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1. INTRODUCTION

The index of refraction for neutron waves.can be determined in

two ways - through the action of Che average potential on the neutron

1 2-4

in the medium and by directly determining the index of refraction

from the coherent addition of the secondary waves scattered by the

nuclei of the material. Although neither approach yields a precise

solution, the square of the index of refraction, i.e., the analog of
2

the dielectric constant n = e, can be calculated by making certain
2 5

assumptions. In all the cases n is a complex value, whose imaginary
part is usually much smaller than the real part:

k* A/*

Here b1 and b" are the real and imaginary parts of the scattering length

free

3.9

in the medium, which are usually different from b1 and b" for the free
o o

nucleus. The difference is due to the effective field of the waves'

c = c' - ic"; hence,

(1.2)

(Since it is assumed here that c"/c' < 1 and b"/b' < 1, c"b" can be

ignored.)
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According to the experiment, we can assume that c is close to unity

or, more precisely, that c' is close to unity and c" < 1. However, even a

small c" contributes a noticeable correction to b, since b' » b".

It can be easily shown that the effective field must be taken into

account. According to the optical theorem, for b"

(1.3)

where a is the total cross section for the interaction of neutrons with the

nucleus. In contrast, if b" is expressed in the saue form, then it would

not yield a , since the homogeneous medium does not contain the elastic

coherent scattering cross section, which does not attenuate the beam

intensity but simply changes the vector k; however, b" contains the cross

section for the neutron heating due to the inelastic scattering by the

medium. According to the experiment, for very cold neutrons

Here a is an effective cross section characterizing the attenuation of a

beam of very cold neutrons. The quantity a is the sum of the capture

cross section a and the cross section O^ for the inelastic scattering

leading to neutron heating. Both cross sections obey the l/V law, i.e.,

O(v) x V = const. The theory assumes (without experimental verification)

that this also applies to ultracold neutrons, i.e.,
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Therefore, in this assumption b" and V. are constants.

2. INDEX OF REFRACTION FOR NEUTRON WAVES

Since the square of the index of refraction e

(2.1)

is a complex quantity, the real part n1 and the imaginary part n" of the

index of refraction n should be considered separately:

(2.2)

By comparing Eq. (2.2) with Eq. (2.1) and using Eqs. (1.1) and (1 .5) , we

obtain

£'.<*»'-W« t- fc £*-*,•*'.$* &6&V (2.3)

At V < V e' is negative, i.e., the imaginary part n is larger than the

real part n" > n*. This is a typical situation in the optics of metals.

In considering the imaginary part e, we should recall that in the optics



of metals e" « 4TO/UI, where a is the conductivity. Keeping in mind that

2ft/mv = 1/u), where u) is the frequency of neutron waves, we can see from

Eq» (2.3) that the conductivity should be taken into account in the case

of neutron waves Na(v) x V/8TT. From Eq. (2.3) we obtain

n * * • ' • - • - (2.4)

2 2for n" and n" . We are interested in the square root with a positive

sign. These equations are also used in the optics of metals.

The analogy between the reflection and absorption of ultracold

neutrons and the optics of metals was noted elsewhere. We are concerned

with the propagation of a wave in the medium, which is characterized by

the vector k normal to the surface of the medium, k. = k cos 8., where

9. is the refraction angle in the medium. Since 9.. is, generally speaking,

a complex angle, it would be simpler to consider the wave with vector k
z

rather than the wave with vector k and angle of incidence 9. in fact,

the reflection and refraction depend ' only on V , i.e., k . We can
introduce here the index of refraction n , so that k. = k n . By sub-

z iz z z
stituting v for v in Eq. (1.1), we obtain n from n. Thus the realz z

and imaginary part of n can be determined from (2.4) by using (2.3) and

See, for example, Principles of Optics, M. Born and E. Wolf, p. 673.
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substituting in them v for v. We shall follow this procedure in this
z

paper. We shall assume that the neutrons with v > v are very cold
z o

and that the neutrons with v < v are ultracold.
z o

Using Eq. (2.4; we obtain

(2.5)

We are interested in the positive value of the extracted root. As is

2 • 9
veil known, v. is usually at least three orders of magnitude smaller

2 2 2 2 4
than v ; therefore, except for a very small variation of v, (v - v ) > v.

O 2 O X

always. With this assumption we can easily obtain an approximate value

of n'2 and n"2.z z
2 2 2 4

(a) Very Cold Neutrons v > v and (v - v ) » v..
Z O 2 O X

By substituting r f >r v in Eq. (2,5) or (2.4), we obtainz

(2.6)

(2.7)

Here v. is the component of the neutron velocity in' the medium, which is

2 2 2 9
normal to the interface (v ' = v - v ). Therefore we obtain k] = k n1

i z o iz z z

With this division the ultracold neutrons will contain some neutrons
with v > v , if their angle of incidence is so large that v < v .

O 2 O



from k by substituting v. for v . The same is true for n" in Eq. (2.7).
Z 1. Z Z

If, as we have assumed, a obeys the 1/V law, then o(v) x V/VT - cr(V-).

Thus

(2.8)

-kn"zSince the function ty decreases as e z , the neutron density (and flux)

must decrease as the square of this value.

(2.9)

Thus the attenuation is determined by the macroscopic cross section for

the velocity v., an almost self-evident fact which has been experimentally

confirmed. We can see that the experimental v"l'»e ol! o(v.) must be used

for nz.

(b) Ultracold Neutrons v < v and (v2 - v 2 ) 2 »
2 0 z o

From Eq. (2.5) we get
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2 2Thus, in contrast to v > v , n1 and n" switch places (as a result of» z o z z
2 2 2 2substituting v - v for v - v ). Since only the real part of theo z z o *

index of refraction depends on a and c = 0, then n' = 0 and the index

of refraction in this case is purely imaginary. The wave can be neither

propagated in the medium nor absorbed by it. However, the neutron

density decreases exponentially with increasing distance from the inter-

face, This damping is independent of Ner.

(2.12)

In Che classical limit h = 0 the density decreases to zero at the interface

3 » 0.

At a $ 0 the real part n is nonzero and is proportional to the

macroscopic cross section. In fact, if the neutron density at the inter-

face is fixed, the absorption should produce a flux from the surface into

the medium, whose intensity will depend on the magnitude of the cross

section Na. The attenuation of the neutron density at relatively small

N<? [»ee Eq. (2.12)3 remains the same as that in the absence of absorption.

The nonzero value of n' can be attributed, in analogy with v > v ,
z z o

to the presence of the real neutron velocity vi in the medium.
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We can therefore assume that in the case of absorption the neutron

velocity in the medium, instead of tending to zero as v v , has a finite

value, even if v < v , that is,

2 2 4(Recall that the equation is valid for (v - v ) » v., and therefore

Clearly, Eq. (2.9) is also valid for ultracold neutrons, if v' is

substituted for v.. In fact, by substituting v| from (2.14) into the

exponent in (2.9), we obtain Eq. (2.12).

Thus the velocity of the ultracold neutrons in the medium v' apparently

has a physical meaning when considering the propagation and absorption of

ultracold neutrons in the medium. As can be seen from Eq. (2.14), the

velocity v' does not vanish at v = 0; i.e., it can indeed be higher than

v in the vacuum. Recognizing that the velocity v{ has a physical

meaning, we must admit that the neutron having a velocity v| in the

medium is capable of escaping from it, although after escape its velocity

will be less than v . This fact, however, is almost self evident, since

the neutrons with velccitv less than v return to the medium as a result
o

of absorption; a flux with an opposite sign is therefore possible.
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3. ABSORPTION OF ULTRACOLD NEOTRONS

To say that ultracold neutrons can be absorbed seems to directly

contradict the preceding remarks. It can be seen, however, from Eq. (2.12)

that the density attenuation does not involve the capture cross section

and does not change if this cross section is assumed equal to zero, i.e.,

it is independent of Na(v) within certain limits. On the other hand, we

must assume that the velocity v' of the neutron in the medium is very

low and tht cross section is very large in order to explain, according

to Eq. (2.9), the density attenuation in terms of this cross section

cr(v'). Moreover, since the magnitude of a(v) determines the magnitude of

V.J, should not the absorption of ultracold neutrons be ultimately

2 2determined solely by (v - v ) and be independent of o? Evidence clearly

shows that there is no contradiction here. For a homogeneous medium and

a plane wave with a vector k normal to the interface, the incident flux

is equal to v Ji|r | , where ijr is the amplitude of the i|r function of the

incident wave at the interface. The flux at the boundary in the medium

is then equal to v'|f| |i|r| , where v| is the velocity in the medium and f is

the Frensel coefficient for the refracted wave. The ratio of the flux

into the medium to the 5ncident flux determines the number of absorbed

neutrons. This number,

Constant flux at the boundary is apparently achieved because, in addition
to the incident flux, there is a reflected flux v|r| |iji | , where r is
the Frensel coefficient for the reflected wave.
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<3.x)

apparently depends on n1 and f, i.e., it is not directly connected with
z

the constant for the density damping in the medium, but since

n' « Na(v)V, it does depend on the cross section No~(v). Thus the constant

for the flux damping or for the neutron density does not determine the

number of absorbed neutrons. However, for ultracold neutrons v' is

determined by the density damping and by the Na(v)V cross section, since

the distribution of absorption in the medium must be proportional to the

density damping. If we assume the medium to be unlimited, Eq. (3.1) is

valid for all neutrons, because the flux into the medium will sooner or

later be absorbed.

Let us consider this problem more carefully. According to the

general principle, the flux density is given by

(3.2)

Assuming that in the medium,
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we obtain

s?"- *r*rf

Since the neutron flux to the surface (neglecting the reflected flux) is

S = -k|t|r |2, Eq. (3.1) is satisfied.

For ultracold neutrons [see Eqs. (2.10) and (2.14)], we have

i.e., the neutron flux is indeed equal to v' times the neutron density in

the medium. The number of neutrons absorbed per second in a volume V

with a fixed density p. is given by

where T is the characteristic absorption time

(3'7)

which, if the 1/V law is fulfilled, is independent of the neutron velocity.

It is clear that the flux damping S in the layer dz, i.e., the number of

particles incident each second on an area £ of thickness dz, must be
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equal to the number of neutrons dn absorbed each second in this layer.

Thus the flux damping can be determined by

(3.8)

Taking into account Eqs. (2.10) and (2.11), we obtain from (3.4)

(3.9)

Thus the flux damping can be determined by multiplying the-macroscopic

cross section by the velocity and density of neutrons. This equation is

valid for cold and ultracold neutrons. Moreover, o(v)V is independent

of velocity. We assumed that the 1/V law is valid for an isolated

nucleus at rest. Since this also applies to the medium, this singularity

is also valid.

4. REFLECTION AND TRANSMISSION OF NEUTRON WAVES

The boundary conditions resulting from the reflection and refraction

of neutron waves at the interface between the vacuum and the medium are

the same as those for light with an electric vector E in the plane

t
perpendicular to the incidence plane. We can therefore use the same

In fact, the continuous i|i function requires that 1 + r = f k sin 8
k. sin 8.; the continuous derivative k cos 8 (1 - r) = k.f cos 6.
yields (4.1) and (4.2). l L
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Frensel coefficients r and f for the reflected and refracted wave (with

the angle of incidence 6) as those for light.

<••»

2After substituting n for (1.1) we can see that the angle 6 can be

eliminated and v effectively takes the place of v. Thus, as expected,z

the Frensel coefficients are the same as those for normal incidence of

waves in the medium with an index of refraction n = n1 + in". Thus
z z z

is ('-"y-^i (4.3)

j/L = y ~ —-? (4#4)

The fraction of neutrons absorbed in the medium is given by

(4-5)

In fact, the continuous t|f function requires that 1 + r = fk sin 6 =
k. sin 6.; the continuous derivative k cos 6 (1 - r) = k.f cos 6
yields (5.1) and (4.2). • l l
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As expected, Eq, (4.5) coincides with Eq. (3.1). Using Eq. (2.5), we

obtain

In each case we r;ant the positive value of the square root. As was noted,

2 2 2 4in determining n1 and n" for a wide range of v , (v - v ) » v . This
Z 2 O X
2 2also holds for the ultraccld neutrons, since v » v.. After obtaining

Eq. (4.6), F.L, Shapiro for reasons cited in his paper gives an

approximate equation ' for the ultracold neutrons derived from (4.6).

( }

Equations (1.1) and (1.5) were used to express Eq. (4.7) in different

forms. As can be seen, the fraction of neutrons absorbed during reflection

is zero when v = 0 . This is consistent with the fact that n1 = v'/v
c 1 z •

increases with decreasing v , since |fj = 4V /V decreases as V (see

appendix). As V approaches V , a increases but remains less than unity,z o -
4 2 2 2

since the equation holds only when v. « (v - v ) .
X • O Z .

At the threshold (v - v ) « v., we have5

O 2 i

ot- (4.8)

Equation (4.5) yields the.same.result because |f( in (4.4) is equal to
4V,/vi for Vw < V and {SI - V") » V* since n" » n1 [see Eqs. (2.10)
and (2.11)].
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and since v. « v , the reflection coefficient R » (1 - a) is close to

unity. However, it rapidly decreases above the threshold, i.e., at

2 2 2v > v . When (v - v )• » v., the Frensel coefficient r is real,z o z o i

2
In this case the reflection coefficient R = r . It can be seen that at

o
v » v , the reflection coefficient r drops off sharpiy.

In the case of very cold neutrons the transmission of neutrons

through a thin foil can be measured directly in addition to measuring

the reflection coefficient, as was done by Steyerl. In measuring the

transmission account was taken of the possible successive reflections of

the neutron wave inside the foil. Therefore the amplitude of the wave

A(d) transmitted through the foil of thickness d can be expressed very

generally as follows:

A. f..

Here A is the amplitude of the incident wave, fQ, is the Frensel

coefficient for the wave refracted from the vacuum to the medium, f1Q is

the Frensel coefficient for the wave refracted from the medium to the

vacuum, and r1Q is the Frensel coefficient for the wave reflected from

the vacuum.
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The first term in the series represents the wave transmitted

through the plate without reflection, the second term denotes the wave

transmitted through the plate after being reflected once from both

surfaces, the third term shows the wave after being reflected twice, etc.

The result, therefore, is the sum of a geometric series. Equation (4.9)

can be simplified by determining the relationship between the Frensel

coefficients:

t '•;••• ft*.

We thus can write Eq. (4.10) as follows

where r is equal to r in Eq. (4.9) and k. = k (n1 + in"). The intensity
X3£ Z Z Z

of the neutron flux J(d) transmitted through the foil to the flux J of

neutrons incident on it is equal to the square of the modulus [Eq. (4.10)].

As is always the case here, the intensity decreases nonexponentially with

increasing d and is periodically modulated as a result of the interference

of waves reflected from both walls; moreover, the modulation amplitude

decreases with increasing d. The transmission through such films was

7 8experimentally and theoretically investigated by Steyerl et al. *
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The transmission of ultracold neutrons through a foil can also be

described by Eq. (4.10). The only difference is that because r in

Eq. (4.3) is a sufficiently complex value, Eqs. (2.10) and (2.11) should

be used for n* and n". However, since we are dealing with very small

thicknesses d, such an experiment is difficult to perform. For comparison

with theory, it is easier to use the a value determined from the reflection

coefficient.

5. ANOMALOUS ABSORPTION OF ULTRACOLD NEUTRONS

It is known that the delay time of ultracold neutrons is systematically

shorter than the calculated time. At present we cannot unequivocally

attribute this to defects of the reflecting surface or to contamination

of the surface layer. However, the magnitude and generality of this effect

favor the contention that there is an as yet undiscovered absorption or

heating mechanism for the ultracold neutrons. The amount by which the

reflection coefficient a decreases, which is attributable to this process,

-4is «3 sc 10 and, as can be seen from Eq. (4.7), corresponds to the

additional value 4" = 3 x 10 b 1.

Having assumed the existence of additional absorption, we must also

assume that (1) this absorption is not directly connected with the capture

and inelastic scattering cross sections, since these cross sections are

appreciable in substances with low absorption, and (2) it must be typical

of ultracold neutrons, for if it should decrease as 1/V, it would correspond
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-23in the thermal neutron region to a cross section of the order of 10

2 __._-..
cm . Such an additional absorption cross section should be easily

recognizable.

We can make two conclusions regarding ultracold neutrons, which

satisfy these conditions.

(a) There is a quasielastic scattering at whi;h the velocity of

a neutron changes as a result of reflection by a magnitude of the order

of v , with a probability of several ten thousandths or less. This

apparently leads to a negligible, scarcely noticeable line-broadening of

the monoenergetic neutrons in the cold and very cold neutron regions.

(b) In the case of ultracold neutrons, as distinct from very cold

neutrons, the neutron density is not uniform in the medium a-tf rapidly

decreases with depth. Since the vibrating nuclei are scattered in a

nonuniform neutron field, the scattering is not averaged over the

coordinates of the vibrating nuclei. Factors (a) and (b) are apparently

interrelated, because nuclear motion due to neutron scattering must be

taken into account in both cases. We can assume that in the region

v < v an additional component Ae" appears in the imaginary part of e.

this corresponds to increasing the imaginary scattering length by &b";

this means that the effective field c" [Eq. (1.2)3 changes in the case

of ultracold neutrons, i.e., in the presence of a large density gradient.

This effect can be determined by introducing an additional anomalous cress

section a . As we have seen, a is contained in e" and b" in the form of
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a product CTV [Eq. (1.5)3• We can assume, however, that the addition will

2 2
be of the form a (/v - v ). Since we have drawn no implications front& o z

the dependence of a on the velocity, we make no physical assumptions

here other than that a is large only in the region v < v . Thus [see

Eqs. (1.5) and (2.3)3 we have

(5.1)

(5.2)

The simplest approach is to assume that o depends weakly on the velocity.

Recall that the damping of the density of ultracold neutrons

[Eq. (2.11)3 is independent of the cross section a and is equal to

(5.3)

Moreover, since E" • 2n'n" [see Eq. (3.3)3, n' changes by

t /2 2
We need not necessarily assume that oVv - v is inapplicable in the
region v > v . At v > v this value is imafinary and hence contrib
to b* rather than b", and tairly negligibly at that.



- 20 -

because of o . Thus the neutron velocity v' changes in the medium,
a X

regardless of the nature of a • [see Eq. (2.14)]. The probability of

absorption changes as a result of reflection (|f| =• 4v /v ) by
z o

More comprehensive experimental data and theoretical analysis will make

it possible to formulate a hypothesis about the anomalous cross section

a and determine its characteristics.
0
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