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1. Introduction

As a rule, one considers the finite-component conformal

fields !'-3- These fields are transformed according
to representations of class [a  or ib given by Mack
and Salam ! | i.e., when the generators of special

conformal transformations acting on the spin variables
are vepresented by nilpotent operators or trivially. In
thnse cases the stability sybgroup of the conformal group
has finite-dimensional representations.

In the cases of coniormal invariant operator product
expansion, or of the conformal invariant partial wave
expansions of Green functions ‘% we deal with infinite
dimensional representations of the conformal group (with
respect to its stability subgrcup).

In this paper we consider the fields which are trans-
formed according to the representations of class II ¢ ,
i.e., when the generators of the special conformal group
acting on the spin variables are represented ina nontrivial
way. In that case the representations of stability subgroup
are essentially infinite-dimensional. To specify the irre-
ducible repres«ntations of the conformal group SO(4,2) we
use its Casimir operators /6-%° | The unitary irreducible
representations of the conformal group are given in pa-
pers 6-- 8¢

The conformal invariant spectral representation of the
two-point function for the fields with arbitrary integer
spin, which are transformed according to any irreducible
represeniations of %0(4,2) group, is obtained. The case
of half integer sp'n may be considered analogously.
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2. Irrcducible Representations of Conformal
Group
Consider the fields ¢(x:£)  which huve the following
transformation properties with respect to the conformal
group
-1 .
Uly) d(xio) UCY) LIRS SERWON (2.1.)

whele \ -804, and ¢ - C° here
S 0,0 -6 is the future light cone.
In ﬁle infinitesimal form the transformation law (2.1)

has the form:
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are generators of the stability subgroup of the conformal
group, i.e., the subgroup which leaves x- 0.

It is well known that the conformal group has three
independent Casimir operators
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The fields which transtorm according to arbitrary irre-
ducible representations of the conformal group are given
as i solution of the following system of egs.

|(L.‘|‘(x;.)l ck‘l'r(x:.‘) Ck LI RV (2.6)

where « are the eigenvalues of the corresponding
Casimir operators, For the "tensor” representations
i 0, i.e., in our case any unitaryirreducible repre-
sentatton is labelled by the pair of real parameters
vty vy P Substituting (2.2) and (2.3) mto (2.6),we have
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where +- 0 for the "fundamental” tields and «- 1 for

any other fields. (n our case k,, are not nilpotent opera-
tors and, consequently, the corresponding representations
of the stability subgroup are infinite-dimensional.

3. Teo-Point Function for the Ivreducible Fields

Consider the two-point functicis

Lxen g .
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(3.1)
where the fields ®(x,¢.\) transform according to an
arbitrary “tensor” representation of the conformal group
Nohey ey UL We consider as well, the conventional
“fundamental” tensor fields(. - 0) and any "nonfundamen-
tal” fields. The conformal invariance for the two-point
function (3.1) is
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where A - S0(4,2
From (2.7) and (2.9) it follows that it is convenient
to pass to the momentum space. Taking into account the

translational invariance and spectrum condition, we have
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where @(p)=t(p7) 0 (p*) ‘ is the characteristic funstion
of the future cone, and F'N1N(p; ¢ "1+ £,) s the kernel
of the two-point function. '

From the irreducibility conditions for the fields
(2.6) there follow the corresponding conditions for the
vio polmr function and consequently for its Kkernel

N2 (p;¢,.&,) , i.e., one has

. Ly, (a-1,2).

(Cp-e! ) F (p;&l. 532) -0, (3.4)
(k n.1vj.

From (2.7), (2.8), (2.9), (3.3) and {3.4) we have the follow-
ing system of partial differential equations
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where « (a) - 0 for the "fundamental” fieldsand «(a) =
=@(a) -A(~a) for any other fie''s
Let us write down eqs. (3.F and (3 6) in terms of
relativistically invariant varict Wop2 pe" 2" and
2 2
w1 LS -__L_.

l Then we have
(p&N(p 6 )
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The solutions of the system of partial differential
eqs. (3.7) and (3.8) may be written down in the [orm
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where ! (p~.w) are arbitrary functions (which

will be determined 1'1‘()1\11 the dilatation and special confur-
nal invariance) and 7 (2)  uare solutions of the following
differential equation
d” d
lz, Lo ld " 20 i3 2-a) 2 l—— vic (3 2-a) -

L2 a de
h n

(3.10)

Consider, first, the case of the "fundamental” fields.
In that cuse the solution of eq. (3.10) (« - 0) is given by
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where ¢ and ¢, arearbitrary constants.

For “nonfundamental” fields (« + 0)the solutions of
eq. (3.10) are the degenerate hypergeometrical functions.
Ir d# v 2. is noninteger, the general solution of
(3.10) is

Q a . .
Ca (‘/.n) .-\“*l’(dl v U TS T (i T Y ZI) t

a ' ' (3.12)
b w2 woon W it
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For ¢ 20" integer the general solution of eq. (3.10)

has the form
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where W are the Tricomi tunctions

The functions Hla,c.x ) and x 7"dbla-c, 2-c.x) yg
well as ¥la,c.x) and ¢ Wle-2,c,~x) give the non-
equivilent representiations labeling with the same numbers
TRt .

The functions W are connected with & by the follow-
ing relations

W{a,c,x) - —l—‘—(—l——s)—‘l‘(a.c: X)

L (a—c1 1)

e -
4 ll—‘((\"u';l)x ‘ hla—-cl, 2-¢cx ).




The functions  and W have the following integral re-
presc.tations

B R )
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where —Rea - v min (@, 1=Ree)

Consider now in more detdxlthe\ asewhena -n with
N integer. In this cuse dy U 7 — 0y, the degenerate
hypergeometrical function # transforms into the Lagere
polynomials, i.e., in this case the solutions of eq. {(3.10)
are

\ FEI , ot
YA Ly (e (32-a)z2 ) v B [ ie(32-0a) 2]

3.14
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The Lagere polynomials satisfy the following differential
equations

}!x-ﬂl—_o(u--\nl) et (x) -0 (3.15)

and are connected with the functions ® as fcllows

“ S g ,
L, (&)= (e D D(-n, ar 1,x).

The numbers r are related to the eigenvalues of the

Casimir operators e and v via the following relations

e = e+ 4 (p 1) -5, (3.16)
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For the unitary representations ot the conformal group,
following ., we have the following cases

” !.|:, -—:|‘|Ul‘ ')2:7-—,0|'r2

0 0 ~ 0 0 ~

(3.19)
B -1l p, et 0

» lm,;I Sdmp 0.

From (3.9) and (3.16) it follows that in any case
(3.19) there are both "fundamental” and "nonfundamental”
fields transforming according to some irreducible repre-
sentations which are specified by the same pair of num-
bers \ -l .p, 1. In such a manner we have generalized
the theorem of Gatto et al. 1! to the case of any repre-
sentations of conformal group.

4. Conjormal Invariant Two-Point Kernel

The kernel (3.9) will be confoermally invariant if the
following equations 9

DF(p2,2, w) =0,
i
(4.1)

K/l F (p2 2 W) =0,



are satistied, where D oand l\',, are the generators of
dilatations and speeial conformal transtormations acting
on the two-point function. Following papoer s , we hlave
that the solution  of ogs. (4.1) exists only for

\ N, (4.2)

and they are given by

P,y \oa e \ \
8 ! "l|\ W) N (I\")'I S (/.I)l (z,)

{2~ }) L(l_\ N (dn}. ,",l,'\ I (dos HJ)V

Y - R S L €
-~ i (+ - 8 ]) =
where 17 (w) s the Legandre polynomials.,

From (4.3) it follows that the two-point function exists
when cither both the tields are “fundamental™ or one s
“fundamental”, or both the helds are "nonfundamental™.

In any caseotuntary representaaonsof SO0 the
kernel (4.3) 1s positively defined, but s local only when
! Nas posttive integer number,
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