV, GnxA = 25.0 MeV, (a) 

and 24 levels for the pairing interaction, we have also performed the calculations with 
the strengths 

IV — 7 Gpx^l = 22.5 MeV, Gn x A = 22.5 -18.0 MeV, (b) 
A 

corresponding to 2V10Z and 2V lOiV levels nearest to the Fermi level for pairing 
[cf. ref. 13)]. 
In case (b), we have systematically obtained larger gap parameters A and smaller 

moments of inertia than in the case (a). This was particularly true for the more 
neutron-deficient nuclei. 
In reproducing the experimental odd-even mass differences the strengths (a) show 

a tendency to underestimate these differences while strengths (b) overestimate them. 
Thus, it is possible that some of the moments of inertia of table 1 calculated with (a) 
are too large, while some of those calculated with (b) are too small. 
One of the difficulties in the determination of G for the region investigated is that 

we calculate it here from the masses of transitional (in addition to spherical) nuclei, 
i.e. of the nuclei for which the dynamical effects are expected to be important. In our 
calculations, however, we do not take these effects into account. 
Partially for this reason we do not expect to determine G better than ±(8-10) % 

which would lead, by itself, to an uncertainty in not less than +(15-20)%. 
4 .6 . C O L L E C T I V I T Y O F T H E M O M E N T O F I N E R T T A 

Ten pairs of neutron and proton states, which are dominant contributors to the 
moment of inertia of 126Ba, are presented in table 2. The calculation has been done 
for deformation e = 0.25 and e4 = 0. 
The ordinal k, in the first column, numbers the pairs according to the decreasing 

contributions to the neutron or proton parts of the total moment of inertia J. 
The quantity ep (and similarly ep.) gives the position of the energy level efi with respect 



TABLE 2 

Microscopic structure of the moment of inertia of 126Ba calculated for the. deformation e ~ 0.25, e4 = 0 

Neutrons 
(N = 70) 

Protons 
(Z = 56) 

<p\u\py 
(two) 

V 
(ftO)0) 

CPP' PS>' 
«/u(p) (%) n̂(p) 

J, PP Jpp' 
J 

£ 
* ^ 

v 

1 2 3 4 5 6 7 8 9 10 11 12 

1 5231 532 f 25.9 0.01 -0 .16 0.60 23.6 23.6 15.1 15.1 15.1 
2 514f 523 f 19.8 0.22 0.01 0.52 15.6 39.2 9.9 25.0 25.0 
3 404| 513 | 6.5 0.08 -0 .20 1.19 11.8 51.0 7.5 32.5 32.5 
4 402f 411 f 6.1 0.01 -0 .26 0.73 6.8 57.8 4.3 36.8 39.8 
5 402| 411 j 3.4 0.29 -0 .09 1.20 6.3 64.1 4.0 40.8 44.3 
6 411 j 400 j 3.1 -0 .09 0.26 1.22 2.9 67.0 1.9 42.7 48.6 
7 400f 41—If 3.1 0.26 -0 .09 1.22 2.9 69.9 1.9 44.6 52.6 
8 411 f 400 f 1.4 -0 .26 0.26 1.33 2.9 72.8 1.9 46.5 56.4 
9 413 j. 402 ! 1.1 -0 .20 0.29 1.35 2.2 75.0 1.4 47.9 59.9 

10 541 j 541 ! 0.9 -0 .29 0.19 1.34 1.8 76.8 1.1 49.0 62.5 

1 413J 422 | 11.0 0.19 -0 .05 0.71 20.0 20.0 7.3 7.3 64.4 
2 41 If 420 f 8.1 0.24 -0 .02 0.60 12.4 32.4 4.5 J 1.8 66.3 
3 532f 541 f 30.6 0.18 0.06 0.13 10.5 42.9 3.8 15.6 68.2 
4 541 f 550 f 32.8 0.06 -0 .00 0.11 9.6 52.5 3.5 19.1 69.6 
5 4221 431 | 11.4 -0 .05 -0 .23 0.24 7.2 59.7 2.6 21.7 71.0 
6 404f 413 | 9.0 -0 .09 -0 .32 0.17 3.8 63.5 1.4 23.1 72.3 
7 422| 4H i 1.9 -0 .05 0.42 0.74 3,6 67.1 1.3 24.4 73.4 
8 43H 420 | 6.1 -0 .23 -0 .02 0.38 2.9 70.0 1.1 25.5 74.5 
9 ' 420f 43-1 f 6.1 -0 .02 -0 .23 0.38 2.9 72.9 1.1 26.6 75.6 

10 411! 420 i 3.2 0.42 -0 .02 0.61 2.5 75.4 0.9 27.5 76.5 

o tn 
3 Jo 
s w a 
z c a 
r w 

The twenty largest contributions Jpp< of pairs of the single-particle states p and p' to the total moment of inertia J and to its neutron Ja and proton 
J p parts are specified. 
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to the Fermi surface A, i.e. ep = ep—X. The quantity cpp. is 

and 
for Kp,Kp,^i 
for \KP\ = \Kp.\ = b 

p, p' 

We can see in table 2 that the pair of neutron states 523| and 532| accounts for 
24% of the neutron part of the moment of inertia and for 15% of the total 
moment of inertia J. The most important six single-particle pairs already account 
for about 50 % of J but the next fourteen pairs contribute only 27 %. Thus, the twen-
ty pairs presented in table 2 account for 77 % of 
In summary, the moment of inertia appears to be a good collective parameter of a 

nucleus, but some pairs of single-particle states still play major roles. 
The largest terms J?pil.l<f corresponding to these important states are the measure 

of the non-collectivity of the moment of inertia f. One may expect that their values 
give a crude estimate of the local fluctuations of -f as a function of deformation 
around its average (or collective) behaviour. 
We think that also the fluctuation of J due to changes in the single-particle scheme 

(if not of too systematic character) may be estimated crudely with the help of the 
largest terms Jpp,fJ'. For example, a shift of a few hundred keV in the energy of the 
neutron states 523f and 532|, with rcspect to the other levels, decreases the contri-
bution of these states to J by a factor of about 2 and thus decreases by about 7 %. 
This is a number close to that obtained in subsect. 4.4. 
4.7. EFFECT OFy-I INSTABILITY ON THE ENERGY Et + 

In the results presented in fig. 2 (£2+) and ,n table 1 (./"p) we treated the energy 
of the first excited 2+ state, Ez+, as purely rotational, /.s the potential-energy surface 
of the nuclei considered is often approximately flat with respect to Che y-deformation, 
it is interesting to discuss the possible consequences of this on the Ez * energy. 
Let us consider the limiting case when the potential energy depends only os» the 
-̂deformation (y-instability). This case was investigated in ref. *5) fcf. also ref. 36}J. 
When the potential is assumed in the form of the harmonic osclilator, 

with the centei at the deformation fi0 and the amplitude of the zero-point /?-vibrations 
assumed small with respect to fi0 (corresponding to large mass parameter B or large 
strength C or large /?0), the authors obtain an energy of '.he first 2+ state twice as 
large as the correspondingly purely rotational energy. 

V((l) - iC(f}~fi0)2, 
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In view of this result, it is surprising that our rotational energies E2+ agree so well 
with experiment for nuclei like 124,126Ba, ,28'I30Ce which have relatively flat 
potential-energy surfaces in the y-degree of freedom. 
An explanation of this might be obtained from the dynamical calculations using 

the inertial parameters calculated microscopically instead of the parameters used in 
the surface oscillation theory 3S). 

5. Conclusions 
The following conclusions may be drawn from the results of our calculations. 
(i) According to recent theoretical calculations u ) a relatively large number of the 

well-deformed even nuclei in the 50 < Z, N < 82 region have small differences be-
tween the energies corresponding to prolate and obr shapes. For a number of 
nuclei a preference for oblate shape is obtained. However, this preference is small 
enough to be inside the limits of the uncertainties of the calculations and thus to be 
inconclusive. In rcf. i3) and in the present calculations in which theStrutinsky pre-
scription is used and the hcxadccapole deformations are taken into account, a sys-
tematic lowering of the prolate minimum is obtained. Jn the present research only one 
well-deformed nucleus u*Ba has a tendency toward oblate deformation (AE4tr = 
-0.1 MeV), whereas in ref. no well-deformed oblate nuclei are obtained. Thus, 
it may be that all the even deformed nuclei in this region arc prolate or arc not y-stable« 
The closeness in energy of the prolate and oblate minima in a number of the even 

nuclei gives a chance for both prolate and oblate shapes and for the shape isomerism 
in odd-vi and doubly odd nuclei and also in the excited states of the even nuclei in this 
region. This results because of the strongly stabilizing effects of particular single-
particle orbits, as discussed in refs.I2, However, very reccat evidence for prolate 
shapes of odd-,4 lanthanum nuclei from usLa to '"La, presented in ref. seems 
to indicate a general preference for prolate shapes in this region. 
(ii) The theoretical values of the moment of inertia arc, as a rule, smaller titan the 

experimental ones. This is in line with what was observed in the nuwearsh and act*-
nidc regions ,4<l7). For well-deformed nuclei in the investigated region the discrepan-
cy between the theoretical and experimental values docs not exceed 15%. 
(iii) For a well-deformed nucleus, the moment of inertia corresponding lo its pro-

late ?hapc is larger than that corresponding to the oblate shape. The prolate moment 
of inertia is up to 40 % larger than the oblate for a few nuclei such as1 uCe and13"*Ce. 
(iv) As a function of the deformation y» the moment of inertia gees through & maxi-

mum at non-ami shapes. For example, for the maximum value appears at 
y * 38* and it is about 40 % larger than the value corresponding to the axial prolate 
shape at y « 0*. 
This dependence of the moment of inertia on y deformation way be important fur 

nuclei with approximately a Sat potential energy with respect to y (i.e. for v-unstabfa 
nuclei). 
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(v) The investigation of the single-particle structure of the moment of inertia shows 
that the moment of inertia has a considerable collective nature. Still, some pairs of 
single-particle states play an important role. For example, for I26Ba the largest 
contribution of one pair to the total moment of inertia is 15 %. 
(vi) A considerable sensitivity of the moment of inertia is observed to such factors 

as the strength of the pairing force, single-particle scheme, equilibrium deformation 
etc. Unfortunately, we know very little about these factors in the investigated region. 
Therefore, vm consider the investigation of these dependences and sensitivities, present-
ed here, as equally, or even more important than the calculation of the moments of 
inertia themselves. 
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Investigation of the Integral Equation of the Generator-Coordinate Method 
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A method of solving the integral equation of the generator-coordinate method which makes 
use of the degenerate form of the overlap kernel is applied to three simple solvable problems. 
When a practical prescription to exclude numerical e r ro rs is used, good results are obtained 
for the lowest and the f i rs t excited states. Generator wave functions a re presented explicitly 
as well as the modified generator wave functions by the broadening kernel defined by Griffin 
and Wheeler. The generator wave functions in the biorthogonal. representation are also calcu-
lated. • The generator wave function modified by using the broadening kernel rather than the 
original generator wave function is well behaved and seems to reflect the physical nature of 
the wave function. The numerical version of the Rayleigh-Ritz minimization method is d is -
cussed. 

I. INTRODUCTION 

The g e n e r a t o r - c o o r d i n a t e method (GCM) h a s 
advantages over o ther methods to d e s c r i b e a 
v a r i e t y of n u c l e a r col lect ive motion; i t i s not s e m i -
c l a s s i c a l a s the c ranking model but comple te ly 
quantum mechan ica l , includes no redundant v a r i -
ab les , and g ives a v i s ib le image of the co l lec t ive 
motion. F u r t h e r m o r e , no assumpt ion of a d i a -
ba t ic i ty i s n e c e s s a r y . The ro ta t iona l s t a t e s have 
been s tudied r a t h e r wel l by the angular m o m e n t u m 
pro jec t ion method which is a spec ia l applicat ion 
of the GCM. In th i3 c a s e the ge ne r a t o r wave f u n c -
t ion i s r e a d i l y s een to be the ©-funct ion of the 
ro ta t ion g roup . The GCM i s a l so applied to heavy-
ion s c a t t e r i n g , but h a s not yet been s u c c e s s f u l l y 
applied to the desc r ip t ion of col lec t ive motion of 
nuclei in the t r ans i t iona l reg ion and f i s s i o n p r o -
c e s s e s which a r e supposed to be the m o s t su i tab le 
c a s e s . We be l i eve the lack of s u c c e s s f u l app l i ca -
t ion of the GCM to physica l ly r e a l i s t i c and i n t e r -
es t ing p r o b l e m s i s mainly due to the d i f f icul ty in 
solving the i n t eg ra l equation appear ing in the GCM, 
a s a r e s u l t of which our knowledge of the g e n e r a -
t o r wave functieA i s v e r y poor . 

Some p r o g r e s s ha s been achieved in the c a s e of 
- ^ • h e a v y - i o n scat ter ing,1*2 but v e r y l i t t l e r e s e a r c h 

h a s been publ i shed on the in t eg ra l equation in the 
c a s e of co l l ec t ive motion. In the p r e s e n t p a p e r 
w e show tha t the in tegra l equation can be solved 
to give a c c u r a t e r e s u l t s at l e a s t in c e r t a i n s p e c i -
f i c c a s e s of the pa i r ing v ibra t ion if a b e t t e r method 
i s used . T h e second pu rpose of the p r e s e n t work 

i s to inves t iga te numer i ca l l y the n a t u r e of the 
so lu t ions by using va r ious r e p r e s e n t a t i o n s . We 
hope th i s work wi l l give an impe tus and a b a s i s 
f o r a t tacking m o r e complicated p r o b l e m s . 

The p a i r i n g v ib ra t ion was t r e a t e d p rev ious ly in 
the f r a m e w o r k of the GCM and the in tegra l equa-
t ion w a s solved by replac ing i t by an a lgebra ic 
equat ion. T h i s method, however , h a s s o m e s h o r t -
comings . B e f o r e d i scuss ing th i s point , le t u s 
p r e s e n t the i n t eg ra l equation appea r ing in the 
GCM. 

The t r i a l wave funct ion of the GCM i s a l i nea r 
combinat ion of the genera t ing wave func t ion >p{x,a), 
which i s a many-body wave funct ion containing 
dynamica l v a r i a b l e s {x} and depending on one o r 
m o r e g e n e r a t o r coord ina tes a , weighted by the 
g e n e r a t o r wave funct ion / ( a ) : 

*(x) = J <p{%oi)f{€L)dot. (1) 
The g e n e r a t o r wave funct ion i s obtained by solving 
an in t eg ra l equation der ived through the v a r i a t i o n -
a l p r inc ip l e 

J [3C(a, at')-EOl(a, a')]f(ci') da' =0, (2) 
w h e r e the k e r n e l s 3C and 9Z a r e ca l led the e n e r g y -
over l ap and the over lap k e r n e l , r e spec t ive ly , and 
given a s 

3C( ol, a')= j tf>*(x, |x')4>(x', a')dxdx' 

7 
2101 
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and 

9Z(a, a') = f 0*(x, oi)<p{x, a')dx. 
If we find the eigenfunctions of the overlap kernel 

f X(a, a'da'**.&(<*), (?) 

then the generator wave functions can be expressed 
in t e r m s of these eigenf unctions .ĝ  (a) • In the 
procedure used in Refs. 3 and 4, Eq. (3) i s solved 
by replacing i t approximately with an algebraic 
equation 

i 
), fo r « = ! , . . . , t , 

(4) 
In this procedure we get a secular equation in 
which the matr ix e lements a r e specified by the 
genera tor coordinates. Assume that the. number 
of independent eigenfunctions of Eq. (3) i s w. The 
problem of numerical accuracy is involved in two 
s tages . The f i r s t i s the approximation made f r o m 
Eq. (3) to Eq. (4). At this stage bet ter numerical 
accuracy i s achieved by taking more points for a . 
The second stage i s the numerical solution of Eq. 
(4)= If the number of mesh points t. i s l a rge r than 
w, t he re r e su l t {t —w) redundant eigenfunctions, 
f o r which A should be z e r o but in numerical ca l -
culations i s not exactly ze ro . Besides these r e -
dundant eigenfunctions, the re r e su l t other eigen-
functions which though not redundant may have ve ry 
smal l eigenvalues and, the re fore , su f fe r f r o m 
se r ious numerical e r r o r s . When all of these 
eigenfunctions a r e used in the expansion o f / ( a ) , 
the lowest calculated energy often comes f a r 
below the exact lowest energy.5 This situation has 
been noticed a l ready in Ref. 4, where a relat ively 
smal l number of mesh points a r e used to avoid the 
redundant and inaccurate eigenfunctions and nu-
mer i ca l accuracy at the f i r s t stage i s sacr i f iced 
to some extent. A dilemna is involved in which an 
ef for t to reach bet ter numerical accuracy r e su l t s 
in an increase in the re la t ive number of unsa t i s -
fac tory eigenfunctions, among which some a r e 
redundant and o thers though not redundant suf fer 
f r o m enormous numerical e r r o r s . 

In this paper , we use an al ternat ive method to 
solve Eq. (3), in which numerical accuracy can be 
much improved without introducing any redundant 
eigenfunctions. A brief outline of the method i s 
given in the next section. In Sec. Ill the method i s 
applied to the pairing vibration problem. The f o r -
mulation developed in Sec. HI i s applied to th ree 
s imple solvable p rob lems in Sec. IV. The final 
section is devoted to a discussion and summary . 

II. OUTLINE OF THE METHOD 

We s t a r t by expanding the generating wave func-
tions <p(x, a ) in t e r m s of an appropriate or tho-
normal set of wave functions < ĵj(x) such as the 
shel l-model wave functions, 

^ ^ a J ' J ^ t t V ^ ) . (5) 
!t 

The overlap kernel , then, takes the following 
fo rm of a sum of separable functions: 

(6) 
k 

Since the expansion (5) is always possible in p r i n -
ciple, this f o r m i s a general proper ty of the over -
lap kernel . Once ths kernel i s wri t ten in this fo rm, 
Eq. (3) i s easi ly solved. Defining 

Si*3 fz^atejatea, (7) 
the eigenfunctions gi (a) a r e expressed a s a l inear 
combination of Zg(a) a s follows: 

(8) 

Substituting Eq. (8) into Eq. (7), we obtain a secu -
l a r equation fo r the £ik> 

2 
where 

uu>' = j Zk(a)Z*,(a)da. 

(9) 

(10) 

If we normal ize the eigenvectors £ as S f e U i f t | 2 = 1, 
we get or thonormal wave functions 

^(x) = J <p{%, a)g{{a)da. (11) 

The coefficients a r e the amplitudes of tpk 
contained in the wave function ipt, 

(12) 

The eigenfunctions g i i a ) sa t i s fy the following 
orthogonality; 

f g?(a)gj{a)da =V*5</ (13) 
in accordance with orthonormality of ipr Let the 
total number of independent wave functions <pk and 
nonzero eigenvalues of Eq. (9) be equal to d and 
d't respect ively. If d = d', the GCM i s completely 
equivalent to the diagonalization of the Hamiltonian 
in the space spanned by <ph. The necessa ry and 
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suff icient condition f o r d-d' i s 

d e t * / * 0 . (14) 

The above condition is sa t i s i fed if, and only if, 
a l l of the d functions Zb{a) a r e l inear ly independent 
of each other . 

Once the eigenfunctions g^ot) a r e obtained, the 
GCM integra l equation i s eas i ly solved by e x p r e s s -
ing/Co;) in t e r m s otg^a) 

/(a) =2lCiSM)« (15) 

The ampli tudes C i a r e solutions of the eigenvalue 
problem 

£ (hlHlQjCj^ECi 
s=i 

(16) 

III. APPLICATION TO THE PAIRING VIBRATION 

where 

H' 
1 l<t>"($, A ' ) ) , 

the suffix v i s used to denote the uth exci ted s ta te , 
and t = 0 co r re sponds to the lowest s t a t e . F i r s t we 
find eigenfunctions of the over lap k e r n e l 

J 9L(A, A'TEIUODA'^G^A) (3') 

by means of the method of Sec. IL The expansion 
of A) i s conveniently accompl ished by using 
she l l -model wave functions <pft(x), w h e r e k i s an 
abbreviat ion of ( k l t . . . , fes), and fe, i s the number 
of nucleon p a i r s coupled pa i rwi se p r e sen t in i th 
orbi t . Under the conditions that 0 and * 
Yji^i =n> fchis express ion gives 

\ 

The p rob lem to be t rea ted cons i s t s of n p a i r s of 
nucleons moving in s s ing le -par t i c l e o rb i t s , each 
of which has s ing le -par t i c le energy €, and pa i r 
degeneracy Shit in teract ing with each other v ia a 
two-body f o r c e . As a two-body fo rce , we use a 
s imple pa i r ing f o r c e with constant ma t r ix e l e -
ments 

H = YJ €'C'C< £ C< CI~C7CJ > i.j 
(17) 

where c] (c{) i s the c rea t ion (annihilation) opera to r , 
T i s defined a s the t i m e - r e v e r s e d orbi t of i, and 
G i s the m a t r i x e lement of the pai r ing fo rce . As 
in Ref. 3, we will fo rmula te th is p rob lem by using 
number -p ro jec ted BCS wave functions A) a s 
generat ing wave funct ions 

*(X) = J V ( X , A)/(A)RFA, (18) 

where the 0"(x, A) a r e the normal ized e igensta tes 
of nucleon number 2n pro jec ted f r o m a BCS wave 
function 

J»2ir O G-1"9 <MX; A, e)de A) = [2TT e-™^-, A, 0)10(X; A, e))dT] OlW » 

(19) 
where 

i 

and the ui and vt f a c t o r s a r e given by B a r d e e n ' s 
equation. The in tegra l equation takes the fol low-
ing fo rm: 

j [3€(A, A') -EjfliA, A')]fv{A')d&' =0 , (21) 

where 
V2 

(22) 

with 

2ft(A) = • n (*;) 
1/2 
ufi-tiUMHA) , (23) 

and i s the binomial coefficient . Equation (3') 
i s solved in a s t r a igh t fo rward manner by follow-
ing the method of the preceding sect ion. As seen 
f r o m Eqs . (22) and (23), the Z„{A) a r e r e a l and 
the U ma t r i x of Eq. (10) i s a r e a l s y m m e t r i c 
mat r ix . 

Since the re ex is t re la t ions between the u and 
v f a c t o r s as pointed out by Jus t in , Mihailovic, and 
Rcsina, 3 

inP^i-riPi ~ -*>/>,][ U* ~ U* - A )pk] 
=/y>i[(€i ~ A)ph - (cfe - XipjK^ - K)p} - (£, - , 

(24) 

where 

Pi = vt/ut, 
the condition given in Eq. (14) i s not a lways s a t i s -
f ied. The re a r e two examples in which Eq. (24) 
does not violate the l inear independence between 
the ZYs. One i s a problem involving only two 
levels , each of which may have any l a r g e pa i r 
degeneracy. In this p rob lem we have only ult 
and uz, vz, and the re la t ion given in Eq. (24) t u rn s 
out to be an identi ty. The other i s a p rob lem con-
s is t ing of many doubly degenera te levels with no 
accidental degeneracy. 
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We must notice that the m a t r i x e lement Ukk> 
becomes infinite if the in tegra t ion of Eq. (10) i s 
p e r f o r m e d f r o m z e r o to infinity, because none of 
the Zfe(A)'s tends to z e r o a t infinity. Th i s i s 
eas i ly unders tood if we think of the s t rong coupling 
l imi t (a— where 0"(x, A) contains al l the she l l -
model wave funct ions with apprec iab le ampli tude. 
T h e r e f o r e we have to t e r m i n a t e the in tegra t ion 
at s o m e value, Amax. T h i s t e rmina t ion may bring 
about m o r e l inea r dependence between the Z's. 
In such a c a s e we would have to change the Amw 
value . A m o r e fundamenta l way to avoid this 
poss ib i l i ty would be the u s e of another p a r a m e t e r 
ins tead of A. F o r example , we could u s e the 
following p a r a m e t e r a s a gene ra to r coordinate : 

= ^>(x,A) £ c f c j 

* A ] • > , / [ ( £ , A 8 ] ! / * , 
i 

when we s e e that A i s confined in the domain 
[ 0 , ^ , 0 , ] a s A changes f r o m 0 to 00- It i s eas i ly 
seen that , if we r e f o r m u l a t e the whole of th i s 
sec t ion by using the p a r a m e t e r A, the m a t r i x c o r -
respond ing to U r e m a i n s f in i te without los ing 
genera l i ty . In th is paper , however, we will not 
u s e th i s method but follow the use of Amax f o r 
s impl ic i ty . 

We p roceed now to two other r e p r e s e n t a t i o n s . 
One of them i s the biorthogonal r ep resen ta t ion 6 

and the o ther i s the one introduced by Gr i f f in and 
Whee le r , 7 which we will ca l l the GW r e p r e s e n t a -
t ion . 

We def ine a function D a s fol lows: 

D(a,0£')= £ gt(oL)\igi{cL), (25) 

which becomes the Di rac 6 function 6(a - a') if 
the s e t {gt} i s a complete s e t . F o r any funct ion 
F(a) tha t can be expanded in t e r m s of g^a), the 
funct ion D has the s a m e p rope r ty a s the 6 func -
tion, i .e . , 

J D{ct, a')F(a')da' =>(<*). 

The bior thogonal wave funct ion 0"(x , A) is appro-
p r i a t e ly defined a s 

<£«(£, A)| A')>=D(A, A'). (26) 

Equation (26) i s s a t i s f i ed by the wave function 

> ( 2 , A)= 

The bior thogonal gene ra to r wave funct ion i s found 
to b e 

/.<A)=£c?X4ar,<A) (28) 

through the re la t ion 

I v) = J7„ (A)$>" A)d A = J /„ (A)4>" (x, A)dA. 

(29) 

It is easy to s e e that f v (A) r e p r e s e n t s jus t the 
ampli tude of A) contained in the t^th s t a t e 

{v\<pn(% A ) ) = fv(A) . (30) 

The t r a n s f o r m a t i o n to the GW rep re sen ta t i on f r o m 
the or ig inal one i s done by the na r rowing and 
broadening k e r n e l s . The nar rowing ke rne l can b e 
e x p r e s s e d in t e r m s of the eigenvalues and e igen-
functions a s 

(31) 

and the broadening kerne l as 

B(V,A)= X ^ f a V ^ A ) . (32) 

These k e r n e l s sa t i s fy the following re la t ion: 

J N(ai, rj)B(ri, p}di] = D{a, j3). 

The or ig inal genera to r wave funct ion i s t r a n s -
f o r m e d by the broadening ke rne l into 

/?W(A)= Js(A,A0/„(A')rfA' 

(33) 

This function is seen to be in t e rmed ia t e between 
/ „ (A ) and /„(A). The associa ted wave function 
with /® W ( A) is given by 

n̂.Gw A ) = J A')dA' 

i ^ ft ' 
(34) 

The t h r e e r ep resen ta t ions a r e r e l a t ed to each 
other through the equations 

(2, A)) 0"(£, A')) =B(A, A'), 

and 

(<P»'0W A)| A ' ) ) =N{A, A ' ) . 

IV. NUMERICAL RESULTS 

In th is sec t ion the method developed in the p r e -
ceding sec t ions i s applied to t h r e e solvable prob-
l ems . In the f i r s t two d = d', while in the l a s t 
p rob lem d' i s s m a l l e r than d. 
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A. Two-Level Problem with Multidegeneracy 

This p r o b l e m i s c h a r a c t e r i z e d by the p a r a m e -
t e r s s = 2, £ j =0, e2 = l MeV, and 

S21 = S22 = S2 = M . 
The s h e l l - m o d e l s t a t e s a r e spec i f i ed by the n u m -
b e r of nucleon p a i r s k p r e s e n t in the lower o rb i t , 
and the zk(A) a r e given a s 

Calcula t ions w e r e made f o r S2 = 2, 3, 4 ,10 , 20. P r e -
c ise ly the s a m e r e s u l t s a r e obtained f o r J2 = 2 and 
3 as in the s h e l l - m o d e l calcula t ion. F o r 4, 
however , the GCM calculat ion c e a s e s to be c o m -
p le te . As an example , we d e s c r i b e the s i tua t ion 
in de ta i l f o r t h e c a s e of SI = 10, f o r which d = l l . 
The c r i t i c a l value of the p a i r i n g s t r eng th , Gc, a t 
which the energy gap of the B a r d e e n ' s equation 
van i shes , i s 0.05 MeV. In tegra t ion was done f r o m 
A = 0 to A = 6 MeV by S impson ' s method. V a r i o u s 
i n c r e m e n t s w e r e t r i ed , i . e . , the in t eg ra l domain 
was divided 10, 12, 18, 22, 50, 100, and 150 
equidis tant i n t e r v a l s . Inclusion of a l l the e i g e n -
funct ions coming f r o m the diagonal izat ion [Eq. 
(3')] tu rned out to give v e r y i n a c c u r a t e r e s u l t s 
f o r any choice of dA. T h i s fac t m e a n s tha t i t i s 
s t i l l d i ff icul t to r e s o l v e a l l the e igenfunct ions of 
the ove r l ap k e r n e l numer ica l ly even with the p r e s -
ent method, and tha t s o m e of the e igenfunct ions 
s u f f e r f r o m s e r i o u s n u m e r i c a l e r r o r s . It i s n e c -
e s s a r y then to ident ify e igenfunct ions which suffer 
f r o m eno rmous n u m e r i c a l e r r o r s f r o m o t h e r s 
which do not. F o r th i s p u r p o s e we adapt a p r a c t i -
ca l p r e s c r i p t i o n , which i s to c a l c u l a t e , s c a l a r 
p roduc t s of ipt by p e r f o r m i n g t he double in tegra t ion 

GM = f d A J dA'g*{A')(<t>n(Z, A ' ) | A ) > ^ ( A ) , 

(35) 

which should give 5{J if t he g{(A) a r e accura te ly 
obta ined. We find tha t only 6 e igenfunct ions a r e 
o r t h o n o r m a l to each o the r f o r 10 and 12 in t e rva l s , 
and 7 f o r 18 to 150 i n t e r v a l s . T h e ca lcula t ion 
with 18 i n t e r v a l s g ives e s sen t i a l ly t h e s a m e r e -
su l t a s the one with 150 i n t e r v a l s . The s c a l a r 
p r o d u c t s of e igenfunct ions ca lcula ted with t he 
double in tegra t ion a r e tabula ted in Tab le I . Th i s 
p r e s c r i p t i o n t u r n s out to give a r a t h e r c l e a r - c u t 
d is t inc t ion . The calcula ted e n e r g i e s and wave 
funct ions a r e tabula ted in Tab le II . 

The ge ne r a t o r wave funct ions in the o r ig ina l 
r e p r e s e n t a t i o n a r e i l l u s t r a t ed in F i g s . 1(a) and 
1(b), and those in the bior thogonal and the GW 
r e p r e s e n t a t i o n s a r e shown in F i g s . 2(a) and 2(b). 
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TABLE II. Comparison of energies and wave functions of the exact calculation for the two-level problem with those of the present calculation of the GCM. The 
same parameters are used for Integration as in Table I. 

(a). Lowest states 

G 0.0 0.03 0.06 0.09 0.12 0.15 
Exa:t GCM Exact GCM Exact GCM Exact GCM Exact GCM Exact GCM 

k =10 1.0 1.000 00 0.977 88 0.977 88 0.74182 0.74182 0.23867 0.23866 0.09105 0.09105 0.047 59 0.04759 
0.00002 0.20576 0.26575 0.57176 0.571 74 0.51568 0.51566 0.318 68 0.31867 0,21441 0.21442 

8 -0,00005 0.03713 0.03718 0.31976 0.31988 0.60739 0.-60? S4 0,545 51 0.54557 0.454 62 0.454 60 
7 0.00012 0,005 69 0.00560 0.13575 0.13552 0.47503 0,474 67 0,58688 0.58674 0.59157 0.591 64 
6 -0.00021 0.00073 0.00085 0.04448 0,044 72 0.26442 0.26484 0.43374 0.433 91 0.51^92 0.B19 82 
S 0.00025 0.000 OS -0.00001 0.01125 0.01117 0.10748 0.10732 0.22819 0.22814 0.32109 0.32112 
4 -0,00018 0.000 01 0.00811 0.002 04 0.03193 0,03169 0,08604 0.085 90 0,140 66 0,14072 
3 -0.00003 0.00004 0.00125 0.000 42 0.00679 0.00700 0.022 86 0.022 97 0.043 05 0.043 00 

0,00017 0.00000 0.00013 0.00018 0.00098 0.00125 0.00408 0.00427 0.008 79 0.00873 
1 0.00000 -0.00001 0.00006 0.00009 0,00019 0.00044 0.00052 0.001 08 0.00106 
0 0.00002 0.00000 0.00001 0.00002 0.00002 0.00003 0,00006 0.00006 

Energy O.C- 0.00000 —0.30313 -0.30313 -1.062 45 -1.06245 -2.844 65 -2.844 64 -5.40025 -5.40025 -8.257 88 -8.257 80 

Cbh First excited states 

6 0.00 0, ,03 0,06 0,09 0,12 0.15 
Exast GCM Exact CCM Exact GCM Exact GCM Exact GCM Exact GCM 

JM10 -0,0001$ -0.2C<H6 -0,20648 -0,62832 -0.62832 0,66900 0,66900 0.33943 0.33946 0.18988 0,18988 
0 I.C G.m9? 0.92102 0.92! 00 0.4 18 OS 0.41805 0,43658 0.43656 0.59138 0,59136 0,503 63 0,50358 
a 0.002 02 0.32235 0,32241 0.55065 0,55065 —0.21098 -0,13084 0,34003 0.34032 0.50606 0.50636 
7 -0.00273 0.071 11 0.07104 0.32919 0,32920 -0,41516 -0,41549 -0,17780 -0.17867 0.06910 0.06820 
0 0.003 SO o . o m o 0.01181 0.131 69 0,131 66 —0,36736 -0,36695 -0.452 89 -0.45173 -0.37325 -0.372 01 
s -0.00426 0.605 49 o^ooim 0.03812 0.03816 -0.193 M -0,19336 -0,37886 -0,37934 -0.46085 -0.46123 
4 $,00272 0.000 IS 0.00025 04J0811 0,008 OS -0,06807 -0,06818 -0.18809 -0,188 73 -0,29022 -0.29131 
3 0,00066 0.00001 0,00006 0,00125 0,0012-1 -0,01639 -0,01622 -0,06043 -0,05964 -0.112 83 -0.11207 
«* -0,002.19 -0.00011 0.00013 0.00017 -0,00261 -0,00248 -0.01244 -0.01173 -0,02745 -0.02617 
I -o.ooi m -0,00007 o.mm —0,00025 -0.00021 -0,001 50 -0,00126 -0,003 86 -0.00333 
0 -0.00022 -0.05001 -0.00001 -0,00001 -0,000 OS -0.00005 -0.00024 -0.00017 

Kfiergy 2,00063 !.&1»36 1.038 20 -0.20019 -0.20079 -1,4 St 32 -3,29071 -3.29060 -5.47856 -5.47848 

W W O > 

CO a W r M z w 
> 

O 
o C/3 s M 
o > 

JCO 
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F1C*. L Generator wave ftmettetti* in ft*© ortgtas! repre^eniation for the two mttltJ^etwsrafce level jsrofelsm. Ttoo 
solid ami carves are for !He nmmtt ami firsi tttcttod states» resfMMttvely, 

B, May IJtmfoijf 0-sfgemifsie l«ir«fc 
This problem consists of eight particles moving 

in eight doubly depurate levels: 
**8, rt«4, n4*l for !• I*.., , 8, 

and 
c, •C-4.S + I) MeV» 

TABLE SI. Comparison of energies of lite mazi cal-
culation for many dtttblv jegimaafaitt levels nwith Ites© 
af she c«lct*lfttt<m of Ufa GCM for this gretmd and 
the first esetted states. 

a Bt,it t Exact) tfSwkel) £, IOCM) 

0.0 -1&M0 -18.080 —M.QO1® 
0.1 -16.43$ - l i 30© 
0,2 —N.8SS - i 4Jm 

—17»S21 -17,312 
CM ~WM2 -18.231 -•i&j&e -IS,726 
o.s -10.111 -19.102 -28.182 
0.6 -ao.isB -toviai — 17,031 
0.T -31,309 -21,305 -17.U74 
0.8 —32.61Q 

-34.G18 -24.016 —18*883 —17*882 
1.0 -4S*S13 —29,588 —18*8$* 
1.1 -37.CS1 -27,081 -20,263 -28,100 

In this problem 4*W m& C«E« 0 . 2 9 8 3 MeV, I'n* 
teg-ration was earrietl out with Simpsons method,, 
varying the increments over the interval 0 to 

« T & * 0 . 0 5 , A M K » 1 0 ; 
d& ® 0A 2, .&mfj»12; d& • 15, ̂  »18, 

By asing the prescription dtescriiseil la Sec. IV A, 
we get ssvesi trustworthy eigenfafjctions lor the 
last set of integration parameters, while we get 
only s i s for other sets . We used these seven 
eigenfunctions to solve the integral equation and 
tabulated the results In Table 1X1* The .generator 
wave functions lor (lie lowest two slates In the 
biorthogonai and the €»W representations a re shown 
in Fig* 3, 

Tferee wftb lajttal Mtt?fMe$«ter»c? 
Owe of Hie problems in which *f»d* does not hold 

because of eq, {25) is now treated. The parame-
ters of the problem a re a s follows1; 

S « 3 , NAFI, I I , 

and 
€ J a W -1 ,2, « —1,0 MeV» 

In this problem MeV ami ®21, while 
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6 s 0.0 MeV 
(oJ 

FIG. 2. Generator wave functions in the GW nnd bi-
orthogonal representations for the same problem as in 
Fig. I . The solid nncl da a hot! curves represent rsnci 
/{f*t and the dash-dotted m l dotted curves / a siml/v 

rf*2B. Integration was per formed with Simpson's 
method to calculate the U matrix. Various values 
were tried for the increment d& and the interval 
{0, f/A« 0.025, Am»k —2,5; rfA«0,03, 
a4 .5 ; «0.04, Anu% =4.0; </A = 0.05, A„m =2.5, 
4.0, 6.0; r/A = 0.l0f a » * «8.0; d& «0.15, A- m 
* 18.0; CFA«0.L0, AMM«1 2.0, 15.0. Eight trust-
worthy eigenfunctions of the overlap kernel are 
obtained for the last acts of the Integration param-
eters and seven for other sets. The calculations 
were performed with these eight eigenfuncticns. 
The calculated energies of the GCM for the lowest 
states agree with the exact ones up to five figures 
and the excitation energies of the first excited 
states are 10.7 to 3.5$? off for f ;=0.0 to 0.10. The 
generator wave functions in Die biorthogonal and 
She GW representations are illustrated in Fig. 4 
for G -0.10 

V. DISCUSSION AND SUMMARY 

We have used in this paper a method to solve 
the integral equation which mokes use of the de-
generate form of the overlap kernel. The method 
has an advantage in that the integration over the 
generator coordinates is carried out very accu-
rately. The accuracy is limited only by the accu-
racy of the computer and the numerical method 
of integration. In spite ol these advantages, nu-
merical calculations wing this method show that 
some of the eigenfunctior.s of the overlap kernel 
suffer from serious numerical errors. This fact 

-I 

6 * 0 . 4 0 MeV 
A B C S « 0 . 6 5 MeV 

A(MeV) 

FIG. 3. The same as Figs. 2 for the eight doubly 
degenerate level problem. 
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FIG. 4. Tho same as Ftp. 2 for the three rouliidogen-
«rn«e level problem. 

means that the or iginal generating wave function 
i s too complicated for all the eigenfunctions to be 
resolved numerical ly. We have seen, however, 
that those eigenfunctions of the over lap kernel 
which a r e obtained without appreciable numerical 
e r r o r s span a subspace in which the lowest and 
the f i r s t excited s t a t e s a r e descr ibed well f rom 
the normal to the superconducting phase for both 
the (I-df and d>d' ca ses . The problem is how to 
distinguish the accura te eigenfunctions f rom the 
innccurate. We proposed a pract ica l prescr ipt ion 
in Sec. IV A which gave a ra ther c l ea r c r i te r ion 
for the distinction. It should be noted that the 
prescr ip t ion can be used in the conventional method 
mentioned in Sec. L 

We want to point out a dangerous aspect of the 
numerical vers ion of the Rayleigh-Ritz minimiza-
tion method. This method is described in detail 
in Ref. 8, and used safely to solve the SchrBdinger 
equation of the Bohr Hamiltonian. Although this 
method may be conveniently used, for example, 
for a la rge dimensional «hel l-model calculation 
in which we do not need all the s t a t e s solved but 
only a few low-lying s ta tes , it may be dangerous 
if used for the GCM calculation. As we have seen, 
the re a r e many eigenfunctions of the over lap k e r -
nel which belong to very smal l eigenvalues and 
have large numerical e r r o r s . Those eigenfunc-
t ions should have been excluded in the calculation. 
If we do not exclude them a s in the Rayleigh-
Rltz minimization method, the resul tant wave func-

tions have many unsatisfactory components and 
therefore cannot be trusted. One of the reasons 
why Siegal and Sorensen4 got food results by us-
ing this method may be that they utilized relative-
ly few points for the generator coordinate to carry 
out the summation, so that the determinant of the 
overlap kernel is not vanishingly small. If we use 
more mesh points than the number of the indepen-
dent eigenfunctions of the overlap kernel in this 
procedure, the resultant wave functions contain 
redundant components. If the number of mesh 
points is reduced, inaccurate calculation is in-
evitable for the energy-overlap kernel because it 
is calculated by using those rough mesh points. 
This is a shortcoming of this numerical method. 

The problem treated in Sec. IV B has been solved 
by Siegal and Sorensen. They used the 2- \ meth-
od, in which x is treated as another generator 
coordinate. This method results in improvement 
of Zk *& behavior, though the meaning of A be-
comes vague. The 2-\ method can be used to 
make the GCM theory mathematically equivalent 
to the exact shell-model theory for some of the 
problems to which the present one-parametric 
GCM theory gives d' smaller than d. An example 
of this kind of problem is the one treated in Sec. 
IV C. 

The expressions have been given for the genera-
tor wave functions in the three different repre-
sentations in terms of the eigenvalues and eigen-
vectors of the overlap kernel. All the present 
calculations show that the generator wave functions 
in the original representation oscillate rapidly. 
One of the reasons for this oscillation may be 
found in the fact that the generating wave function 

A) changes its nature slowly with the genera-
tor coordinate, which is reflected in the wide width 
of die overlap kernel. Oscillation of the biorthog-
onal generator wave functions /„(A) is seen to be 
most slow. This is because the biorthogonal wave 
function «?>"(£, A) changes its nature very rapidly with 
A.. For c>Ge the functions/0(A) and j"0(A) have a 
peak around the optimum value of the generator 
coordinate dl)CS which is the solution of Bardeoi's 
equation with pairing strength G. The GW repre-
sentation is intermediate between these two. The 
functions /qW(A) also have a peak around A ^ and 
no node, and damp at distances far from A BCS • The 
functions for the first excited states, /?w(A) have 
a node and damp similarly as/oW(A ). 
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The triaxial harmonic oscillator is found to be associated with a shell gap for nucleon number 8 corresponding 

to oscillator frequency ratios 3 : 2 : 1 and a deformation y = 30°, e = 0.87. The experimental positive-parity spectrum 
of , 6 0 is interpreted in terms of an anharmonic ground state vibrational spectrum on which is superimposed 3 : 2 : 1 
triaxial bands. The moment of inertia of the latter are found to agree well with expectations. There is also empirical 
evidence for an extremely deformed band at about 17 MeV, that might be associated with a 4 :1 shell structure. 

The spectrum of 160 is one of the most studied 
ones experimentally and theoretically. A band based 
on the 6.05 MeV >0+ excitation was early identified 
as a "coexistence" band by Morinaga [1 ], Bohr and 
Mottelson [2] and Brown [3]. In the latter reference 
the state is described in terms of four-particle-four-
hole excitations with reference to a spherical "vacuum" 
with the important inclusion of core polarisation. 
Actually the four-particle-fcmr.-hole description of the 
second 0+ state also exists in an even earlier version, 
without polarisation included, by Christy and Fowler 
[4]. The polarisation effect was first introduced 
qualitatively by Moringa. Important contributions to 
the development in the understanding of 160 and 
neighbouring nuclei were made by Ellis and 
England [5] (cf. ref. contained therein). 
The four-particle-four-hole excitation, being the 

basic component of the 6.05 MeV 0+ state, involves 
in the oscillator description the promotion of four 
particles from the N = 1 into the N = 2 shell. As both 
the shell N = 1 and TV = 2 are now half-full, there is a 
strong tendency to shape distortions away from 
spherical symmetry. Often, such n-particle-n-hole 
excitations can also be equivalently described as 
minima in the potential-energy surface in deformation 

* Supported in part by the U.S. Atomic Energy Commission. 

space. Thus, as a function of spheriodal distortions e, 
the orbital [nz = 2, n1 = 0] which is two-fold degene-
rate, comes below [n2 = 0,nL = 1J, the latter four-
fold degenerate, for large enough e. Furthermore, 
there is a tendency for minima n the potential-
energy surface to be establishes l for those shapes 
where the nucleon number in question happens to 
correspond to a closed shell. 
Geilikman [6] was the first to point out that, 

based on the harmonic oscillator, one expects to 
encounter shell structure for other shapes than that 
of the pure sphere. For the spheroidal case, a harmonic 
oscillator shell structure is associated e.g. with 
coĵ: CO3 = 2:1, 3:1 etc. In the more general ellipsoidal 
case, as pointed out by Swiatecki, Tsang and Nix [7] 
and by Bohr and Mottelson [8], the condition on the 
energy eigenvalues for shell structure can be written 
de de de . . , 

where i, j and k are integers and nx, ny and nz are the 
Cartesian nodal quantum numbers. 
The fission shape isomers seem to be associated 

with a shell structure characteristic of a spheriodal 
shape [6—8] with c^: oj3 = 2:1. Other nuclei in the 
medium mass range have recently [9] been shown 
to exhibit rotational bands of a character which 

422 
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« \ : a / y :uj2 = 3 :2 :1 

Fig. 1. Single-particle levels of the harmonic oscillator, 
neglecting spin-orbit coupling, as a function of the gamma 
coordinate for e = -v/3/2. Note in particular the shell at 
nucleon number 8 at uix: ojy :ojz = 3:2:1. The shell structure 
to the left in the figure approximately corresponds to the 
frequency ratios ojx : u>y: u>2 = 3:3:1. The levels are labeled 
by their Cartesian quantum numbers. 

might be explained as reflecting shell energy minima 
corresponding to 2:1 spheroidal shape. However, due 
to the large liquid-drop stiffness in medium-energy 
nuclei, the 2:1 shape ratios are only approximately 
approached in this intermediate mass region. For 
lighter nuclei, however, the surfr ce energy is of less 
significance relative to the shell energy. In 160 we 
find a shell structure effect large enough to explain 
the occurence of a shape isomer, provided we also 
allow distortion away from axial symmetry. Thus, for 
7 = 30° we obtain, as shown in fig. 1, the single-particle 

,6o 8U8 
Contour line 
separation 
0.5 MeV 

0.4 0.6 e land Etl 
Fig. 2. The potential-energy surface for 1 6 0 in terms of e 
(elongation), e4 (necking-in) and 7 (axial asymmetry) ob-
tained by the Strutinsky normalisation method. Note the 
triaxial minimum obtained at y ^ 30°. 

diagram corresponding to the pure oscillator as function 
of the asymmetry coordinate 7 for e = \f3j2. The rela-
tion of coj, co2 and w3 to e and 7 is given as [10] 
(cf. ref. [8]) 
GJk = o>0- [1 -f e • cos(7+At f 7t)] , k= 1,2,3. 
In fig. 1 a large gap is found corresponding to neutron 
or proton number 8 for 7 = 30? and e - y/T(2 with the 
simple w-ratios Wj: o?2: = 3:2:1. 
At the large distortions in question, the liquid-drop 

energies entering through the Strutinsky shell correc -
tion method employed, are of considerable significance 
in teh determination of the equilibrium nuclear shape. 
Thus, it is essential also to include the deformation 
coordinate e4, and for large deformations also . 0, 
together with e and 7. A method to include all these 
degrees of freedom simultaneously has recently been 
developed in ref. [11] for the calculation of the 
Coulomb energy. 
In the calculations we have also employed a spin-

orbit strength defined by a = 0.08 and n = 0, as usually 
assumed in this region of nuclei. 
The resulting total-energy surface is given in fig. 2. 

It is shown there that the liquid-drop terms push the 
minumum somewhat away from the point e = y/T/2, 
7 = 30°, towards a somewhat smaller e-value. 
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Fig. Low-lying, postttve-paiity Mates of {60 experimentally observed, group into roiatioiut an4 vibjaiitsnal stales as 
described in the text. In particular noic the three 3 : 2 ; I asymmciHc tomr-bands. 

The wave function for the coexistent 6 McV band, 
obtained by Brown and coworkers, is largely {«.« 0, 
nL - » 2,nk« 0}4. A still stronger alignment 
of the particles can be achieved by aligning the holes 
along the .v-axis (w v ~ 1, nY 53 0 , « Of . In this way 
the total nuclear wave function can be? written 
(0 ,0 ,0] 4 MG. J.014*|Q,0> \ ) 4« 1 0 , 0 , i n an 

-representation. Such an axially asymmetric 
description has earlier been considered by Hayward 
(12) and by Stephenson and Banerjec (13) , 

Tltesc base slates arefuihermorc assumed to fee 
polarized by having different oscillator frequencies 
Wx Wj, to-. 

Actually the calculated four-particle-four-hole 
minimum of ref. 11appears to correspond to 
e 0J8, y20° m our paramctrisation. Also the 
analysis of the electromagnetic csdta t ion data of 
the 6.92 MeV state leads the authors of ref. f I 4 | to 
conclude for these states a large non-axial deformation 
with y 5 3 25°. 

in fig. 3 all of the Implying positive-parity levels 
experimentally observed {15} for have been 
plotted. The most dominant shell structure for the 
double magic i60 involves the doubly-closed spherical 
shell with 8 nucteons. The corresponding minimum 
can be associated with the ground state. We have 
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i-ig. 4. The potential eneirgy ptomd along the 5wo paths, 
one with ya 30® {full line) and the other with y (dashed 
tine) as a function of t for the nucleus l60. In addition the 
energy has been minimized with respect to <4 and c6. Note the shallow stfcood minimum at frequency ratios 3:2: U and 
the deep minimum at 4:4:1. The nuclear shapes correspond* 
ing u> the potential-energy minima are also plotted. The exci-
tation energy of the ground state above the spherical mini-
mum has been calculated as the experimental mass correc-
tion icbtive to the liquid-drop value. 

furthermore tentatively assigned 1,2 and 3 phonon 
vibrations built an the ground state. 
The spacing of these phonon states is grossly 

consistent with the very anharmonie character of the 
calculated potential-energy surface (see fig. 2 and 4). 
We furthermore posit that the triaxail band beginning 
at 6.05 MeV is directly connected with the 3:2:1 
shape minimum seen in fig. 2. 
To explore this possibility the triaxial band has 

been fitted neglecting the coupling to the phonons. 
In the fit we have assumed for the energy moments 
that A j = A2 but A3 finite = K2/2 k- 1, 2t 3). 
Black triangles show the fitted levels, and open trian-
gles levels which were not fitted. It is probable that 
the deviation from experiment of the fitted 2+ level 
at 6.92 MeV and the 4* unfitted level at 13.87 MeV 
may be understood in terms of a neglected interaction 
with the level of assumed 2+ character at 10.35 MeV 
and the 4* level at 11.10 MeV, respectively. The 

rotor level fits correspond to moments of inertia 
J j and Jj which are 1.10 and 0.62 of the respective 
J^i for rotation around the I - and 3-axes, respcc* 
lively. In these rigid-inertia estimates also effects of 
e4 are included. 

A few comments should be made on these inertias 
Jj and JN obtained in the fit. With the axis ratios 
beingcjv *: 1: w; * ~ 2 :3:6. the inertias around 
the I - and 2-axis are expected to be very similar. 
Furthermore, in view of the large deformation we 
expect an inertia very near to the rigid one independent 
of any correlation, which-latter in this region of nuclei 
is anyway rather weak. For the inertia around the 
2 axis correlations are expected to play a larger role, 
as for 7 = 0° the inertia vanishes entm-iy* prohibiting 
rotations around this axis in the axiaiiy symmetric 
case. 
The position of the K - 2* band, beginning at 

9.84 MeV, is of particular interest, since it is sensitive 
to the magnitude of the triaxial deformation (the 
difference between A $ and gives a measure of the 
separation between the K - 0 and the K - 2 band). 
Sets of states that may be interpreted as two addi-

tional rotational bands with K = 0* are observed at 
12.05 and 14.00 MeV. These are left without further 
assignments. Of particular interest is an extremely 
deformed rotational band assumed to have K - 0+. 
The band head has not yet been definitely observed, 
although its extrapolated value is 16.76 MeV. How-
ever, 2*. 4* and 6* members are observed with 
unusual clarity utilizing the reaction 12C f a-+ sBe 
+ 8BC f 16J. This band finds a ready approximate 
interpretation in terms of an axially asymmetric 4:1 
prolate rotor, for which spheroid shape the nucleon 
number 8 is again magic. 
In fact the inclusion of e4 and e6 in the calculations 

for y « 0 deeppens the minimum and displaces it 
to e = 1.15. = 0.22 and = - 0.04, which inciden-
tally happens to correspond almost exactly to an 
axis ratio of 4:1 (see fig. 4). The corresponding 
shape is thus somewhat removed from that of a pure 
4:1 spheroid and the rigid inertia is increased by 
about 10% relative to that of the spheroid. In fact 
the predicted value of K2/23 comes out to be 
0.10 MeV compared to the average empirical value 
for the band of 0.08 MeV. This is in turn in excess 
of the four-alphas-in-a-string limit considered by the 
authors of ref. (15], and of ref. [1 ] for the 6 MeV 
band. 
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In conclusion we add a few comments on the 
energy differences between the three main configura-
tion states involved. A fit of the mass of I60 based 
on the liquid-drop parameters of Meyers and Swiatecki 
(17) requires a zcr&point energy of 12 MeV, which is 
of the same order as expected from a harmonic 
vibration in the spherical well j 18). The energy of 
the second and third minima, as seen from fig. 4, arc 
then in fairly good agreement with the excitation 
energy of the experimental levels asigned to them, 
especially in view of the large uncertainties of the 
liquid-drop background. (The zero-point energies 
of the deformed states are expected to be negligibly 
small compared to the spherical vibrational energy.) 
The interpretation of the rotational bands at 6 and 

17 MeV in ,60 is not new. The potential-energy 
surface picture mainly supports and sheds new light 
on an already accepted coexistence interpretation. 
Its main advantage is that it brings together the 6 MeV 
and 17 MeV bands into a unified picture. 

We are grateful to Professors B. Mottelson, G. 
Brown and H. Morinaga for kind suggestions and 
comments and to Dr. P. Moller for his help with 
some of the computations. 
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INFRARED AND RAMAN SPECTRA OF ReCo(CO),, 
AND MnCo(CO){, IN THE CO STRETCHING REGION 
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Abstract—The i.r. and Raman spectra of the bimetallic carbonyis ReCo(CO),, and MnCo(CO)., have 
been examined in the CO stretching region, 2200-1800 cm"'. Tentative assignments have been made 
for the fundamental CO stretching modes and with the additional data from "CO enrichment, simpli-
fied sets of CO force constants calculated. The results show that although the symmetry or the 
molecules is probably C„ each half of the molecule maintains Us local symmetry, e.g. C.tr on the 
-Rc(CO).-, unit, in the spectral analysts. 

I N T R O D U C T I O N 

T H E MIXED bimetallic carbonyis ReCo(CO>!, and MnCo(CO)» were first synthe-
sized several years ago [3 -3J. However, since that time no further structural 
data have appeared on these molecules despite the interesting stereochemistry 
these compounds might have. Most RCo(CO)4 species such as Cl3SiCo(CO)4[4] 
have C:tr symmetry about the cobalt atom while -Re(CO)r, and -Mn(CO)5 deri-
vatives have generally C4|. symmetry [5). Thus, in ReCo(CO),, and MnCo(CO),, 
the molecular symmetry should be CA. However, the possibility does exist that 
the symmetry of the cobalt species could be C4I, also. Then the molecule would 
have a total symmetry of C.„. similar to that of ReMn(CO)i«>[6]. 

Recently, Mooberry and Sheline[7] found from N M R measurements that 
the cobalt atom in MnCo(CO)., had threefold symmetry and thus the mole-
cular symmetry was CS. However, the i.r. spectrum reported for MnCo(CO),, 
shows fewer CO stretching bands than expected for a molecule of such low 
symmetry. / 

Therefore, a complete study of the i.r. and Raman spectra of MnCo(CO)» and 
ReCo(CO)i, in the CO stretching region has been undertaken, and with the 
additional information from l3CO enrichment, approximate CO stretching force 
constants calculated. 

E X P E R I M E N T A L 
ReCo(CO),, and MnCo(CO),, can be prepared by several methods[l-3,8]. It was found that the 

best yields could be obtained by the method of Kruck[2-3] except that lower pressures were used 
and Jriphenylphosphine was added as a catalyst. 

•Present address: Princeton University, Department of Chemistry, Princeton, New Jersey 08540. 
1. K. K. Joshi and P. L. Pauson.Z. Naturforsch. 176.565 (1962). 
2. T. Kruck and M. Hofler, Clwm. Ber. 97,2289 (1964). 
3. T. Kruck. M. Hofler and M. Noack, Chemje 99, 1153 (1966). 
4. W. T. Robinson and J. H. Ibers, hior^. Chem. 6, 1208 (1967). 
5. W. Zetz, P. B. Simons, J. A. J. Thompson and W. A. G. Graham, Inorg. Chem.. 5,2217 (1966). 
6. N. Flitcroft, D. K. Huggins and H. D. Kaesz, Inorg. Chem. 3,1123 (1964). 
7. E. S. Mooberry and R. K. Sheline,/. chem. Phys. 56, 1852 (1972). 
8. G. O. Evans, Ph.D. Thesis, Florida State University, 1970. 
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"CO enrichment <?/ReCo(CO)„ 
Sines many -Co(CO)4 derivatives exchange CO fairly rapidly an attempt was made to substitute 

,:,CO on ReCo(CO),, directly. Also, an indirect route was used to enrich ReCo(CO),, with ,:,CO similar 
to that used for Re,(CO)l(1 and Mn,(CO),„[9]. 

1 . Direct l : ,CO enrichment of ReCo(CO)„ 
Approximately 0 1 g of ReCo(CO),, was dissolved in 3-4 mis of /i-hexane and placed in a reaction 

flask. After degassing 93 per cent ''CO-enriched carbon monoxide (Mound Laboratories) was 
added to a pressure of I atmosphere. About 110 mis of CO gas could be introduced by this procedure. 
The solution was stirred and i.r. spectra were taken every few hours. New absorptions oould be 
seen after a short time and these bands increased in intensity slowly over a period of several days. A 
blank was run using ,zCO gas and no similar absorptions could be seen which indicated that the 
new absorptions were not due to decomposition of the ReCo(CO),,. 

2. Preparation ofi3CO-enriched ReCo(CO)„/rwn taCQ-enrich?d Re(CO)sCl 
13CO-enriched Re(CO)sCI was prepared by the same procedure given previously [9], The sub-

stituted product was dissolved in freshly distilled THF. NaCo(COY, was prepared from Co2(CO)B 
and Na using well-kne*vo techniquesflO]. After the Na amalgam was removed the uCO-enriched 
Re(CO)nCI was added with stirring. The reaction was monitored by taking i.r. spectra of the solution 
at various intervals. After 4 days of stirring the solvent was removed under vacuum and the residues 
dissolved in /i-hexane. I.R. spectra indicated the presence of ReCo(CO)!, and also some Re2(CO)i(|. 
The solvent was pulled off and after sublimation at 35°C a brownish-yellow product was found. By 
recrystailizing from petroleum ether yellow crystals (0-1 g) of ReCo(CO)., were obtained. 

13CO enrichment o/MnCo(CO)., 
Since it was possible to substitute ,5CO directly onto ReCo(CO)i„ ;he same procedure was tried 

with MnCo(CO).,. However, MnCo(CO)., is very unstable in solution asjd the complications due to 
decomposition made direct ,:,CO enrichment impossible. 13CO-enriched MnCo(CO)s, could be made 
by the above indirect route using ,3CO-enriched Mn(CO)r,Br, but it appeared impossible to remove 
traces of Mn2(CO)i» from the final product. 

i.R. spectra were obtained on the Perkin-Elmer 521 spectrophotometer using NaCl cells having a 
path length of 0-1 mm. The wavelength values should be accurate to ± 1 cm"1. The spectra for 
MnCo(CO)., were recorded using freshly prepared solutions since this compound decomposes rapidly 
in /i-hexane to Mn2(CO),«. ReCo(CO)(, proved to be quite stable iu solution. 

Raman spectra of polycrystalline samples of these materials were recorded from 1800-2200 
cm-1. Both MnCo(CO).., and ReCo(CO)., were found to be unstable when exposed to the He-Ne 
(6328 A) laser beam of the Cary Model 81 spectrophotometer with the Mn species most unstable. 
Decomposition could be held to a minimum by placing the sample holder in place with the sample 
pressed firmly against the hemispherical lens before exposure to the laser beam or by removing the 
focusing lens. Attempts were made to obtain the Raman spectra of «-hexane solutions in the CO 
stretching region. Although the solutions did not appear to decompose, no spectra could be obtained 
for MnCo(CO)s> and only two extremely weak bands could be seen for ReCo(CO)<i, at positions 
very near to those seen in the solid state spectra. 

R E S U L T S 

The i.r. spectra in the CO stretching region observed for the all-12CO molecules 
are given in Figs. 1 and 2. In both cases, three strong bands are observed similar 
to the spectra of ReMn(CG)i0[6]. Two weaker bands are also observed, one at 
high energy, the other a broad shoulder on the lowest energy band (the two 
weakest absorptions are due to 13CO). If the molecule has Cs symmetry, a total 
of nine bands should be seen in this region (7 A' and 2 A"). Accidental degeneracy 
or coupling across the metal-metal bond may lead to the observation of fewer 
9. W. T. Wozniak and R. K. Sheline, J . inorg. nucl. Chem. 34,3765 (1972). 

10. J. J. Eisch and R. B. King, Organometallic Syntheses, p. 153. Academic Press, New York (1965). 
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Fig. 1. Infrared spectra of ReCo(CO),, in the CO stretching region. 
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Fig. 2. Infrared spectra of MnCo(CO).( in the CO stretching region. 

fundamental vibrational modes than expected but it appears that the molecules 
do not behave as if they were of Cs symmetry. The Raman spectra shown in Figs. 
3 and 4 support this belief. Only three strong bands and two weaker absorptions 
are seen while nine bands are expected. Thus, it is assumed here that coupling 
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(CM"1) 

Fig. 3. Raman spectra, of ReCo(CO)., in the CO stretching region. 

(CM'1) 
Fig. 4. Raman spectra of MnCo(CO)» in the CO stretching region. 

across the metal-metal bond is so weak that each half of the molecule behaves as 
if the other half were just a single species. In other words, the Co atom sees 
an environment of C3v symmetry and the Mn or Re atom sees a C4v local symmetry. 
Therefore, the "approximate" symmetry of the molecule can be called C4v + C3v. 
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For this situation, six i.r. bands [4Af + 2E] and seven Raman bands [4/4,+ 
\Bt + 2E] are expected. 

A numbering system for the CO bond vectors of these molecules is presented 
in Fig. 5. Symmetry coordinates were constructed for these compounds using 
standard methods [11], The general form of the fundamental CO stretching modes 
are given in Fig. 6. 

Fig. 5. Numbering system for the CO internal coordinates of AB(CO)<, molecules. 
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Fig. 6. Form of the fundamental CO stretching modes for an AB(CO).) molecule (C4,,+ 
Csv symmetry). 

Assignments 
All-12CO molecules. Six i.r. absorptions [4A t + 2E] are expected in the CO 

stretching region while only five bands are observed. If one assumes weak 
coupling across the metal-metal bond, the observed bands can be assigned using 
the arguments given for ReMn(CO)10[6, 8]. However, since the coupling here 
appears to be quite weak, these arguments will have only a limited utility. 

The highest energy band [2134 cm-1 in ReCo(CO)9 and 2117 cm-1 in MnCo 
11. E. B. Wilson, J. C. Decius and R. C. Cross, Molecular Vibrations. McGraw-Hill, New York 

(1955). 
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(CO).,] can be assigned to one of the A j equatorial CO stretching modes. If the 
band at 2134 cm-1 consists of an At mode mainly centered on the Re moiety in 
ReCo(CO);„ then substitution of a "CO molecule on rhenium in an equatorial 
position should lower the energy of the band several wavenumbers. If the band 
is centered mainly on the Co moiety, no new absorption should be seen. In the 
spectra of the nCO-enriched ReCo(CO)., with the l3CO on the rhenium atom 
(to be discussed further below), a band is observed at 2126 cm-1. Thus, the band 
at 2134 cm"1 is assigned to /4,(Re). For MnCo(CO).) an analogous 1:iCO band was 
not seen in the spectra of the species with 13CO on the manganese moiety, 
therefore, the band at 2117 cm-1 is assigned tô i(Co). The other equatorial A i 
mode is then assigned to the strong bands observed at 2058 cm-1 in ReCo(CO)., 
and 2056 cm-1 in MnCo(CO);,. These bands are denoted A ̂ Co) for ReCo(CO)., 
and /f,(Mn) for MnCo(CO);,. That these bands should be so intense is at first 
surprising but a similar result has been found for ReMn(CO)io [6,8]. The axial 
A i modes should be found at lower energy [6], and one of them can be assigned 
to the strong bands in the i.r. spectrum at 1987 cm-1 in ReCo(CO)., and 1995 cm-1 
in MnCo(CO).,. They are labeled /4,(Re) and ̂,(Mn) for reasons to be discussed 
later. The other A, mode, called /4,(Co) should be of somewhat lower intensity 
due to coupling and thus is tentatively assigned to the bands at 1969 cm-1 in 
ReCo(CO)it and 1979 cm'1 in MnCo(CO).,. The E modes should be very intense 
in the i.r. spectrum and, therefore, one of them can be assigned to the bands at 
2031 cm-1 and 2025 cm-1 in the respective compounds. From the positions of 
the A, equatorial CO stretching modes the Re moiety in ReCo(CO);) should 
have the higher equatorial stretching force constant. Thus the band at 2031 cm-1 
is designated £(Re). Following the same procedure for MnCo(CO),, the band at 
2025 cm-1 can be assigned to E(Co). The other E mode should be found at 
lower energy and could be quite weak if there is any coupling between E modes. 
In ReMn(CO)10 this mode is found near 1975 cm-1. It is possible that this par-
ticular E mode is accidentally degenerate with the lower energy axial A x mode in 
both molecules. These absorptions appear to be quite broad in the i.r. spectrum 
and this occurrence does not seem unreasonable. Thus, the bands at 1969 cm-1 
in ReCo(CO).) and 1979 cm-1 in MnCo(CO)., are assigned to £(Co) and E(Mn) 
respectively. 

In the Raman spectra seven bands are expected [4,4,-b lBt + 2E]. Both Ax 
equatorial stretching modes are observed quite close to their positions in the i.r. 
spectra despite the fact that the spectra were measured in different media. The 
strong bands at 2065 cm-1 in ReCo(CO)<, and 2007 cm-1 in MnCo(CO)., which 
have no counterparts in the i.r. spectra are thus assigned to the B j mode which is 
allowed only in the Raman spectra. The other observed Raman bands can be 
associated with vibrational modes already assigned in the i.r. spectra, if one 
assumes small shifts due to medium changes, but they appear to be much weaker 
than expected. This may be the result of very weak coupling across the metal-
metal bond which, for example, in ReMn(CO)10 makes several absorptions quite 
weak. The assignments for the all-12CO molecules are summarized in Tables 
1 and 2. 

Mono-13CO species. The Lr. spectra observed for the 13CO-enriched species 
are given in Figs. 7-9, and the positions of the new absorptions given in Tables 
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Table 1. Observed carbonyl stretching 
frequencies and assignments for ReCo(CO)<„ 
All-l2CO and Mono-i;,CO substituted species 

Band 
Molecular species position 
and point group (cm-) Assignment 

2134-0 A(Re) 
all-l2CO 2058-0 A i(Co) 
Cj,.+ Ca, 1987-0 /4,(Re) 

1969-U //.(Co) 
2065-0 B,(Re) 
2031-0 E(Re) 
1969-0 E(Co) 

axia!-,:,CO 1944-0 A,( Re) 
C.|r + C;ir 

1929-0 A ,(Co) 
eq-l3CO 2126-0 A' 
C : i r +C, 

2003-0 A' 

Table 2. Observed carbonyl stretching fre-
quencies and assignments for MnCo(CO)!(, 
AH-I2CO and Mono-taCO substituted species 

Band 
Molecular species position 
and point group (cm-1) Assignment 

2117-0 A i(Co) 
aII-12CO 2056-0 y4,(Mn) 
C.|,.+ C,, 1995-0 ^i(Mn) 

1979-0 (Co) 
2007-0 B,( Mn) 
2025-0 E(Co) 
1979-0 £(Mn) 

axial-13CO 1955-0 At 
c,(.+c,, 
eq-,3CO 2003-0 A' 
C-.H- Cs 

1 and 2. For axial substitution the symmetry remains C4v-\-CAe and only the 
modes will be shifted. For ReCo(CO)., if the 13CO molecule is on the Re moiety 
a new band should be found about 40 cm-1 below the analogous Ax mode in the 
unsubstituted species. Thus, a new band should be seen about 40 cm-1 below 
1987 cm-1 or about 1945 cm-1. A new band is seen at 1944 cm-1 in the 13CO-
enriched sample with the 13CO on the Re moiety and so this absorption can be 
confidently assigned to an A, mode. 

For substitution on the Co atom a new band should also be seen about 40 
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Fig. 7. Infrared spectra of ,3CO-enriched ReCo(CO).) in the CO stretching region 
(direct substitution). 
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Fig. 8. Infrared spectra of ,3CO-enriched ReCo(CO):, in the CO stretching region 
(,3CO on the Re moiety). 

cm-1 below the all-12CO Ax mode at 1969 cm-1. Therefore, the weak band seen 
in the direct substitution spectrum at 1929 cm-1 can be assigned to this vibra-
tional mode. Analogously for MnCo(CO)9 a new band (1955 cm-1) seen in the 13CO-enriched species is assigned to an A1 mode of the axially-substituted 
species. The presence of these bands gives further support to the assignment 
made above of the/li axial modes in the all-12CO species. 
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Fig. 9. Infrared spectra of 1 'CO-enriched MnCo(CO),, in the CO stretching region 
(,:,CO on the Mn moiety). 

For equatorial substitution the situation is more complicated. If the 13CO 
molecule is found on the Re or Mn moiety the symmetry is lowered to C:{1.+ 
C„; if the 1;,CO molecule is on the CO moiety the symmetry is then C4V + CG. In 
the former case 6 A' modes [4A, + 15, + IE of the all-,2CO species] and 2 A" 
modes [2 E of the parent molecule] are expected. The E mode in the Re moiety 
will split into A' and A" modes but the E mode in the Co atom will not split. In 
the latter case 5A'[4A, + \E\ and 3A"[2E + IB] modes are predicted. Again the 
E mode is split only on one metal, in this case, the Co species. All of the A" modes 

Table 3. Force constants re-
quired for the description of 
the CO stretching vibrations of 

an AB(CO)., molecule* 

Possible interactions 
between CO's 1 -> 9 

Ki KCA K2 KT* Ki.e 
6̂,7 K,, 
2̂,6 

*For example, KC
A represents 

a cw-interaction of equatorial 
carbonyis on metal A and K0yl 
represents the interaction of 
carbonyis 6 and 7 (see Fig. 5). 
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will occur at the same frequency as the parent vibrational modes from which they 
are derived. However, several of the A' modes should be observable. In 
ReCo(CO)., with the ,:,CO substituted on the Re moiety two new bands at 2126 
cm-1 and 2003 cm"1 can be assigned to A' modes; the first corresponding to / I , 
(Re); the other to E(Re). Preliminary calculations indicated that no absorptions 
due to equatorial -, : ,CO on the cobalt moiety should be observable. This predic-
tion is supported by Fig. 7 which shows no new absorptions other than those 
already assigned. For MnCo(CO)., only one band (2002 cm"') can be assigned to 
an A' mode of the i:,CO-enriched species; this corresponding to the BX mode of 
the unsubstituted species. 

CALCULATIONS AND DISCUSSION 
Based on the above results, a total of eleven ,2CO and ,3CO frequencies 

could be assigned for ReCo(CO)j,. Since 13 parameters are needed to describe 
the force field (Table 3) two assumptions are necessary. In the related molecules 
Mn2(CO)„,[9j, Re2(CO)i„[9], and MnRe(CO),„[12] the interaction constants 

and have been found to be quite small, therefore, these constants 
were set equal to zero. For MnCo(CO)., only nine l2CO and ,:lCO frequencies 
were observed. Therefore, four assumptions are necessary. Besides setting K u 6 
and K2.i> = 0, it was decided to invoke the Cotton-Kraihanzel assumption! 13], 
KT

A = 2KV\ and to set KU[T = 0-05. 
Using these assumptions and the assigned frequencies, a set of 11 force 

constants has been calculated for ReCo(CO)., and MnCo(CO)<, using the least-
squares program IFREQ. The F matrices were constructed using the methods 
of Wilson et al. [11] and are given for the al'-12CO species in Table 4. The computed 
force constants along with the calculated and observed frequencies are given 
in Tables 5 and 6. In the case of ReCo(CO)» the calculated frequencies fit the 
observed frequencies to within 2 cm-1. This is quiie satisfactory since the fre-
quency of the Bi mode was obtained in the solid state. As was found for the other 

Table 4. F matrix elements for ReCo(CO).,* (C.„. symmetry on 
Re, C3p symmetry on Co) 

Symmetry F Matrix 

Ax Kx A, K.+2KC
A + Kt

a V3 K2,a 
A, 

K.+2KC
A + Kt

a 

V3K0i!) 

Ax ^6+2*6,7 
B> — 2Kc

a + Kt
a 

E K2 - K / 
E 

*Matrices the same for MnCo(CO),, 

12. G. O. Evans, W. T. Wozniak and R. K. Sheline. To be published. 
13. F. A. Cotton and C. S. Kraihanzel / . / Im.chem. Soc. 84,4432(1962). 
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Table 5. Computed force constants for ReCo(CO),, with observed 
and calculated carbonyl stretching frequencies in i:,CO-enriched 

species 

Force constants 
K, = 15-967 
K , = 17-212 

16-114 
K.,= 15-762 

KC
A = 0-282 

Kr
A = 0-553 

K„.7 = 0-457 
Ki.i — 0-148 
K2.b = 0 099 

= 0-055 
Ku<i= 0-000 
K2.,, = 0-000 
*„.„ = 0-207 

Molecular species 

all-,aCO 

p(caic.) i>(obsd.) 
2134-0 2134-0 
2058-0 2058-0 
1987-1 1987-0 
1969-0 1969-0 
2064-0 2065-0 
2031-3 2031-0 
1969-0 1969-0 

Re substitution Co substitution 

Molecular 
species f(calc.) i>(obsd.) v{calc.) v(obsd.) 

2133-5 * 2134-0 * 

ax-l3CO 2058-0 * 2055-8 * 

1970-3 * 1986-5 * 

1942-5 1944-0 1928-1 1929-0 
2064-0 * 2064 0 * 

2031-3 * 2031-3 * 

1969-0 * 19690 * 

eq-i:,CO 21261 2126-7 21340 * 

2059-2 * 2057-2 * 

2056-0 * 1987-0 * 

2001-0 2003-0 1970-1 * 

1986-5 * 1969-0 * 

1969-0 * 2031-5 * 

2031-3 * 1968-9 * 

1969-0 * 2064-0 * 

^Calculated frequency is obscured by bands of the parent 
all-,2CO molecule. 

bimetallic carbonyls KT
A was approximately equal to 2K C

A . Also the end-to-end 
interactions K2,e and were found to be quite smaU showing the weakness of 
the coupling across the metal-metal bond. For MnCo(CO)9 the calculated fre-
quencies fit the observed frequencies to within 2-5 cm-1, also within the limits 
of error. One new band is predicted for the 13CO-enriched species (1948-4 cm-1) 
which was not observed in this work. This band should be reasonably intense but 
it might have been obscured by the axial AX mode at 1955 cm-1. The results for 
this molecule must be considered quite tentative because of the number of 
assumptions needed to perform the calculations. Hopefully, if a method for selec-
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Table 6. Computed force constants for MnCo(CO),, with 
observed and calculated carbonyl stretching frequencies in 

i:,CO-enriched species 

Force constants 
K, = 16-223 Kr'1 = 0-200 K,,„ = 0-049 

16-238 K/ = 0-403 Kt.„ = 0-000 
Kg = 17-004 = 0-461 = 0-000 

15-859 kU2 = 0-196 A'«.« = 0-143 
= 0-214 

Molecular species i/(calc.) v(obsd.) 
2117-0 2117-0 
2056-0 2056-0 

all-'-CO 1995-1 1995-0 
1979-0 1979-0 
2005-6 2007-0 
2025-1 2025-0 
1979-3 1979-0 

Mn substitution Co substitution 

Molecular 
species i/(calc.) f(obsd.) y(calc.) i>(obsd.) 

2116-8 * 2116-5 t 
2051-7 * 2055-9 t 

ax-13CO 1980-4 * 1994-3 t 
1953-7 1955-0 1936-5 t 
2005-6 * 2005-6 f 
2025-1 * 2025-1 f 
1979-3 * 1979-0 t 
2116-4 * 2111-9 t 

eq-13CO 2050-4 * 2060-6 t 
2000-5 2003-0 2024-5 t 
1993-9 * 1995-1 t 
1978-9 * 2005-6 t 
1948-4 * 2025-1 t 
2025-1 * 1979-3 t 
1979-3 * 1979-2 t 

*Calculated frequency is obscured by bands of the parent 
all-12CO molecule. 

tSpectra not observed for this species. 

tive substitution on the cobalt moiety can be found then more data will be available 
for the vibrational analysis of these species. 
Acknowledgement—This work was supported in part by the U.S. Atomic Energy Commission under 
contract No. AT-(40-l) 3434. 
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Feasibility studies of the observation of effects arising from the transitional nature of 192 Os on its muonic X-rays 
are presented. Muonic K X-ray spectra are calculated, using E2 matrix elements from experiments and from Baranger-1 Q? Kumar calculations. Experimentally observable energy shifts result from the nuclear ^-unstable nature of Os. 

Recently the dynamic E2 hyperfine structure of 
muonic X-rays have been measured for a number of 
deformed nuclei systematically [1, 2]. The correspond-
ing calculations for these deformed nuclei have always 
assumed that the nuclei can be described by the strong 
coupling rotational model [1—5]. However, for transi-
tional nuclei such as 7-unstable nuclei this description 
is not adequate for the following reasons: According 
to the calculations of Baranger and Kumar the ratio 
of eQ2+j [£(E2; 2 -> 0)]1/2 for W, Os and Pt show in-
creasing deviaiton from — Sy/nll, the rotational model 
prediction for a prolate nucleus [6, 7]. Furthermore, 
the energy of the 7-band heads decreases remarkably 
in these nuclei [8], so that there is a possibility that 
it also has an influence on the hyperfine structure 
splitting. Among all of these nuclei, 1920s is the most 
interesting nucleus to see the effects of transitional 
nuclear structure on muonic X-ray spectra. It has an 
unusually low-lying 7-band head energy (489 keV) 
[9] and, according to the Baranger-Kumar calculation, 
a value of eQ2+/ [5(E2; 2"-> 0)]1/2 « 0.28 X (-8^/7) 
[6,10]. 
The quadrupole interaction can be written as [3, 4] 

/r = -eSer2/(rM,r.)P2(cos0^) 1 1 
(1) 

where the index i refers to the protons in the nucleus 
and the function fir̂ , r̂  is given by 

r 2 / f j ' n' 1 

1/r iu 

for 
for 

r <r. JLt 1 

rn>ri 

* Work supported by the U.S. Atomic Energy Commission. 
* On leave of absence from Tokyo Institute of Technology. 

If the distribution of the quadrupole moment were 
concentrated at the surface as assumed by Wheeler 
[11], Jacobsohn [4] and recently by Kanatas and 
Davidson [12], then the function/̂ , r f ) is replaced 
by f(ru, RQ), where RQ is the nuclear radius. Although 
actually this may not be exactly the case, the substi-
tution of/(rM,i?Q) f o r r f ) is a rather reasonable 
approximation because the quadrupole charge density 
is peaked at the nuclear surface [13]. Besides simpli-
fication of the calculation, this approximation has 
another advantage in that it enables us to use the nu-
clear moments and transition matrix elements directly. 
Using this approximation, we obtain the following ex-
pression for the matrix elements of the quadrupole in-
teraction: 
<Iaf;FM\H'\lWj';FM) (3) 

= -Vf-ff ev/(2/+l)(2/ + l) (_/-/-l/2 m r y . E2 ) 

where 

K, 

f ^F*Fr+G]Gr) drM. (4) 

The functions and Gjjr̂  are the large and small 
radial components of the muonic Dirac wave function. 
The term E2(/V la) s (IaliSerjY2 li/V) of eq. (3) 
is just the nuclear matrix element of the electric qua-
drupole operator, through which the nuclear structure 
manifests itself in the muonic X-ray spectra. 
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Table 1 
Numerical data of 192Os and unperturbed muonic levels. p n 
is the central nucleon density 

Parameters of deformed fermi distribution [2, 6] 
c=6.588 fm r=1.91fm pn=0.152fm~3 <3=0.149 

Unperturbed energy levels (keV) 
lsm=9541.961 2pi,2=4162.997 2p3 / 2 =4009.245 

(I) Rotational model (II) and (III) E2( /W) from experi-
ment 110] and Baranger-Kumar 
[7] with 2'* included in (II) 
and not included in (III) 

Energies (keV) [8] 
E(2+) = 206 E(t) = 206, t(2+) = 489 
E2</'-*/) matrix elements (<? X b) [7,10] 
E2(0-2)=1.41 E2(0-2)=1.41 E2(0-»2') = 0.44 
E2(2-*2) = -1.69 E2(2->2) = -0.47 E2(2-»2') = 1.28 

E2(2'+*-2') = 0.45 

In order to get quantitative information about the 
effects of the transitional nature of 1920s on its mu-
onic X-ray spectra, three nuclear models are applied 
for comparison. In the first it is assumed that the nu-
cleus can be described in terms of the strong coupling 
rotational model and the value of E2(2—> 2) is deter-
mined by using the ratio eQ f! [fi(E2; 2 -> 0)] 
—&\Zjt/7 of the rotational model. The nuclear model 
space is spanned by the ground 0+ and the first ex-
cited 2+ states of the ground rotational band. This 
method is the same as that used previously in describ-
ing muonic X-rays for deformed nuclei [1—5] and 
excludes effects resulting from the transitional nature 
of 1920s. 
In the second and third models E2 matrix elements 

are taken from experiment [10] whenever possible 
and when missing the Baranger-Kumar calc alations 
[6,7] are used. The calculation [7] is used to deter-
mine all the signs of the matrix elements. In the sec-
ond model the 7-band head, 2'+, is also included in 
the space within which the quadrupoie interaction 
matrix is diagonalized. In this case the 7-unstable 
transitional nature of the nucleus is taken into ac-
count through realistic E2 matrix elements and inclu-
sion of the unusually low-lying 7-band head. Differ-
ences between the results of the first and the second 
calculations can then be ascribed to the 7-unstable 
nature of 1&2Os. In the third model the 7-band head, 
2,+, is not included. From the differences between 
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the results of the second and the third calculation, the 
effects of the 2'+ state are to be seen explicitly. 
The numerical data we used and unperturbed mu-

onic levels are given in table 1. The results of the three 
different calculations for the K X-ray spectrum of 
1920s are compared in table 2. The unperturbed mu-
onic energy levels are calculated using the spherically 
symmetric potential determined by the monopole dis-
tribution [1]. The monopole distribution for 1920s 
is obtained by averaging the Fermi distribution over 
angle; 

= (5) 
where 

p(r) = iV[l +exp {41n3(r-c(l +&Y2))lt}]~1 (6) 
As shown in table 2, there are intensity differences 

between the first and the second calculations for tran-
sitions from F= 3/2 states which amount to more than 
10%. Similar intensity differences are obtained in the 
third calculation. Obviously the deviation of E2 matrix 
elements from the rotational model causes appreciable 
changes in intensity. There are also energy differences 
between the first and the second calculations. The 
strongest transition is shifted by 3.79 keV. Comparing 
the second and the third calculations, it is seen that 
the presence of the 2'+ state lowers the transition en-
ergies by 0.20 and 2.61 keV for the corresponding 
transitions from the two F- 112 levels and 0.10,1.92 
and 5.86 keV for the transitions from the three F = 
3/2 states. If we do not include the 2'+ state, one of 
the energies of the F = 3/2 states is shifted in the op-
posite direction from the prediction of the second 
calculation. Therefore not only the deviation of E2 
matrix elements from the rotational model but also 
the explicit inclusion of 2'+ state are important as far 
as energies are concerned. 
In the calculation we included the vacuum polari-

zation and self-energy corrections but did not take in-
to account the nuclear polarization corrections [5] 
except through the explicit inclusion of the 2,+ state 
into the diagonalization. For the transitional nuclei 
the corrections due to the muonic and nuclear states 
outside the model space may not be as simple as in 
the case of well-deformed nuclei, where the effects 
are written as the renormalization of the intrisic qua-
drupoie moment and the energy shifts for the muonic 
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Table 2 
Numerical results on muonic K X-rays of l 9 20s . Intensities are normalized such that the sum of all K X-rays equals 1. (I), (II) and 
(III) corresponds to the first, second and third models respectively (see text). 

F . . initial Energy (keV) 

(I) (II) ((III)) (II)-(I) 

Intensity 

(I) (II) ((H)) 

5165.80 5166.09 (5166.29) +0.29 0.006 0.007 (0.005) 
1 10 5371.80 537209 (5372.29) +0.29 0.303 0.302 (0.303) 
LIZ 5505.44 5527.20 (5529.81) +21.76 0.007 0.005 (0.007) 

5711.44 5733.20 (5735.81) +21.76 0.000 0.000 (0.000) 
5300.29 5304.08 (5304.18) +3.79 0.116 0.106 (0.100) 
5394.61 5393.90 (5395.82) -0.71 0.117 0.094 (0.096) 
5506.29 5510.08 (5510.18) +3.79 0.396 0.446 (0.447) Oj 5543,49 5532.53 (5538.39) -10.96 0.012 0.015 (0.017) 
5600.61 5599.90 (5601.82) -0.71 0.043 0.025 (0.025) 
5749.49 5738.53 (5744.39) -10.96 0.000 0.000 (0.000) 

binding energies [5]. 
We conclude that the effects of nuclear 7-unstabil- . 

ity on muonic X-rays in the transitional nucleus 1920s 
are large enough to be observed experimentally. Thus p. I 
not only effects such as prolate or oblate deformation 
but more subtle effects involving the transitional na-
ture of nuclei are susceptible to measurement in mu-
onic X-ray experiments. 
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