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I - INTRODUCTION

Invariants of unitary groups can be constructed in a number of
vays. For example, they can be constructed by generalizing the
concept of Casimir operators [ 1] through an extensive use of the
estructure constants of the associated Lie algebras. In this paper,
ve shall consider two classes of invariants constructed in an easier
vay. The first of them has been used by physicists in connection with
problems like those related to the labeling of states characterized
by a given irreducible representation (irrep) of some unitary group.
The other class of invariants we shall discuss here was introduced
by the present authors in dealing wvith the problem of finding
relationships between invariants of complementary unitary groups[al.

For reasons to be clear in the next section, we shall denote
the invariants belonging to the first class by UD-invariants while
the second-class ones will be named DU-invariants. There is no
fundamental distinction betwveen DU-and UD-invariants. Any of them
can be used equally wvell in the applications. Howvever, the DU-inva-
riants lead to somewhat slightly simpler expressions for the
eigenvalues of the invariants of U(n) and 8U(n) as will be seen
later on.

Although each class is formed by independent invariants, the
classes themselves are not mutually independent. There is, however,

no linear relation between UD- and DU-invariants. It is not yet
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known how to express an n-order DU-invariant is terms of UD-inva-
riants, or vice-versa. Surely, this problem is soluble, dbut only

for low order invariants the solution is explicitly known.

Next section is devoted to introduce the notation to be used
throughout this paper and to define the objects we shall deal with.
Some properties of the elementary symmetric functions are listed. In
Section III, wve present recursive relations that allowv us to obtain
the eigenvalues of DU-invariants of unitary groups in any irreducible
representation. These relations wvill also serve to prove the
validity of two closed formulas, presented in Section V, for getting
those eigenvalues. A clear advantage of this approach is that no
explicit reference to the basis supporting the considered irrep is
needed.

Section IV is dedicated to a brief discussion of the Dao-
function associated with unitary groups. Three closed formulas for
obtaining the eigenvalues of invariants (DU and UD types) are
discussed in Section V. Finally, for the sake of completeness, the
connection tetween the invariants of U(n) and SU(n) is presented in
Section VI.

II. DEFINITIONS AND NOTATION
In-the following, we shall introduce some standard definitions

and notation that will be necessary for our present purposes.
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. £ .
The objects 7 and f » 4-1,2,...,u. are generally named
4
boson vector operators if their components satisfy the following

commutation relations
['qio’git] = n‘.gjt_ g‘.’t'h'___ 6: 6: ) (2.1a)
and ['lw'l;tls[gt‘, §#] =0, (2.1b)

for i,}=1,2,---,n and s,t: 1,2,..0,d.
I1f, instead, they satisfy similar anti-commutation relations,

namely ,

{”lu,git} =Nis gft §"t 8,6 (2.2a)

an t (2.2b)
R & P P L {¢% ¢} =0, -
for 1.,} =1, 2,,..,:; and st=1 ,2,0-e5d sthen they are named

fermion vector operators

COns:Lder now the n operators defined by
f s
A rl‘ § .'1 '1 g 9 i }-12,.--,n (2.3)

vhere , and §J are the components of either boson or fermion
14
vector operators. In any case, it is easy to verify that the

/
commutation rules for the AS are given by

. # Al (Lad
[Af’Alh] = 8:Ai-6i A|t . (2.4)
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The main property of the operators (2.3) we are interest in
here is that they generate the group U(n), i.e., the group of all
unitary transformations in the complex vector space of dimension n.
So, any operator that commutes with all the A's will be invariant
under unitary transformations. In other words, it will be an inva-
riant of U(n).

We can form a k-order invariant of U{n) by doing the following

contractions
) A {
C=AA .. A% | ket,2... (2.5)
A “ 4 % 2T
From now on, ve shall adopt the usual convention of summing repeated

indices over all the values they can assume.

Let us refer to the class of invariants (2.5) as DU-invariants

(n)
of U(n) and maintain the convention that C: =N .

Clearly, wve can contract the indices of A’ in a different way.
[
Instead of contracting from "down"” to "up” (DU) as we did in (2.5) ,

wve can contract from "up” to "down" (UD) in the following way

~ (0 ¢ : K
C‘, = Aﬁ.'A‘; ¢ e Al‘ 9 ‘z ’,2)... ° (2-5)

Ay
e -
These new operators 4 are also scalars with respect to U(n)
since they also commute with all the generators (2.3). In analogy to
the previous notation, they will be referred to as UD-invariants of

-~

(n
U(n). It is also conventioned that Co )g n .
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From the definitions (2.5) and (2.6), it is easy to see that

~
6,".)2 C:w and C:”z q‘” . For ‘)2 » however, the UD- and
DU-invariants are connected through relations that get more and more
complicated. For example, if £=3 then wve have that

~ 2

C;m,ﬂ c@’)+ n C;‘ﬂ)- [C'(n)] . 2. 7)
The general relation between UD- and DU-invariants is not yet known.
From (2.7) it can be seen that that relation is non-linear.

Since there are at most n independent invariants of U(n) [3] ’
each class of invariants discussed here has at most n independent
elements. They can be taken as being the 1-,2-,..., n-order invariants
as defined in (2.5) or (2.6).

The eigenvalues of the invariants, in a given irrep of U(n) ,
depend only on the labels characterizing that representation. Such
irreps can be characterized by a partition of an integer. The
components of the partition are denoted h‘,n ,421,2,..,,m ,and are

such that

hh 2 "znk"' >hnn20 ’ (2.8a)
ane hpthy s oo 4 b= he inltgon. 2.80)

The partition components Ain. are defined by the following

simultaneous operational equations

{
A =h , £=14,2,...,n, (2.9)

4 44n

A0 o jri (.09
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The irrep of U(n) characterized by the partition (2.8) is
usually denoted by [h]E'[hnkm...l\m] . We shall indicate by
C‘N(I{n,bu"'.vl'nn) and C‘(h)(l',,,llm,.--,’lm). the corresponding
eigenvalues of the k-crder DU- and UD-invariants, respectively.

The theory of the symmetric group [4] associates with the
partition (2.8) the concept of a hook. For our purpose here, we

shall only need the partial hook defined [5] by

P‘.-/- = ‘.n +}--‘ ’ 4,}: 1,2,...,". (2.11)
We shall see, in Section V, that the eigenvalues of the DU-
and UD-invariants can be given in terms of the particular partial
hooks and respectively.
)&7 1§h ' P y
Finaily, for further reference, we recall here the definition
of the elementary symmetric functions [6] and some of their
properties.
The elementary symmetric functions g, g,,,,,g of the

ordered set x:(.z},xz,...,zn) are defined by

B =Plx)= <j-1}%}"3335**15“7"""‘Jﬂh

3 Ix" ’

(2.12)
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In terms of them wve can define the function

R ) = Z. )" al ffqh) fw‘(‘)"' 2 w, (2.13)

o lal...ul

where the sum is taken over all a% and the bar on the sum symbol

is to indicate that the &, are non-negative integers such that

o+ 2, + 30,4 - .- 4+ no=m . In addition ,a =abo e+ Oy,
The elementary symmetric functions can be used to express a

Stevin product as

n n .
n-4
THx+a)=2_P@)a - (2.14)
L=1 t i=0 4
We close this section presenting the following further
relations involving the elementary symmetric functions (2.12) and

the function (2.13) [5]

Z.IP/ -rr(:t -x, ) = (_” 'ﬁr-n+'(x) P (2.15)

i=s1 ¢
3
1) $lx x) = (2.16)
% g( )ﬂm-i (x)=0,
,Bm-n(:t)s O for m=12,...,n-1. (2.17)
III - RECURSIVE RELATIONS FOR THE DU-INVARIANTS
Throughout the rest of this paper, we shall apply extensively

many of the ideas introduced in references 5,7 and 8, and prove

many results used in reference 7.

Tc obtain the eigenvalues of the DU-invariants defined in (2.5),
we can dispense with any explicit reference to the basis for the

irrep considered by noting that those eigenvalues can be obtained by
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means of a constructive procedure using, alternative and conveniently,

the following relations

"t ;h,,,,...,/,,,)=l.,,+/5,+ wesh (1)

(1)

(ll,, (3.2)
/3 -
Clh by hos) = L O C Ui 4 00

0»1)”'

CA aw','zmn""/'nmf;o) = C (,'mf’ " "M')+

b—f

< (hfml’ zmv'"'/'nrw) , k>1. (3.4)

The relation (3.2) is contained in (3.1). However, we consider
it separately only for computational convenience. Both of them are
immediately proven by taking into account the operational equation

(2.8) and noting that, from the definition (2.5),

M) 2
C = A:+Az + .- +A: , (3.5)
(1) P 3
and q = (A') . (3.6)

The relation (3.4) follows as a trivial particular case
of a general relation between DU-invariants of unitary
groups found by the present authors [2] . All we have to do
is to consider the irreps [h:lm‘l nm’O] and [homq"',"nnﬂ] of
U(|'H1) and U(ﬂ) , Tespectively, and take these groups as
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complementary in the chain

U(ﬂ(m»_i) ) D Uln)xU(n+1). (3.7)

To prove (3.3), consider the identity
P A8 AAET) e (A 6% -
B IAN D (A )

A ‘.I )
=2 (4 C .
= IZ (7)2 , o

Nowv, by repeated use of (2.10) and the commutation relation
(2.4), ve can reduce the LHS of (3.8) to the form
f.z'A:fX,A:fl,...,A:fA) . The same reducing steps lead us to the
operational re.ation

n), .1 % 4 )
FU A, A )= C .

(3.9)

Finally, relation (3.3) is obtained from (2.9) by replacing ’l‘.u-l-/\
by Ain and putting A= /P"" .

The set of recursive relations (3.1) to (3.4) allows us to
obtain the eigenvalues of the DU-invariants of U(n) in any given
irreducible representation. They are alsc useful to prove the
validity of some closeld formulas for getting those eigenvalues as
we shall see in the following.

IV - THE FuNcTION D™

Consider the integers gl defined by
n
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?£n=/'M+'.L » 4=1.2,...,n, (4.1)

wvhich are partial hobks of the partition [hm hm oe e Ann] ,0f the

type h’l . Define the b Bhunction by

),
1= 1 (4.2)
D"h)=D"t T = o kj(qm-an),
vhere
m! = mlm-nl(m-2)!...2] . (4.3)
Since ?:n— 9,'n= /)‘,n— /::’." +j-,[ ~ , we see that the D(n-)-

function gives the dimension of the irrep [h] of U(n) when its
arguments define the corresponding Young diagram.

In the following, we shall prov: some properties of the
D(El‘unction wvhich are similar to, but different from those derived
by Louck and Biedenharn [5] .

From the relation

’HQ - T1q, ﬁ.

l(j 21=1 fns1 l(j (4.4)

and the recursiv? character of n' by taking Q "?[ 9 /
nef Tmne

ve can obtain a first property of the D(-}unctzon, namely,

) 7-7( -¢ ),

If ‘m' 1 nee
(4.5)

n+1) (n)

D & b ,..h, )-.-‘.lD(l;

I’ 2met? ’” " nnm

Ffrom which it follows easily that
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(n)
tn+1) ot b )LD (h hottsesh, )

'M"...’ pooey ""M n' ’m1’..., ‘ nM1

i ]n - » .=1 cangfle
X +9tn+1 Frotnegd bst (?‘mi 9Mm1) =2 een

(4.6)

After some simple manipulations of the product symbol 1-!

can also see that

DU, sk 41,0, )= D1 L‘l[u

% %n ] ?

(4.7)

Finally, we noie a clear translation invariance of the D(E}unc-

tion, i.e.,

D"thi2) = D" od b2,k 1) = D). )

V - CLOSED FORMULAS FOR THE EIGENVALUES
In this section, we shall present three closed formulas for
getting the eigenvalues of the DU and UD-invariants of U(n) in any
given irrep. |
Firstly, we shall prove that

C('?h)s Zg D“%én’,",/)/’;}l,...,b )/ )(b) L=!2 (5 1)

{=1

It is sufficient to show that (5.1) satisfies the recursive

relations (3.1) to (3.4), which, as we already saw, give the
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)

eigenvalue C (h)

1f B=1 , the RHS of (5.1) reads

-9, TI [1+ '- ]:%n(n—i)-;- Z-Q‘."
¢ 90' %

where use was made of (4.7). The equality in (5.2) follows from

(5.2)

techniques discussed in the appendix.
Substituting the definition (4.1) of 9 in (5.2), we prove
n
that (5.1) satisfies the first recursive relation (3.1).

If n=1 , the RHS of (5.1) becomes

! A
ok D11/ Dth,) < b 5.

where we used (4.8). Thus, (5.1) satisfies (3.2) aiso.

Now, we notice that

(n)

C "he?) = Y_(gmb 3, shetcs h 0D hN)

{=1 4n

A
LA C "),
_o
(5.4)
where we used again (4.8). As discussed in section 3, the relation

(5.4) is equivalent to (3.3).

The proof that (5.1) satisfies (3.4) is somewhat laborious.
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From (5.1) we have that
(n41)
nef) 1
CM(b """ 110) "t ‘ D (A'M”.”’ ‘M*"...'AIN'JO) 3
ist iy (n+1) 0)

D (,,,..h

1’
(5.5)

Taking apart the last term of the sum, noticing that

?nrlmf = =N , Since ’) anel= =0 , and using the properties

(4.5) and (4.6), the RHS of (5.5) becomes

tn) Aot hfet
C.; (/l, )+ z-.(-n) C.; (14 A )+

(1 R nn+f Ieg 2°°°% nnef

(n41)

nu
4D (/' ne12°°"7 mm’j) + Zn- -D( m"'ﬁgt ""’h""*') ’
D™t

(=1 +n (h)
0) ¢ ?‘” (l”fl’"" nml)

(-n)

MH'"" nmi’

(5.6)
wvhere use was also made of the identit);
£ bkt kgt g
X &N T en) xT
xX+N x+n J-O (5.7)

Finally, all we have to do now is to prove that the square
brackets in (5.6) vanish. It is true and the demonstration envolve
Stevin products and known properties of the elementary symmetric
functions (2.12). Again, the reader is referred to the appendix for

the details,

80, we have demonstrated that (5.1) gives the eigenvalues of 3

|
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the DU-invariants of U(n) in terms of the D-function (4.2) and the
quantities g&n defined in (4.1). These eigenvalues can also be
obtained in terms of the elementary symmetric functions (2.12)
through the following closed formula

C"t,..h,) - z:<-» %Z(m.z.m)g,,(z), k=12,...,

(5.8)
where x stands for the ordered n-tuple (Q’n,qz ,...,%n) formed of the
n

quantities (4.1), and é&ér) was defined in (2.13).

The expression (5.8) is similar to the corresponding one for
UD-invariants derived by Louck and Biedenharn [5] « The present
formula, connected with the DU character of the invariants, admits

of factorization of 99 facilitating the evaluation of the

4

eigenvalue.

Let us now prove that (5.8) is true. Putting X = Q. and
£ Tin
using (4.7) we can write (5.1) a5

n TT(x—r 1)
c G bt )= Lzt . (5.5)
“ =1 ¢ ]'T(z ~x;)

JEL
For evaluating the sum above, we flrst develop the Stevin

product (see Appendix) and then make use of the relation (2.15) and

(2.17) to obtain

ket Adst

(n)
G, yrsb)= % (2001 )8,

A (5.10)
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Several terms of the sums above can be eliminated. Taking apart

the term I: bet and then the contributions from ms= &-f# 1 ve obtain

£
C (A b )= ZH’Z(t Tim)B, + Z—“’ 1,

(5.11)

From (2.16), ve see however that the last sum vanishes, completing

the proof since the remaining expression coincides with (5.8).

n)
Another representation of the eigenvalues cof C; can be

obtained by means of a matrix, an idea developed by Perelomov and
Popov [8] . In their paper, these authors use the UD convention.
For the DU-invariants, let us intrcduce the NXN matrix

(n)
a (

m’l' 9 ..,/ﬁ ) wvhose elements are given by

ai‘ = Qinéij"'tij. » Ly}= 1,2,...,m, (5.12)
with
t(' . 1 i i>f (5.13)
i 0 otherwise .

In these conditions, we have simply that
)

C, th byseeer ) = L(a‘) 2is (50

i.e., the eigenvalue of C in the irrep [h] of U(n) is given by
the sum of all matrix elements of Q . For the proof, ve shall

follow the same steps as ve did to prove the formula (5.1), i.e.,
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wve shall shov that the RHS of (5.14) satisfies the recursive relations
(3.1)-(3.4).

First of all, it is easy to see that

n
=h. +ne1-24 1=4,2,...,n
i=1 l; Jr R (5.15)
e
a.. =h, (=12,..,n.
g1y > (5.16)
Hence, summing (5.15) on the index j , or (5.16) on { , ve get
n )
Z a.. 5.1
L=t 9 45" h C (bfn 2n’°"°* nn)’ (5-17)
and the relation (3.1) is verified.
From the definition, we have that Q 9" /I » So
(1)
that C (,)") /) which is relation (3.2) .

It is also easy to see that
(”)(/7 +A,h 4 ) = ")(/r A, Y+Al, (5.18)
ELN T I a h)+Al, )

where I is the nXn identity. As a scalar matrix commutes with any

matrix (of same dimensions, obviously), we have from (5.18) that

n A A k-1 n) l
‘)h +" /5."/\' vey n_'_A,] ._.Fa(i)A [a’ (I'”,,--.,,?M)] ’

or, equally well,

[am(h

mr°cc? rm

(5.19)

4
N0 1 1) D Z ) W
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and summing up all matrix elements of both sides of (5.20), in view
of (5.14) wve obtain (3.3).

As before, to verify (3.4) we have to work a bit more. Let us

consider an irrep of U(n+1) with h’m =0 . In this case, ve

nH
have explicitly that

/ 9 0 o ... 0 0\
inee
1 9., o ... 0 0
1 1 ... 0 0
O.M(I:,M,...,hnm,o): - - 93:"“ T (5.21)
1 1 i ... Doy 0
1 i 1 ¢ o 1 -n

and we see that this matrix can be conveniently decomposed as a sum

of two matrices in the followving way

o,(m” =b+c (5.22)

vhere b is the direct sum of G.‘")\vith the nunimatrix 4x1 i.e.,
(n)

b=a (hmnr"""nnﬂ) 60, (5.23)

and € is also an (n41)X(n+1) matrix whose only non-vanishing

TOV 19 the last one, Explicitly, we have then that
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; 00...00
One) o : 60 ...00
a (ﬁ“'b" ’m'roj = |1a (ﬁ.“’ "‘DMI' 0 + ; .
..................... 00 o0
0 ) 11 4 -n /(5.24)
Now, we notice that the matrices 6 and ¢ are such that
be =0 (5.25)
&-1
A oene, h=t2,..., (5.26)
4 A
b =[a""] ®0, k=1,2,..., (5.27)
) ]
(sl 7 [(a ) ]m.ém , jén,s
{i =
0, }=n+1 . (5.28)

The property (5.25) allovs us to write

o)] Z.c”bl- Aok, Z hy

[ (n+1)
mu ’” ’Mf' ,

lz-r
) i b-1-1 ¢
=Cn) c+1> + f.(-n cb®, (5.29)

wvhere (5.26) was used in the last step.

Summing up all matrix elements of both sides of (5.29) it

results that
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[{ S YUY ] =

2:—,[{"« LI ,.....)” Zf(-n) HE [ (h s )}'] 6,
Y G 19 Ljmet ML, TR

(5-30)
vhere we have isolated the last terms vith (=g=n+f , and
used (5.27) and (5.28). The delta symbol allows an easy sum over
leading us, finally,to the relation (3.4), completing the proof of
the validity of (5.14).

We have thus obtained three closed formulas for getting the
eigenvalues of the DU-invariants in any irrep of U(n) in terms of
the partial hooks (4.1). In the case of UD-invariants, similar
formulas vex;e derived by Louck and Biedenharn [5] » and Perelomov
and Popov [8] . We give in the following their results.

For the UD-invariants we must consider the partial hooks Pl n’

i.e.,
Pin = hip+n-i (5.31)
and the formula corresponding to (5.1) reads [5]
N(n n (n) m)
9 (h)= Lt, ‘D (hpoeveshtseees b, ) /D (B (5.32)

wvhere D(n)

was defined in (4.2) [note that &"-/ff’:%';?j"] .

The UD-eigenvalues can also be obtained in terms of the

elementary symmetric functions (2.12), and (2.13) fs] , 1.e.,
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L m Nn-m

m=0(, ‘ l+l) ’:(z)ﬂl_m(z) , k=1,2,...,

=2 (n
C ) =

SMa-

(5.33)

where now x :(ﬁm,&n,---; Pan )

Finally, the matricial procedure to obtain the UD-eigenvalues

is the same as before, i.e., [8]

c’"’(m z:(“ﬁ) k=12, (5.34)
(/:

where
a‘,j. = l:ﬂ 6[1‘ —t"j 9 (5-35)
and

Z { ‘-{ i< j , (5.36)
‘j 0 otherwise .
VI - INVARIANTS OF UNIMODULAR UNITARY GROUPS

The unimodular unitary group SU(n) playsan important role in

()

modern physics. The eigenvalues of the invariants 6 of that
group can be obtained from those of U(n) in the irrep characterized

by the same Young diagram of SU(n) through the known relation

u
- 2O weo.

(6.1)

This relation holds irrespectively of the DU or UD criterion
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considered. It however preserves the character of the invariants. So,°

for instance, DU invariants of U(n) provide DU invariants of SU(n).
()
It also gives 25 =0 , i.e., the first order invariant of

SU(n) — DU or UD —— is identically zero[;ts eigenvalue vanishes

in any irrep of SU(n).]

As an example, we give explicitly the eigenvalues of the first-,

second- and third order invariants of U(3) and SU(3) in the irrep

" hh0].

DU criterion

Ch,h,0)= h+h,,

Coth, h,0) = s K+ 2h,

COlh, 0 = Fshi+2hi- b +h by ~2h,-2h,

Bk, b,) = §[ACe hi-hyhyr3h,]

B, )= 4 2 2h 23K hy-3h K T-hi-h - 2h - 2h,
UD criterion

E®lh, 4,00 = C, (b h,.0),

c:(&k},”bw 0) = C:‘)Y/k.}b,(7)
C‘”(h' b 0) = hishirdhie-hhys#hi-Zhy.

&2 b,) = 5‘ (h,h)
*6‘3’(/»,,/1,) ke 2h-3hh; ~3hH: Vs 2 +hi- 3hprah2h

Notice the more symmetrical expressions for the DU eigenvalues.
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Appendix
Let us prove that the square brackets in (5.6) vanishes.

Let x, =9 +n . From the definition (4.2) and the usual

d»'
convention that C , in any irrep, we see that wve have to prove
that
n_ x_i n x-x-1
bt G EE b % -x; ’

vhere use was made of (4.7). Multiplying both sides of (A.1l) by .

f{z):ﬂx , we are left with

Tle 1)+2:, Wx 1--—-] Plx) - (A.2)

The first term in the LHS of (A.2) is a Stevin product (2.14)

vith aA=~-{ so that it reads

TT(z-1) = z¢. ;%)
=1 ¢

(A.3)
The second term can be treated in the following way
- $a) _
Ple)= HI! 1- ‘_] = [n(xj x'”]/ ﬂ(x-x) (A.4)

The square brackets contain a Stevin product (2.14) with a=-1—1‘-_ ’

so that

L n—/+1 ""l n_[ -4 /D
If(x)=f(z)£al-) f/x)j%(j )z‘/ /E{_(ﬁ-ﬁ,).

'(A.s)

Separating the term [-n and taking into account that
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1/Ple) i j=O,
iz:,.-'/r“"x-z)=< 0 M j=1,2,...,m-1, (A.6)
imt ¢ kgl A

O if jen,

L

it is easy to see that

n-f

n n-ds1
Y Pl)-= an 5;’(2) ’

A.
Py’ (A.7)

wvhich summed to (A.3) gives exactly (A.2), and the proof that (A.1l)
is true is completed.
The same technique can be used, with x‘_ =?, » to help in the
in

derivation of (5.2) and (5.10).
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