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SYNOPSIS 

This uork presents and comments tvo experimental techniques used at 

the I.F.E.N, to study torn resonances in the 2yAl * p reaction. One of them 

- the energy modulating devioe - in a oonfortable and accurate alternative 

to the conventional step by etep method of measuring resonance yield curves; 

the other one is a process to resolve decay schemes of closely spaced, over

lapped doublet resonances. The general principles of these too techniques a-

re discussed, the computer programs devellopped in association with them are 

presented and some results are commented. 
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CAPTURE-RESONANCE REACTIONS 

- DOUBLET RESOLUTION AND 

YIELD CURVE MEASUREMENTS 

1. INTRODUCTION 

Two experimental techniques used at the L.F.E.N, to study some reso

nances in the 27A1 • p reaction are presented and discussed in this report. 

One of them - the energy modulation device - is an experimental tool 

that allows the measurement of yield curves in a very quick, confortable and 

accurate way, without all the boring routine procedure and all the troubles 

connected with the conventional step by step method. The other one is a me

thod to resolve decay schemes of closely spaced, overlapped doublet resonan

ces. 

The general principles of these two techniques are discussed in de

tail and the computer programs developped in association with them are pre

sented. 

The results obtained with the 27A1 + p resonances are briefly presen 

ted at the end, in order to discuss the methods. 
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2. EXPERIMENTAL TECHNIQUES 

2.1 - The energy modulating device 

2.1.1 - Description 

The study of reaction cross sections plays an important role in nu

clear physics. A number of reactions exhibit narrow resonances in the cross 

sections and it is obviously important to obtain the excitation function in 

the vicinity of each resonance with great detail. This is usually done incre_ 

asing the beam energy step by 3tep and measuring the reaction intensity at 

each step. 

An alternative method has been proposed by Cranberg et al. 1 ) . A ti

me-dependent voltage is applied to the target, modulating the beam energy, 

and allowing the simultaneous measurement of the excitation function over a 

wide energy range. A small fraction of the modulating high voltage, added to 

an appropriate constant bias level, is fed to an ADC, gated by the pulses 

from a radiation detector. The gate is opened every time a selected pulse is 

detected and the amplitude of the applied voltage is analysed and stored. 

If the applied voltage has a linear time-dependence (e. g. a trian

gle or a sawtooth), the spectrum obtained will be a faithfull image of the 

cross section of the reaction channel whose products are observed with the 

detector. If its time-dependence is not linear a correction must be made by 

means of an auxiliary spectrum, called "normalization spectrum". This is a 

random spectrum, easily obtainable with a radioactive source; since there is 

no correlation between the ocurrence of the y-rays from the source and the 

phase of the applied voltage, the shape of the normalization spectrum simply 

reflects the non-linear time-dependence of the applied voltage. 

The use of this energy modulating device offers a number of advanta

ges over the step by step method: it requires much less manual work, thus be 
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eing faster and much more reliable; it does not depend on the accuracy of 

the beam energy and rurrent measurements, that can drastically affect the 

step by step me_.»od; it is independent of target evaporation and provides a 

permanent check of carbon deposition. 

A disadvantage of this system comes from its limited energy range. tJ 

sing a sinusoidal voltage with a peak-to-peak amplitude of 18 kV, for install 

ce, it is not possible to study resonances with widths larger than - 5 keV. 

One can, of course, use higher modulating voltages, but some problems will a_ 

rise with the electric insulation of the target, especially if water cooling 

is required. Wide resonances can also be studied by means of two or more par_ 

tially overlapped spectra, but in this case some precautions must obviously 

be taken. 

2.1.2 - The normalization procedure for the non-linear time-dependence of 

the applied voltage. 

To make this correction properly, both spectra (the resonance and 

the normalization spectra) must be obtained in exactly identical conditions. 

Any changes in the amplitude or in the shape of the applied voltage, as well 

as in the counting rate must be carefully avoided. So, whenever possible, 

the normalization spectrum must be taken simultaneously with the resonance 

one. This can be done in two ways: 

a) With an independent set up for the random spectrum: 

fcoutinj» *• Multich. 

Box *" Analyser 
*> 

(Co.) * (Gate) 

(A.-co.) A 

B. E. M. 

Gate 

Random 

Reaction 

Det. -*" Ampl. 

Det. -*• Amp 1. 

|Applied voltage 

(50 Hz) 

S . C . A . 

S . C . A . 

S . C . A . 

Fif. 1 
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b) With a common set up. 

If the reaction products and those of the random source have the 

same nature, the latter ones can often be selected in such a way 

that the complete singles spectrum is not changed in the zones of 

interest (those with resonant character) and that one of the pe

aks corresponding to the random source falls in a zone where the 

resonant background is very small or, at least, flat. 

If the resonant background is very small, the normalization spec

trum can be directly obtained, without further difficulties. If 

it is flat but not negligible, a correction must be made, as re

ferred in section 2.1,4. 

Even with this precautions it is advisable to neglect a few channels 

at each side of the final spectrum, since the errors introduced by the norma 

lization procedure are much greater in that region. This is easily understo-

EJJ corresponds to the mean 

bombarding energy. The peak 

amplitude of the applied vol^ 

tage is V. 

Fii?. 2 

od from the shape of the random spectra corresponding to sinusoidal voltages 

(fig. 2). 

2.1.3 - Energy calibration 

An energy calibration of the spectrum is always needed. It can be ob_ 

tained either measuring the amplitude of the applied voltage, or using some 

sharp singlet resonance and an energy calibrated N.M.R. frequenciometer, or 



using a doublet resonance with known energy spacing. 

For the first method, the shape of the applied voltage must be exac

tly known if one wants to relate the measured RMS value with the peak-to-pe

ak amplitude. As an alternative, a fraction of the modulating voltage can be 

visualized and the peak-to-peak amplitude evaluated directly. Due to the 

high voltages involved, these measurements are not straightforward. 

For the second method two spectra must be taken of the same sharp 

singlet resonance, with a difference between the mean bombarding energies me 

asured by the N.M.R. frequenciometer. 

For the third method, the well known doublet resonance at E • 1381-

-1388 keV in the 27Al(p,y)28Si react ion can be used, but both members of the 

doublet must fall simultaneously in the available energy window. 

2.1.4 - Background corrections 

If the peak used to study a given reaction channel (or to obtain the 

random spectrum) falls over a background with a different character, the re

sultant spectrum is the combination of both shapes. If the peak of interest 

is much stronger than the background this is a negligible effect. In general 

however, it must be taken into account. 

Fio. 1 

This can be done storing two adicional spectra, gated by the pulses 

from two windows placed at the left and right hand sides of the peak of int£ 

rest. By convenient combination of the three spectra, a result free from un

desirable contaminations can be obtained. This procedure is specially suited 

for use with on-line data acquisition systems, where digital windows can be 

used instead of single channel analysers, with an obvious increment in relia 
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bility. 

2.2 - Doublet resolution 

There is no need to emphasize the importance of measuring the decay 

schemes of nuclear levels. 

In what concerns resonance reactions it is not difficult to obtain 

the decay scheme of a single resonance, either measuring an angular distribu 

tion or placing the detector at 55° relative to the beam direction. The pro

blem is not so simple when closely spaced doublets are involved, since it is 

impossible to populate separately the individual members, due to the overla

pping of their excitation functions. In this case, however, one can make se

veral experiments - in p-inciple as many as needed - in such a way that the 

relative populations of the doublet members will be different. This can be 

done by slight changes of the bombarding energy and or the target thickness. 

The decay schemes of each member of the doublet can then be obtained if tho

se changes have been carefully chosen, so that each experiment is as diffe

rent as possible from all the other ones. 

This technique is explained in detail below, considering only the 

cases of y-decay and particle-decay to excited states of the residual nu

cleus. 

2.2.1 - Gamma-decay 

Let N be the total number of decay modes observed (by y-ray emissi

on) and let N be the number of experiments. We can write MN equations of the 

form: 

\ j " PlkBlj + P2kB2j «) 

plus two normalizing equations: 

Z Blj " l B2i " l <2> 
j j 

In equations (1) and (2) P ^ is a parameter measuring the population 

of member i of the doublet in experiment k, multiplied by V /?•; Bi• is 



the branching ratio for the y-decay of member i o£ rt><> doublet to l.vel jj 

and A. . is the y-ray total intensity observed for the tt.tnsition from ihe re 

sonance (both members) to level j, in experiment k. 

The system formed by equations (1) and (2) has a definite solution 

only if: 

MN + 2 > 2(M + N) 

M > 2 -~± (3) 
N-2 

since 2(M • N) is the number of unknowns. 

If N-] no experiment is needed, the branching ratios being necessa

rily 10035 (trivial case); if N-2 this technique cannot be used to resolve 

the doublet; N»3 implies the need of four different experiments; and if N>4 

three experiments will be enough. It is curious that in the limit (N •* »), 

formula (3) says that two experiments would resolve the doublet exactly as 

in the case of separate singlet resonances. 

2.2.2 - Particle-decay followed by a y-ray 

If we resolve the y-decay of a doublet using the method described a-

bo.e, an important result of the analysis is the "y-population" of both mem

bers of the doublet, defining "y-population" as a quantity proportional to 

the fraction of the total population of the level that decays via the y-cha-

nnel, i, e. P^. 

If the doublet resonance also decays by particle emission to excited 

states of the residual nucleus, we can observe in the y-spectra the peaks co_ 

rresponding to the y-deexcitation of these states, whose total intensities -

sum of the contributions of both members of the doublet - can be directly me 

asured in the spectra for each ex/eriment. It is then possible to separate 

the contributions of each member of the doublet for a given peak, obtaining 

the intensity ratio r/r , x being the emitted particle. 
x y 

L e t fik an^ ^ik ^e *^e "Y~population" and the "particle-population", 

with parallel definitions, of member i of the doublet in experiment k. We 

can write the following equations: 
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Oil 
p i l 

Qik + 

<>i2 
P i 2 

Q2k 

.2» 
P i 3 

• ^ 

i-1,2 (4) 

k-1,2,3 (5) 

where Q^ is the total intensity of the observed peak (corresponding to the 

Y-deexcitation following the particle emission), directly measured in the 

spectra. 

The system formed by equations (4) and (5) - 7 equations and 6 un

knowns, supposing N>4 and only three experiments - allows a simple fit to 

the Qjk parameters (i«l,2; k»l,2,3) to be made, thus obtaining the ratio of 

decay strengths via y - and particle-channels: 

rx Qik 
ry x pik 
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3. METHODS OF ANALYSIS 

3.1 - Excitation functions 

3.1.1 - The theoretical model 

An excitation function measured in the vicinity of a resonance con

tains information about the energy, width and intensity of the resonance and 

also about the beam profile and target thickness. To extract all this infor

mation, the experimental curve must be fitted with an appropriate model. In 

this section a description of such a model is given, some of its characterise 

tics are discussed and possible alternatives pointed out. 

The basic formula used is the well known Breit-Wigner formula for 

the total cross section of a nuclear reaction over an isolated resonance of 

the compound nucleus 2 ) : 

a ( E ) " aR T Í7 <7> 
R (E-ER)

2 

1 + (I72)< 

with: 

o„ - 4 ir P- UY I (8) 

r 

*.?£* I L _ (9) 

In these formulae E„ and r are the resonance energy and width, f. is 

the de Broglie wavelength of the incoming particle, M and M. are the masses 

of the projectile and the target and \ is the energy of the incoming parti

cle in the laboratory frame. The quantity uy is the resonance intensity. 

The Breit-Wigner formula applies to an yield curve obtained with a 
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aonoenergetic beam bombarding an infinitely thin target, i. e. to ideal expe_ 

rimental conditions. In a real experiment the beam has a certain energy sprje 

ad and the target has a finite thickness, and both must be taken into ac

count . 

In the model described here the beam is supposed to have a gaussian 

or a symmetric triangular shape and the target is considered as a rectangle. 

The slowing down of the incident particles in the target is supposed to be 

continuous and proportional to the distance travelled; the beam energy spre

ad is taken as constant throughout the target, that is, straggling effects 

are neglected. Thermal vibrations of target nuclei are not explicitly taken 

into account. 

Under these assumptions the excitation function of a single resonan

ce obtained with a gaussian beam can be written in the form: 

y n 

(E-EB)2 

2s2 

arc tg 
1 + 

A 
172 

(E-ER) (E-ER-A) Y(EB) - i | e arc tg - ^ ^ - ^ dE (10) 

(I72)2 

where I is proportional to uy and to the integrated beam current, s is the 

standard deviation of the beam energy distribution, Eg is the mean bombar

ding energy and A the target thickness expressed in energy units. The smooth 

variation of ft2 with E (over the resonance energy range) was neglected. 

The modifications needed to consider a symmetric triangular shaped 

beam are straightforward and will not be discussed. 

Expression (10) deserves some aditional comments: 

i) The shape of the beam energy distribution is not well known and 

only as a first approach can be considered as gaussian. It has be_ 

en noticed in particular that any raisadjustment of the focussing 

or stabilization of the beam gave rise to high or low energy ta

ils. In consequence of this a careful control of the accelerator 

performance is required. However, the fitting procedure described 

in section 3.1.2 proved to be powerful enough to detect any impo_r 

tant deviation, thus controlling the quality of the data used. 

ii) Thermal vibrations of the target nuclei, although not explicitly 

taken into account, can be supposed incorporated in tha standard 

deviation s, as long as gaussian shapes can be assumed, as shown 

in ref. 3 ) . 
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iii) Expression (10) does not take into account straggling effects siii 

ce '.he energy loss is supposed to be continuous; inhomogeneities 

of the target are also not considered. Therefore, its usefulness 

is restricted to the low energy part of the excitation curve or 

to excitation curves corresponding to very thin and homogeneous 

targets. 

iv) Expression (10) was derived for the case of an isolated resonan

ce. Doublet resonances have also been analysed (see subsection 3. 

1.2.2) considering the full excitation function as a sum (without 

interferences) of two such expressions. In both cases a non-reso

nant background had to be added. 

The present model is not unique and some alternatives are under in

vestigation. 

In one of them the total experimental energy distribution is assumed 

to have an assymetric triangular or trapezoidal shape, which is then convolu 

ted with the resonance shape to obtain the excitation curve. The experimen

tal energy distribution includes all the information concerning the initial 

beam energy distribution and the energy loss process, thus allowing a pheno-

menological treatment of the straggling effects. An interesting feature of 

this model is that the fitting procedure requires considerably less compu

ting time. If it can be proved that the accuracy with which the parameters 

E«, T and wy are estimated is comparable in both models, then the second one 

must obviously be preferred. 

In a more sophisticated model, the discrete character of the energy 

loss is taken into account. This can be done by complex analytical methods 

or by means of a Monte Carlo simulation procedure. This model has been inves_ 

tigated by several authors l * ' 5 ) l concerned with high resolution experiments. 

They have shown that in this case the hypothesis of continuous energy loss 

is inadequate. As for experiments made with currently available experimental 

resolutions (s > 100 eV) it has been shown 6) that the hypothesis of conti

nuous energy loss still underestimates the resonance energy and width; it 

was also shown that the error in the former quantity decreases to zero for 

large resonance widths when a thin target is used, but increases up to a ma

ximum, that depends on the bombarding energy and target material, when a 

thick target is used. 
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3.1.2 - The fitting procedure 

To apply the model described in section 3.1.1 to some resonances in 

the 27Al(p,Y)28Si, 27Al(p,p,Y)27Al and 27Al(p,a1Y)
2,*Mg reactions, a numher 

of FORTRAN IV programs have been developped and succesfully used in the PDP-

-15 computer at thi; L.F.E.N.. 

3.1.2.1 - The correction and normalization procedures 

These procedures have been already analysed in sections 2.1.2 and 

2.1.4. The corresponding computer program is called CNEM1. 

The input for the program consists of all the spectra needed (normally 

zation spectrum, non-normalized resonance spectrum and background-correction 

spectra if necessary) and the output is the final spectrum, corrected and 

normalized, with the corresponding errors. Obviously, the program takes into 

account the statistical errors of all the individual spectra (given by the 

square root of the number of counts in each channel, as usual) in the calcu

lation of the final errors. 

3.1.2.2 - The calculation of the parameters 

The final spectrum calculated by CNF.M1 is fitted by an expression H 

ke: 

y<EB> - y0 * Y ( E B ; 1>T>ZR"' 8»A> <»> 

or: 

y<EB> • y0
 + Y I < E B ; I i ' r i»ERi* 8»A> + 

+ Y2(EB; I2»r2»ER2; S»A) (12> 

where y0 is the non-resonant background and the Y functions are given by ex

pression (10). The f i t is made by a program named ABWGTS. 

The minimization procedure, carried out by the operative subroutine 

AJNLC1, is basically the non-linear least squares technique, but the process 

has in a matter of fact a hybrid character, with a linear x2 minimization gi 

ving the best estimate for the linear parameters (resonance intensity(ies) 

and background) in each step of Che iterative x2 minimization in order tc 

Che non-linear parameters (the oCher ones). This step by step x2 minimiza

tion is done by Che method of steepest descent, incrementing the non-linear 
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parameters proportionally to the corresponding components of the x? gradi

ent. 

The X2 is defined as: 

N 
X2 - .E Wi(E.-y.)

z/(N-M) 
1=1 A 

(13) 

where N is the number of points in the spectrum, Ej and W^ are the ordenada 

(experimental yield) and the weight (inverse of the square of the error) of 

the ith point in the final spectrum, yj is the calculated yield in the i th 

point and M is the number of adjustable parameters. 

The increments given to the parameters in each step are equally and 

automatically reduced if x2 increases instead of decreasing. On the other 

hand, if a certain number of steps had been executed by AJNLC1 without need 

to reduce the preset increment value, this is automatically increased. This 

procedure is advisable since the x2 "surface" expressed by (13) is not nece

ssarily regular, particularly far away from the minimum. 

The subroutine accepts a point as the "correct" minimum if the rela

tive difference between the x2 values corresponding to two successive steps 

is less than a given quantity DSMIN. Since this condition can be occasional

ly verified even far away from the minimum, the subroutine also requires 

that the x2 obtained with an increment in the parameters that is equal to o-

ne half of its current value lies within the range specified by DSMIN. 

Because of the physical c£ 

rrelation between the parameters s 

and T, the x2 "surface" has norma

lly a remarkable behaviour on the 

s/r plane, as if there would exist 

some kind of valley (represented 

by the dotted line on figs. 4 and 

5). This imposes the fact that the 

AJNLC1 subroutine traces the x2 

"surface" normally along a "stra

ight line" from the original esti

mated point down to the closest 

point on that valley, which of 

course is not necessarily the miai 

mum (see fig. 4). 

To reach the real minimum (point referred as "min." on fig. 5) two 

I\, 
Original estimate 

"Correct" 
A.ÍNLC1 
minimum 

Path followed by 
AJNLC1 

^ V a l l e y 

\ 
N^Mini"ium x̂  

\ 
\ 

\ 

FÍR. 
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different procedures are used. First, AJNLC1 is restarted once more, after 

accepting a "correct" minimum; thus the subroutine is forced to follow the 

valley, but if DSMIN is not small enough it stops again before reaching the 

real minimum, because of the very small gradient along the valley. At this 

point the second procedure becomes effective: a control subroutine, with the 

name of ITFA, is placed between the main program and AJNLC1; this control 

subroutine has information concerning the values of the parameters and the 

r " 

•ig. 5 

X2 derivatives of the final "correct" minima attained by AJNLC1 and restarts 

the operative subroutine as many times as needed, with the aim of making a 

rough tracing of the x2 "surface" on the s/r plane; each time AJNLC1 is re

started all but one of the parameters are set equal to those corresponding £ 

xactly to the lowest x2 already calculated and the value of that specific pa_ 

rameter - that we call "tracing parameter" - is carefully set so that the 

tracing of the valley can be made (the criterium useJ is based both on the 

values of the x2 and on the sign of its derivatives relatively to the tra

cing parameter). By this method the minimization follows a sinuous but effi

cient path on the s/T plane, as sho-m on fig. 5, where & has been chosen as 

the tracing parameter (on fig. 5 k"l,2,3,... are the various minima attained 

by AJNLC1 r.nd kg are tr» points where AJNLC1 is restarted by ITFA, after ob

taining point k). 

The control subroutine considers the minimization achieved whenever 

the relative difference between the x2 of two AJNLC1 minima is less than or 

equal to a given quantity DSMINF, and the derivatives of the x2 relatively 

to the tracing parameter have opposite signs. On fig. 5, the fitting procedu 
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re would be considered finished i f : 

*n " *n+l 

X2 
<DSMINF 

and the final point would be the one corresponding to the smaller x2 (xn
 or 

Xn+l)« 

The control subroutine is provided with rules to detect any abnorma

lity on the minimization path. Whenever such an abnormality is found the fi

tting procedure is interrupted and the program prints a message asking for a 

detailed analysis of the results. 

This program has been used to fit a number of experimental curves, 

either with doublet or with singlet character. In our PDP-15, without hardwa 

re floating point processor, the time required for one fit to be executed, 

though dependent on the number of points of the experimental spectrum and of 

its particular features, is always very long. Typical values are a few hours 

for a singlet and about ten hours for a doublet resonance. This is due to 

the complexity of expression (10). It is expected that the inclusion of a 

hardware floating point processor will reduce the time required by at least 

an order of magnitude. 

Perhaps the most important problem in a non-linear least squares fit 

apart from error evaluation, treated in detail in subsection 3.1.2.3, and t£ 

me requirements, is the confidence that can be ascribed to the "minimum" of 

the x2 found by such an iterative method. Ás far as we know, there is no me

thod that provides an absolute check. The straightforward method of tracing 

the shape of the x2 "surface" in the multidimensional space of the parame -

ters has been attempted, but the complexity of the expressions involved and 

the number of dimensions of the space (7 for singlet and 10 for doublet res£ 

nances) makes the computing time definitively prohibitive. 

From our experience two practical rules have been derived that have 

proved to be quite useful: 

i) The choice of initial estimates for the non-linear parame 

ters must be made rather carefully. Good estimates reduce 

appreciably the computing time and are quite helpfull in 

avoiding erroneous results. 

ii) Very small values must be used for DSMIN and D3MIMF. 
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3.1.2.3 - Error evaluation 

The precise estimation of errors in a minimization procedure invol

ving more than one parameter requires the knowledge of the full variance-co-

variance matrix or, at least, the study of the possible correlations between 

the parameters. 

In a linear least squares fit, this matrix can be easily calculated, 

and the procedure usually followed is to give as an estimate of the standard 

deviation of the i t n parameter the quantity: 

o(Pi) - ( X ^ E M Í Í ) 1 ' 2 (14) 

where Pj is the best estimate for the parameter, x2 is the minimum x2 value 

(corresponding to the best estimates for all the parameters) and EM^ is the 

ith diagonal element of the variance-cnvariance matrix. However, it is well 

known 8) that, if the non-diagonal terms of EM are significantly different 

from zero, i. e., if there are strong correlations between the parameters,it 

would be inappropriate to quote the estimates of the standard deviations wi 

thout mentioning the high correlation. 

Instead, a confidence region corresponding to any desired probabili

ty in the full parameter space can be found by the selection of an appropria 

te x2 level (Cline and Lesser 9) and Haiailfon 8 ) , section 4-4); defining a k 

as the current value of one specific parameter, S k as the corresponding best 

estimate and S(ak) and S(ôk) as the sum of the squares of residuals at ak 

and Sk, respectively, it can be proved that: 

S(ak) - S(Sk) 

M 

s(5k) 
N-M 

where N and M are the number of observations and the number of parameters, is 

distributed as F(M,N-M). Therefore, the region in the full parameter space 

corresponding to lOO(l-X) Z confidence probability is enclosed by the M-di-

mensional surface defined by: 

S(ak) - S^j* - S(Sk) + S(Sk). ^ .F(M,N-M,1-X) (15) 

Expression (15) is appropriate for testing multivariate hypothesis about the 
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values of all the parameters, but not to set confidence limits on the values 

of a particular one. For this purpose we must consider the quantity 

s<ai»5ji*i> 

where <*• #̂  are the best possible estimates of the (M-l) parameters not being 

tested, assuming the value ct£ for the remaining one. Now (ref. °), section 

4-6), 

1 

S(5k) 

N-M 

is distributed as F(1,N-M). Therefore, the projections of the M-dimensional 

surface defined by + : 

S(ak) - S*~
X - S(Sk) + S(5k). ^ .F(1,N-M,1-X) (16) 

on the coordinate axis are the 100(1-X) % confidence probability intervals 

in the variation of each parameter. 

Supposing, for instance, that S is a function of only two parameters 

A and B (X and S being their best estimates), the consideration of the crite 

rion expressed by equation (16) generates a confidence region as the one 

shown in fig. 6. Choosing X=0.317, conditional and marginal standard devia

tions can be defined (ref. 8 ) , section 4-2), as ac and am, respectively. This 

two kind of errors are equal only if there is no correlation between the pa

rameters, that is, if the main axis of the ellipse are parallel to the coor

dinate axis. The intervals {(Ã - om(X)),(S + <?*(£))} and {(8 - a~(B)), 

(S + om(S))} are the 68.3 X confidence probability intervals in the varia

tion of the parameters. If S is a function of M>2 parameters equation (16) 

will represent a M-dimensional surface; if X=0.317 is chosen, marginal er

rors will be defined by the projections of this surface on the parameter a-

t A cautious recipe, given in ref. 7 ) , recommends the use of 

S(ak) - S(Sk) + 1 

whenever S(Sk) < (N-M)/F(1,N-M,1-X), 

that is, if x2 < 1/F(1,N-M,1-X). 
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xis and conditional errors by the intersections of the surface with straight 

lines parallel to the parameter axis. 

Fifl. 6 

In the non-linear least squares problem, an aditional difficulty ar£ 

ses from the fact that the variance-covariance matrix is not usually known. 

At the same time, correlations between the parameters exist practically in 

all these problems. 

In some cases, the variance-covariance matrix can be obtained by an 

iterative linearization procedure starting from a point close enough to the 

minimum x̂ > obtained by any other method. The last of these iterations pro

vides an error matrix with the same kind of information as in the linear pr£ 

blem, but with a quite restricted range of validity: the errors obtained do 

have an appropriate meaning only if they define a volume that is enclosed in 

the region where the problem can be linearized. 

Another way to define errors and study correlations in non-linear 

problems derives from the consideration of the critcrions expi°ssed by equa

tion (15) - multivariate hypothesis 7»5) - or by equation (16) - single hy

pothesis 7ilO»H>19) - supposing that they are approximately valid for the 

non-linear case. 

In our specific problem, we have preferred to use the criterion defi 

ned by equation (16), since if. was not possible to make the iterative linea

rization procedure referred above. This criterion can be applied in two ways: 

a) Considering the appropriate level (obtained by dividing S 
1-A 
SH 
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by N-M) on the plot versus each of the parameters of the x 

calculated by systematic minimization on all the remaining pa

rameters 7»1° »^*). 

b) Obtaining the projections of the hypersurface defined by equa

tion (16) on all the coordinate planes (ref. 8 ) , section 4-2). 

This method provides the two-parameter correlation figures, 

from which marginal (and conditional) errors can be obtained 

and also correlations can be studied. 

As a strong correlation is expected to exist between (at least) beam 

energy dispersion and resonance width(s), the second method was used, since 

the first one would not allow the observation of correlations. The value X-

0.317 was chosen. 

As our PDP-15 computer would need a very long time to calculate the 

real projections of the hypersurface on the coordinate planes, a FORTRAN IV 

program named EBWGTS was written, that calculates the conditional errors of 

the parameters (dafined by the intersections of the hypersurface with stra

ight lines parallel to the parameter axis) and also four other points of the 

intersection of the hypersurface with each of the planes parallel to the co

ordinate planes and passing by the point corresponding to the minimum x2 te

ach set of eight points - these four and the other four corresponding to the 

conditional errors - defines consequently a figure of correlation between 

two parameters, the other ones keeping the values corresponding to their 

best estimates). As can be seen from a 3-dimensional example, this procedure 

gives estimates for the marginal errors smaller than the real values only if 

none of the main axis of the volume enclosed by the surface is parallel to 

one of the parameter axis. 

3.2 - Doublet resolution 

FORTRAN IV programs have been written to solve the problems referred 

in section 2.2.1 'DOBLET) and 2.2.2 (NEWWHO). In the following sections a 

description is given of the structure and modus operandi of these two pro

grams . 

3.2.1 - DOBLET 

In the real problem equations are not exact, but the system formed 
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by equations (1) and (2) can still be solved by the least squares technique 

in two different ways: 

i) by a non-linear fitting procedure, considering the simulta

neous adjustment of the two sets of parameters, Pj^ and B^•; 

ii) by succesive linear fits (starting from an initial arbitrary 

estimate of one of the sets of unknown parameters - P-^ or 

Bj: - and linearly fitting the other one; then considering 

the fitted values of the second set and linearly fitting the 

first one; and so on, until convergence is obtained). 

In our work the second possibility was preferred. The major difficult 

ty to be overcome in this method is the way of establishing an initial esti

mate of one of the two sets of parameters, that must be as good as possible. 

It is advisable to cboose thp V^ parameters to be previously estimated, for 

at least two reasons: first, because they are usually fewer than the B " pa

rameters; second, because an appropriate combination of equations (1) and 

(2) giving: 

E Akj - plk + p2k (17) 
J 

together with a careful examination of the behaviour of the y-ray total in

tensities (A. •) along the different experiments easily provides that estima

te. 

It is not difficult to see how this works out, supposing the very rri 

ce case that occurs when two Y~rays appear to be "pure", one of them of the 

first member of the doublet and the other one of the second member. In this 

case we can write: 

and: 

Akjx - B j j ^ l k + 0 'P2k 

A k j 2 • ° ' P l k + B2j2
P2k 

P 2 k - B ^ - A k j , d » ) 

P l k + P2k = ? Akj 
J 

To get the initial estimate of the P̂ . parameters the order of magni 
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tude of one of the branching ratios of interest, B i ; or B,; , is needed. Of 
1J1 Z J2 

course our initial assumption is that it is not possible to separate perfec

tly the two members of the doublet: we suppose they are so close that over

lapping is quite important. So it will not be possible to be absolutely sure 

that the two -y-rays are "pure" and equations (18) will give only a zero or

der approximation of the values of the P-k parameters. 

Linear fitting procedure is widely known and needs no explanations. 

However, in this particular problem, it often exists the possibility of imp£ 

sing conditions on the possible values of the adjustable parameters. For e-

xample: 

a) A Y~ray exists that is known to be entirely due to one of 

the members of the doublet. Then we can make the restric

tion: 

Pik, Ak.j, 

i iit (19) 
1K2 ^2 J1 

Note that this pure y-ray can be the one following a parti

cle-emission by the compound nucleus, its intensity being 

not one of the A^: values, in this case. 

b) A previous experiment has settled the values of some par

tial Y~widths of one of the members of the doublet - for 

instance the partial widths for y-decay to ground and first 

excited states, as it often occurs. In this case: 

Bij, rr-K> 
_jil - - (20) 
Bij, rr-*l 

i. 

DOBLET uses two subroutines, SPOV and SBRAN'C, to take into account 

restrictive conditions of this kind. SPOV is quite general but SBRANC was 

conceived to solve the particular case of the E * 1363/1365 keV doublet in 

the 27Al(p,y)28Si reaction. The theoretical treatment of restrictive condi

tions is described in ref. 8 ) . 

It must be emphasized that the results obtained by means of DOBLET 

can be affected by the initial estimate that has been taken. So, it is advi 

sable to run DOBLET several times in each case, starting from different ini

tial estimates and comparing the results. This point is discussed in more 

detail in chapter 4. 
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Each time DOBLET makes a linear fit, it also obtains the correspon

ding variance-covariance matrix and the standard deviations of the parame

ters, in the usual way (see subsection 3.1.2.3). The standard deviations ob

tained in the last two steps of the fitting procedure are taken as final er

rors for the two sets of parameters, the P., and the B... 

3.2.2 - NEWWHO 

The system formed by equations (4) and (5) - 7 equations and 6 un

knowns, supposing that 3 experiments were made to resolve the doublet (N>4) 

- is linear on the Q ^ parameters. 

The problem - calculation of the Q ^ values and errors - can then 

be simply solved writing the normal equations and making a matrix inversion 

as in any other straightforward linear fit. 

Of course we get three values for: 

rx Qik 
(~). -•£*• (21) 

FY X Pik 

To obtain the final estimates for the relative particle-emission strength 

NEWWHO makes a weighted average of those three values. 
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4. DISCUSSION 

4.1 - Excitation functions 

The method described in section 3.1 was used to study some resonan

ces in the 27Al(p,y)28Si reaction. Some typical cases are shown in Fig. 7 

and table I collects the results of the fitting and error evaluation proce

dures. Table II contains the results of width measurements of all observed 

resonances (more than one spectrum was obtained for some of them), as well 

as the energy gaps of the doublets and the relative intensities of their 

members in some of the decay channels (the upper member of the doublet is 

arbitrarily supposed to have an intensity of 1). 

The spectra represented in Figs. 7.1, 7.7 and 7.8 are good examples 

of closely spaced doublet resonances. In all these cases it was possible to 

separate the two members with the ABWGTS program. 

We will use the doublet at 1962/1967 keV (Figs. 7.7 and 7.8) to il

lustrate two other important features. One of them is the effect of finite 

thickness of the target; as pointed out in section 3.1.1, the method used 

does not take into account the straggling effect or target heterogeneities; 

therefore, the fitting procedure must not consider the zone of the spectrum 

where the consequences of those phenomenar are important. The other one is 

that we had to use the step by step method to obtain the experimental exci

tation curve whenever the energy range of the energy modulating device is 

not large enough, as happened with this doublet. 

The doublet at 1662/1664 keV (Figs. 7.3 and 7.4) appears like a coil 

pie of very close singlets, with independent decays. We have tried to force 

the ABWGTS program to fit a doublet to the spectra corresponding to this re 

sonance but the attempt always failed since the calculations produced a pra 



Table I 

Yield curve measurements. Results for the typical cases presented in fig. 7. 

Spectrum 
number 

( f i g . 7) 

1 

2 

3 

4 

5 

7 

8 

Resonance 
c h a r a c t e r 

d o u b l e t 

d o u b l e t 

s i n g l e t 

s i n g l e t 

s i n g l e t 

d o u b l e t 

d o u b l e t 

( c t s . / c h . ) 

+2 
1 0 2 1 3 

> * & 

*"3 
"18 

«3 
+2 

i29;5 

™>SS 

-no 

s 
(eV) 

7 i o + " 
±60 

•»5S 

«c 
«•Si 

+40 
50°:7o 

<600 
<700 

<250 
<300 

A 
(keV) 

10 

35 

+ 11 

3 7 +32 
"13 

37 

10 

16 9 ± 0 ' A 
l b , y ± 0 . 8 

+ 1 . 1 
17 O"0*7 

1 / , 0 + 2 . 5 
" 1 . 0 

J l 
( a r b . u n . ) 

85 1 ± 0 , 8 

+2 
2 7 6 ± 3 

+3 
5 U ± 4 

+3 
7 0 7 ± 4 

+ 1 
103Í2 

+12 
2 6 2 0 + 3 0 

+ ?0 
1 1 5 0 Í 3 0 

r l 
(eV) 

< 70 
<100 

9 8 0 ± 8 0 
9 8 0 + U 0 

"<n 

«SS 
™% 

»»£!! 

«°°;^ 

ER1 

( c h . ) 

f i l S ± 0 ' 2 
6 3 ' 5 ± 0 . 3 

±0 .08 
i% ^±0.09 

, , n , ± 0 . 0 7 
2 4 - 0 2 + 0 . 0 8 

28 7 2 ± 0 ' 0 4 
2 8 > 7 2 + 0 . 0 5 

82 8 O ± 0 ' 2 0 8 2 . 8 0 ± 0 < 2 2 

14 5 1 ± 0 - 0 5 

^ ' ^ ± 0 . 0 6 

13 8 6 ± 0 ' 1 0 
1 3 > 8 6 ± 0 . 1 4 

*2 

( a r b . u n . ) 

+2 
5 0 ± 3 

+4 
2 1 7 ± 6 

+ 13 
2 5 0 + 3 0 

+40 
5 4 3 0 « 0 

r2 
(eV) 

+ 180 
1 7 1 0 " 2 0 0 
1 / 1 U + 2 1 0 

"260 

» ° ; ^ 

"»3S! 

»<So 

ER2 
( c h . ) 

+ 1 .0 
8 5 . 7 " 0 - 9 

+ 1.9 
"1 .6 

±0 .19 
±0 .21 

+0. 3 

±0. 04 

Note: In the table are presented the mean value, the marginal error and 

± {conditional error} 
the conditional error: {mean value) 

± {marginal error} 
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Table II 

Yield curve measurements. Resonance widths, energy 
gaps and relative intensities of doublet members. 

E P 
(keV) 

1262 

1363 

1365 

1381 

1388 

1457 

1587 

1662 

1664 

1721 

1722 

1962 

1967 

r 
(eV) 

Present Previous 

<50 100+40 a) 
(Y ch.) 

<100 70±40 a) 
(Y ch.) 

1630±220 14001200 a) 
(Y ch.) 

5401250 730150 a) 
(Y ch.) 

340 8) 860150 a) 
(Y ch.) 

2200+600 2000+100 a) 
(Y ch.) 

90**° <1000 a) 

(Y ch.) 

1700+110 1650+100 c) 
(Y ch.) or 970+100 c) 

690+60 

(Pj. P2
 c h s«) 

12000 10000+1000 a) 
(p2 ch.) 

500180 200+30 a) 
(Y ch.) 

6900+600 12000 d) 
(pj, p 2 chs.) 

2180+100 <2000 d) 
(plt p 2 chs.) 

Energy gap (ER2"ER1) 

(keV) 
Present Previous 

2.0+0.3 1.110.6 a) 

7.110.5 b) 

1.6710.15 1.810.9 c) 

1.2+1.2 a) 

5.610.5 2 d) 

Relative 
intensity 

d i / i 2 ) 

2.1+0.7 e) 
(y-decay) 

1.27+0.10 f) 
(y-decay) 

Only the lower 
member has y~decay 
only the upper 
member has p^, p 2 

decays. 

Only the lower 
member has p2-de-
cay; only the up
per member has 
y-decay. 

10.5+1.3 
(pj-decay) 

0.21+0.01 
(p2-decay) 

a) Ref. 1 2 ) . 
b) From ref. 1 2 ) . Energy calibration of spectra obtained with the energy 

modulating device is based upon this value. 
c) Ref. 1 3 ) . d) Ref. 1'»). 
e) Previous value: 50 1 2 ) . f) Previous value: 1.3 1 2 ) . 

8) The position of the resonance was well defined in the spectra, but the 
upper plateau was not, due to the limited energy range of the modulating 
device; therefore, the estimate for the width, as given by the ABWGTS 
program, is not to be trusted. 
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ctically null intensity for one or the other of thr members depending on 

the decay channel being examined. For the y~decay this result was confirmed 

by other sort of considerations, as shown in section A.2.1. 

The doublet at 1721/1722 keV (Figs. 7.5 and 7.6) also appears as a 

pair of singlet resonances, one of them in the pj-channel and the other in 

the f-channel. The resonance corresponding to the P2~channel has a width of 

several keV and the energy range of the modulator was insufficient to give 

a clear definition of the shape of the curve; consequently it was only pos

sible to obtain a rough estimate of the resonance width. The correct proce

dure, in this case, would have been the measurement of the excitation curve 

by the step by step method. 

Fig. 7.2 shows a spectrum of the 1381/1388 keV doublet. The known £ 

nergy gap between the two members of this iesonance was used to make the e-

nergy calibration of the spectra obtained with the energy modulating devi

ce. 

As expected, in the thick target case the fitting program leaves an 

initial estimate of the target thickness almost unchanged, since x2 depends 

very weakly on it. This appoints to the necessity of a reasonably accurate 

experimental measurement of that quantity even though the errors induced in 

the estimates obtained for the other parameters by a bad estimate of the 

target thickness are usually small. The convenient procedure is to measure 

the target thickness immediately before and after the run to account for 

possible target evaporation. 

Shortly, three general conclusions can be stated: 

i) The energy modulating device must only be used when its e-

nergy range is large enough to obtain a very well defined 

shape for the excitation curve; for thick target yield cur

ves this means that both the background and the resonance 

plateau must be well defined in the final spectrum, 

ii) The target thickness must be measured with reasonable care 

specially when thick target yield curves are taken, 

iii) The programs described in section 3.1.2 and, basically, the 

theoretical model discussed in section 3.1.1 are able to a-

nalyse efficiently experimental excitation curves correspon 

ding either to singlet or doublet resonances, even if, in 

this last case, one of the members is much less intense 

than the other. 
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4.2 - Doublet resolution 

The method described in sections 3.2.1 and 3.2.2 wns applied to 3 

doublet resonances in the 27A1(p,y)28Si reaction (those at incident ener

gies F.p- 1363/1365, 1662/1664 and 1962/1967 keV). 

4.2.1 - The DOBLET program 

In all these cases initial estimates of the parameters were obtai

ned as explained in section 3.2.1. The program was runned for various sets 

of initial estimates, within a reasonable range, to check for the converger^ 

ce of the branching ratio values. The. adopted results are presented in ta

ble III. 

In the E • 1363/1365 keV doublet two restrictive conditions were 

considered: 

a) the a,-decay, observable in the yspectra through the 1.369 

MeV yline» is due only to the upper member of the doublet; 

from this fact 1 5) the ratios pi2^Pll a n d P13^P11 a r e lmine~ 

diately known; 

b) the ratio of the partial widths for th° -y-decay of the up

per member of the doublet to gtound and first excited sta

tes is 1 6 ) : 

^ 2 - 0 . 1 6 3 
rr-l 

With these restrictive conditions a very good convergence was attained in 

both the branching ratio and population parameter values. However, if no 

restrictions were considered, the final values were seen to depend strongly 

on the initial estimates for the population parameters, making it impossi

ble to obtain useful results. 

For the doublet at E_" 1662/1654 keV, the analysis of yield curves 

(see section 4.1) has shown that it cr.n be. ('escribed very well in terms of 

two dose singlets, the iower one decaying only by y-omission and the upp<T 

one only by proton-emission. If no loetrictivc conditions wore imposed, the 

DOBLET program obtained convergent estimates ef the branching ratios of the 

lower level decay for any set of initial popu'ntion parameters, provided 

that the population parameters of the tipper nem!>er were much smaller (a few 
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Table III 

Doublet resolution. Gamma-decay schemes of both members of 
the doublet resonances studied, from spectra taken at 55°. 

Branching ratios given in 7.. Typical errors are of the order of 507. of the va
lue given for values less than 2, 20Z for values between 2 and 10 and 10% for 
values greater than 10. 
a) Ref. 1 2 ) . b) Present work. c) Ref. 1 5 ) . 
d) Ref. 1 7 ) . e) Ref. 1 8 ) . 

*) This bound leveliof 28Si are not reported anywhere else, but our spectra ha 
ve full evidence of their existence. 

Final level 

Ex J* a) 
(MeV) 

0 0+ 

1.78 2+ 

4.62 4+ 

6.28 3+ 

6.88 3" 

6.89 4+ 

7.38 2+ 

7.42 2* 

7.80 3+ 

7.94 2* 

8.26 2+ 

8.33 1* 

8.41 4~ 

8.59 3+ 

8.90 1-

8.94 Tr-nat. 

9.16 (2+,3-,4+) 

9.32 3* 

9.38 2* 

9.50 (1,2)+ 

9.76 

(9.80)f) 

10.21 (2+,3,4+) 

(10.52)f) 

10.59 1* 

11.58 3" 

EP 

1363 

b) c) 

24 

11 

41 

10 

5 

-

-

3 

2 

3 

1 

-

35 

12 

35 

9 

-

-

-

1.5 

5 

2.5 

(keV) 

1365 

b) c) 

5 <J0 

32 20 

8 -

23 -

6 

2 

4 -

1 

1 -

2 

-

6 -

10 50 

-

Unr. 

d) 

-

25 

10 

42 

15 

-

-

2 

-

3 

3 

-

EP 

1662 

b) 

0.4 

79 

3 

4 

3 

3 

2 

6 

(keV) 

1664 Unr. 

b) d) 

-

£ 82 
41 

7 
^ 3 
4) r-l 

•rl 
O 
«I 

a 5 
a 
a) 

>> 
<a 2 
41 , 

% 
1 

4J 
0 

c 
m 
41 
Q 

01 

!-< 
x> 
0 
0 
•o 
41 u 

0 

3 5 

8 

1962 

b) 

-

47 

2 

15 

3 

1 

3 

5 

. 

3 

11 

7 

1 

1 

-

1 

-

-

Ep (keV) 

1967 Unresolv.l 

b) d) e) 

0.3 

28 40 

2 

19 17 

8 10 

5 4 

5 5 

4 4 

3 1 

6 7 

<0.5 -

3 3 

2 

4 4 

1 

4 

4 3 

3 

1 

- [ 
41 

- 1 
21 

14 

4 

2 

6 

4 

< 3 

-

-

-

4 

-

-
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percent) than those of the lower one. Otherwise the program failed to con

verge to any reasonable values. Supposing that particle decay is due only 

to the upper member, a restrictive condition can be imposed on the popula

tion parameters of this. With this restriction the convergence became much 

better, even for unreasonably high initial estimates of the population para 

meters of the upper member. This was interpreted as a confirmation of the 

conclusion obtained from the analysis of the yield curves, that the upper 

member does not have any appreciable y-decay. The fact that the "y-ray spec

tra from the 3 experiments are very similar is also compatible with this hy_ 

pothesis. 

In the Ep» 1962/1967 keV doublet, it was not possible to consider a_ 

ny restrictive conditions and even the initial estimates of the population 

parameters were quite difficult to obtain. Therefore, a few reasonable sets 

of initial estimates were considered, four of which are presented in table 

IV. The corresponding sets of branching ratio final values are in good agre 

ement, even if the final population parameters showed some discrepancies. 

4.2.2 - The NEWWHO program 

The NEWWHO program was also applied to the three referred doublets. 

The results obtained are presented and commented in table V. 

4.2.3 - Efficiency of the method 

In each of the studied doublets, the x2 value corresponding to all 

the sets of final values was the same. This means that, from a purely mathe 

matical point of vue, the solution of the problem is not unique. From a phy_ 

sical point of vue, however, the situation is not the same. Sometimes it is 

possible to consider restrictive conditions which, as seen in the doublets 

at E -1363/1365 and Ep-1662/1664 keV, greatly improved the convergence of 

the final values corresponding to different initial estimates. On the other 

hand, if there are no such restrictive conditions, as- is the case in the 

Ep- 1962/1967 keV doublet, either the final values corresponding to a suffj_ 

ciently large set of initial estimates (how large this set must be depends 

on the accuracy with which these estimates can be found, since only reasona 

ble estimates must be used) are in good agreement, or not. In the former 



Table IV 

Doublet resolution. Four examples of the application of 

the DOBLET program to the doublet at Ep« 1962/1967 keV. 

O 

Lower level of the doublet: 

In. est. Fin. val. 

P
op

ul
. 

pa
ra

m
, 

S
O

T
; 

<a 

30 
c 
,»4 
-C 

C 

u 
ad 

1st exp. 
2nd exp. 
3rd exp. ; 

r-* 1.73 
4.62 
6.23 
6.83 
7.33 
7.42 
7.80 
7.94 
8.33 
8.59 
9.32 
9.33 
9.50 ! 
9.76 
(9.80) 1 
10.21 J 
(10.52) 
11.53 

487 
1012 
269 

517+10 
962±23 
318±15 

55.013.7 
2.3+0.9 
13.8±1.5 
0.111.5 
-0.6+1.0 
-1.6+1.3 
4.0±1.2 
5.911.2 

-1.1+0.7 
1.310.9 
13.7±1.1 
9.8+1.2 
0.3+2.5 
0.611.1 

-2.2+0.5 
0.010.9 

-1.6+0.8 
-0.1+0.5 

In. est. Fin. val, 

600 
500 
100 

608±14 
751+37 
-25+25 

48.1+2.5 
2.110.6 
.111.0 
.211, 
.710. 
.010. 
.1+0. 
.410. 
.2+0. 

2.6+0.6 
10.910.8 
7.4+0.8 
,2±1.6 
.8+0.8 
.5+0.4 

1.1+0.6 
-0.510.4 
0.2+0.3 

15, 
2. 
0. 
0. 
3. 
5. 

-0. 

1. 
0. 
-0. 

In. est. Fin. val. 

590 
590 
590 

660114 
1010+35 
178+23 

47.312, 
2.1+0, 
15.310. 
2.510, 
0.910, 

4 
6 
9 
9 
6 

0.210.8 
.010.9 
.310.8 
.0+0.5 
.8+0.6 

10.5±0.7 
7.110.8 
1.3+1.5 
0.810.7 
-0.3+0 
1.310.6 

-0.410.3 
0.210.3 

In. est. Fin. val. 

800 
400 
200 

640+14 
969+34 
161+22 

47.812.5 
2.1+0.6 
15.111.0 
2.311.0 
0.810.6 
0.0+0.8 
3.1+0.9 
5.4+0.8 
-0.1+0.5 
2.710.6 
10.7±0.8 
7.310.8 
1.311.6 
0.8+0.8 
-0.5+0.4 
1.210.6 

-0.510.3 
0.210.3 



Upper 1ível of the doublet: 

r-* E 
3 <B 

a. u O n> 
P« O. 

IB 
O 

>F4 

td 
u 
60 
c 

CO 

1st exp. 
2nd exp. 
3rd exp. 

r+ 1.78 
4.62 
6.28 
6.88 
7.38 
7.42 
7.80 
7.94 
8.33 
8.59 
9.32 
9.38 
9.50 
9.76 
(9.80) 
10.21 
(10.52) 
11.58 

In. est. Fin. val. 

288 28119 
1339 1517+25 
1190 1212119 

23.512.3 
1.6+0.7 

19.711.1 
9.9+1.5 
5.310.8 
5.7+1.1 
0.010.7 
3.6+0.8 
3.310.6 
7.310.6 
0.810.7 
-1.4+0.7 
4.412.2 
1.410.6 
5.310.5 
5.110.6 
3.311.3 
1.210.4 

In. est. Fin. val. 

163 189113 
1851 1729+40 
1359 1554130 

30.311.3 
1.7+0.4 
18.4+0.7 
7.710.9 
4.0+0.5 
4.1+0.7 
0.8+0.4 
4.1+0.4 
2.310.4 
6.010.4 
3.610.4 
1.010.4 
3.511.3 
1.3+0.3 
3.7+0.3 
4.010.3 
2.310.9 
0.9+0.2 

In. est. Fin. val. 

173 137+12 
1761 1469136 
869 1352127 

27.811.6 
1.7+0.5 

18.9+0.8 
8.5+1.1 
4.5+0.6 
4.7+0.9 
0.5+0.5 
3.9+0.5 
2.710.4 
6.5+0.5 
2.510.5 
0.1+0.5 
3.911.6 
1.3+0.4 
4.310.4 
4.4+0.4 
2.7+1.0 
1.0+0.3 

In. est. Fin. val. 

200 157+12 
600 1511+35 
1800 1369+26 

28.011.6 
1.7+0.5 

18.810.8 
8.511.1 
4.4+0.6 
4.7+0.8 
0.5+0.5 
3.910.5 
2.710.4 
6.4+0.5 
2.610.5 
0.2+0.5 
3.911.6 
1.3+0.4 
4.310.4 
4.410.4 
2.6+1.0 
1.0+0.3 

Assumed mean values for the population parameters: 

Low. lev. Upp. lev. 

1st exp. 610160 190+60 
2nd exp. 920+100 15601100 
3rd exp. 160+120 1370+120 

i 
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Table V 

Doublet resolution. Results from the application of the 

NEWWHO program to the three doublets studied. 

Resonance 

Ep= 1363 keV 

1365 keV 

Ep= 1662 keV 

1664 keV 

Ep- 1962 keV 

1967 keV 

rPl/fY 

0.007+0.001 

800+50 a) 

76+5 

5+6 

rP2/rY 

0.007±0.007 

216+13 a) 

60+2 

118+2 

r IT 

0.44+0.03 

0.224+0.003 . 
b) 

-0.94+0.11 

9.0+3.4 
c) 

-0.5+2.8 

a) These values nust be regarded as practically infinite. 

**) This unreasonable result is due to the fact that the spectra 

were contaminated by an appreciable contribution from the re_ 

conance at Ep=1647 keV, that has an aj-decay strength of 12 

±3 eV 1 3 ) . 

c) This other unreasonable result is due to the existence of a 

very broad resonance (Y - 20 keV) somewhat above the second 

member of the doublet referred on the table (Ep = 1970 keV), 

decaying mainly v! r- the a^ channel. 
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case a physical solution exists, with corresponding errors that must be es

timated but that are certainly larger than the pure mathematical errors; 

otherwise the method is inadequate to solve the problem, most probably be

cause the experiments were not different enough. 
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