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INTRODUCTION 

During the last ten years, there has been a 
considerable amount of work devoted to the study of ground state 
properties of nuclei from a microscopic point of view. The common 
framework of these studies is the Hartree-Fock theory in its 
various versions. The ultimate goal of course is to relate the 
nuclear properties to the bare nucleon-nucleon interaction. 
Although this goal has not yet been completely reached, much pro
gress have been done and we are now in a position to understand 
at the quantitative level such basic nuclear properties as total 
binding energies, charge radii or multipole deformation moments. 

In atomic physics, the Hartree-Fock model 
based on the two-body Coulomb interaction is quite successful 
in describing the atomic levels. In nuclei however, such a straight 
forward approach using directly the free nucleon-nucleon inter
action is bound to fail. To overcome this difficulty the beautiful 
Brueckner-Hartree-Fock theory has been developed, but the complexity of 
the calculations in finite nuclei make it very inconvenient to 
use. The two main trends of Hartree-Fock calculations which are 
relatively easy to perform and at the same time give good quanti
tative results are the Local Density Approximation approach and 
the phenomenological effective interaction approach. 

Having a good description of nuclear ground 
states, one may also study the excited states and try to under
stand the properties of the excitation spectrum of the nucleus in 
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terms of a unified microscopic model which would start from one 
basic ingredient, the two-body effective interaction. In the 
recent years, some progress have been done in this direction, 
mostly in the description of giant multipole resonances in nuclei 
in the framework of the Random Phase Approximation in conjunction 
with Hartree-Fock calculations. 

In these lectures, we shall discuss some 
aspects of the self-consistent approaches used to study nuclear 
ground and excited states. The emphasis is put on the methods 
rather than on a detailed discussion of the results. In part I 
we introduce the Hartree-Fock theory in the Local Density 
Approximation. Part II deals with the phenomenological interaction 
approach. Among the various effective interactions now available, 
we have selected to concentrate the discussion on the Skyrme 
force because of the simplicity of the calculations involved 
and the good quality of the results. In part III we show how one 
can extend the Skyrme Hamiltonian to the description of excited 
states in the framework of the Self-consistent Random Phase 
Approximation. Each part includes a short list of references which 
is not intended to be complete, but may help the reader to 
obtain further details. 
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I. THE HARTREE-FOCK MODEL AND THE LOCAL DENSITY APPROXIMATION 

In nuclear physics, the strong repulsive nature 
of nuclear forces at short distances does not allow one to use 
successfully ordinary perturbation theory. Consequently, the 
reaction matrix-, or G matrix- theory, was developed by 
Brueckner [ 1]. In this theory, the effective interaction between 
two nucléons in the presence of other nucléons is defined self-
consistently (Brueckner self-consistency). This theory is particu
larly simple in infinite nuclear matter where the single-particle 
states are just plane waves, so that one has to solve only the 
Brueckner self-consistency problem. On the other hand, the method 
is by far more difficult to apply in finite nuclei since one has 
also to find the self-consistent single-particle states : this is 
known as the double self-consistency problem. 

One possible way of simplification consists 
in using for finite nuclei the results obtained in nuclear matter, 
by means of the Local Density Approximation (LDA). in the LDA, 
one first calculates the G matrix in nuclear matter. This G matrix 
is then used as an effective interaction to obtain the Hartree-Fock 
self-consistency in finite nuclei. 

The LDA was introduced some twenty years ago 
by Bruecknar, Gammel and Weizner [2]. However, it was only in the 
late sixties that decisive progress were made when simple but 
accurate parametrizations of the G matrix as well as powerful 



Computing facilities became simultaneously available. In this 
chapter, we shall describe the basic concepts and techniques of 
the Hartree-Fock model of finite nuclei in the framework of the 
LDA. 

1. The Reaction Matrix, or G Matrix 

The reaction matrix G is defined by its 
integral equation : 

G = V - V | G (1) 

where V is the free nucleon-nucleon interaction, e is the 
propagator of the pair of interacting nucléons in the medium, and 
Q is the Pauli operator which forbids the two nucléons to propa
gate in intermediate occupied states. Equation (1) corresponds 
to the following diagrammatic expansion : 

w-w-H-M 
In other words, G is the sum of all ladder diagrams. In infinite 
nuclear matter, eq. (1) reads explicitly : 

where Q is one if both kf and kj' are larger than the Fermi 
momentum k„, and zero otherwise. The intermediate energies E(k) 



are defined by E(k) = T(k) + U{k), where T is the kinetic energy 
and the one-body potential U satisfies the self-consistency 
relations : 

U f i ) s I . jV* *'lfff*/»^*f^l!fr -exchange] if k « k p 

S O " k > k F 

One must also notice the appearance of the "starting energy" W in 
the definition of G (eg.(2)). 

It can be shown [ 3] that with the above 
definition of G one can obtain the cancellation of a large class 
of diagrams in the expansion of the ground state energy of the 
system. 

The tv/o-body correlated wave function | ¥> 
is then a solution to the Bethe-Goldstone equation : 

IY>-l+> - % G I 4» { 3 ) 

where |ij>>isthe uncorrelated wave function. It follows from (1) 
and (3) that G|$> = V|¥> , or equivalently that \V> is a 
solution to the integral equation : 

ir> = i<b- | v i t > (4) 
Finally, from the knowledge of |T> we can 

deduce the G matrix, since <4|G|<{>> = <4>|v|*f> 
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2. Effective interactions in nuclear matter 

The first step is to start from some "realistic" 

nucleon-nucleon interaction such as the Reid soft core potential 

[4]. Here, realistic interaction means a phenomenological inter

action which fits the deuteron properties as well as the two-body 

scattering data in the non-relativistic energy range. One then 

solves the Bethe-Goldstone equation (3) and obtain a numerical 

solution for the G matrix. 

The next step is to approximate the G matrix, 

which is in general non-local in coordinate space, by a sum of 

local functions depending on the Fermi momentum k_. More 

precisely, the effective interaction is decomposed into a central 

part V„(r), a spin-orbit part VT_(r)L.S and a tensor part Vw{r)Sij. 

Then, in each spin-isospin subspace (S,T) one looks for a para-

metrization of each part in the form : 

*» 

where the coefficients C^Ck-) and ranges X, are adjusted so 

as to obtain, at each value of the nuclear density : 

a) a good approximation to the diagonal elements of the G matrix, 

i.e. one must satisfy : 

< i 1 Gt 1 i > - ** J Ù&) vw ^ h-
b) an overall agreement with the non-diagonal elements of the 

G matrix. 

This program has been carried out by Sprung 

and Banerjee [5] who have tried different density dependences. 

The effective force called G-0 is characterized by the following 
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density dependence (for the central part) : 

Q(*r) - *< +*«lTÇ' ( 6 ) 

(i.e. a p ' density dependence). 
Another source of density dependence comes 

from the starting energy W (see eq.(2)) and can be simulated by a 
density-dependent, zero-range force [ 5]. 

The central part Vc(r) of the force G-0, is, 
in each (S,T) subspace, a sum of 5 gaussians with ranges from 
0.5 fm to 5 fm. In the 4 following figures is shown the behaviour 
of the force as a function of r in the four (S,T) subspaces (the 
different curves correspond to different values of k p, the solid 
curve being for kp = 1.36 fm~ ). In the last figure are shown the 
saturation curves in nuclear matter obtained from the original 
G matrix (Reid) and its various parametrizations (G-0 to G-3). 

One can notice that the saturation point 
occurs at a rather high value of the nuclear density (k„ - 1.43 fm~*) 
and a too small value of the energy (E/A « - 11 MeV). This is 
related to the fact that the G matrix only accounts for the contri
butions of the two-body ladder diagrams, as we pointed out at the 
beginning. It has been estimated that, with the Reid's potential, 
the contributions to E/A coming from the three-body and four-body 
clusters could be about - (2.5 ± 1.5) MeV. This would bring the 
theoretical value E/A to -(13.7 ± 1.5)MeV, in satisfactory 
agreement with the empirical value of - 16 MeV. Since it would be 
a very difficult task to calculate accurately the contributions 
of the many-body clusters to the effective interaction, one simply 
«normalizes empirically the effective interaction by changing 
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slightly the behaviour of the shortest range gaussian in the even 
subspaces (the odd subspaces are not renormalized). Thus, by 
introducing 2 extra parameters, one can achieve saturation at 
k p = 1.35 fm"1 and E/A = - 16.5 MeV [6-7] . This r&normalized 
G - 0 interaction is then used for Hartree-Fock calculations in 
finite nuclei I 7] . The LDA has also been used, but with a diffe
rent effective interaction, in ref. [ 6]. 

The spirit of the Local Density Approximation 
can be summarized by saying that in a finite nucleus, the inter
action between the two nucléons embedded in the nuclear medium 
with a local density p {recall that the nuclear density is smaller 
at the surface than in the center of the nucleus) can be 
approximated by the G matrix calculated in infinite nuclear matter 
at the corresponding value of the Fermi momentum k„ (the relation 
between p and k_ in nuclear matter is p = kw)- Thus, the 

3ir2 F 

double self-consistency problem can be separated into 2 parts, 
first the calculation of G in nuclear matter (and its parametriza-
tion V(p,r)), and second the solution of the self-consistent 
Eartree-Fock equations in a finite nucleus using G (or V) as the 
two-body interaction. 

3. Hartree-Fock equations with an effective interaction 

We assume that the grou.id state |$> of a 
nucleus containing A nucléons can be represented by a Slater 
determinant built on individual wave functions ip (the occupied 
states correspond to the index a going from 1 to A). In the LDA, 
the Hamiltonian is a sum of a kinetic energy part T and a potential 
energy part which is assumed to be a sum of G matrices, or their 



parametrization V(p), acting between pairs of nucléons (the 
Coulomb interaction between proton pairs is included in V(p)) 

T * 2}Vr> H = 

The t o t a l energy E of the nucleus i s : 

F*?. <4>| T + X V B i ( f ) l ^ > 

h 2 ^ 
where t = - ̂ =r 7 and the notation V indicates antisymmetrized 
matrix elements. 

He now write the condition that E must be 
stationary with respect to variations of the wave functions <P 

subject to the condition that their norm must be conserved : 

/if* I* A - A («) 
In making these variations of the <P , one must not forget that 
the local density p, defined by 

ft * 

will also vary, and therefore the density dependence in the 
effective interaction V(p) will bring in some contribution. With 
the help of eq. (7), the condition that 6E = 0 for all 60 
leads to the Hartree-Fock equations : 

ft ft —' 
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where the e are the Lagrange multipliers introduced by the 
constraints (8).• 

This is a set of coupled, non-linear equations 
whose solution we shall describe in the next section. For the 
moment, we note that eg.(10) would be identical with the usual 
expression of the Hartree-Fock single-particle energies except 
for the last term which arises from the explicit density dependence 
of the effective interaction. This term is called the rearrangement 
term. 

In nuclear matter, the total energy can be 
written in terms of the G matrix as : 

where n is the occupation number of the state o (n = 0 if a is 
unoccupied, 1 if occupied). The single-partible energy e is just 
the derivative of E with respect to the occupation number : 

The rearrangement term of eq. (10) is a generalization of the last 
term of (12). The variation on the occupation numbers n has been 

a 
generalized to a variation of the nuclear density p at each 
point r in the nucleus. Thus the quantities e defined by (10) 
can be considered as the Hartree-Fock single-particle energies. 
They satisfy Koopman's theorem, i.e. if the Hartree-Fock ground 
state of the (A+l) nucleus is assumed to be the Hartree-Fock grounâ 
state of the A nucleus plus one nucléon in orbital a , then 
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E(A+1) - E(A) = e (Koopman's theorem assumes that the additional 
nucléon does not polarize the A nucléons in the core). 

4. Hartree-Fock equations in coordinate space 

We now consider the restricted case of spherical 
symmetry, ne can then decompose the wave functions f (r) into 
their radial and angular parts and obtain the equations for the 
radial wave functions. Let us define 

w tumii r\Y. ( x 3 ) 

V T Vt,rt*i 
where T-L. is obtained by vector coupling a spherical harmonic 
Y (r) with a spin 1/2 spinor to give the angular momentum (jra) : 

and x a(X y) i s a spinor in isospin (spin) space. The label ot 
stands for the set of quantum numbers {n % j q} , where q = + jj-
for neutron states and - k for proton states. 

If we use the definition (13) in the Hartree-
Fock equations (10) and multiply both si'des by <p (r), we obtain 
the equations for the radial wave functions u (r). They are of 
the integro-differential form well known in Hartree-Fock theory s 



13 

The Hartree-Fock field contains a local part, 
V d i (r) which corresponds to the direct contribution of the matrix 
elements appearing in (10), and a non-local part, V (r,r') cor-

ex 
responding to the exchange matrix elementi.. Neglecting the latter 
is called the Hartree Approximation. In nuclei the exchange 
terms are very important and one cannot achieve any satisfatory 
description, even at the qualitative level, if one neglects them. 

The Hartree-Fock fields V.,„ and V „ are of 
air ex 

course functions of the occupied single-particle states <p . We 
shall not give here their expressions in terms of the V and the 
effective interaction. Their derivation is lengthy but straight
forward. It is enough to notice the self-consistent nature of 
the equations (14) (the potentials depend themselves en the 
solution), which can only be solved by an iterative procedure. 

The set of Hartree-Fock equations (14) can be 
numerically solved using for example the method developed in 
ref. [ 8] . One first transform the integro-differential equation 
(14) into a homogeneous differential equation by formally 
defining a local equivalent potential : 

to 

Then, eq. (14) is obviously equivalent to : IW) 
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Eg. (14') is in a form more suitable for an 
iterative numerical resolution since we can use quite efficient 
integration methods like the Runge-Kutta or Numerov methods. 

One must notice that V£ ' is state-dependent, 
which is quite natural because we have replaced a non-local field 
" y a local one. More important is the fact that Vjf"̂ (r) has 
singularities at the points r where u (r) vanishes. In the 
vicinity of such a point r 0, V^c(r)*4 - + Cst. Furthermore, 

r - ro 
V ?' (r) goes to zero at infinity because the u are bound state 
wave functions and the effective interaction is short ranged 
(some difficulties in the asymptotic behaviour of V\f!*' may 
appear because of the Coulomb part of the interaction). 

It can be shown [8] that eq. (14') has solutions 
continuous everywhere but the first derivative u" is discontinuous 
at r = r 0. In practice, such solutions can be obtained by 
linearizing Vj"\(r) in an interval of length e around r = r 0 and 
let e go to zero as the iteration proceeds. This method has 
proved to be quite efficient and leads to errors small enough 
for the results to be meaningful. 

The results of Hartree-Fock calculations based 
on the LDA [ 6-7] appear very satisfactory considering the small 
number of free parameters introduced into the theory, namely 
those which account for the renormalization of the effective 
interaction. In particular, binding energies and charge densities 
of closed shell nulei are well reproduced. For spherical nuclei 
having open shells, an approximate treatment of pairing corre
lation effects [7] similar to the one described in section 6 of 
the next chapter also leads to very good results. An example of 
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the kind of agreement with experiment one can obtain is given 
in the following figure, taken from the work of X. Campi using 
the force G-0. 

B.MeV 
* / 

8.50 // 
\expt. 

8.40 jj 6-o\ 

8.30 / 

.«t«f 
. i . i . . .—. i . 

100 108 116 124 132. 

The figure shows a comparison between calculated and measured 
binding energies per nucléon in the even isotopes of Sn. The 
agreement is quite good, indicating that the symmetry energy 
corresponding to the force G-0, i.e. the behaviour of the total 
energy as a function of the excess neutron number ^^, is correct. 

file:///expt
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Extension of the LDA to non spherical nuclei 

cannot be done in practice without further approximations such 

as the so-called Density Matrix Expansion (DME). If one uses 

the DME, the computational difficulties come down to the level 

of Skyrme-Hartree-Pock calculations. We do not elaborate further 

on the subject of the LDA and turn to a more phenomenological 

approach of the Hartree-Fock theory. 
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II. A MORE PHENOMENOLOGICAL APPROACH : 

HARTREE-FOCK CALCULATIONS WITH THE SKVRME EFFECTIVE INTERACTION 

One may adopt a less fundamental point of view > 
f than the one discussed in the preceding chapter and parametrize ' 

directly the effective two-body interaction without attempting 
(at least in the first stage !) to relate it to the elementary 
nucleon-nucleon force. The advantage of this phenomenological 
approach is its simplicity as compared to the LDA method. Of 
course, such an approach is interesting only if one can describe 
accurately the nuclear properties of a large variety of nuclei 
with a small number of free parameters. 

The Skyrme interaction was first introduced 
[ lj in the framework of Hartree-Fock calculations of light nuclei. 
It has been extensively studied in the recent years and has led 
to very successful descriptions of spherical nuclei [2,3] as 
well as deformed nuclei [4] . These results, together with the 
simplicity of the Skyrme-Hartree-Fock calculations, enable one 
to extrapolate with a reasonable amount of confidence to nuclei 
far from the stability line [ 5] and to super-heavy nuclei [61. 

In fact, it has been shown [ 7] that there 
exists a link between the G matrix used in the Local Density 
Approximation and the Skyrme type forces. This relation is derived 
through an expansion of the nuclear density matrix which enters 
the expression of the total binding energy. Thus, the Skyrme 



force can be viewed as a convenient parametrization of the 

(renormalized) G matrix. 

1. The Skyrme interaction 

The interaction originally proposed by 

Skyrme II] is a sum of a two-body and a three-body components : 

V r r V,- + 2 Yi}k (16) 

In its most widely used version, the two-body part has the form : 

\ 12- *' ) * t, {* **• IV ) S (£-*,' ) + ï k* ( *' ̂ fi-i ) + *&"$') £ ) 

where Jj = yr- (v - ? , ) is the relative momentum operator acting 

to the right, and k' is the adjoint of k. The operator P is the 
«v *\, o 

spin-exchange operator, and a = a\ + a 2 • The two-body part 
t\i r\, % 

Vj2 depends on the five adjustable parameters t 0, t l f t 2, x 0, w 0. 

The first three terms of eq. (17) have 

the same analytical structure as the first terms of a power series 

expansion of a finite range interaction. Take for example a gaus-

sian-type force : 

M ; i S r w + B P , - H P T + rtPx]^(.^.) 

where P T and P are the usual isospin- and space-exchange 

operators. In momentum space, v ] 2 has the form : 



<liwi')-[£)1 [(*+***)•**[• 
i M'l . ( r i + H P r ) ^ ( - 1 5 ^ ) 1 

19. "1 

( i y [ f w + f i + ( 8 * H ) p r ) ( « - ^ ( r + * " ) ) 

ti(w-ri+(B-iOPr\ |*1 i.|' + ] 

Such an expansion would be valid if the momenta involved are much 
smaller than the inverse of the range ! ku, k'p^ 1. Similarly, 
the last term of eq. (17) could be derived from a short range 
expansion of a two-body spin-orbit force V. g (r,z )L.jS. One would 
then have w 0 s - y J" Vtf (*> *? ̂  • 

The three-body part of the force (16) is a 
contact force 

\ t » ̂ 3 *(*-iO *(??-*.!) (18) 

where t 3 is an additional parameter. 
It will be seen in the next section that the 

force (18) is equivalent in the Hartree-Fock approximation to the 
zero-range, density dependent interaction : 

< = k(i+ ?,)?($£*) fti,-At) 
19) 

where p(r) is the local nuclear density at point r. 



20. 

2. The energy density 

In the spirit of the Hartree-Fock approximation, 

we assume that the ground state of a nucleus containing A nucléons 

is described by a Slater determinant : 

(j)(̂ .̂..Afl)= * ^\W\ 

where x stands for the space, spin and isospin variables {r,o,q} 

of a particle (our convention will be q = - «• for a proton and 

+ •=• for a neutron), and the p. are orthogonal individual wave 

functions to be determined from a variational principle. 

The total energy E is : 

E * < - 4 > t H \ 4 > > 

where the notation v indicates antisynunetrized matrix elements, 

and the summations are performed over the occupied states. 

Since the Skyrme interaction contains fi-functions 

in the coordinate representation, it follows that E can be 

expressed as an integral of a local energy density H(r) : 

£= /Hfc) «IV. 

The energy density H(r) is an algebraic functional 

sf the local nuclear densities p (r) , kinetic energy densities 

T (r) and spin densities *?g(r), the definitions of which are : 
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(20) 

1 i,ir n 

In eqs. (20) the summations run over all occupied states i. 
For an even-even nucleus one can assume that the set {<p^} of all 
occupied state wave functions is invariant under time-reversal. 
This leads to the following expression of H(r) : 

In the above equation, we have neglected the contribution of the 
exchange terms of the Coulomb interaction. The last term of eq. 
(21) represents the direct Coulomb contribution arising from the 
average Coulomb potential. V"c (r) produced by the proton distri
bution p_(r) : 

P 
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Vc(£)- ffc(V)-iL <*V (22) 

Tbâ exchange part of the Coulomb interaction 

can be taken into account approximately without drastically 

changing the analytical form of H(r) if one uses the Slater 

approximation : 

E«* tt-^® /V> ̂  (23) 

which is very accurate in finite nuclei (the errors are smaller 

than 10 % ) . 

By comparing the terms in to and t 3 

(see eq. (21)) one can readily see that the three-body contact 

force gives the same contribution to the total energy as the 

density-dependent zero-range force defined by eq. (19). 

3. The Skyrme-Hartree-Fock equations 

We now determine the individual wave functions 

VJ from a variational principle. The variation <5E of the total 

energy E due to a variation 6^ of the wave functions <p. is : 
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The quantities fip , 6T and 6$ are related to the 6 v» by 

if,' « 2 Z f ft(x> «ft (*) > J> A 2 [7f/fx)J. Vfifx) 

(25) 

From the expression (21) of H (if) it follows 

that eq. (24) can be rewritten as : 

* (26) 

with the following definitions 

(27) 

(28) 

H, f *) s ̂  r̂ r • rç )* ( k £ ) % < 2 9 > 
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We now require that E must be stationary with 
respect to variations 6>p. of the functions <p. subject to the 
constraints that their norm remains unity. Thus, we are led to 
introduce the Lagrange multipliers e* such that : 

i[E - I ei/lftC*"))1 <***] - o for all 6^ 

This condition, together with eq. (26), gives the Hartree-Fock 
equations : 

[-V.i^ Y + ÇfO-lty*)'(**?)]<(* (*>«<<ftCx> P 0 ) 

•y~) 

Since the quantities m , F and W depend on the v.'a, one can 
see that the set of equations (30) is highly non-linear : this 
is the well-known self-consistency problem of the Hartree-Fock 
approximation. 

Notice however the important simplification 
brought in by the special analytic form of the Skyrme interaction: 
the non-locality of the Hartree-Fock field is now entirely 
described by an effective mass m (r), i.e. the usual set of 
coupled integro-differential equations has become a set of 
differential equations. 
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4. The case of spherical nuclei 

If we assume spherical symmetry, we can 
decompose the <p.'s into their radial and spin-angular parts : 

with the same notations as in Part I. 
For closed shell (or closed subshell) nuclei, 

the density P_(r) and t_(r) have spherical symmetry : 

i f (32) 

On the other hand, the spin density 2o' r^ n a s t n e e xP^iPi t form 
f 

(33) 

The three-dimensional equations (30) then 
reduce to the simple radial form : 

s L t - ^ w * ^ "-(->]• V^w - f é - J ^ s * %M < 3 4 ) 

where the local potential V (r) is a sum of a central part V°(r) 
* HI 

(plus the Coulomb potential V(r) if the particle is a proton) 
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and a spin-orbit part <£. 0" > V ' ( A.) : 

+ f « i ^ ) i t ( « f e d & ) ^ + f ^ ) T + ^ ^ (35, 

The set of coupled non-linear equations (34) 
is then solved numerically by an iteration procedure. 

One may notice that the spin density >X (r), 
whose expression is given by eg. (33), is very small in spin-
saturated nuclei, i.e. in nuclei for which the subshells 
j = 1 ± i are filled ljfa(*) would be identically zero if the 
radial wave functions u were the same for j = Jt+ j and 
j = »- I] . 

5. Determination of the force parameters 

It is generally accepted that the Hartree-Fock 
approximation should be particularly justified for magic (i.e. 
doubly closed shell) nuclei. It is then reasonable to try to fit 
the gross properties of magic nuclei in order to determine the 
interaction. The six parameters of the Skyrme force were therefore 
adjusted by fitting the total binding energies and charge radii 



27. 

of the following nuclei : 1 6 0 , 4 0Ca, 4 8Ca, 5 6Ni, 9 0Zr, 1 4 0 C e 
208 and Pb [3] . These nuclei cover a range of the periodic 

table wide enough to guarantee that the effective interaction 
is able to reproduce the correct values of what are called, in 
liquid drop analysis, volume energy, surface energy and asymmetry 
energy. Also, a good fit of radii ensures that nuclear saturation 
occurs at the correct value of the nuclear density. 

It turns out that the fit of the total binding 
energies and charge radii of the nuclei mentioned above does not 
determine uniquely the six parameters of the force. More precisely, 
there is a whole family of parameter sets which can be considered 
as acceptable. Each set of parameters can be characterized by 
the value of the parameter t3 which governs the density depen
dence of the force (see eq. (19)) t larger values of t3 corres
pond to stronger density dependence of the force. Another feature 
which is not apparent from the general equations but comes out 
of the numerical calculations is that stronger density dependence 
in the Skyrme interaction always leads to more local Hartree-Fock 
potentials. This can be understood by the following argument : 
eq. (27) tells us that the ratio m*(r)/m of the effective mass 
to the nucléon mass is, in the case of a N = Z nucleus, i.e. 
when P n = P p = -| P : 

This shows that m (r) is equal to 1 outside the nucleus and 
reaches a nearly constant value - " 2°' in the interior region t 
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W*(0/n 

Although eq. (37) does not exhibit any explicit dependence of 
the effective mass m (r) on the parameter t 3, they are actually 
related t the fit of binding energies and charge radii of closed 
shell nuclei shows that the parameters ti and t 2 are linear 
functions of t 3 is such a way that "*_ increases with t 3, i.e. 
the non-locality of the Hartrer*-FocK field decreases (a completely 

* 
local Hartree-Pock potential would correspond to — = 1 everywhere). 

Since the more or less strong non-locality of 
the average field affects the level density of the single particle 
spectrum (a more local field corresponds to a more dense single 
particle spectrum), comparison with experimental spectra can give 
some indications about the parameter sets to be considered as 
acceptable. 

As a typical example, let us consider the 
force SHI which is among the various forces given in ref.[3]. 
It corresponds to the following values of the parameters s 
to = - 1128.7 MeV xf m

3 } ti = 395. MeV x fms ; t 2 • - 95. MeVxfm 5; 
t 3 = 14000. MeV x fm6 ; x 0 = 0.45 ; w, = 120. MeV x fms . 
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In table 1 are shown the calculated and experi

mental-values of total binding energies B and charge radii r for 
the nuclei used in the parameter fit. 

BexP[MeVj B c a l c-[MeV] r*xP[ fm] r° a l c'[fm] 

1 6 0 127.62 128.21 2.73 2.69 
4 0Ca 342.06 341.88 3.49 3.48 
4 8Ca 416.01 418.21 3.48 3.53 
5 6Ni 484.01 483.64 3.75 3.79 
9 0zr 783.92 782.66 4.27 4.32 

1 4 0Ce 1172.70 1172.40 
208 p b 1636.49 1636.61 5.50 5.57 

Table 1 

6. General results for ground state properties 

Once the values of the parameters have been 
fixed, one can perform Hartree-Fock calculations for other nuclei 
in the periodic table. This has been extensively done (see, for 
example, ref.{ 3 ] ). 

To illustrate the level of accuracy one can 
reach in the description of nuclear ground state properties using 
the Skyrme parametrization of the effective interaction, we shall 
briefly discuss some of these calculated properties and how they 
compare with experimental data. 
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The calculated r.m.s. charge radii are in good 

agreement (within less than 2 %) with the experimental data. This 

is true not only for the closed shell nuclei which have been used 

to determine the force parameters, but also for all other nuclei. 

Figure 1 shows a comparison between calculated and experimental 

charge radii. 

c(fm) 

' Exp. 
>sm 

j .—l—!_. 1_ 
"O J T a ' n7r S"°C» Aft 

"Ni ""Pb 

E-24M0McV 
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In figure 2 we show as an example the elastic scattering 

differential cross sections of electrons on 4 0Ca at 250 MeV 

incident energy. The experimental points are represented by 

black circles whereas the different curves have been calculated 

by solving the Dirac equation and using the Hartree-Fock charge 

distributions. 
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In figure 3 is shown the calculated matter 
distribution p(r) as a function of the radial distance r (these 
results were obtained with the force SIII). 

F̂ . 3 

The nain property concerning the single particle 
level density is that it is closely related to the non-locality 
of the Hartree-Fock field. In the case of the Skyrme force, this 
non-locality is governed by an effective mass which is related 
in a very simple way to the parameters of the force, as we have 
shown. In order to obtain a calculated level density close to the 
experimental one near the Fermi level, a strong density depen
dence in the force is needed (large values of t 3 ) . On the other 
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hand, the requirement that the deep levels be deep enough favors 
a weaker density dependence (small values of t3>. The force SIII, 
which gives an effective mass m*/m = 0.76 in infinite nuclear 
matter, realizes a reasonable compromise between these two 
conditions. 

Before looking at the binding energies of 
finite nuclei, let us mention the fact that all the Skyrme 
interactions fitted on closed shell nuclei give an energy per 
nucléon E/A in nuclear matter close to the generally accepted 
value of - 16 MeV. However, the calculated Fermi momentum 
corresponding to saturation is always close to 1.30 fm - >, i.e. 
smaller than the usual value of 1.36 fm _ 1. 

If one wants to use the Hartree-Fock method 
to calculate binding energies of nuclei away from closed shells, 
one must be aware of the following limitations of the method : 
1/ All the long-range correlations responsible for dynamic 
collective effects are not taken into account.. The evaluation of 
the magnitude of these effects is a problem far from being 
solved from a microscopic point of view. One may hope that these 
effects would only add small corrections to the Hartree-Fock 
results. 
2/ Nuclei are often deformed and the deformation then corresponds 
to an increase in stability. For these nuclei having strong 
permanent deformations, one should allow the Hartree-Fock solution 
to become deformed. Such calculations have been done in the 
past with the Skyrme force | 41 .We shall not describe them here 
nor discuss their results. We just mention the fact that for the 
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permanently deformed nuclei (s-d shell, transition nuclei) 
inclusion of the axial deformations in the Hartree-Fock calcula
tions improves remarkably the results as compared with spherical 
Hartree-Fock calculations. 
3/ For non-closed shell nuclei the pairing correlation effects 
become important when the level density around the Fermi sea 
becomes larger. These pairing effects can be readily incorporated 
by a Hartree-Fock + BCS treatment which we now briefly describe. 

Instead of minimizing the energy E = J H(r) d 3r as 
before, we now minimize 

£ -. /H(0 (PA- - i Sr G,j U;V{ «j V- (38) 

where H(r) is the functional defined earlier (see eg. (21)) with 
extended definitions of the densities p, T and *i . For example, 

1 i=l 

where the <p. are the individual wave functions of the trial 
BCS state. In eq. (38), the u. and v. are the usual BCS amplitudes 
and the G.. represent the pairing matrix elements. The minimization 
of E is performed with respect to variations of v., v, and *p. 

under the constraints : 

/iCf^J* - d ; I v / r ft . i^v, 1. i . , , (39) 
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When the G.. are kept constant, the minimization leads to a 

system of two coupled sets of equations. The first set is formally 

identical to the ordinary Hartree-Fock equations (30). The only 

change is that e. differs from the Lagrange multiplier A. 

corresponding to the first constraint (39) and is now equal to 

X./vf. The second set of equations is the well-known set of 

BCS equations which in the case of spherical symmetry reads : 

V.1 -_ i n - _£i_L*S_l (40) 

Here i denotes the set of quantum numbers (qnj j), 

E. = V (ei~*a'2 + ûi i s t* l e quasi-particle energy, à. the 

diagonal element of the pairing interaction and X the chemical 

potential. 

In practice, the pairing matrix elements G.., have 

been computed using a phenomenological two-body interaction and 

harmonic oscillator wave functions. A more satisfactory calcu

lation would be of course to use the same Skyrme interaction 

and the self-consistent wave functions <P, to compute G..t. 

The non-linear system of coupled equations (30) and (40) 

is then solved as usual by an iterative procedure until conver

gence is reached. 

In figure 4 are shown the differences ABj between the 

theoretical binding energies calculated as explained above and 

the experimental ones. The calculations have been performed with 

the interaction SHI. 
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If we ignore for the moment the rare earth (150 <A< 200) 
and the actiniae (A = 240) regions where deformation effects 
are important, we can see that the agreement between theory and 
experiment stands at the 5 to 10 MeV level, i.e. better than 
1 %, for the whole range of atomic elements. One may think that 
the missing energy can be accounted for by the long-range 
correlations neglected here. 

In the regions 150 < A <200 and A ^ 240 where the 
discrepancies can be as large as 20 MeV, deformed Hartree-Pock + 
BCS calculations have shown that one can again bring down the 
calculated binding energies within less than 5 MeV from their 
experimental values. Thus the 1 % level of accuracy holds for all 
nuclei of the periodic table. 
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7. Other applications of the Skyrme-Hartree-Fock method 

We briefly enumerate a few other applications 
without discussing them in details. This list is by no means 
exhaustive and does not include such special topics as the Coulomb 
displacement energies in nuclei, isotope shifts, neutron matter 
distribution in nuclei, etc... where the Hartree-Fock method 
can be, and has been used. 

a. Deformed_nuçlei^Fission_barriers 

We have already alluded to deformed Hartree-
Fock calculations [4,8] . These calculations give a nice micros
copic foundation to the phenomenological Nilsson model. Besides 
the fact mentioned before that they improve the calculated total 
binding energies in the rare-earth and actinide nuclei, they 
also give very good agreement with the experimental quadrupole 
and hexadecapole moments for these nuclei. 

Deformed Hartree-Fock calculations with a 
constraint on the quadrupole moment have also been used to 
compute fission barriers in heavy nuclei. An example is shown 

240 
for Pu in fig. 5 (taken from ref. (81 ). 

b. Nuclei_far_from_the_stability__line 

Since the Skyrme force seems to work well 
in the description of nuclei lying near the stability valley, 
it is tempting to extrapolate to more exotic nuclei lying farther 
from that valley. For example, a study of the neutron-rich 
sodium isotopes has been performed in ref. [51 . For such 
extrapolations, the deformed scheme is of course necessary. 



C MeV 

"Oborn 
Calculated deformation cnercy curve over the tiMlon barrier (with W » I!)- IJterjIes ate 

«prosed in McV. Mass quadrupolc moments are cjven in h. Tlnce calculated points with a larser 
basis (W - 14) an a t o shout». Double arrows represent Ihe calculated slopes ai the« pom" 
which con be seen to be close lo Ibose lor « » 12. The shift in encrey n uniform »nhin I McV. 
II corresponds M Ihe cura-bindine. enerey due lo a belicr representation of Ihe lads or ine nave 

functions. 

h ? 

Such a study has been done for example in 
ref. [6] . The possible magic numbers emerging from a spherical 
Hartree-Fock + BCS calculation are Z = 114, 126 and 138 for 
protons and N = 178, 184 and 228 for neutrons. A sizable shell 
effect is found at N = 114, N = 118 and N = 228, whereas the 
shell effect at N = 178 or Z = 120 is smaller. The fission 
barriers for the nucleus (Z = 114, A = 298) have been computed 
as in a) and are shown in fig. 6. 

However, one must be rather cautious in this 
kind of predictions. First, the shell effects are rather 
sensitive to minor details of the force, such as the two-body 
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spin-orbit part. Secondly, small changes in the'total binding 

energies and single particle energies result in tremendous 

variations in the predicted o-decay and g-decay lifetimes 

(several orders of magnitude), so that it is very difficult at 

the present stage to make any reliable prediction on the 

stability of super-heavy nuclei. 
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III. MICROSCOPIC DESCRIPTION OP EXCITED STATES 

We now show how one can extend the Skyrme-type 
Hamiltonian to describe not only the ground state properties of 
nuclei but also the nuclear excitations, or at least part of them. 
In doing so we shall make use of the Random Phase Approximation 
(RP&) which is a natural extension of the Hartree-Fock Approximation. 
Indeed, the Hartree-Fock theory deals only with first order 
variations of the single particle wave functions whereas the RPA 
eigenstates are closely related to second order variations and the 
stability conditions of the Hartree-Fock stationary solutions [1]. 
Since the fame Hamiltonian is used to describe self-consistently 
the nuclear ground state and excited states, we call this approach 
the Self-Consistent RPA (SCRPA), in contrast with other RPA 
calculations done on a more phenomenological basis. 

For practical applications the SCRPA method 
is restricted, at the present time, to closed shell nuclei where 
numerical calculations are most easily done. How to use this 
approach in non closed shell nuclei and deformed nuclei still 
remains an open question. 

1. The Linear Response Theory 

In this section we recall briefly some basic 
results of the linear response theory that will be needed. A more 
complete account can be found for example in ref. (2). 

Let Ho be the unperturbed Hamiltonian of a 
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nucleus, {* } the complete set of stationary eigenfunctions with 

eigenvalues u> (*», n)0 will correspond to the ground state). They 

satisfy the time-dependent Schrôdinger equation : 

i*>ç&W«W.i<tt <«1> 

If Q is a one-body operator, we shall denote by q 0 its ground 

state expectation value : 

A s > <& | Q | & \ : independent of time 

It will be convenient to use the Heisenberg representation in 

which the wave functions 

£ (42) 

are time-independent, whereas the operators 

Mj/t „ -iHot/t 
Q(t)* <? Q e (43) 

are time-dependent. We have obviously 

Suppose now that the nucleus is perturbed by 

a time-dependent external field A f(t), i.e. the Hamiltonian 

becomes : 

H(t) = Ho + A f (t) 
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where A is a one-body operator and f(t) is assumed to be a real 
function of time. The new eigenfunctions will be denoted by ¥ 
and they obey the equations : 

If we define ^(t) •* € \ ( £ ) , then the new quantitie 
<P (t) are solutions of n 

it ̂ W - ttoltofa*) (45) 
where /)(<£") e -e fi e ( 4 6 ) 

The change of the ground state expectation 
value of Q, at time t, is called the response of the system : 

<j#> ̂ <tm^t)ii(^>-.<i(t)\Qt(i)i\ct)> ( 4 7 ) 

We now expand to(t) in a power series of the perturbing field A 

tw - *'M<\ t'\ 
From eg. (45) it follows that 

i*fc4P.. - * ' * ' .?. 

etc • • •. 
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The solution to the second equation is : 

•00 

In writing eq. (48) we have required that f0(t) <—• *o > i-e. 
t->—<" 

at the initial time the perturbation is zero. 
If the external field A f(t) is weak enough, 

we can approximate ¥o(t) by its expansion up to linear terms 
only. This defines the linear response of the system, which we 
also denote by q(t) s 

^ ) = i / ^Jtftlt^Ql*)]!&>#'>*' (49) 

Notice that the commutator [A(t'), Q(t)J 
depends only on the time difference t-t'. 

It is convenient to work with the linear 
response function R(t-t') defined as : 

o i{ *4Jt' 

m'i')" i uiitttvMmh <!*>*' 
(50) 

Then, eq. (49) can be rewritten as : 
•MX» 

*U)*if *'*-*'> t(*'> *' . (49') 
1 K -to •to 

If we introduce the Fourier transforms 

R(*>)sf R(tr) 4tuiX dt (5i) 
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and similar definitions for q(u>). f(u), the relation between 
q, R and f becomes 

<j(«) -. ± R(W) { ( * ) . (49<1) 

The linear response function R has several 
interesting properties which can be seen if we make use of its 
spectral representation : 

* 

(52) 

where w = « - Wo is the excitation energy of the state *_. no n = J Tn 
To prove this result, we just need to introduce in the definition 
(50) the complete set of the stationary (unperturbed) states 

£ | <}? > < |> I . This will give s 

i o "-/ * £ * 
( 5 3 ) 

where /ton =^ ̂ J ̂ J fh ) ' e t c * " • T h i s expression is identical 
to what we would obtain if we calculate the Fourier transform 
Pj J € Rt w> « w , using eq. (52) and performing 

contour integration in the complex w-plane. 
It is now clear from eq. (52) that R(w) 

contains most of the information on the excited states of the 
system. The poles of R(w) are related to the excitation energies 
M • If we consider the special case A = Q and choose for Q a given 
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multipole of electromagnetic transition operators, the 

residues of R(&>) are just |<^,|Q 1 <}V> I » i-e. the transition 

probabilities. In particular, the quantity 

S(cS) 4 ^ R M = | kfcl Qltol* ft"- V«o ) (54) 

is the distribution of strength of the multipole operator Q. 

From now on, we shall use eg. (52) with the 

special choice A = Q. If we write the local operator Q in its 

second quantization form : 

Q s/olV Q&) ^flt)f(X) (55) 

where ï (r) and V(r) are particle creation and destruction 

operators, R(ti>) becomes : 

K I<brfm*)\{yiit\*>t^/^fi-. , - ( 5 6 ) 

«"-•"Win •» 

where we have introduced the particle-hole Green's function 

G(r , r';ii)),or density-density correlation function. This last 

name comes from the fact that G(r,r';u) is the Fourier transform 

of the ground state expectation value of the time ordered product 

Gfai'ju)* i[Jt 4ut<i\r{fW>W*> f*K')f(*,<>>} I&> 

t + •* 
and the operator product ¥ (r,t)V(r,t) measures the density at 
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point r and time t. 
Equation (56) can be rewritten in a more 

compact form as: 

R(w) = Tr(Q+ G(w)Q) . (56") 

An important property of the Green's function 
G(r,r';<jd) is that if a time dependent external field of the form 
f (r) e~ is applied to the system, the change in the density 
at every point r is given by [ 2] : 

Î j>f î )- /«IV <?f*,*'jt^ {(*) (57) 

2. RPA calculation of the linear response function R(h>) 

The Random Phase Approximation can be viewed 
in many different ways (see, e.g., ref. [ 31 ). It is an approxima
tion which is based on the assumption that the oscillations one 
wishes to describe have small amplitudes. It provides a powerful 
tool for a microscopic description of collective excitations. 

We briefly recall the basic equations of the 
RPA by using time-dependent Hartree-Fock theory. We follow the 
argument given for example in ref. [4] . Assume that the single-
particle Hartree-Fock Hamiltonian can be written as a functional 
of the local density p 0; this is not true in general, but it 
is the case for the Skyrme-Hartree-Fock Hamiltonian for example : 

H,«HCf.)-T+Uf(»0 i W M « « i f t • (58) 
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The Hartree-Fock density is, of course, 

f0(Z) ~ ? ¥***** ¥« I*) . The subscript 0 indicates 

that the system is unperturbed. Now we add to H, a time-dependent 

external field of the form : 

f (r",t) = f (r)e"i<ut + h.c. 

The perturbed density p will have the same time dependence : 

p = po + (fip e " i u t + h.c.) 

In the spirit of the time-dependent Hartree-Pock theory, the 

perturbed system is described by a new Slater determinant built 

upon modified single-particle wave functions <p. : 

«ft « ft + « K + - e %i < 5 9> 

where we may take Xii^i orthogonal to (fi.. To first order in flp, 

the new Hartree-Fock Hamiltonian is : 

H(tt - H . + (^ )«"* '* + «
, ' M t àH lf +• lc.) i « J^ . . * - i ( 6 0 ) 

whereas the <p. satisfy the time-dependent Hartree-Fock 

equations : 

[H(«-«]fl -.• |j?, 
(61) 

By identifying the coefficients of e* " we obtain the following 

system of equations s 
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(H.-«oWfr«)*èHj f )<f t = + w * 
>r 

*, (He,-ne +(#*) + «J.ff ) % - - « * 
(62) 

3n (we have assumed that f and -5= are real), the formal solution 

of which is : 

(62') 

we also have : 

(63) 

;y-Ho + €i w*-'y+Ho-€t-

If we now define an unperturbed particle-hole Green's function 

G ( o ) (r,r';u)) by : 

ff'fct>)e2 «fitful , \ L_ |*'>to/*; (64) 

then 6p becomes : 

t f . < = ' • ; * > t / • H . » , ] (65) 
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By comparing this result with eq. (57) we can see that the.RPA 

particle-hole Green's function satisfies the integral equation, 

or Bethe-Salpeter equation : 

Rfft M (à If/ „*** ,«i 

<?"%) = <? M + «(«)£ « f»> ( 6 6 ) 

The above derivation gives us the Bethe-Salpeter 

equation in coordinate representation. It also shows that the 

antisymmetrized particle-hole interaction V ., which appears in 

the usual RPA equation : G R P A = G ( o > + G ( o ) V p h G
R P A , has to be 

identified with the functional derivative 30/3p of the Hartree-

Pock field. Indeed, if the two-body interaction V which generates 

the Hartree-Fock field is density independent, then 3U/3p would 

be identical to the original (antisymmetrized) V. The functional 

derivative 3U/3p is a generalization to the case when V depends 

explicitly on the density, as it is the case for the Skyrme 

interaction. 

Once eq. (66) is solved, we can obtain the 

linear response function R(io) by using eq. (56'). 

RPA 3. Integral equation for G in the r-representation 

In this section we describe the method of 

solution by starting with a simplified form of the particle-hole 

interaction V h . For practical calculations one uses of course 

the interaction V . derived from the Skyrme force (see next 

section), but the additional complications introduced by the 

velocity dependence of the Skyrme force would obscure somewhat 

the presentation. 

+This definition of the particlc-hole interaction is identical to the 
quasi-particle interaction of Landau's theory of Fermi liquids. 
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We first look for a more explicit form of 
eq.. (66). We go back to the configuration space representation 
and define the quantities G„ A

I D and G*° » 0 by the relations ^ ay,op ay/03 

(67) 

ffoW'jJIft &WXW*')%&) G^f») 

where the summations run over all single-particle states. One 
can easily see that G'° j. is just : 

4* M ' f At=?i (68) 

where n is one if a is an occupied state and zero if it is 
unoccupied. The unperturbed Greens function G ' is diagonal in 
the particle-hole space. Then, eq. (66) is equivalent to : 

a• 7 f « ) * G

 r<w> Ç J / ' ^ V ' r ) W w ) , 6 6 , ) 

where summations over repeated subscripts p,a,... are implicit. 
Here we assume that V ,_ is of the form : ph 

Then, the antisymmetrized particle-hole interaction V ,. is : 
Ph 
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where P x, P° and P T are the usual space-, spin- and isospin. 
exchange operators. Because of the 6(rj-r2) factor, P x can be 
replaced by one. Also,PT just gives a factor t 1 depending 
whether we deal with T = 0 or T = 1 particle-hole excitations. 
Keeping this in mind, we shall not write explicitly isospin 
quantum numbers and isospin operators in the following. Finally, 
we can use the relation P = ?' '°2 to express Vphf 1» 2) i n 

the form : 

where a
s = o = a » as=i = **» a n <^ t n e ° P e r a t © r s j a r © obtained 

by vector-coupling spherical harmonics with the Pauli spin 
matrices : 

We now introduce the following definitions : 

1 
(70) 

C t; K^;^ s MA)R p ( A)^JXi)^> 

Then, the antisymmetrized particle-hole matrix element appearing 
in the Bethe-Salpeter equation (66') can be written as : 

(71) 
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If we use this expression in eq. (66'), multiply both sides by 

CL%S n(U;l) Ct.iszH(if>x)\rO a " d s u m o v e r a 1 1 quantum 
numbers except L 1 # Si, L2, S 2,^, M, we obtain the r-representation 
of the Bethe-Salpeter equation (66') : 

M 

where the quantities G ̂ * , G„ are defined by : 

(73) 

One can show that these quantities are independent of M. 
Eq. (72) is in fact a set of coupled integral 

equations which can be solved numerically. The general method is 
to choose a grid of mesh points in the (r,r") plane and replace 
the integral equation by a matrix equation. The quantities 
G , GJ°' will be represented by super-matrices : 
2 * 



L,S Llf' L ; i" e>e 
53 

i,r 

i',r' 

v 

TT 

*' 

If one can construct the matrix representing 
the unperturbed Green's function G ( 0'{w), then the RPA Green's 
functions G (<o) is obtained simply by a matrix inversion. In a 
shorthand notation, we have : 

G = G ( o ) + G ( o ,A G 

where A is a diagona1. matrix in r. space. Then, 

6 - (1 - G ( o ) A)" 1 G ( 0 ) 

The unperturbed Green's function G*°'(r,r';w) 
can be explicitly constructed in the following way. In eq. (64), 
the summation over the occupied states i causes no problem since 
this is a discrete sum of a finite number of terms. He have also 
to handle quantities like <r | = 1 r"> where Z is some 

Z+in-Ho 
real parameter (Z = e^iw in eq. (64)). We first make the 
multipole expansion : 

(74) 
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The quantity g .(r,r';Z) is just the 
Green's function corresponding to the radial Hartree-Pock Hamiltonian 
(see eq. (34) of part II) : 

The important thing to notice is that h is a purely differential 
operator in the case of the Skyrrae force, whereas in general it is 
an integro-differential operator (see part I). Then one can readily 
express g„-(r,r*;Z) [5] in terms of two linearly independent 
solutions v and w of the differential equation : 

(h - 2) v = 0 . 

These solutions must satisfy the boundary conditions : 
a) at the origin, v(r) is regular and w(r) is irregular 
b) at infinity, v(r) behaves like a standing wave whereas w{r) has 

a radially outgoing wave behaviour. Then the Green's function 
g.. (r,r';Z), inverse of the differential operator Z-h, is 
given by I 5] : 

1 * W(v,w) 
where W(v,w) = vw' - wv' is the Wronskian of v and w, r and 
r > are respectively the smaller and the larger of r and r'. 

This representation of G ( 0'(u) in coordinate 
space has the advantage that we thus include the whole single-
particle spectrum in the calculation, without any truncation in 
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the particle-hole space. This has two consequences : 
a) the single-particle continuum is included, therefore the decay 

of the nuclear states by particle emission can be described. 
In other words, we shall obtain excited states with finite widths 
corresponding to particle escape widths . 

b) since we perform a self-consistent RPA calculation without space 
truncation, sum rule methods can be used as a check of 
numerical accuracy of the calculations (see section 4 ) . 

4. Application to the giant multipole resonances in nuclei 

The method outlined in the previous section has 
been used for the study of the multipolfe resonances in nuclei 
[4,6,7] . In practice, starting from a velocity-and density-
dependent Skyrme force one performs a Hartree-Fock calculation 
which gives the one-body Hamiltonian H 0 and the single-particle 
wave functions and energies {f^e^} . By differentiating Ho with 

respect to P one also obtains the antisymmetrized particle-hole 
<\> interaction V . which can be written as : ph 

* c {%-%). (yfy*. 4 rÇ+V).(?+?Y] (77) 

where a,b,c,d are functions of the Skyrme parameters (and of the 
density p for the coefficient a). The notation vD(V.) stands for 
an operator acting on the particle (hole) wave function to the 
left (right). The interaction (77) has a more general form than 
eg. (69), but the calculation of G R P A follows a similar line to 
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the one described in section 3. 
Before presenting some of the results, let us 

digress shortly about an interesting property of RPA states. It 
has been shown by Thouless [8] that, provided that the following 
conditions are fulfilled : 
a) the RPA calculation must be self-consistent, i.e. the same 
force V generates the single-particle basis (via Hartree-Fock) and 
the residual particle-hole interaction ; 

b) there is no truncation of the particle-hole space ; then one 
has the result 

H1«Zk«RlQlf.>|l«h. 1 - 4<f.iC«,CHi<?ll/?.,> I (78) 
m *-F' 

where the left hand side is calculated using RPA transition ampli
tudes <n|Q 10> and excitation energies u> _» and the right hand side 
is obtained by taking the expectation value of the double commutator 
in the Hartree-Fock ground state. This result is known as Thouless 
theorem. 

The SCRPA model we are describing here actually 
meets the requirements of Thouless theorem, so that we many use 
eq. (78) as a check of the calculations. Other authors have also 
derived expressions for the cubic energy-weighted sum rules 
H 3 5 Z.\<%\ Q Ifo^l Sio i n t e r m s o f double commutators [9] . 
We show here a comparison between the quantities M? and M? 

.DC (taken from ref. [7 ]) and the corresponding quantities M^ and 
<3C obtaii 
values [ 91 

DC M 3 obtained by evaluating the double commutator expectation 
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16 0 208 p b 

t£= l',T=l Mj P A/Mi C 0.96 0.91 

RPA ,„DC 

3 = 2+,T=0 J 

1 M? P A/M? 

0.99 0.94 

V M J 0 0.97 0.96 

The deviation from 1 can be attributed to the 

various approximations contained in the RPA numerical calculations. 

It gives an estimate of the accuracy one can attribute to such 

calculations. 

We now briefly review some typical results obtained 

for multipole resonances. The calculations were performed with 

the force SIII [ 7] . 

In fig.l are shown the photo-cross sections for the 

nuclei °0 and Pb. In O, the shape of the cross section is 

well reproduced. The magnitude of the calculated cross section is 

also correct, in contrast with more phenomenological particle-hole 

calculations which have difficulties in predicting the right 

magnitude without introducing an absorptive part in the average 

potential. This fact is closely related to the above remark about 

the sum rules and self-consistency. The energy of the peaks in 

the cross section is about 2 MeV too low, due to the too small 

gap between the calculated particle and hole energies. 
2ûd 

In Pb, the calculation gives rise to m 

narrow peaks because of the large number of particle-hole 
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configurations involved. However, if one takes an average in the 
12 to 17 MeV interval, this gives a fair agreement with experiment. 
The broad peak around 18 MeV, which is not seen experimentally, 
may be attributed to the lack of a long range component in the 
Skyrme force. Such a long range force would bring the strength 
higher in energy and wash out that peak. Also, the calculation has 
neglected the repulsive (a.o) (T.T) part of V _ which would act in 
the same direction. 

b. Isoscalar_guadrugole_states 
The strength distributions S(E) (see eq. (54)) 

in 0 and Pb are shown in fig. 2. Here, the experimental data 
are not so accurate as for the dipole case. The only remark we 
shall make is that the calculated widths, which contain only 
particle escape widths, seem to be too small. More complicated con
figurations such as 2 particles-2 holes, etc... would tend to 
fragment the calculated peaks and spread the strength over a wider 
energy range. This is born out by some recent calculations [ 101. 

c. MonoRole_states 

The strength distributions of the isoscalar 
monopole states (0 , T = 0) are shown in figs. 3 and 4 whereas 
the isovector monopole distributions (0 , T = 1) are shown in 
figs. 5 and 6. These states are generally very broad, especially 
in the lighter nuclei. Very little is known experimentally about 
the isoscalar monopole states. Some preliminary measurements await 
confirmation of the spin assignments. As for the isovector 
monopole states, no observation has been reported yet. 
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