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Some studies of deformed nuclei with the inclusion of 
quadrupole pairing 

I. Ragnarsson 
Nordita, Copenhagen, Denmark 

A quadrupoie pairing term is introduced in the nuclear 
Hamiltonian. The resulting BCS and RPA equations are brief
ly discussed. The ground state potential energy surfaces 
of the Hg isotopes are studied. In addition, it is shown 
that quadrupole pairing plays an important role in buil
ding the excited 0 states in the actiniae region and possib
ly also in the neutron-deficient Pt region. 

Introduction 

The nuclear forces are often separated into long-range and 
short-range components. For the latter part a simple pairing 
force with constant matrix elements, below referred to as mo
nopole pairing, is generally used. However, a generalization 
of this force is sometimes necessary. Such a generalization, 
which is simple to handle, is that of quadrupole pairing. This 
theory allows for the fact that the matrix elements represent
ing the scattering of a pair between oblate and prolate orbit-
als is much weaker than the matrix element connecting only 
prolate or only oblate orbitals. On the basis of quadrupole 
pairing one has been able to explain e.g. the large two-par trie le 
cross-sect-ion to specific 2 states for closed shell nuclei , and 
quadrupole: pairing has also appeared to play an essential role 
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in getting a better description of the moments of inertia in 

the rare earth region ' . 

Here, I will first discuss the influence of quadrupole pair

ing on the ground-state potential energy surfaces of the neu

tron-deficient Hy isotopes. This research has been done in 

cooperation vith S.G. Nilsson and most of the results have 

calculations, carried out in cooperation with R.A. Broglia, 

and which concern the low-lying excited 0 states in the 

actinide region .It appears that the quadrupole pairing de

gree of freedom is very essential in building these states, 

which are strongly excited in (p,t) but are not seen in 

(t,p) reactions. Finally, I will add some words about the 

low-lying 0 states observed for the neutron deficient Pt 

isotopes. However/ first I will briefly discuss the necessa

ry theoretical background. 

The BCS equations 

The ground state of the nucleus is constructed from the 

Hamiltonian 
(1Ï 

Z (e. - Mtc+c. + c±c.) 
i/D 

(GQ + G 2Q iQ.)c; C±c Hc j 

Here e i is the energy of the deformed single-particle state 

|i> which is created by the operator c, . The Fermi level 

energy is denoted by \ while G- and G 7 are the strengths 

of the monopole and quadrupole pairing forces respectively. 

is a matrix element of 4 2 0 which here t akes the form 

Q. = /4TT -
< l | r " 

(2) 

By this definition, a surface delta-interaction with constant 

surface amplitudes corresponds to G n R* G, 4) 



We then perform the quasiparticle transformation 

(3) 

and expand H in normal order with respect to the quasi-+ particle operators d. . The coefficients U. and V, 
+ + are determined by requiring that terms of the type d^dr 

and djdĵ  should vanish. Except for four-quasiparticle 
terms, H is then an independent quasiparticle Hamiltoninn. 

P 2 2 
Making use also of the normalization condition U. + V. = 1 
we arrive at the two equations 

(4a) 

0 Q,'2 
(4b) 

From the particle number constraint we get the third equation 

n = 2 l Vf 
i l 

* " ^ > (4c) 

In these equations, besides the Fermi level energy X , the 
unknown quantities are the pairing gaps 

(5a) 

A 2 = G 2 SIQjU^) . 

The quasiparticle energies are given by 

(5b) 



E. = /(c. - x ) ? + h7: (6) 

where A, is the (state dependent) pairing gap 

(7) 

Having solved egs. (4) the occupation probabilities V. 
are given by 

^-^v) • (8} 

The ECS ground state, i.e. the state with no guasipar-
ticles, is of the form 

|0> = nCU- + V.ctcv)|u> (9) 

where |v> is the single-particle vacuum. The energy of 
this state is calculated as 

- e2[f oft - <-£VW 

(10) 

This same energy can also be obtained from the potential term 
in the quasiparticle expansion of H . Indeed, the equations 
(4a,b) are a.l so obtained-from a minimization of the energy in 
the BCS ground state. 

The pairing correlation energy is obtained as 
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diagonal ' \-L-L) 

where the diagonal pairing energy is given by 

"diagonal = > 3 ' i " 4 ( G0 + < W ' <") 

Excited 0 states in the RPA approximation 

In the RPA, the excited states are described as linear 

combinations of two-quasiparticle excitations, i.e. they 

are created by an operator of the type 

A + = ̂ ( a n A + + b nA ) . Mo> 

Here A is a creation operator for a two-quasiparticlc 

state 

dldi 
i •} 

(14) 

where for the K^O states the pair v = (i,j) must couple 

to K = 0 , i.e. £!.. = ÏÏ- . Indeed the pairing Ilamiltonian, 

as defined in (1) just give diagonal contributions, i = j . 

The different excited states are numbered by n and a and 

b are the forward-going and backward-going amplitudes respec

tively. 

The Ilamiltonian to be studied contains, in addition to H 
P 

of eg. (1), also a quadrupole particle-hole term. H , . This 
ph 

term,which gives both diagonal (i = j) and non-diagonal (i f j) 
contributions, describes the 3-vibrations and is of the form 

file:///-L-L


V = ~ 1 Q 7 0 Q ? 0 (15) 

5?' O . . (C . C . + CTCrr) 
•f^ h i l l 3 ] (16) 

•M¥-\^> • (17) 

In the RPA terms p ropo r t i ona l t o the number of q u a s i p a r t i c l e s 
a re neg lec t ed . The commutator 

[ A i j ' A k l ] = «(i.k)«Cj,l) - [6( i ,k)did 3 + SCj.DdjV] ( 1 8 a ) 

i s then approximated by 

[ A i j ' A k l ] = fiCi,k)^Cj ,1) (18b) 

corresponding to A,- being a boson operator. In the same 

approximation the Hamiltonian (1) can be written 

"P - ^r-vK+ dr>ï> (i9, 

X=0,2 
^ p U ) ( A t H- A ) fQ a )(A + - A ) 



Q v A ) = ^ ! j } 6(l'>"j) f (20) 

]>vX) = Q^'dj* - \>l) 6<i,j) (21) 

with Q ! ? J = Q ±. and Q^V = 6(i,j). The second and third 
terms in (19) were neglected in the BCS solution. 

The main components of H t are included by the use of 
deformed single-particle levels. The residual parts to be 
included in the RPA takes the form 

V = -l[^\'K + V ] ? <22) 

Z , = Z.. = q. .(U.V. + V.U.) . (23) 

In (22) the same coupling constants K is used between all 
states while on the contrary H does not couple protons 
and neutrons and the G.'s are independently determined for 
the two kind of particles. 

The excited states are constructed from the equation of mo
tion 

M = Vn - (24) 

v/herc H = H + H , and W i s the e x c i t a t i o n energy, p p u n *•* 



The equation (24) can be transformed to a set of linear 
homogenous equations where the unknown quantities are the 
strength parameters of the quasiparticle vibration vertices, 
two parameters for each pairing degree of freedom, corre
sponding to the second and the third terms in (19) respec
tively and one parameter from the particle-hole Hamilton.ian 
(22). Thus for one kind of particles we muf;t require a 
(5x5)-determinant to be zero and with protons and neutrons 
coupled a (10x10)-determinant. Having solved this deter
minant equation the forward and backward-going amplitudes 
are easily calculated within n constant. This constant Js 
determined from the normalization condition 

^ [ < a y - ( b '>) 2] =.x . ( 2 5 ) 

Besides the excitation energies v/e are also interested in 
two-particle transfer cross-sections and B(E2) transition 
probabilities. For the (t,p) process the spectroscopic ampli
tude is defined by 

,0 

1/l+£Ca 1,a 2)' 
(2G) 

and analogous for the (p,t) process. Here |a,> is a spheri
cal single-particle state, )a> = |Nftj> / and 10 > corresponds 

+ n 

to an excited 0 state (or the ground state for n=0) while 
|0> is the ground state. From the spectroscopic amplitudes 
the cross-sections are calculated in the DWBA (Distorted Wave 
Born Approximation) using the code DWUCK 

Finally the B(E2) transition probability connecting an exci
ted band and the ground state band is calculated from the gen
eral formula 

B(i:?;I.-lf) = jj^-f |«I f || « c " r % I I.>| ' . (27) 
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In evaluating (27) we assume that the initial and final 
states are described by rotational wave-functions 

|I K=0 M> = p ± l JQI ( e )|o > . (28) 
V Sir* I J x 

The potential energy of the neutron-deficient Hg isotopes 

For the neutron deficient Hg isotopes the experimental 
data ' are most naturally explained by a potential energy 
picture of two competing shapes, one prolate and strongly 
deformed (c = 0.25 - 0.30) and one oblate and less deform
ed ( J E". | <0.15) . For the even-even nuclei, the ground state 
generally corresponds to the oblate shape. However, for 
higher spin vaJues ;the yrast bands change to prolate shape. 
This change is easily explained by the larger moment of in
ertia at the larger (prolate) deformation. With decreasing 
neutron number there is a tendency towards prolateness and 
thus above spin 2 , 4 and G respectively, ' ' 

Hg show good rotational spectra. The best studied nuc
leus is Hg where two complete bands (up-to spin 6 ) have 
now been identified . However, also for Hg and Hq 

9) the beginning of two bands have been preliminary observed 
Contrary to the even-even nuclei the odd-even ' ' ' Hg 
appear to be prolate also in their ground states. This is 
supported from measurements both of the RMS radius and 
of the magnetic moments 

In fig. 1 the proton single-particle levels appropriate 
for the Hg-ieqion are shown. Also exhibited is the calculated 
Fermi level energy for proton number, Z = 80 . From the 
quadrupole pairing point of view the region around e = 0.2 , 



with a high level density and a mixture of prolate and oblate 
orbitals, is of special interest. Due to the high level densi
ty and due to the snail pairing matrix elements connecting 
prolate and oblate orbitals, one would expect, for the total 
energy, a barrier around this deformation. This barrier then 
might separate the two co-existing shapes discussed above. 
However, tile calculated potential energy surfaces, displayed 
in fig. 2, show that the effects of quadruple pairing arc not 
large enough. This is partly due to the fact that the neutrons, 
having an overall deforming effect, have not been considered in the 
discussion above. Thus, the nucleus llg has a minimum around c = 0.2 and 
it is first the very neutron deficient ' Ilg which have a 
tendency of a barrier around e = 0.2 , In agreement with the 
discussion above, the prolate minimum comes lower in energy 
when the neutron number decreases. However, as has earlier 

the prolate minimum is lower than the oblate one. 
To get a complete potential energy picture the y degree 

of freedom should of course also be included. With only mono-
pole pairing there is then certainly, for small absolute 
e-values, a connection between oblate and prolate shapes' . 
The question is then if quadrupole pairing might alter this 
picture. However, how to generalize the treatment of quadru
pole pairing to non-axial shapes is not a completely straight
forward problem. 

I would also like to mention the possibility, that even 
without a potential energy barrier, two different states might 
form. These two states should then be separated via the pair
ing correlations in about the same way as Lhe pairing isomers 
discussed below. For the prolate state the pairing correlations 
are concentrated to the prolate orbitals appearing around the 
Fermi surface for e «w 0.25 . These orbitals are quite diffe
rent in character compared to the orbitals appearing around 
the Fermi surface for jeJ^O.15 . 



Concerning the fact that the odd llg isotope s mx. noi e 

prolate than :.hc oven ones, no really sal- ' r.f.irtory e>:pla-
j 2) 

nation, as discussed by <"ickmann and Dietrich " , has boon 

found. From a rough t-, ; J.niate it is also possible to con

clude that the effects of quadrupole pairinn could hardly 

be largo enough to account for this otld-even asymmetry. 

However, due to the crude models, it is not VIT y strange if 

we are not able to explain such detailed features, corre

sponding to differences of less than 0.5 Mov in the po

tential energy surface. 

In conclusion, I think that we understand tin' main fnUirur-

of the neutron-deficient Hg isotopes. The general trend:, 

are also reproduced by the calculations while rather many more 

detailed questions remain to be solved. 

Pairing isomers in the actinide region 

In the schematic single particle distribution of fig. 3 

the levels around the Fermi surface arc prolate while 0. 5 

- 1 MeV (f« A , the average pairing g.ip) below the Fermi sur

face there is a bunching of oblate levels. 3n this situùt.i.'M 

the ground state will be build out of the prolate levels; and 

consequently the quadrupole pairing gup, A ? ('-q. 5b) wi 11 

be larger than zero. This in turn implies that the tnt.,-il 

gaps, the A.'s , of the oblate levels below the Fermi sur

face will be small and consequently also their guar, i parti cle 

energies, E. . Thus it will be possible to build an excited 

state, a pairing isomer, from the ablate levels at a rathor 

low energy. Additionally this excited state of the A nuc

leus will to a large extent resemble the ground state of the 

(A + 2) nucleus. Indeed, compared to the (A + 2) system 

the only important difference is that two particles have 

been taken away from orbitale far below the rerj.ii surface. How

ever, the distribution of particles around the Fernp sin f.-'cc 
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is almost identical. Assuming that the particles are neu
trons, the reaction (A+2) (p,t)A*" where A* denotes the 
excited state discussed above, should then be strongly en
hanced, while the reaction (A-2)(t,plA* should have a 
very small cross-section. In this simplified discussion 
the number of oblate levels below the Fermi surface is also 
of great importance. The (p,t) cross-section will become 
larger the more collective the excited state is, i.e. the 
more oblate levels are available. 

The level distribution of fig. 3 is interesting because 
it is similar to the actual one in the actinide region. In 
this region low-lying 0 states, strongly excited in 
(p,t) but not in (t,p) reactions, have been identified ' 

228 246 all the way from Th to Th , thus within neutron 
numbers N = 138-150. 

In figs. 4a and b the single-particle levels appropriate 
for these nuclei are exhibited. They are calculated with a 
modified oscillator potential using unstretched coordinates. 
In the lower part of the figures the (6,6.) deformations of 
the isotopes studied are also displayed. The different 5-
values are of the order 10% larger than measured ' or calcu
lated ground state deformations. As the excited states we 
are interested in approximately correspond to the removal of 
two particles from oblate orbitals, this change in deformation 
is not unrealistic. 

In fig. 4b it is of special interest to notice that due to 
the different deformations for the different isotopes, the 
oblate levels [501 1/2] , [503 5/2] and [606 13/2] stay 
at about the same distance below the Fermi surface, for all 
the nuclei studied. In addition for these nuclei, the levels 
around the Fermi surface stay prolate. Also for the protons 
of fig. 4a the levels are prolate around the Fermi surface 
and oblate below it. These common features explain why si
milar states have been found for all these nuclei. 

As the different nuclei of figs. 4 are so similar it seems 
most natural first to study just one of them. Thus, in fig. 
5, for the nucleus U, some different quantities are shown 



as a function of G„ , the quadrupolc pairing coupling con
stant. In these calculations only neutrons were included 
and the single-particle energies were not those of fig. 4b 
but wore instead fitted to experimental excitation energies 

A ) 

as described in ref. . For the monopole pairing coupling 
i 0.08 MoV, in fact for each value of 

ij.. was varied to make the smallest quasi-
particle-energy equal to the odd-even mass difference, 0.67 
MeV. As mentioned above a 6-interaction corresponds to 
G ? i» G Q , i.e. G ? should not be too different fron; 0.08 Me1'. 
Iij all the two-particle transfer calculations described in 
this paper the optical parameters were taken from rof. , 
in (t,p) reactions the triton energy has been chosen equal 
to 15 MeV and in (p,t) reactions the proton energy has been 
set equal to 20 MeV. As shown in the middle of fig. 5, for 
G 2 = 0.08 the (p,t) cross-section to the second excited 
state is quite large and closer investigations reveal that 
this state is to a large extent built out of the oblate levels 
belov; the Fermi surface, For even larger values of G 2 these 
oblate levels have instead large components in the first excited 
state giving the large cross-section shown in the figure. 

As in the calculations of fig. 5 only the neutron degrees 
of freedom are included and as the particle-hole coupling con
stant is rather arbitrarily chosen, they should not be taken 
too much as a quantitative result to be compared to experimen
tal data. However, they very clearly show the trends, the 
(p,t) cross-section increasing rather drastically with G 2 / 
and the (t,p) cross-section for all values of G n staying 
small. 

Results of more realistic calculations are given in fig. 6 
and in table 1. Here,the single-particle energies of figs. A 
were used and both protons and neutrons wore included. From 
the beginning, for both protons and neutrons respectively, it 
was required G- = G Q . The polarization charge was chosen 
equal 0.4c and the particle-hole coupling constant was 
adjusted to get B{K2) transition probabilities, connecting 
the excited bands and the ground state bands of a few single-



. -, , x- 232 m, , 238„ 13) 
particle units as measured for Th and U '. The 
calculations which are SJmmariEcd in tabic ] boar out that, 

' 240 
with the only exception of Pu , the (p,t) cross-sections 
are quite well reproduced. Also the excitation energies are 
in fair agreement with experimental data. As has been found 

19) 
by B. Sçlrensen even without quadrupole pairing it is pos
sible to get such an agreement in specific cases. However, 
in getting the overall effect, with a large cross-section 
for a series of nuclei, quadrupole pairing seems very import
ant. 
A closer investigation of the calc\ilated low-lying 0 states 

reveal that they are mainly a mixture of monopole and quadrupolt 
pairing vibrations. However, the particle-hole components are 
also of some importance. The largest contribution to the (p,t) 
cross-sections of course comes from the orbital [501 1/2] , 
but the states are rather collective and a lot of orbitals 
contribute in building the large cross-sections. 

For the low-lying excited 0 states, the (t,p) cross-sec
tions are generally small. For larger excitation energies 
(1.5 - 2.0 MeV) we find, however, for some nuclei a Q state 
with a (t,p) cross-section of the order of 20% relative to the 
ground state. These results might be due to deficiencies in 
our model, since up to now no such states have been experimen
tally observed. However, wo regard them n:; an open question. 

Low-lying 0 + states for 1 8 4 , 1 8 G P t . 

Finally, I would like to add some words about the Pt iso
topes. The heavier Pt isotopes seem to be oblate or triaxial. 
However, between Pt ''nd Pt a transition to prolate 
shapes takes place . It is then of special Interest to note 
that for the prolate isotopes ' Pt very low-lying 0 

201 states (below 0.5 MeV excitation energy) have been observed 
The origin of these states is still an open question. How
ever, it has been suggested by R. Foucher and others that 
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qu.idrupolc pairing might bo of importance1 in goncrating them. 

This suggestion is based on the fact that, similar to the Htj 

isotopes discussed above, the Fermi surface for the protons 

is situated in the region of remarkably frequent crossings of 

oblate and prolate orbitals. The ground states of ' ' Pt 

have a deformation of c ~ 0.25 , : .e. the proton levels around 

the Fermi surface, as shown in fig. 1, are mainly prolate. 

Moreover, around 1 MeV below the Formi surface we find the 

oblate levels [514 9/2] , 1402 5/2] and U04 7/2] . There 

is then with neutrons replaced by protons a groat resemblance 

to the actinidc region. However, the potential energy surfaces 

of the Pt nuclei are very soft both in the ft- and y-directions 

and it is therefore questionable if the linearization method, 

used in the actinide region, is applicable also in this region. 

Still we have done some preliminary calculations using this 

method. The calculations indicate that a low-lying 0 state 

is really created. These findings then give some support to 

the contention th^t the low-lying 0 states in ' J Pt are 

to a large extent quadrupole pairing vibrations. However, due 

to the large uncertainties, partly concerning the applicability 

of the model and partly concerning the parameters entering, 

they should not be taken as a quantitative result. 
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Tablje_J[. The excitation enorai.es and (p,t} cross-
sections relative to the ground state cross-sections 
arc displayed for the actinide nuclei with experi
mentally observed larqe (p,t) cross-sections to exci
ted states. The tmmbors are extracted from ref. 13) 

The corresponding theoretical data is also guoted. 
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Fig. 1 Slng3o-proton levels in the heavy rare-earth re

gion calculated from the modifia oscillator model. 

Note the crossing of several prolate and oblate 

orbitals near c = 0.2 for Z = 80 . The Ferini level 

for Hg , in the case of ordinary monopolo pairing, 

is indicated by the wiggled line. 

Fig. 2 Potential energy as a function of c , for Hg 

The energy is calculated as a sum of the liquid drop, 

the Strutinsky shell correction and the pairing corre

lation energy. The dashed lines correspond to ordi

nary monopole pairing, where c. is assumed equal to 

zero and alternatively where a minimization with re

spect to z. is carried out. The solid lines corre

spond to the case that both monopole and quadrupole 

pairing is included. Also z. is included in this 

latter case; however( the effect of e* is assumed 

to be the same as in the monopole pairing case. 

Fig. 3 Role of the quadrupole pairing interaction in a sche

matic model. To the left in the figure a simplified 

distribution of possible single-particle levels around 

the Fermi surface is drawn as a function of the quadru

pole deformation 6 . Indicated by open circles there 

is a bunching of oblate levels 0 . 5 - 1 MeV below the 

Fermi surface. In the middle of the figure the occu-
2 

pation probabilities V. are shown while the corre
sponding pairing gaps ûj are plotted to the left. 
The dashed curves correspond to G- = 0 while the 

2 solid curves give the behaviour of the V.'s and of 

the A^'s for G~ j - 0 (assuming A 2

 > 0) . In draw

ing the occupation probabilities we have not taken 

into account that for G„ f 0 the Fermi surface will 

be lowered so as to preserve the number of particles. 



Fig. <la Proton single-particle energies ur.nd in the cal

culations for the different actinides, specified 

in the- upper part of the figure. The levels are 

denoted by their asymptotic quantum numbers, 

[Nn AS»] . They were calculated from an unstrcched 

modified oscillator (A = 242 parameters) and the 

deformation is displayed in the (6,6*)-plane be

low the single particle levels, Around 6 = 0.22 

the [G51 3/2] and [402 3/2] states change 

character. A real crossing is avoided because of 

the AN = i 2 interaction. The wiggled line con

nects the Fermi level for the different nuclei. 

The numbers given at each line for some of the mass 

numbers correspond to the quadrupole pairing matrix 

elements Q. . 

Fig. 4b Same as figure 4a for the neutron levels. In this 

case the [752 5/2] and [503 5/2] as well as the 

[761 3/2] and Ï501 3/2] states change character 

around 6 = 0.22 . 

234 Fig. 5 For U the following quantities are plotted as 

a function of G ?: (1) to the left, the excitation 

energies of the first and second excited states, W. 

and W ? , as well as the pairing gaps, û n and A~ 

(ii) in the middle the (p,t) and to the right the 

(t,p) total cross-sections o "' and o '" 

respectively t of the ground state and the first and 

second excited states. The curves were calculated 

in the four points indicated on the abscissa. 

Fig. 6 The thin lines, drawn as functions of the quadrupole 

deformation parameter 6 show the energies of the 



lowest two-quasi par tide states, + E. , for the 
'J different nuclei specified in the lower part of the 
figure. The neutron states arc connected with no]id 
lines nnd the proton states with dashed lines. The 
open squares, connected by thick lines, show the two 
lowest exctied 0 states, W, and W-, , resulting 
from the calculations. Finally,the crosses show the 
experimentally observed 0 states which are strong
ly populated in (p,t)-reactions. 
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