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Abstract 

The Brueckner formulation of the energy density formalism has 

been extended in order to take into account shell structure effects In the description 

of nuclear bulk properties. The energy density is calculated by using a density 

dopendcnf, effective interaction of the type V -, - g( p ) S<£, -£_) + Vj (r; 'to*' 
The function g( p) can be determined from nuclear matter calculations. The second 

term of the interaction is a long range part in the Moszkowski-Scott sense, which 

is supposed to contribute only in the surface of finite system and for which use is 

made of the gradient expansion. A phenomenological J/ .£ term is also included. 

The nuclear ground states are described by products of neutron and proton B. C. S. 

wave functions. The pairing matrix elements are derived from a realistic two-body 

interaction. The ground state properties are obtained by minimizing the total 

energy with respect to effective single particle orbitals and their corresponding 

occupation numbers. The variational principle leads to Hartree-Fock-BCS equations 

which can be solved by iterations. 

The calculations have been performed for a very large number of 

nuclei distributed throughout the periodic table. The method Is shown to reproduce 

the bulk nuclear properties accurately : binding energies and radii are in good 

agreement with experiments. The calculated charge distributions yield good fits to 

experimental elastic electron scattering data. Finally the single particle levels close 

to the Fermi surface are also consistent with experimental spectroscopic data. 



I. INTRODUCTION 

The energy density formalism of Kohn and coworkers 

[ Ï] has been applied successfully to nuclei. Indeed, previous work 

based on a generalized Thomas-Fermi approximation have shown 

that such an approach is able to reproduce, on the average, the binding 

energiea and radii of nuclei as functions of proton and neutron numbers 

£zj . A more detailed description of the nuclear properties requires, 

however, going beyond the statistical theory. Actually, it has been 

noticed by Kohn and Sham fljthat, in.the case of inhomogeneous electron 

gas» improving the Thomas-Fermi approximation by means of a gradient 

expansion of the energy density taken to finite order is not sufficient 

to account for the quantum density oscillations. Such oscillations 

arise, for instance, when the density drops to zero over a finite range. 

In nuclei, they clearly reflect the shell structure which is essential 

to understand local mass fluctuations* as well as to study various 

observables specifically related to the existence of single particle 

levels. 

In the present paper we shall consider an extension 

of the energy density formalism which allows one to include the shell 

structure in the calculations of nuclear ground states properties. 

Attempts along this line have already been performed by Thorpe 

and Thouless [ 3 ] , as well as by D,H,E, Gross [ 4 j , using Green 

function techniques.In our case, we shall introduce effective single 

particle orbital s and their occupation probabilities as auxiliary 

quantities and then apply a variational principle. This is close to the 

method used by Dagens [ 5 j for inhomogeneous electron gas. In a 

first step, assuming spherical and time reversal symmetries, the 

total ground state wave function will be taken as a Slater determinant 

of effective single particle orbitale. In a previous paper f 6 } , 
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devoted to closed shell nuclei* this particular choice has been found 

suitable to reproduce bulk nuclear properties with accuracy. The 

treatment of the pairing correlations by means of BCS-typc wave 

functions allows the extension of the approach to a very large class 

of nuclei. The pairing correlat ions are indeed necessary to unders

tand striking regulari t ies of nuclear properties as function of N 

and Z. It is hoped that in a next step» departures from this simple 

picture could be achieved by perturbation. 

The self-consistency requirements, together with a 

close connection to the propert ies of the homogeneous medium 

(infinite nuclear matter) allow one to res t r i c t the degree of phenomenology 

of our approach to a minimum. The total number of parameters to 

be adjusted is rather limited and most of them could be derived, in 

principlej from calculated propert ies of nuclear mat ter . The use 

of effective single part icle orbitals insures a proper estimate of 

the kinetic energy. We also get rid of the difficulties mentioned 

by Siemens [7Î related to the breack-down of the Thomas-Fermi 

approximation in the nuclear surface. 

In section II, the method will be shortly reviewed and 

we shall give also the derivation of our basic equations. The parameter 

choice is discussed in par t III. Section IV is devoted to the pairing 

correla t ions . Results and conclusions are presented in V and VI. 



II. ENERGY DENSITY AND SHELL STRUCTURE 

In the formulation of Hohenberg and Kohn [\"\ , the 

energy density formalism consists in writing the tola} energy of a 

system of A fermions, in ;i Jiondegunerate ground state, under the 

form of a functional of the density fl(x) 

Efp] - Jerp(r)]dî- ( i ) 

subject to the condition that 

j par)df - A . 

Generally the energy density CLPJ is not known 

a pr ior i but has to he constructed according to some model. Except 

for the important case of an homogeneous medium (infinite nuclear 

mat ter , for instance) where the functional can be defined uniquely 

a rb i t ra r iness brought in. the derivation of £ [ p ] requires justifications of 

specific models and approximations, at least a posteriori . For finite syste 

such that the inhomogeneity corrections contribute only a small 

fraction to the total energy» the energy density formalism constitutes 

nevertheless a useful approach. This happens in nuclei ; the rat io of 

surface to volume potential energy is reasonably small, even for light 

nuclei, and decreases roughly with A* . 

Ear l ie r works, based in the Thomas-Fermi approxi

mation and a gradient-type inhomogeneity correction [zj , have shown 

that many of the nuclear propert ies can be connected to nuclear matter 

proper t ies . To go beyond this kind of "macroscopic description" and 
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to deal from (he beginning wilh the shell s t ructure , wc introduce 
a complete set of orihonormnl effective single particle wave 
functions d>.(&.) . where x. represents all the particle coordi
nates (space, opin and isospin) arid i= l , 2 , 3. . . labels guts of quantum nurnhc 
necessary to spucifiy shell model sLates, In this case the total 
ground state wave function takes the general form 

Y-ZdCL (2) 

where U0 represents a single A-uurticle Slater d iter minant and the successiv 

l/y are l inear combinations of determinants differing from the 

proceeding, "y„i r by one column. Using second quantization this 

can be written formally [8] : 

In pract ice, only a limited number of functions d>> 

are taken into account, corresponding to the bound states of a finite 

range average potential. However, the self-consistency requirements 

between the average potential and the <p? insure the proper 

determination of the effective orbitals and implies cL = 0. On the 

other hand the expansion (2) is expected to converge very rapidly. 

This is equivalent to say that the Hartree-Fock wave function constitutes 

already a good approximation. Important, contributions from higher 

order t e rms in (2), as well as a large spreading of part icles around 

the F e r m i surface (meaning the sum over m in (3) involves a lot 

of states) would indicate a situation closer to a semi-class ical 

picture with shell-effects washed out by strong long range correlat ions. 



In the present work we shall limit ourselves to the 

lowest order approximation, namely a single Slater determinant for 

the ground stale wave function of closed shell nuclei. To extend the 

approach to the class of spherical nuclei we shall improve our 

description by considering unprotected BCS wave functions (sec 

section IV). In both cases the onc-b ody densities tak«the simple 

form 

P = Z v/#<h 

where the v. represent occupation numbers 

Since the exact energy density C L P J is not 

known and since model dependent fuuctionals may suffer readjust

ments , it is not necessary to face the problem that the densities 

expressed by (4) correspond to a res t r ic ted class of tr ial functions 

and provide in general only an upper bound to the binding energy. 

Therefor^ we shall construct afunctional C [ { s ^ ^ j j assuming 

that 

E - | £ N V i ) ] J3r 

is minimum and gives the ground state energy when i^it^i / 
corresponds to the ground state wave function. 

In order to show explicitly how infinite nuclear matter 
propert ies enter the present description of nuclei, it is co'nvenient to 
separate the potential energy part of the functional into a volume part , 
directly derived from nuclear matter calculations, a surface par t 
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arising from finite range effects of the N-N forces, a Coulomb part 

and a term accounting for the pairing correlat ions: 

£ t = £ + t + S + E? (6) 

The pair ing correlations are not expected to modify 

the general structure of the functional and will first be discussed in 

section IV. 

The Coulomb energy can be estimated to a sufficient 

accuracy by considering the usual direct contribution plus the 

statistical approximation of the exchange one. 

To discuss the first two te rms of (6), we introduce 

an effective interaction of the form 

fy f Or,-$) - s ̂  s (c rr 2) + % ̂ -^) w 

This decomposition is somewhat arbi trary but has been chosen for 

convenience. The function g^p) is uniquely determined from 

nuclear matter calculations. The second term of the effective 

interaction is a long range part in the Moszkowski-Scott sense, which 

is not supposed to contribute to nuclear mat te r . This is nothing 

more than a certain way of recombining different contributions 

in c . The advantage of this particular choice is to allow for 

a simple parametrization of g ( p ) ï-nd to associate the finite 

range par t of the interaction with surface effects, more explicitly, 

with deviations from the local density approximation. 



The interaction *» (Xl~Xo' c a n t a ^ e t h e 6 e n e j r a l 

form of a central potential 

\(L,-ZZ)
 3 {U + M P " - H P r + B P r ) £ ( r ) (8) 

It can also contain tr.nsov components. In the following we shall not 

try to specify Vu {X.A'X»' ^ u t u s e * t s £ e n t i r a l properties to derive 

the energy density. 

For a single Slater determinant, the smclear contributions to the 

potential energy take the form 

where F ( P ) is of the type p g { p ). 

If use is made of the gradient expansion to estimate the surface 

contribution, we are left, to the lowest c rde r , with an expression 

of the form [ 9] 

where"*" 4 = ( 0 - P ) / p (11) 

Proton and neutron densities Û , p , T , "C* a re obtained in 
Jp r » P n 

a straightforward way by partial summations in equations (4) and (12). 

(9) 

(10) 



(which reduces to (N-Zj/A in case of nucU-ar mallei 1 J 

a n d z - Lii^Yii^.) (u) 

For the function v(û,<ijfl , wn use a paramelrization 

which has been found satisfactory to reproduce nuclear matter 

calculations [zj 

In finite nuclei, an important contribution to the 

binding is brought by the spin-orbit potential. From the meson theory 

of nuclear forces, it is known that the t«s - term is due to medium 

. and heavy mass vector meson exchanges such as the"(T " and the P 

mesons . In the present case we simply assume a phenomenological 

expression 

in which we denote by J the total spin density [ lo] : 

A 



The choice of (12), is suggested by the general form of 

LhL potential energy arising from a zero- rang- two-bcdy spiu-orbit 

interaction. The presence of an exponent 0 *C 1 its expected to 

simulate finite range effects. 

Collecting the d iûerc . t contributions, our energy 

functional becomes 

c2 

AVe(r) - 4ue P ,Cr) 
C 

We recal l that the functional has been obtained after 

a number of simplifications, the hope being that c o r n étions to our 

simple model can be calculated by perturbation. Note that the use 

(16) 

£ " J e p c V c - 0.7386 e 1 ^ ( 1 7 ) 

Here p , represents the charge density associated to the proton 

density p 

The Coulomb potential V (r) is solution of the Poisson equation 

pcu:J us) 
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of the gradient expansion enables us to put all the non-locality of the 
self-consistent potential under the form of a density dependent 
effective mass : 

where the index q represents the charge state. 
This is of great advantage when satisfying self*consistency requirements. 
Corrections for the center-of-mass motion are taken into account 

as usually by minimizing E, » E£p3 ""*% A J ^ C C ^ r 

In order to obtain the ground state wave function 
(and consequently the ground state properties) we have to search 
the ensemble of o . minimizing the total energy E>. This ia easily 
performed by applying a variational principle to IV with respect to 
each effective single particle orbital and leads to a set of Hartree-
Fock like equations. The derivations follows closely the procedure 
used by Vautherin and Brink for the Skyrme's interaction £ l o j . 
Therefore we are only quoting the final result 

l-iiL+a»?+a<?li +uo+** + s 
(20) 

il 
With WV. - M ~— , 

A A-1 
A» before, the index q stands for proton or neutron 

according to the single particle state i considered. For the scalar 
potential U we have 



U 0 - -2k, f + fc p * + % p * * 

4, = ty(2*A2)\?U)AV - const. 

+ %(hf*-*hfi((>n-f>J~ -*J&p + a „ r 

11. 

(Zl) 

We use the convention *<T = 1/2 for proton and -1/2 for neutron. The 

contribution arising from the Coulomb potential hi denoted by U , 

For closed shell nuclei, the variable separation 

is performed by means of the usual Ansatz 

fyW) -ÏKaMVnJWtyV <«> 

where a = |q n I j j 

Accordingly the average fields U 0 ( r ) and U (r) a re 

found to be spherically symmetr ic , as well a a the effective m a s s . 

We recal l that for a single Slater determinant the spherical 

symmetry occurs only for closed shell nuclei [11J . As far a s the 

one-body spin-orbit contribution is concerned, it reduces to a Thomas -

like te rm [ lo] 

W(rJ I-
/Wl * M L : («0 



The form factor 

W(r)= H d r (pJ "<-(>;) <"> 

is identical for protons and neutrons. Finally we arc left with the 
following homogeneous differential equations for the radial wave 
functions R (r) : 

UU) f^)(-R> + ^R 0 cr>) + 

+ V o W R a W - ^ , R » - ^ M 

where we have 

** t 

Vair) . U0tr) +&„ + UJr) +$fe(r) +]aW(r) ( 2 7 b ) 

Since f (r) and V (r) depend on the radial wave q o 
functions R (r) of all occupied orbitale, we actually have to solve 
by iterations a nonlinear system of differential équations. To take 
advantage of the powerfull Numerov algorithm for solving usual radial 
SchrCdinger equations, we further eliminate from (26) the term 
containing the first derivative of R by using the following 
transformation : 
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Rjri = g a <
r > ' t 0 ( r ) < 2 8' 

In such a case we get 

"A 
-£Z *>> + ^ - V » M ) t a M = o (39) 

"^(^^f^-i^gcr,) (30) 
"A 

The function g (r) satisfies a first ordor differential equation 

It means that g (r) is proportional to the square root of nv (r). 

Since equations { 26) and (29) are homogeneous, we can make the simple 

choice 

Salr) - gjCD = ^rr»+(r> ( î 2 ) 
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The presence of the energy dependent term in the 
total equivalent local potential V (r)docs not introduce any further 
computational difficulties. On the other hand Dover and Giai f 12] 
have taken advantage of this particularly simple form of non-locality 
of the rtree-Fock field to study its connections with the energy 
dependence of the real part of the nucléon-nucleus optical potential 
for low energy scattering , 
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IÏI. PARAMETER FITS 

Before discussing the various pa rame te r s appearing 

in equation (16), it is convenient to make explicit the connections to nuclear 

matter data. In the infinite homoceneo'is medium, we have Vfl *=r V ' J « 0 

and the density of kinetic energy is given by 

The local density is related to tlic Fe rmi momentum by 

2 IT 

Then from equation (16) it i s straightforward s to find the binding 

energy per particle in nuclear matter 

(35) 

All nuclear matter informations are contained, in this expression. 



In principle, the constants appearing here should be obtained by fitting 

nuclear matter data calculated from a realistic nucleon-nucleon 
interaction. In practice, however, we have to face the problem 
that none of the actually available nuclenr matter calculations 
yield equilibrium conditions, that i s , binding energy per particle 
and Fermi momentum, in agreement with the numbers required 
to reproduce the binding energies and sizes of finite nuclei. 
Therefore, wc allow for some readjustements of these constants, 
which corresponds roughly to a maximum change in nuclear matter 
potential energy of 5 % [2] . 

The effective mass (see equation (19)) is density 
dependent and tends to the free mass at the nuclear surface. In 
the centre of the nucleus it must be close to its nuclear matter 
value and therefore the coefficients aH and a, should also be 

0 1 
determined from a nuclear matter calculation. 

The other parameters, namely j? , *) , A 
and I , are more difficult to derive from properties of infinite 
or semi-infinite nuclear matter and thus will be considered as 
free parameters. 

By the very nature of the approximations used in 
its construction, our functional i s supposed to be most valid in the 
case of closed shell nuclei. Therefore", in a first step, a few standard 

, . 40,. 4 8 - 56__. . 2 0 8 _ . . .. u _. 4 

nuclei, Ca, . Ca, Ni and Pb, are used both to readjust 
nuclear matter data and fix free parameters. For that purpose 
we essentially consider the total binding energy, charge radius, 
proton and neutron separation energy. We also require that the 
nuclear matter binding energy per particle versus density (equation 
{35}) fits the neutron matter calculation by Buchler and Ing&er [ l3] . 
The calculations are then extended to other closed shell nuclei. 

Note that under "closed shell nuclei" we understand 
systems with both proton and neutron magic numbers (doubly closed 
shell nuclei) and systems for which one kind of particle corresponds 
to a magic number and the other one to a closed sub shell , 
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One of the most controversial point concerns the 
value of the effective mass , Nuclear matter calculations predict 
usually 0. 5 ^ m /m ^ .7 , whereas from the analysis of 
single particle level densities close to the Fermi surface an 
average value m /m »* 1.0 is expected. In order to study the effects of 
the non-locality we have considered two sr.:ts of pararncterb Fl 
and F2, listed in table I, almost equivalent but different as regards 
to the effective mas» parameLcr. The first one, Fi corresponds 
to a rather small non-locality. For F2 , the value of m / m = .67 
i s taken from the nuclear matter calculation by Banerjce and 
Sprung [14] using the Reid soft-core potential. 

Besides the parameter values, it is useful to quote a 
few quantities calculated for nuclear matter at equilibrium density , 
namely, the Fermi momentum k (or equilibrium density), 
the binding energy per particule, the compressibility coefficient 
K and the symmetry energy coefficient a T , These quantities 
are given in table II. 

As far as closed shell nuclei are concerned, the 
comparison between calculated and experimental values of the 
binding energy are given in table III. Similarly, the corresponding 
charge radii are listed in table IV. Although the r .m. s . radius is 
not the best quantity characterizing charge distributions, as pointed 
out by Barrett [l7j , it is sufficient to indicate that the size 
increase against A given by the functional agrees with experiments. 
More important i s the fact the electron scattering differential cross 
sections obtained from the calculated charge distributions are also 
in good agreement with experiments .(see section V, fig. 19). Thus the predicted 
evolution of the nuclear surface as function of A is satisfactory. Actually, as 
shown in the case of semi-infinite nuclear matter [2] , there is 
some ambiguity in the determination of the parameter *j , because 



of its dependence on the compressibility K. Ah pointed oui by 

Stocker [ l8j , using the experimental surface thickness 

of densities allows for a unique choice of *i , 

Although the charge radius 

depends only on the proton distribution, it still yields indirect 

informations on thi1 size of the; whole system since the symmetry 

energy imposes constraints on the behaviour of the neutron 

distribution with respect to the proton one. For sake of comparison , 

the neutron radii .ire also given in table IV together with experi

mental values obtained from a phcnomcnological analysis of clastic 

o( -nucleus scattering at medium energy [19] 

The physical interpretation of the Lagrange mult i 

pl iers e. appearing in equation (20} as the binding energy of the 

i th-particle is not possible in general within the framework of 

the energy density formalism. As pointed out by Dagens [s] , 
the reason l ies in that the same functional does not describe 

simultaneously ground and excited states. The one-particle 

removal energies are defined by 

AE°= E " A - I ) - E°CA) 

£E°'= E'CA-O - E*(A) 

where E , E and E are ground state, one-hole and one-particle 

excited state energies respectively. Thus, their determination would 

require the use of a finite (explicit or implicit) external constraint. 

This difficulty disappears obviously when the one-particle removal 

energy coincides with the usual ground state separation energy of 

the " last part icle" 

AE° = E'CA-O - E"(A) 3 E s 

This ground state separation energy does not depend on the way 
the functional has been constructed. In the Thomas-Fermi case, 
for instance, it is precisely the usual interpretation of the Lagrange 
multiplier insuring the proper number of par t ic les . In the present 



work K corresponds approximately to the energy - e , of the 

last occupied orbital (sec section IV). In tabic V, the calculated 

values of e, arc listed and compared Lo experimental separation 

energies. Fur thermore , ID the extent that E and E can be 

estimated from E by perturbation, it is also possible to consider 

the e and e , as approximate single particle energies. 

On the otiicr hand, if we adopt the point of view 

that in the present approach the energy density formalism is 

merely used as a convenient way of handling a simple effective 

G-matrix, then the functional represents a compact form of the 

more sophisticated expression 

E = <v\ T + G ir> 

In this case, according to Brueckner and Goldman [2C-J , the single 

particle energies are given by the partial derivative of the total 

energy with respect to the norm n. of the single particle state : 

For these reasons, we shall consider the Lagrange multipliers e, 
of equation (20) as single particle energies, although this statement 
brings us somewhat outside the energy density formalism. We may 
note that definition (39) holds for the subclass of functionals derived 
from a G-matrix expression for the total energy. Actually, in the 
present work, the single particle properties are not essential in deter
mining total binding energies or nucléon distributions. They enter the 
problem only in second order when pairing or long range correlations 
are introduced. 
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If the effective mass has a. limited influence on total 

binding energies» s uaration energies and radii of closed shell nuclei, 

as shown in table HI, IV and V, the situation is quite different with 

respect to the Lagrange mult ipl iers . An effective mass « 1 in the 

nuclear centre will spread out the single part icle spectra over a 
large energy range, whereas for m / m s* 1 the density of levels 
is much la rger , comparable to what is obtained from a local Saxon-

Woods shaped potential. A clear illustration is given in fig, l a 

and lb» in which the single particle spectrum corresponding to levels 

arising close to the Fe rmi surface in Pb are shown. As expected 

the functional F l yields spectra somewhat denser than F2 , For 

comparison., experimental data arc also plotted on fig. la and lb , 
207 207 209 

They correspond to low lying states in Tl , Pb, Pb and 

Bi chosen according to the usual cr i ter ia [z l] , 

The differences between F l and F2 are large for 

deeper s ta tes . As an example, we summarize in table VI the values 

corresponding to I s - s t a t e s . For these levels , as far as an eventual 
comparison with experiment i s concerned it has to be recall that the 
e, defined by equation (39) represent threshold removal energies [22j . 



IV. TREATMENT OF PAIRING CORRELATIONS 

The results presented in the preccedtng section shew the ability 
of our approach to describe the bulk properties of closed shell nuclei. In order to 
extend the calculations Lo other nuclei and to reach a co.npnrnble accuracy It is 
necessary to improve our trial total wave function. The choice of n single Slater 
/lelcrminant is generally loo drastic and incompatible with the symmetry require
ments used to construct our energy density. At this stage the most natural extension 
consists in introducing the pairing correlations. These correlations preserve the 

spherical and time reversal properties of the wave functions and do not imply slnjc-
£o 

defined by equation (ID). On the other hand, 

from spectroscopic data on lew energy spectra, the pairing correlations are known 
to be important. In the present work other types of long range correlations will be 

neglected. 
The pairing correlations will be calculated by means of BCS trial 

wave functions. We shall consider zero quasi-nucleon, one quasi-nucleon and 
independent one quasi-proton one quasl-neutron states to approximate ground states 
of doubly even, odd and odd-odd nuclei respectively. 

Note that the use of wave functions which are not eigenstates of 
the particle number operators is fully justified within the framework of the energy 
density formalism since the constraints on the proton and neutron numbers appear 
only under the form of average values. 

In addition to BCS states, we shall also consider another type of 
trial states which preserve the symmetry requirements imposed in constructing 
our energy density. It consists of single Slater determinants for which the (2 j + 1) 
effective single particle states belonging to the last partly occupied subshell are 
normalized to *y(2 j + 1) with 0 < n < 2 ] + 1, It corresponds to a homogenous 
distribution of n particles among the 2 j + 1 magnetic substates. These determinants 
are eigenstates of the particle number operators and define the so-called constrained 
spherical Hartree-Fock ground states. They will constitute spherical reference 
states and will be used, for instance, to determine the gain of total binding energy 
brought by the pairing correlations. Other constrained spherical Slater determinants 
approximating excited rtates of odd nuclei will be also introduced later. 
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The successive approximations introduced in the treatment ol the 

pairing correlations will be briefly reviewed. We Xirst consider the case of even 

nuclei ; the other classes of nuclei will be discussed afterwards. Technical infor

mation regarding the iterative solution of our filial system of different!?' equations 

as well ns overall lusts of the numerical results involving the Lagrangian multi

pliers and finite differences of the total energy will be given at the end of this 

section, 

a) The trial ground state wave functions of spherical even nuclei are taken 

as the product of proton and neutron BCS-states 

g y K S y B " . y B C S 

T A ~ 'Z . 'N (40) 

Studying the neutron-proton palling correlations, tt has been shown by Camiz, 

Covello and Jean [23} that such a product corresponds actually to the lowest 

energy state for the T » 1 part of the interaction. 

Denoting by a (see equation (23)) the set of all quantum number bat 

associated to a single nucléon state [ i > 3 j a n u i m > using second 

quantization technics we have 

* any* "̂ " 

where 

HÎ + £* - I»* - * , **..**. £ R a j»*-"> . * » . * i € n m 

We recall that we satisfy the usual pairing requirement 

V j K j - . - u ^ V j . where | - i >"» | c j n ? j - ( n > by choosing U a „ V i - M . a 

and l ^ m , , " M M» . The state l Y ^ 0 } describes the quasl-nucleos 

vacuum. The quasi-particle creation operators are given by 

U = V - . - V » W Ca-̂  <43) 



Owing to the preserved spherical and time reversal symmetries, 

the basic quantities P , "C and 3 entering £ (equatior. (I0J) '.ik/' the simple 

forms 

where 

igfr)- f Ra(r) (45) 

b) The contributions of the pairing correlations to the total energy is written 

as usually 

where the so-called gap matrix 

Gaa>B2C2kV (2j>D <a* (o°|-V|a'o>o>S c ) t ] / (47) 

is calculated by means of a simple effective interaction, consistent with the general 
form used in section II. This interaction is an energy independent long range force 
derived from the T - 1 components of the Hamada-Johnston potential by using a 
simplified Moskowski-Scott separation method [24] . It has been readjusted in 
a way to fit accurately the nucleon-nucleon data up to 34 160 MeV as.shown in 
fig. 2 [26] . 

Note that one of the ultimate goals would be to deal with the same 
effective interaction to derive the functional C and to calculate pairing or other 
kinds of correlations. 



e) In the field equations, the contributions arising from the variational 

derivatives of the pairing correlation energy with respect to the field variables 
will be neglected. Because of this approximation we are not going to solve the full 
Hartree-Bogollubov system (see equations (7a) to (7c) of ref. [26] ) but our 
treatment is expected to be of sufficient accuracy. For computational convenience 
we further approximate Gaa1 by replacing the self-consistent radial functions E (r) 
by osoiUator orbltals K (r). The oscillator frequencies 6) (Z, N) are choosen In a q 
such a way to get a maximum value for the weighted sums 

s, 
of the overlap integrals I - J E (r) B°(r)dr . Here, E are the Lagrangian 
multipliers associated with the constraints (42), which represent the expectation 
energies of the one quasi-nucleon excitations and the sums extend over a tenth of 
proton or neutron subshells corresponding to the smallest E A values. 

Finally, the diagonal elements of the pairing potential can be 
written 

A* 3 - T I C2J*+1) <C(q,c*N>) uava. m 

Within the approximate treatment of the pairing correlations we propose, the 

Bartree-Fock-BCS system of equations determining the single particle functions A 
2 

and the occupation probabilities Va takes the following form : 

(field equation) : g r t ^ f r ) + { &a- \'jr)} t 0 (l-) = O (50) 
A 

« 1 T, • ^ 6 ° A ) , 
(gap equation) : A Q , - ^ Z_ 12^+1) - " g ^A^ (51) 

(particle number conservation) : 2-(2L+1)l{?— £ . 2 . (2 ] *l)>?, •» N (52) 
1C '' * y I»» » 
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Here we set a s T£ for proton states and a s V for neutron 

ones. The expectation energies of one-quasi~nucleon excitations are given by 

E» = ^ W ' + 4 • 1 < S 3 > 

and the occupation probabilities by 

where A ore the Lagrangian multipliers associated to the constraints (52). o. 
We recall that 

ta(r) = mjw"* RaM < 6 6 ) 

•^^•VH*^***;-*^ <s6) 

and 

Together with (44), (45), (54) and (55), which define the various 
densities occuring in the terms U (21), U 02), W (25), f and m' (27a) 
of V a (r) (56), the equations (50) to (53) represent our final non linear system of 
coupled differential equations. 

In the gap equation (51), as well as In the correlation term (46), 
we have extended the summation over subshells which correspond t) to all 
actually bound states of equation (SO) with <S < 0 and li) to a few unbound 
states for which approximate resonance energies vT**} 6 y 0 have been 
calculated replacing the decreasing tail of V (r) by a constant value equal to the 
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sum of the Coulomb and centrifugal walls. The contribution of this resonant part to 
the total energy was never gi-cather than about . S MeV. 

Using the definition (40) and the algebraic relations (42), (53) 
and (54), we can rewrite the correlation term (46) In the more practical compact 
form 

£ \&F --jrlCfcoA (57) 

The total ground state energy of an even nuclei (Z, N) is given 
by the following expression 

E ° f e w ) = \ A 6 - ^ . v J - 1 Z(2 , a + 1) *fc t (56) 
a. 

2 — — 
the V*a 's satisfying the constraints (52) where both Z and N take the specified 
even values Z and N respectively. 

fyA 

As far as the odd nuclei are concerned , we are facing the 
problem that they actually do not possess the required spherical (and time.reversal) 
symmetry. Therefore, we must introduce constrained spherical trial states to 
approximate their wave functions. However, since we are doing variational 
calculations, we do not expect to lose much reliability in energy predictions. 

The most simple and attractive treatment consists in computing 
reference spherical states and their corresponding energies E (Z, N), using the 
expression (58) valid for even nuclei, but requiring that the V' 's satisfy the 

For simplicity we will not explicitly mention here the case of odd-odd nuclei 
for which the extensions of the discussed approximations are straithforward. 
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constraints (52) for the specified integer values of Z and N. Then, the ground and 
low-lying excited state total energies E of an odd nuclei are given by the following 
perturbative expressions : 

E* (Z, N) = E°(Z. N) - E (Z, N) Z odd, N even 

E V (Z, N) = E°(Z, N) - E y (Z, N) Z even, N odd. 

(59) 

where E^ (Z, N) and B v (Z, N) are the expectation energies (53) of the one • 
quasi-proton, one quasi-ncutron excitations respectively. In what follows we will 
refer to this simple approach as the perturbative BCS case. 

A more elaborated description can bo achieved by introducing -
explicitly for ground and excited trial states of odd nuclei constrained spherical 
wave functions of the following type 

0 ^ t , Y « 
a A-1 .a ' nr>- OXJ 

and then repeating for each state the complete variational calculations. Here the 
creation operators C' read 

vhereas the spherical BCS state | ^ y is still given by (41). However, 
the following extended anticommutation rules of the fermton operators C and C 
have to be assumed 
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fc . c , ,1 •= Je , c , 1 = o 

L am a'm'J L am a'm'J 

[ c .m- ° ï m ' ] " £ . . ' L a - ( 2 j a " "A2K + » ( 6 2 > 

[ < W 5 L ' ] = Sw* Smm/^a + 1 1 

and the values Z - 1 and N (or Z and N - 1) must be introduced for Z and N in 

the constraints (52). In that case, the total energies E (Z, M) of an odd nuclei are 

given by formula analogous to (53) which gives the ground state total energy 

E (Z, N) of an even nucleus. Wc will refer to it as the BCS blocking case [2 î ] . 

The two approaches are believed to yield comparable results for 

all nuclei which are not adjacent to closed major shells and for all states except 

the critical j = 1/2 ones. Numerical tests show that this assumption is indeed 
117 207 209 

fairly well verified even in the case of Sn, Pb and Bi which are adjacent 
to the closed shell nuclei Sn and to the doubly magic Pb. For lighter nuclei 

an 41 89 
like K, Ca and even Y, non-negltgeable differences occur as expected. The 
fifth column of Tables VII to VII illustrates this situation. S gives the difference a c 
between the total binding energy B « - E computed using the BCS blocking 

approach and that obtained by the perturbative treatment. 

For the one-particle or the one-hole states of odd nuclei differing 

from doubly magic ones by + 1 nucleoo, the BCS blocking treatment Is formally 

équivalent to the constrained spherical HF approximation since the state | Y )> 

reduces then to the trial single Slater determinant characterizing the last method. 

In the other cases the gain of binding energy yielded by the BCS calculations rela

tive to the HF results, which we nave denoted by A B , is quite appreciable 
4 

(see for instance the sixth column of Table VIIJ, Even for the shell model one 
39 41 207 209 

particle-two boles or one hole-two particles states of K, Ca, Pb and Bi 

for instance, this gain Is non-negligeable as shown in Tables Vila and VUb. Finally, 

the one quasi-particle excitation spectra calculated within the BCS blocking approach 

compare fairly well with the experimental data as shown by the two last columns of 

Tables VQ. 

See page 28bts. 
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Footnote : bottom of page 28. 

The effects of blocking have been extensively discussed in Lhe pnst 15 years, espe
cially on the spectra of well deformed nuclei. In general approximate diagonali-
zations of model pairing-correlation ham ii tomans were performed and compared 
in few simple cases lo exact solutions. Therefore, most of these studies did not 
treat the blocking problem s cU-con s latently. For instance, the influence of the 
blocking on the single ncuLron and proton energies, i .e . the orbital rearrangement 
with occur in self-consistent calculations of ground and excited states of the same 
odd nucleus, wag not investigated. The main purpose of the present work is not to 
discuss details of spectroscopic data and we will therefore refer here only to one 
of many interesting related papers. 
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The general scheme of the iterative resolution of our final non 
linear system of equations is given below. The uniqueness of the solution in the 
physically interesting domain has been establiscb by investigating carrefully a 
few typical cases. This allows us to start the iteration procedures from appro
priate phenomenological values. Thus we replace in (SO) the state and energy 
dependent local potential V (r) by a state dependent Saxon-Woods well V (r) which 
yields first evaluations of the single nucléon energies e and radial functions t (r). 

Using these e 'a and approximate oscillator frequencies u} (Z, N) we then solve 8 q 
the algebraic system of gap equations (51) and (52) obtaining starting values for the 
occupation probabilities V . With these values and the vp (r) we can calculate 
all the densities we need for a new and hopefully better determination of V (r), 

1 say V (r). The iteration cycle is thus achieved. At regular iteration intervals 
we proceed to the readjustment of the oscillator frequencies (J (Z, N) (see c)). 
The Iteration procedure is stopped once the greatest difference between two 
successive determinations of the e 's is less than a chosen small value, a 

We conclude this section with few comments concerning the 
Lagranglan multipliers encountered in our variational procedure. For simplicity 
we will omit here the expectation values E. of the one quasl-nusleon excitation 
energies associated with the constraints (42) U*+ v * » t»; » l . Thus we 
will only discuss the one-nucleon energies e associated to the norm <4>jl40" U. 
of the effective orbitale A. as well as the so-called chemical potentials 7i 
and 2n associated to the constraint Z and N (see eq. (52)) which nave to be 
set equal to the nucléon number Z, and N only If all ft} take their usual value 1. 
We recall that in order to preserve the spherical symmetry of the trial states 
describing non-closed subshell nuclei, the norms of all magnetic states m of 
one or more subshells a may have to be taken all equal and < 1, To describe a 
HF lp-2hetateaesoctatedwltnthesubjhells a and a', for instance, the norms 
"am» a n d n aW a r e o n o s e n 6 | l u a l to n

a = ^PJj , + 1) and n^» (2J j - 1)/<2J.+1) 
respectively, the occupation probability of these two subshella being 1 as for 
saturated subshells. 
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Our treatment of the energy density £ [ 4* t t .^<x 1 i s comple

tely variational except for the contributions of the varintions of lS° , ( O (Z, N)) which 
aa q 

we have iiogleclod and which arc prcsumablcly négligeable. In other words, before 

doing the variations, all the constraints which may occur explicitly in £ are 

replaced by their expressions as functions of the variational parameters. Tlicrefore, 

the standard theorem relatif the Lagrangian multipliers JS and % to the 

partial derivatives of the extremal total energy E< n , Z, N) with respect to the 

values n , Z and N of the constraints must be satisfied exactly by our numerical 

results, at least in their HF-liUe restricted version. For a non-degenerate ground 

or excited trial staLe, this theorem says that 

assuming that all extremal orbitals (p (r ; n , Z, N) and occupation 

probabilities V ( n , 2, N) are derivable functions of the constraints. 

In order to check our computer codes we have used more suitable 

integral expressions of (63) and wo have found that our numerical results indeed 

satisfy always very well these extended forms of the Koopmnn theorem. For 

Instance, in the case of a pure HF-like calculation of nuclei adjacent to doubly 

closed shell nuclei with A nucléons we obtain 

a o f A ± 1 

E CA±1) = E°(A) + AjVOdti (64) 

for a one a-particle (one a-hole) state of the adjacent nuclei, and 

A±l 
{zejA^-ejA!))^' (65) 

_ a a a 

E c**0 - E(A) + 
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for a two a-partlclc + one a'-hole (Iwo a-holes + one a'-particle) state of the same 
nuclei. In the Iwo last formulas we have simplified the notations writing J£ (A') 
for £ in (A'), Z(A'J, N(A')), where n. (A1), Z(A') and N(A') are one-paia-
motor representations of the arbitrary integration paths. 

Taking constant values for the one particle energies iZ along 
these paths (i .e. , neglecting the orbital and operator rearrangements) leads to the 
usual Koopman estimates, which may differ notably from the true values. However, 
assuming linear variations of the £ ' a along the integration paths improves the 
estimate of the right-hand side integrals and the energies of the (A + 1) nuclei get 
very close to the values computed directly. 

This last discussion is illustrated by the results given in the 
four first columns of Tables Vila, b and c. Should it so happen, in the chosen 
examples we have assumed for simplicity that the two particle (or two holes) are 
created in the Fermi subsbells a = f exclusively. The differences between each 
of the estimates (Koopman or linear variations of the £' s) and the values 
computed directly are represented by A. B and A„ B respectively. The 

Ab' s are shifts of self-consistent single particle binding energies b a - e, 
which allow to calculate the linear estimates starting from the Koopman ones. 
We denote by e ,(A + 1) the self-consistent single particle energies of the 
subshell a, calculated for each (ground or excited) state a' of the A + 1 nuclei 
assuming the lowest one-particle or one-hole (eventually lp-2h or In - 2p) 
configurations. Taking e (A) to be the corresponding energies calculated for 
the ground state of the closed shell A-nucleus, we obtain 

&B2 - Aj j + f Ab (66) 

in case of a one particle or a one hole state, and 

H = AvAbrjA. (67) 
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in case ofa 2 p + 1 h or 2h + lp state. Here we have introduced the following 

abbreviations 

Ab s - ( £a& (A + 1) - « a(A» and &b{a - ( ^ (A + 1) - ,Cf(a)) (68) 

àb a - <^(A) - « a a (A - 1» and û b £ s - <£f(A) - « f e ( A - i)). (69) 

We see immediately that the usual Interpretation of the one particle 

levels of magic nuclei ns approximate separation energies, which corresponds lo the 

Koopmnn estimate of the binding energies of tbe adjacent nuclei, may suffer 

appreciable corrections in the proton case. This is due to the fact that the long-

range Coulomb interaction produces non-negligeable shifts of the one proton levels 
39 40 B9 90 20& 209 

in neighbour isotones as shown in the case of K- K, Y- Zr and Pb- Bi, 

reported in Tables VTI, On the other hand, the variations of a b, illustrate the 

amplitude of the fermi orbital rearrangement which occur in the self-consistent 

calculations of ground and excited states of the same nucleus. The very small 

values of Û B constitute a strong test for the correctness of our computations. 

Finally, in the case of the Hartree-Fock-BCS calculations, we have checked that 

neglecting the variations of G ,( W (Z, N))induces a violation of expressions (63) 

of the order of .01 MeV only. 
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V. SUMMARY OF RESULTS 

Calculations of the bulk ground state properties have been 
performed for a large number of nuclei ( • 200 in case of Fl). It is not our aim 
to give an exhaustive list of results. We shall rather present the general trends 
and discuss in some details a few interesting points. Since the Fl set of parameters 
yields a better average fit to the experimental binding energies, the calculations 
have been performed more extensively in this case than with F2. 

a) Binding energies 

The differences between theoretical and experimental binding 
energies, B . - B , are plotted ngainst the nucléon number in fig. 3 and 4 for Fl 
and F2 respectively. The calculated nuclei are taken along the step line and along 
the isobar lines shown in fig. 5. 

In the case of Fl, for 18B spherical nuclei (including the 
isobars) the mean difference between calculate*, and measured values is - 2.3 MeV 
with a mean quadratic deviation of the individual differences of 1,7 MeV. Considering 
the 81 even (and 80 odd) spherical nuclei distributed uniformly along the step line 
only, the corresponding values are - 2.17 (- 2.13) MeV and 1.68 (1.59) MeV. The 
very small positive shift between the mean differences for the odd and even classes 
indicates that the odd-even mass separation is very well reproduce on the average, 
although its mean theoretical amplitude is slightly underestimated. The somewhat 
smaller mean quadratic deviation of the odd masses is simply due to the fact that the chosen 
odd nuclei do not belong to the edges of the step line and consequently they do not 
test critical shell and symmetry effects on the same footing as even nuclei do. 

For F2, the number of calculated nuclei is about three times 
smaller and the statistical analysis has not been made. However it can be readily 
seen from fig. 4 than the fluctuations are larger. The average difference, far 
spherical nuclei, is of the order of 4-5 MeV. The larger fluctuations are related to 
the lower level density obtained with F2. 



The gain in binding energy brought by Ihe pairing correlations 
is also shown in fig. 3 for Fl and even nuclei. We recall that it is defined as the 
difference between the total binding energies calculated using 1) a BCS trial ground 
state and ii) tbe corresponding constrained spherical single Slater determinant. 
This gain reaches 6-8 MeV in tbe middle of the spherical shells and we see that 
it always improves the fit to the experimental data. The gain is not indicated in 
case of F2 ; it is smaller, roughly by 20 %. 

It is also interesting to study tbe binding energy as a function, 
of Z at A - const. In this case, according to the liquid drop language, the energy 
variations depend essentially on the balance between the Coulomb and the symmetry 
energies. To give an outline of tbe situation we have calculated a few odd-A Isobars. 
The results are plotted in fig. 6a and Ob. The agreement with experiments is quite 
satisfactory for both sets of parameters. We see also that the distorsions are 
modulated by shell effects and that they are slightly larger for F2 than for Fl. 

b) Separation energies and single particle spectra 

A general comparison between theoretical and experimental 
separation and pairing energies is shown in fig. 7 for Fl. In order to give a simple 
one-dimensional overlook of the results, we define in tbe (Z, N) plane a middle 
line along the 'totrip" of stable nuclei. This line is shown on fig. 5 and connects 

the following nuclides by straight segments : (Z, N) = (0, 0), (8, 8), (20, 24), 
(40, 52), (60, 81), (80, 120) and (100, 160). On this line, we consider points 
having integer odd-Z (odd-N) and real N(Z) (Z(N)) coordinates. To these points 
we associate "mean" odd-nuclei which wc will characterize for simplicity by tbe 
Integer argument exclusively. Theoretical properties can be computed directly for 
such representative odd-nuclei, whereas the corresponding experimental data 
(also labelled by fhe odd-variable only) will be obtained by appropriate interpolations. 

Single proton energies ^ ( Z ) and single neutron energies 
/gyCN) are represented by the two sets of curved thin lines In the middle part of 

fig. 7. The corresponding Fermi limits j&AZ) and ^ f ( N ) are Indicated by 
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dotted lines (zig-zag lines). According to the discussion given at the end of the 
preceding section (see especially formula (03)) the absolute values of the Fermi 
energies represent the Hartreo-Fock approximations to the experimental mean 
separation energies defined as follows 

BT (Z, N) a j(B(Z + 1, N) - B(Z - 1, N)) 

B*- (Z, N) s i(B(Z, N + 1) - B(Z, N - 1» 

~2p 

B r » 

In fact, we can write, for instance 

Bj-(Z, N) a - hE (Z + 1, N) - E(Z - 1, N» 

(71) 

~2p v 

2-1 

(72) 

', K)dZ' = - / e f ( Z , N) 

assuming a linear variation of & AT,', N) with respect to Z 1. 
The Interpolated experimental mean separation energies 

Ht- (Z) and B— (N) are represented in fig. 7 by the two lines connecting empty 
circles. The local fluctuations of the Fermi limits around the experimental mean 
separation energies reflect (or Induce) the strong semi-oscillatory structures of 
B..-B_ obtained in Hartree-Fock calculations and related to the shell and th exp 
subshell filling. 

In the B.C.S. framework, the Fermi limits .£ (Z) and 
£.(N) have to be replaced by the chemical potentials Pi (Z) and } , (N) 

respectively, represented by the thiok lines plotted for spherical nuclei on fig. 7. 
As expected, we see clearly that A <Z) and A TO are much better estimations 
of - Bgv(Z) and - B^(N) respectively that the A 'a are. 
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The comparison between theoretic al and experimental binding 
energies is illustrated by the two histograms given In the upper and lower part of 
fig. 7. Apart from few local discrepancies in the regions of isolated subshells, the 
agreement is quite satisfactory. The correct average value of the theoretical 
pairing energy excludes the possibility of getting rid of the remaining differences 
between the chemical potentials and the experimental mean separation energies 
by increasing artificially the strength of the pairing force. This indicates the 
obvious need of other types of correlations neglected in the present work. 

The introduction of the pairing correlations provides us also 
with the possibility of describing low lying spectra of odd-A nuclei in the one-quasi-
particle approKimation, Such studies have been performed extensively several years 
ago in connection with the quasi-partlcle description of nuclear levels. 

The easiest quantity to be studied is the odd-even mass diffe
rence, which is half the amplitude of the odd-even straggling of the one-nucleon 
separation energy, usually call pairing energy and denoted by P(A). In the case 
of the perturbative BCS approach, rP(A) is identified to the minimum expectation 
value £ of the one quast-nucleon excitation E . For a rough estimation of P(A), 
the following expression is frequently used : 

-P(A) 3 -3(A) = E(A + 1) + E(A - 1) - 2E(A) (70) 

where A Is odd. As shown in fig. 8 and 9 Fl yields values of P(A) about 1 MeV 
larger in average than 0(A), whereas the values arising from F2 are close to 

U (A), However, the simple formula given above gives correct estimations of the 
pairing energy only for asymptototically large values of A, For actual values of 
A and especially for odd-Z nuclei, significant quadratic corrections have to be 
brought to 5 (A), Onee these corrections are taken into account the experimental 
data are located roughly mid way between the Fl and F2 values. Finally, It should 
be stressed here that, if the blocking effects are taken Into account, the best 
average fit to the experimental values of JP(A) is obtained in the ease of Fl as 
shown in fig, 10 and 11, We see that the calculate'' -roton pairing energies 
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remain in average slightly too large. In the present calculations we have neglected 
the pairing matrix elements of the Coulomb interaction, which are known to reduce 
the theoretical values of P(A) by about 20 % [25] . 

As far as single quasl-nucleon states are concerned, the calculation: 
have been performed for the isotopes Z = 28, 50 and 82 and for the isotones N = 50, 82 
and 126. The comparison with experimental data is very encouraging, especially if the 
absolute locations of the levels are considered. Note that contrarily to what is currently 
done in detailed spectroscopic calculations based on model hamiltonlans, these results 
are obtained without any readjustements of the constants entering our functional. However, 
in the present approach, we are neglecting important "long range correlations" and 
in particular the coupling between quasi-particle states and collective modes which 
is known to have large influences on the spectra f28] . Therefore, in addition to fig. 7, 
we shall Illustrate our results only with a few relevant cases in which the quasi-particle 
phonon interaction has no drastic effects. This happens either for very low lying-levels 
or in nuclei where the collective states lye well above ground states. 

The importance of the blocking effect on spectra, which was 

already discussed for nuclei adjacent to closed shells (see Table VII), is shown in 

fig. 12 for three typical Sn-isotopes. It influences both the spreading and the level 

order and is mostly significant for levels arising close to the Fermi surface. Compa

risons between single-quasl-nucleon states calculated in the blocking approximation 

and experimental low energy levels are presented in fig. 12, 13 and 14. The agree

ment is rather satisfactory. In general such a comparison is expected to be critical 

in view of the over simplified total wave functions considered in the present approach. 

e) Badil and nucléon distributions 

Most of the experimental data concerning radii and nuclear 

densities have been obtained for closed shell nuclei. Therefore they, have been 

discussed in section III. Here we shall essentially show some average trends. 

The variation of the r . m . s . proton radius r against A 

predicted by Fl is given in fig, 15. The values correspond to the even nuclei 

belonging to the step line of fig. 5. We see that apart from the light nuclei, the 
1/3 average behaviour is very well reproduced by a A -law. Local deviations from 
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this simple picture appear al a few places. The largest ones occur for the Ca -isotopes 
(40 < A < 48) and the '/.r-lsotopes (90 < A 4, 98). More generally, we see that 

1/3 the proton radius of isotopes increases less rapidly that the prediction of a A -law. 

The results are similar for F2. 
For some nuclei taken along the stability line, the r.m.s. 

radii of matter distribution r are shown on fig. 16, together with inc difference 
between neutron and proton radii r -r , The variation of r versus A is very v n p m 

smooth, there is practically no difference between the Fl and F2 values. On the 
contrary, r -r is affected by the shell structure and consequently the fluctuations 
are slightly larger in the case of F2. 

As stated ill chapter Iff, besides the radii, the energy density 
formalism requires a fit to the nuclear surface. We have partly checked this point 
by comparing electron scattering elastic differential cross sections obtained from 
our calculated charge distributions with experimental data [29] . The fits to medium 
energy data are shown in fig. 17 for Ca, Zr and Pb and in fig. 28 and 19 in 
the case of Ni and Sn. The general agreement with experiments indicate that 
the nuclear surfaces are well reproduced by our model. The two sets of parameters 
Fl and F2 lead to almost identical results ; they are not distinguishable on a 
Log-scale plot. To allow some comparison we introduce the function 

ECcj) = as 
ttE^dT") 

which represents the mean percentage deviation versus the momentum transfer. 
208. 58 120 

Such, a quantity has been plotted in fig. 20, 21 and 22 for Pb, Ni and Sn. 
For Ca and Zr the results are similar to tbose obtained for Pb. The largest 

58 
fluctuations are observed for Ml and may indicate the need of other types of corre
lations in the ground state wave function. On the other hand It has to be noticed that 
for this particular nucleus the present fit to experimental data at high momentum 
transfers is better than phenomenological ones based on three parameter Fermi 
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functions. This is related to tic occurrence of important modulations of the charge 
density due to the s and f «tibshells. 

Finally, In order to illustrate the effect of the pairing corre-
00 laitons, we bave chosen tbe ease of Zr which allow an unambiguous comparison 

between Hartree-Fock and Hartrec-Fook-BCS results. The changes In the proton 

distributions brought by the pairing is shown in fig. 23. the corresponding percen 
tage deviation functions are plotted on ftg. 2}. The improvements are significant 
but there Is no drastic effects on the differential cross section. 
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VT. CONCLUSIONS 

The results summarized in this paper show clearly that our 
dxtended version of the energy density formalism consttluLes a convenient tool to 
study the bulk nuclear properties. The introduction of the pairing correlations is 
essential to the understanding of many aspects of the nuclear structure : spreading 
the particles among few aubshells reduces the strong fluctuations due to shell effects 
typical of Hartree-Fock calculations. Other kinds of correlations, built up from 
particle-hole admixtures in the ground state wave functions and neglected tn this 
work, may as well be important and will be investigated in the near future. 

The present approach is closely connected to Hartree-Fock 
c Jculattons using effective state - or density dependent interactions derived from 
properties of nuclear matter. Besides earlier works by Kohler [30*] , recent 
a: empts along this line by Negcle [at] Nemeth and Bipka [32] and Campi and 
Sprung [33] have been remarkably successful. In the present approach, the use 
of the gradient expansion allows for a simple parametrization of the energy density 
which reduces the computational works, The fit to experimental data is encouraging 
and the approach turns out to be competitive with the conventional mass formulae. 
Investigations of nuclear properties for nuclei far from the stability line can also 
be achieved with some confidence. 

It has to be noticed that the use of a l.s -term slightly 
dSfercnt from the one derived In the zero-range approximation is very helpful to 
reproduce the experimental sequence of single particle levels at the Fermi surface. 

The pairing correlations have been included in a self-consistent 
ww. Nevertheless our treatment constitutes only an approximation to the Hartree-
Fock-Bogoliubov approach. More sophisticated attempts to solve the full problem 
rigouroualy have been undertaken successfully by Gogny [35] . Although his 
density dependent interaction is somewhat different from our's, his results are 
in good agreement with those presented here. 
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Captions for figures 

Fig. la, lb Single particle energies calculated for Tl and F2 in 
208 

Pb and compared with spectroscopic data on 
207 209 

single particle and single hole states in Tl, Bi, 
2 0 7 P h and 2 0 <>Fb 

Fig. 2 Main even-singlet ( SQ and D ) and odd-triplet ( P 0 , 
P . , P . and £._) phase shifts of the interaction used 

in calculating realistic gap matrices, compared to the 
results of the single-energy phase-shift analyses of 
Arndt-MacGregor-Wright ( + ) [35] 

Fig, 3 Differences between theoretical and experimental binding 

energies in case of Fl for nuclei distributed throughout 
the periodic table according to the step and isobar lines 
in fig, 5. The upper part of the figure represent the 
gain in energy due to the pairing c correlations. 
Note that the full circles and the stars characterize 
increases of A obtained by the addition of one or two 
neutrons and one or two protons respectively. The empty 
circles (squares) correspond to proton (neutron) rich 
isobars. 

Fig, 4 Differences between theoretical and experimental binding 
energies in case of F2 for nuclei either situated on the 
step line given in fig. 5 or along the stability line. The 
full circles and stars represents increases of A by means 
of neutron or proton pairs, respectively. The empty 
squares represent some closed shell nuclei 



Fig, 5 Distribution of the calculated nuclei in the Z, N-plane. 
The dotted line follows the "strip" of stability and 
defines for each odd-Z (odd-N) value the real N(Z) 
{Z (N)J coordinate of the "mean" odd-A nuclei selected 
to give a one-dimensional overlook of the separation 
and pairing energies (see fig. 7), The single step line 
going alternatively from the proton rich to the neutron 
rich side of the nuclidic chart and the lines A = constant 
connect the sequence of isotopes andisotoncs as well as 
the seven clains of isobars, calculated in order to obtain 
an extensive test of the theoretical prediction of well 
mesurcd shell and symmetry effects (sec fig. 3 ,*4 and 6). 

Fig. 6a Binding energy of isobars as a function of Z 

Fig. 6b Binding energy of isobars as a function of Z 

Fig . 7 General comparison of pairing and mean separation 

energies in "mean" odd-Z nuclei (upper half of the figure) 
and in "mean" odd-N nuclei (lower half of the figure). 
The two sets of curved thin lines in the middle part of 
the drawing represent the single proton and neutron 
energ ies , &^ (Z) and ,6 V (N) , in the neighbourhood of 
the Fermi limits, jS,. (Z) and £ (N) respectively, indicated 
by the two dotted lines (aig-zag lines). 

Fig, S to 11 Comparison between theoretical and experimental neutron 

(fig. 9 and 11 ) and proton (fig. A and 10 ; pairing energies. 
The theoretical values are calculated either in*the BCS 
perturbative approximation for FI and F2 (fig. 8 and 9) 
or in the BCS blocking scheme for F l exclusively (fig. 10 
and 11). The experimental points correspond to the rough 
linear estimations given by formula (70) (fig. 8 and 9 ) and 
to more realistic expressions involving quadratic inter
polations (fig. 10 and 11) 



Fig, 12 Single quasi-neutron spectra of selected Sn-isotopes 
calculated with F l , Comparison between the BCS 
perturbativc prescription (a) and the full Hartree-Fock-
BCS treatment including blocking effects (b) 

Fig. 13 Single quasi-neutron spectra in Pb-isotopes calculated 
with Fl in the Hartree-Fock-BCS approximation including 
blocking effects 

Fig. 14 Single quasi-proton spectra in the N=I26 isotones calculated 
with Fl in the Hartree-Fock-BCS approximation including 
blocking effects 

Fig. 1 5 Variation of the r .m. s, proton radius against A calculated 
for the nuclei situated on the step line of fig. S. Comparison 

A ! / 3 , to an A -law 

Fig. 16 Matter distribution r . m . s , radius r and differences 
e m 

between neutron and proton radii calculated for selected 

nuclei along the stability line. 

Fig. 17 Elastic electron scattering differential cross section for 
4 0 C a , 9 ° Z r and Z O f l P b at 250, 300 and 250 Mev incident 
energy respectively. The dots represent experimental 
data [29] 

Fig. 18 Elastic electron scattering differential cross section 
58 

for Ni at 300 Mev incident energy. The dots represent 
experimental data [29] 

Fig. 19 Elastic electron scattering differential cross section for 
120 

Sn at 330 Mev incident energy. The dots represent 
experimental data [29] 



Fig. 2 0 Percentage deviation of the electron scattering differential 
cross section in the case of Pb. The dots correspond 
to the results obtained with F l , the stars to those of F2 

58 Fig, 21 idem Fig. 22 in the case of Ni 

120 
Fig, 22 idem Fig, 22 in the case of Sn 

SO Fig, 23 Proton density in Zx calculated for Fl without (dotted 
line) and with (full line) pairing correlations 

Fig, 24 Percentage deviation of the electron scattering differential -
90 cross section in the case of Zr. The theoretical values 

have been obtained without (open circles) and with (full 
dots) pairing correlations. 



Fl F2 

b l 553.8 547.3 
b 2 327.6 299.7 

b 3 464.6 497.2 

9 1 177.2 187.7 
8 2 239.4 42.0 

s 3 575.7 <.J9.2 

% 64.8 76.7 

"l 25.0 25.0 

a 0 15.0 63.5 

X 66.5 72.0 

Y .5 .5 

Table 1 Values of the constants used for the Junctionals Fl and F2. 
Except for Y, which is dimenslonless, all constant are expressed 
in MeV x fm"" , with n such that the integral of each leads to an 
energy in MeV. The possibility of introducing different effective 
masses for proton and neutron has not been considered ; therefore 
the parameter a. is set to zero and is not taken into account in the fit. 



FI F2 

E 0/A [Mev] - 16.15 - 16.0 

k F [fin" 1] 1.325 1.32 

K [Mev] 280 280 

a T [Mev] 34.0 34.0 

m /m .90 .67 

Table II Nuclear matter data corresponding to the sets oj 
parameters given in table 1. 



F l F2 Exp. 

1 Z C 33.43 89.24 92.16 

, 6 o 123.00 126.54 127.6 

4 0 C a 337.16 341.69 342.06 

« C a 414.21 418.77 416.01 

M » 480.93 483. 59 484.01 

" N i 571.25 574.32 576.88 

6 8 N 1 587.73 591.06 590.4 a ) 

8 8 S r 765. 98 769. 50 768.48 

9°Zr 781.61 784. 87 783.92 

l 3 2 S u 1102.52 1106.89 1102.0 i . 5 b ) 

2 0 8 P b 1636. 49 1636.51 1636.49 

Table III Binding energy (in MeV) of doubly (or almost doubly) 
closed shell nuclei. The experimental values are taken from the 

compilation of Wapstra and Gove [15] . 
a)-estimate using Garvey-Kelson relations 
b) estimate from the measured Q_ f 16],. r : !-:.'.; '"'?'" 



Fl F2 Exp 

r c r a r c r n r c n 

, z c 2.51 2.46 2.51 2.45 2.45 2.34 .0: 

% 2.73 2.65 2.71 2.63 2.73 

4 0 C a 3.48 3.36 3.46 3.35 3.49 3.34 .12 

48„ Ca 3.50 3.64 3.44 3.64 3.48 3.72 .12 

* N i 3.79 3.67 3.79 3.67 

6 6 N i 3.88 3.97 3.89 3.97 

N i 3.90 4.03 3.90 4.02 

8 8 S r 4.22 4.30 4.22 4.30 4.22 4.35 .12 

9 0 Z r 4.27 4.31 4.27 4.32 4.265 4.19 .12 

1 3 2 S a 4.71 4.94 4.72 4.95 

2 0 8 P b 5.49 5.65 5.50 5.67 5.50 5 .69 .0" 

Table IV Charge and neutron r ,m, a, radii [ f i n ] , 

The experimental values of charge radii are taken from ref, [ l 7 ] and from ref. [ 1 9J 

for neutron radii» 



Proton I^niitron 

I FJ F2 Exp Fl F2 Exp 

1 Z C 11.8 12.5 15.96 14.3 15.1 18.72 

% 9.24 10.4 12.13 12.5 13.7 15.67 

4 0 C a 7.33 8.37 8.33 14.1 15.3 15.63 

4 8 C a 14.8 15.6 15.81 9.29 9.83 9.95 

5 6 N i 6.33 6.90 7.19 15.2 15.6 

Ni 13.2 13.4 8.33 8.93 9.0 

6 8 N i 14.3 14.5 8.06 9.2S 

8 8 S r 10.2 10.3 10.60 10.7 11.2 11.11 

9 0 Z r 7.25 7.30 8.37 11.6 12.1 11.98 

, 3 2 S n 15.0 15.1 7.21 7.84 

2 0 8 P b 8.12 8.19 8.02 7.23 7.45 7.37 

Table V Proton and noutron separation energies [ MevJ . The experi

mental valueB are taken from ref. [ 15 J . 



i 

Proton Neutrtjn 

F l F 2 F l l« 
nc 24.6 29.9 27.3 32.7 

% 26.6 32.7 30.0 36.2 

4°Ca 32.5 41.2 39.8 48.8 

4 8 C a 38.4 46.7 39.4 49.3 

5 6 N i 34.8 44.0 44.4 53.9 

N l 39.8 48.4 41. 1 51.6 

N l 40.5 49.2 40.2 51.1 

88^ Sr 38.0 47.2 43 8 54.7 

90 36.5 46.1 44.4 55.5 

, M S . 41.7 50.3 42.9 54.6 

2 0 8 P b 36.6 45.6 44.8 56.9 

Table VI Proton and neutron single particle energies \ Mevj for 
the U-stateu. 



*x a v Ab Ab £ & B V V ': W t h . 
W exp. 

3 9 K ld3/2 h . 2 0 - . 4 0 - .40 . 0 0 .33 . 0 . 00 .00 

2S1/2 •• .57 - 1 . 1 6 - . 3 2 - .01 - . 4 3 . 0 2.00 2.53 

ld5/2 11 . 29 - . 5 8 - .52 . 00 - . 2 6 . 05 6.16 5. 

in/2 p - 2 h .34 - . 2 5 .47 .00 - .37 1.63 2.31 (2.8) 

4 1 C a lf7/2 P . 06 - .13 - .13 - .01 .10 .07 .00 .00 

2p3/2 " . 06 - .13 .03 - .01 - .46 .10 4.58 1.95 
2pl/2 ri . 0 1 - . 0 4 .05 - .01 - .44 . 10 7.16 -
ld3/2 h - 2 p . 2 1 . 03 - .21 - . 0 1 - .31 1.61 2.71 (2.0) 
2sl /2 i» .62 . 8 1 - . 2 2 - . 0 1 - . 6 3 1.89 4.45 2.63 

Table Vila. - Comparison of ground and excited state binding energies [ MeV] of selected odd nuclei adjacent to the closed 
shell nuclei Ca, Pb, Zr and Sn, calculated using different approximations described in the text. 



A x a V Ab Abf V V v j V W 
exp. 

2 O T p b 3 p l / 2 h .08 - . 1 2 - .12 .02 .17 . 0 .00 . 0 0 

215/2 » .03 - .04 .01 . 0 1 - .05 . 0 .73 .57 

3p3/2 H . 06 - . 1 0 - .13 . 0 1 .02 . 0 1.15 .8» 

1113/2 t i .02 - . 0 3 . 0 1 . 0 1 - . 1 1 . 0 1.72 1.63 

l h 9 / 2 I I . 0 1 - . 0 2 .02 .00 - .12 . 0 3 .64 3 .47 

2Î7/2 11 .03 - .OS .02 .01 - . 1 1 . 0 3.72 2 .34 

2g9/2 p - 2 h . 31 .06 - .26 .02 - . 1 3 .53 3 .19 (2.71) 

M U / 2 M . 33 .OS - .28 . 03 - . 1 3 .53 4 . 9 8 (3.65) 

2 0 9 B l l h 3 / 2 P .13 - .26 - .26 .00 .08 . 0 .00 .00 

2f7 /2 t l . 15 - . 3 1 - .22 . 0 0 - . 05 . 0 .83 .89 

1113/2 If .14 - .27 - .24 . 0 0 - . 0 5 . 0 1.76 1.60 

215/2 11 .14 - .29 - . 2 1 - . 0 1 - .10 . 0 3 . 7 1 2 . 8 1 

3p3/2 M . 18 - .38 - .20 - .01 - .17 . 0 4 . 1 7 3 . 1 1 

3 s l / 2 h - 2 p . 5 1 .42 - . 3 0 . 0 0 - . 4 2 1.71 2 . 6 2 -
2d3/2 II . 2 6 - .07 - . 2 9 . 0 0 - .19 1.72 3 .02 

Table VIB>.-



A x a v Ab A b f V à B 3 V | V W exp. 

M Y 2pl/2 h . 2 8 - . 5 5 - . 5 5 . 01 . 2 1 .34 : . 0 0 .00 

2p3/2 » . 28 - . 5 6 - .58 . 0 1 - . 0 * 1.15 1.14 1.51 
U5/2 « . 2 0 - .40 - .29 . 00 - . 0 8 1.42 1.15 1.74 
lfT/2 " . 24 - .47 - .32 . 00 - .18 1.91 6.05 -
lg9/2 p - 2 h . 73 - . 1 9 - .82 . 0 1 - .0» 1.15 . 46 .91 

2d5/2 It .58 - .36 - .76 . 00 - .23 1.56 6.01 — 

U T f c 2<B/2 P .02 - .06 - .06 - .01 .07 2.Î9 .14 .16 

lhl l /2 « .02 - .04 .03 .00 . 0 0 3.14 . 15 .32 

3sl/2 h - 2 p . 3 5 . 4 6 - . 1 2 . 0 0 .24 3.60 . 00 .00 

lg7/2 It . 2 1 .10 - .17 - .01 .02 3.98 . 58 .73 

2d5/2 M - . 0 2 - .10 - .04 - .01 - . 0 5 4.29 1.54 

Table VHc-
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