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1. INTRODUCTION 

A generalized formalism for the multilevel Breit-Wigner cross 

section calculation with the analytical Doppler brcadening is here 

described. 

The PIUME code version II has been prepared as a generalized 

edition of the PIUME code described in [l] , in which only the 0°K 

temperature multilevel Breit-Wigner capture and fission cross sections 

were calculated. 

The new generalized formalism and the relating version of the 

code include: 

i) the elastic multilevel cross secti n in the Feshbach et al. [2] 

approximation; 

ii) the Doppler broadening of the multilevel cross sections by ana

lytical procedure, i.e. in terms of the well known ip and x 

functions. 

The performances have been maintained which were included in 

the first version of PIUME, concerning the possibility to evaluate 

the cross section with interferential effects due to the random signs 

of the reduced widths. 

2. THE FORMALISM FOR THE UNBROADENED CROSS SECTIONS INCLUDING ELASTIC 

SCATTERING 

The multilevel formula in the Feshbach approximation is a 

hermitean form which will be here written more conveniently using a 

matrix formalism, by generalization of the procedure illustrated in 

ref. [2j for non elastic reactions. 

The main advantage of the matrix representation lies first in 

the separation of energy dependent quantities from the constant quan

tities which characterize the set of resonances, the last being all 

included in a central matrix. In the second place, if elastic reac

tion is considered, better evidence is given to the terms which are 

responsible for the interference of either the resonance scattering or 

the resonance to potential scattering Interaction. 
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Then, the expression for the multilevel one exit channel cross 

section for reaction of type x , can be written as 

c (E) = (v>2) M zj zk 

X J K 
(1) 

whare Einstein's convention for summation is adopted and the bar in

dicates complex conjugate element. Calling M the square symmetric 

matrix with elements M., and z the column vector with elements 
k -Jk • 
z , the above expression in matrix form be jmes 

ax(E) = (n*
2) z+ M z .1) 

being z the adjoint vector of z , i.e. the row vector with complex 

conjugate elements of z . 

If the number of levels is 'N" and the maximum v?lue of the 

I quantum number is "L" , the vector z and matrix M are so de

fined: 

Matrix M 

The matrix M is square, symmetric of order [(L+])+NJ and can be 

partitioned in submatrices A, B, C, as follows 

L+l N 

^ L+l 

For m n elastic reactions, matrices A and B are zero, because 

submatrix A refers to the potential scattering, B to the inter

ference between potential and resonance scattering (B is the B 

transposed matrix), and C to the resonance reaction. 

Submatrix A 

The square matrix A (of order L+l) is diagonal and has real ele

ments (numbered from index zero, for the sake of simplicity) 

aP.k = (2l+l)\k a " °'1>""L> 

I being the quantum number and row index simultaneously and f> , the 

Kronecker symbol. 
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Subniatrix C 

The square m a t r i x C (of o rde r N) i s r e a l symmet r ic , expressed by 

"J* 
u . 

J 

being 

\ 

u. = 
J 

( j , k = L + 1 , . . . , L + N ) 

• r r • 
n x 8 W 

where g is the statistical factor, P (E.) the penetration factor, 
*- J 

r the neutron width of he entrance channel and r the width of 
n x 
the exit channel for the examined decay process, with the exception 

of elastic reaction, for which r = r /P.(E.) . The i-label means 
' y n I j 

that all the quantities are those of the corresponding level at en

ergy E. . "Matrix indexes" j , k and "resonance indexes" r , s 

are shifted by L+l places, so that j-L-1 = r and k-L-1 = s . 

Every diagonal j-element of C gives rise to the single level Breit-

Wigner formula for each level, while the non diagonal terms jk re

fer to the interference between the r and s levels of the same 

spin and parity. In any other case the non diagonal elements must be 

put equal to zero. 

Submatrix B 

The elements of the rectangular real matrix B (of order (L+l)xN) , 

will not be zero only in the places where the row index (running from 

zero value, like in matrix A) is equal to the quantum number I of 

the r-resonance. The reason lies on the fact that, in the present 

approximation, the interference with £-wave potential scattering is 

an independent process for each level, so that the elements b . are 

unaffected by the level-level interference. Then, the elements are 

U = 0,1,...,L) 

(j = L+1,...,L+N) 

The energy dependent vector z can be partitioned into two subvectors 

with L+l real and N complex elements, respectively, given by 

b„. = g: u 

z*-(E) » 2 sin 1- (E) 

z3(E) 
P>> 

ITT T̂  
.-E)+i-j 1». 

(«. - 0,1,...,L) 

(j - L+1,...,L+N) 



with the exponent i=2 for the elastic reaction and :=l for any 

othei reaction, i is the imaginary unit. -i'. is the phase shift at 

energy E for . wave neutrons . r the total width of the r-lrvel 

and P.(E) is the neutron ;-wave penetrability at energy E , I be-

ing the wave nurrber of the r-resonance. The first L+l elements of 

the z vector can be put zero in the case of non elastic reactions; 

they correspond, in the product for J(E) , to the elements of the 

submatrices A and B . From the above matrix formalism, it can be 

easily understood that accidental negative values of elastic cross 

section may result from the single level calculation. In fact, in 

such a treatment, all the non diagonal elements of matrix C are put 

equal to zero, while the non zero elements of matrix B are conserved 

and contribute to the final value. By this way, only a part of inter

ferences coming from the mixed terms of the positive definite matrix 

M is suppressed with uhe consequence that negative values for the 

elastic cross section may appear in some energy points. 

Looking at the elements c, of the C matrix it must also be 
° jk 

observed that no uncertainty of sign can arise fiom the square root 

operation on 7 , when elastic cross section is considered; in fact 

it is , = r /P„(E.) and thr plus sign is only possible for the 
x n t j r J 

u.u, products. Consequently, a unique curve exists for the multi

level elastic cross section with interference. 

3. DOPPLER bROADENING 

The Doppler broadening of the resonances in the case of a sin

gle level cross section representation, may be performed through an 

analytical procedure which makes use of the well known >' and \ 

functions. 

A numerical procedure may also be adopted for the broadening, 

as provided in the TKMPO code |3J. The numerical procedure is appli

cable to either a single level or a multilevel description of the 

cross sections. On the other hand, the principal disadvantage of such 

a procedure is the following: if a not suf ficic.it ly fine tabular de

scription of the resonant cross section is given on tho total range, 

quite easily the numerical broadening may be wrong. The fine tabu

lation is hard to be carried out, due to the same nature of the res-

http://ficic.it
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onant function which requires a high number of points to be well de

scribed. 

Then, the analytical procedure seems to be the most reliable, 

provided that the multilevel cross section could be broadened by mains 

of the t' and x functions. 

The required extension of the broadening procedure to the multi

level cross section has been given by Cook [4J for what concerns the 

fission reaction when one exit channel is considered. In practice, 

Sailor's formula [5] has been broadened by a rearrangement which per

mits to write down the final expression in terms of the <j> and x 

functions. 

Cook's rearrangement can be applied to the matrix iormalism 

here presented, if the heimitean fonr (J) is written in the equivalent 

manner 

_L a (E) = M * T 
. 2 * 

N+L+l 
r 

% Tjk 
j,k=0 

where the special matrix product is explained by tha written summation 

on the right side, and T., are the elements of the square hermitean 

matrix 

z z 

z and z being the above defined column and row vectors, respec

tively. 

Analogously to the M matrix, it will be useful to write down 

the T matrix, partitioned into submatrices i , 8 , y corresponding 

to the above described matrices A , B , C , respectively. 

L+1 N 

L+l 

In the usual approximation, the energy dependent quantities rf> and 

I 
have 

are assumed to be non influenced by the Doppler affect. Then, we 



- b -

The L-lenunts of the diagonal matrix "i are temperature independent and 

are obtained by the product of the above defined z' elements, i.e.: 

= 4 sin" : (E). : (• = 0,1,...,L) 
K • k. 

Subir.at -ix . 

The elements of the square matrix y (of order N) are temperature 

dependent and given by: 

- the di agonal Doppler broadened elements 

J.! 

4? r(E) 

r 

(r,xr) 

with matrix index j > L and resonance index r = j-L-1 ; 

- thi orf-diagonal Iĵ V Doppier broadened elements 

where 

"rik 
1 9 

P^ P^ 
• r s 

(VU 
(E -E ) 2 + (: +" )2/4 
r s r s 

I,= Ur-Es) L±, (r,xr) --1 . (Vxs) 
! r s 

2 2 i ' • l r'V 
r 

* - • (•• . o l s s 

being the mat r ix indexes i , k L and the resonance indexes r = j - L - i , 

- = k-L-1 . 

The arsiu::ients •• and x have the s tandard d e f i n i t i o n 
r r 

Ì = 4 K K T / A 
r r r 

x = 2(E-K ) / : 
r r r 

A = atomic mass of absorber; K = Boltzmann constant; T = temperature 

in <i'.' ; WA'.y. '.'< I vi n . 

Submat rix .• 

Like matrix B , the rectangular matrix p, |of order (1 + 1) ' N] 

will have not identically zero elements only in the places where the 
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row index (running from zero value) is equal to the quai.tum number *. 

of the r-th resonance (i.e. the place of index j = r+L+l in the 

matrix). 

As a consequence of the mentioned independence of the interference 

process for each level, the Doppler broadening of the z zJ product 

will affect only the z factor, which becomes 

V -=h— { ̂ W *2 l* (VXr)} • 
; e 

r 

Then 
(- = 0,1,...,L) 

B.. = 2 zJ sin t 
- r (j = L+1,...,L+N) 

The above formulas for the Doppler broadening are included in the PIUME 

code version IT. Since the $ and \ functions can actually be calculated 

by means of analytical expressions, anv numerical broadening can be avoided 

by using the "iven fortralism. 

The Fortran list of the PIUME code version TI is available upon reouest 

to the Authors. 
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