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1. Introduction 

As a rule, one considers the finite-component conformal 
fields ' ~'л . These fields are transformed according 
to representations of class la or Hi given by Mack 
and Salam ' , i.e., when the generators of special 
conformal transformations acting on the spin variables 
are represented by nilpotent operators or trivially. In 
thoye cases the stability sybgroup of the conformal group 
has finite-dimen.'.;hinal representations. 

In the cases of contormal invariant operator product 
expansion, or of the conformal invariant partial wave 
expansions of Green functions r> we deal with infinite 
dimensional representations of the conformal group (with 
respect to its stability subgroup). 

In this paper we consider the fields which are trans
formed according to the representations of class II ' , 
i.e., when the generators of the special conformal group 
acting on the spin variables are represented in a nontrivial 
way. In that case the representations of stability subgroup 
are essentially infinite-dimensional. To specify the i r re 
ducible representations of the conformal group SO(4,2) we 
use its Casimir operators / f , - y . The unitary irreducible 
representations of the conformal group are given in pa
pers u~ B . 

The conformal invariant spectral representation of the 
two-point function for the fields with arbitrary integer 
spin, which are transformed according to any irreducible 
representations of SO(4,2) group, is obtained. The case 
of half integer sp<n may be considered analogously. 
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2. Irreducible Representations of Conformal 
G roup 

Consider me fields 'i!(";•!;) which have the following 
transformation propert ies with respect to the conformal 
group 

U( \) <l'(x;,', ) ll( \ ) " ' Ф(\х; \ f ) , ( 2 л ; 

where \ - SO(1,2) and •', - С ' here 
(' ' • \f:\C~ 0, ; G I is the future light cone. 

In the infinitesimal form the transformation law (2.1) 
has the form: 

IP ,Ф(х;,.) !- i — <Их;.'Г ) , 

М / ( , . , Ч Ч х ; 0 ! - 1 - 1 ( х / ( А _ _x_ _ ? _ > , v / n , | ф ( х ; , ) , 

I D , Ф ( х ; . . ) | - ( i , . 1 ' J _ - , \ ) < | . ( x ; f ) , C 2 ' 2 ) 

I К ,Ф(х;£) |=-Ш2х ,,x' J— - х - ' - 2 ix ' 'U \ > i ) | . 

' < к / ( 1Ф(х;с) , 

where . - 0 for the "fundamental" tensor fields and < 1 
for any other fields. The opera tors 

A . i ( d + t - f " J L ) , С 2- 3) 

k „ - 2 i A ( d I + ; ' ' - i L ) 
df" 



a re generators of the stability subgroup of the conformal 
group, i.e., the subgroup which leaves x 0. 

It is well known that the conformal group lias three 
independent Cas imir operators 

i ЛII 
( — 1 1 

II 2 J \ l l J 

, J ,, ,\H «:n v.v (2.4) 
III .fK " MICIIKK J J J 

iv J A H J J < : i r 

w h e r e ( A . H . . . . 0. I,2,(.S,6] and 

| м i . J_( p _ к ) , 
i" /" -V 2 /' /' (.£.;>) 

I, 4 ( i3 >к ), i,. n. 
i i/ i 2 I1 I1 * | - 1 

The 1'ields which transform according to arbi t rary i r r e 
ducible representat ions ol the conforiiial group a r e given 
as a solution of the following sys tem of eqs. 

I ( ,< IM\ ; . I I с MM x: ,' ) I k 11. 111. IV) , (2 .6 ) 

where i k a r e the eigenvalues of the corresponding 
Casunir opera to r s . For the " tensor" representat ions 
1 'ш и , i.e., in our case any unitary irreducible r e p r e 
sentation is labelled by die pair of real pa rame te r s 
x !c i, •*•' i\ 'Subs t i tu t ing (2.2) and (2.3) into (2.6),we have 

W1UI-1) - 2 . i l , • . . 4 u - i ' 
, ' x ' ' '' <-

V'' -
• 1 

l l 
1 <l> ( Y • ' 1 

( 2 . 7 ) 

( | ^ • ; ^ , , l ; • . , ' 

1 MM л , i. 1 , 

Г . <l'(x ; , ' : ) l - 0 , ( 2 . 8 ) 
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C...,<Kx;£) hld(d--l) (d-2) 2 +4<d-2> Cd—1> I -«d, '' 
Лх'1 

. 2 

where • 0 for tlie "fundamental" fields and < 1 for 
any other fields. In our case к,, a r e not nilpotent ope ra 
tors and, consequently, the corresponding representa t ions 
of the stability subgroup a re infinite-dimensional. 

3. Teo-Point Function for the Irreducible Fields 

Consider the two-point function 

F X l A 2 (x 1 , : 1 ; х 2 , с ; 2 ) » . . 0 ! Ф | « 1 ; { 1 , . \ | ) Ф и ! , ^ ) ! О ' . 

(3.1) 
where the fields < l 4 x , f , y ) t ransform according to an 
arbitrary " tensor" representat ion of the conformal group 

V - l t ' n , c | v I . We consider a s well, tlie conventional 
"fundamental" tensor fields (i - 0) and any "nonfundamen-
tal" fields. The conformal invariance for tlie two-point 
function (3.1) is 

I \ 'i.\ ' ., I I ,Y i..\'.J 
F ' " ( Л х , , Л ^ ; Л х 2 , Л . ? 2 ) =F M 2 (x ,,/;,; x . , , ; . , ) , 

(3.2) 
where A - SO(4,2) . 

From (2.7) and (2.9) it follows that it is convenient 
to pass to the momentum space. Taking into account the 
translational invariance and spec t rum condition, we have 

F ( x

( - S - f r ^ I * Р Й ( Р > С *• 

Г^Чр;*, .* ,) . 
(3.3) 
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where M(p)•••= 'Hp°) <> (р 2 ) , , is the charac ter i s t ic funstion 
of the future cone, and F x ' I'-M p; f ,, £ 2 ) is the kernel 
of the two-point function. 

From the irreducibil i ty conditions for the fields 
(2.6) there follow the corresponding conditions for the 
two-point function and consequently for its kernel 
F'Xi-X-i 1 (p i i ' j . i - . , ) , i.e., one has 

. k JxrxJ i*-\.2). 
( C - - c ) F ( p ; £ « ) - 0 . (3.4) 

' ' 2 (к И. IV). 

From (2.7), (2.8), (2.9), (3.3) and (3.4) we have the follow
ing system of par t ia l differential equations 

ld" (d" -4 ) ,21 , ( 3 /2-a) d" p i " i 2 | d ' \ i , (3/2-a) p f."l ••• 

, i i ' ( i ; , ill 
"^ II II II 

(3.5) 

I d ' ( d ' - 4 ) ( d ' - 2 ) ! . i 4 ( d " - 1 ) ( d " - 2 ) [ i , ( 3 ' 2 - a ) p / " , 

( d . • и ( 3 /2 -a ) p / ) i, r - i 4 i 
i' <_.. 

i . v r . v 2 ! (3-6) 
-«• ' "v I F ( p ; . i : , ,4 2 ) =0 ( a = l , 2 ) . 

where < ( a ) 0 for the "fundamental" fields and <(a) -
= 0( a) - 0 ( ~ a ) for any other f ie '^s . 

Let us write down eqs. (3.F and (3.6) in t e r m s of 
relativistically invariant va r i r r ' " p 2 , pi""- ?- " and 

2 ( i - ' '" 2} w - 1- - £ _ i i _ _ ^ _ L _ . T h e n w e n a v e 

( p f ' ) ( p ^ 2 ) 
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| d " ( d " - 1 ) . 2i< ( 3 ' 2 - a ) d " z . 2 | d " . i . ( 3 - ' 2 - а ) / - и I z , , ^ -

., , ," , I \ , . \ , I , ( 3 . 7 ) 

II II 
i l l ' I (d - 1 ) (d - 2 ) .-1(d - i ) ( d - 2 ) I i . ( 3 2 - i i ) / , , • 

13.U) 

i ( d ' \ i« ( 3 ' 2 - a ) z ) z „ — i z ' — - i - с " IF ( p - . z . w ) 0 
« " . ' z H >' - / z - j IV " 

The solutions of the system of partial differential 
eqs. (3.7) and (3.8) may be written down in the form 

J - V * - » 1 , •' , f ' • V | - ^ 1 , 2 •-. > ., 
V ' - .( p" ,/. , w) - f ~ ( p - , w ) z l z } -

• t , | ( / , ) . - , 2

a u , ) . 

where i l p ,w) are a rb i t r a ry functions (which 
will be determined from the dilatation and special confur-
mal invariance) and t', ( z> are solutions of the following 
differential equation 

I z - S l l - i l d" i 2r + h(3 / '2 -a) z I—— f it (3 2-a) • 
" d z 2 " " dz 

а и 
( 3 . 1 0 ) 

a '^" 
• ( d . i .• ) | i ( , - 0 . 

Consider, f irst , the case of the "fundamental" fields. 
In that case the solution of eq. (3.10) (< 0) is given by 
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l) I / ) '.' , ' С;,/. • ( 3 . l l ) 

where c , and <-' •> a re a rb i t r a ry constants. 
For "nonfunda'nental" fields ( - / 0 )the solutions of 

eq. (,3.10) a r e the degenerate hypergeometr ical functions. 
If d" i 2 ••'• is noninteger, the general solution of 
(3.10) is 

i Nn (/ ) Л «14 d,'\ •• ,il'' > 21 •" ; к • ( 3 '2 -a ) / ) i 
l a .. ( 3 l 2 ) 

l - i l . - 2 I H n и . и a , , и « b„| i, ( Ч 2 - a ) y.J 'Md j - d - i •', '2-d - 2 , ": 

i, ( V 2 - a ) / J ( a 1, 2) . 

For <i'' • -i ' integer the general solution of eq. (3.10) 
has the form 

| X " U ) Л"! '« , | " . •". d" . 2 . " . i. ( V 2 - a ) / . ) , 
' „ " " ' " (3.13) 

i i : i 2-и i / .„ 

• Ь ' с 4' ( d " -d ," - i ,d ''i 2r", - i < (3/2-a) * > . 

where M1 a r e the Tricomi lunctions 
The functions «l> ( a, <-•. x ) and х и , ' Ф ( а - с , 2-е, >•.) a s 

well as ЧЧа.с .х) and c x Ч'( с-:;, c, - x ) give the non-
equivalent representa t ions labeling with the same numbers 
•V " ' c n - c iv I- • 

The functions 4' a re connected with <l> by the follow
ing relations 

«|'( a . c ;x ) - _L1IZ<LL«| I ( л , с ; x) i 
I (a-ci 1) 

, l l ^ x 1 - Ф ( а - с м 1 , 2 - с . х 
1(a) 
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The functions Ф and 4' have the following integral r e 
presentat ions 

4 > ( a . c ; x > - ^ / ' d u e " ̂  n " " 1 ( 1 - u ) ' - " - 1 , 
l ' ( a ) l ' ( c~a )« i 

Re с Re a 0 , 
and 

, >" l - l ' ( a i s ) I ( - s ) I '( 1 - c - s ) 

- " ' > ^ ' ~ 1 ( a ) Г( a - i - i 1) 

where -Rea _ у :. "»" (0 • l — He «') . 
Consider now in more detail the case when a -n with 

« integer. In this case d \ i ' „ - - " . , the degenerate 
hypergeometrical function 'I1 t ransforms into the Lagere 
polynomials, i .e., in this case the solutions of eq. (3.10) 
a r e 

. .1 I 2 i , ' - " - - ' 

r)" - A;; L„ " ( i . (3 .:-..) /.„), в,;' I i. ( V2 - a ) * j -

чФ(-п -d . " -2 r , 2 - d - 2 r . i . ( 3 / 2 - a ) z ) . ( 3 ' ) 

a I u u и и 

The Lagere polynomials satisfy the following differential 
equations 

!*- G f 2 >( ( I ~x, l ) ^ U n l L > ) . 0 ( 3 1 5 ) 

and are connected with the functions «I» as k l lows 
L n ( « ) - j : f e ^ Г Ф ( - П . « . 1.Х). 

11 n ! I ( к 4 1) 
The numbers •• a r e related to the eigenvalues of the 
Cas imir opera tors с and с via the following re la t ions 

C U = - . ( P I + 2 ) 2 +( r», + П 2 - 5 , (3.16) 
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с (,,, . 2Г | ( / J ( , 2)а - 2 ( , . , . l ) 2 . l h 
(3.17) 

• ( С, ' » 2 I l/'„ ' П 2 i II, 

where we use the following labelling: 
,., a . . - i . ,.., . . (3.18) 

For the unitary representat ions of the conformal group, 
following ' , we have the following cases 

1) <', - - - l i " , . - j , - - 1 »!"._, 

0 _ „ - 0 ' .1 , - . -
( 3 . 1 9 ) 

2) - 1 , , , . 1 0 

S) imc - I in с о . 

From (3.9) and (3.16) it follows that in any case 
(3.19) there a r e both "fundamental" and "nonfundamental" 
fields transforming according to some irreducible r e p r e 
sentations which a r e specified by the same pair of num
bers \ I " j - / \ , '• In such a manner we have generalized 
the theorem of Gatto et al. ' ' to the case of any r e p r e 
sentations of conformal group. 

4. Conformal Invariant Two-Point Kernel 

The kernel (3.9) will be conformally invariant if the 
following equations : ! 

D F ( n 2 , z . W) - 0 , 
( 4 . 1 ) 

К F ( p ' - , Z i i , w ) = 0 , 

II 



a n 1 s a t i s f i e d , w h e r e П and K/( ;цч> the g e n e r a t o r s of 
d i l a t a t i o n s and s p e c i a l con fo r ina i t r a n s f o r m a t i o n s ac t i ng 
on thi' two-po in t function. Fo l lowing pape r '' . w e h a v e 
dial Hie so lu t ion of e q s . (4.1) e x i s t s only for 

\ , \._, (4.2) 

and they a r e g i v e n hv 

I - I p . / ( . « I N ( p " i - / , / „ i ( / , ) i ( / . , ) 

1 - - - - - . — - • - • - - - - — P ( w ) . 
~ и i ( i - s . 1 ) 

where P ( « ) is the L e g a n d r e p o l y n o m i a l s . 
F r o m (4.3) it follows that the two-point function e x i s t s 
when e i t h e r both tlie I ie lds a r e " f u n d a m e n t a l " o r one is 
" f u n d a m e n t a l " , o r both the f ie lds a r e "noi i fu i idainenta l" . 

In any c a s e ol un i ta ry r e p r e s e n t a t i o n s of SO( i . J ) tlie 
ke rne l v '1.3) is pos i t ively def ined , but is local only when 
| !i is p o s i t i v e in teger n u m b e r . 
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