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Distributions of average axial field in the
KEK linac cavity are measured for different tuner
positions. The results obtained are compared with
calculations based on two analytical methods:
Alvarez's method and an equivalent circuit method.
The field distributions are calculated for various
distributions of the resonant frequencies of unit-
cells. The calculations by the equivalent circuit
method are found to be consistent with the measure-
ments for the distributions and the resonant fre-
quencies of the cavity.

I. Introduction

Longitudinal notions of protons in a linear
accelerator depend on electric field intensities of
each accelerating gap. In order to get a good
quality of output beans, it is necessary to adjust
the Intensities to form an optimum distribution
along the axis of the cavity. In the following,
we have concerns with the field intensities in
terms of the average axial fields. The field in-
tensities can be changed uniformly throughout the
cavity by changing the rf power fed into the cavity.
In this case, tlie relative field intensities at dif-
ferent position3 in the cavity or the fleid distri-
butions are fixed depending on the boundaries of
the cavity. If we want to change the field distri-
butions, a percurbation must be given to deform the
boundaries. This will be usually performed with
tuners.

In the stage of a design for a proton linac
cavity, each unit-cell has the same resonant fre-
quency. If this condition is satisfied, the aver-
age axial field may be constant along the cavity
axis. The unit-cells of a really constructed cavi-
ty, however, have errors in the resonant frequen-
cies, which produce an unwanted tilt in the axial
average fields. Adjusted by tuners, the tilt has
been positively used for some of the existing linac
cavities below about 20 MeV in energy. To get the
designed tilt of the field distribution, we may
want to know a relation between the field distribu-
tions and the perturbations given by tuners. It
would be very convenient if we can calculate the
field distribution as a function of the resonant
frequencies of unit-cells. So far an analysis of
the field distribution has been presented by
Alvarez et al. in Ref. 1. In their method the field
d'./stributlon in a linac cavity is approached by the
distribution in a uniform hollow cylindrical cavity
having small errors in diameter along the cavity
axis. The relation between the field distribution
and a variation of diameter is found in terms of
the Fourier series coefficients for these two quan-
tities. The method is called here as Alvarez's
method.
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An equivalent circuit has been presented to

obtain the dispersion relation for a proton linac

cavity . The author ec al. have reported before
that the equivalent circuit is useful to prove the
constant field distributions in a linac cavity whose

unit-cells have the same resonant frequency . Here
we use the equivalent circuit to calculate the field
distributions in the cavity having various distribu-
tions of the resonant frequencies of the unit-cells.

The average axial field in the KEK linac
cavity is measured by a bead perturbation method.
The field distribution can be changed easily by
means of tuners installed on the cavity. Thus, we
Investigate the effect of the local perturbations on
the field distribution. In this paper, comparisons
between the measurements and calculations based on
the above two methods are presented.

II. Results of Measurement for Axial

Average Field in the KEK Linac

The method and procedure for measuring the
average axial field in the KEK linac have been de-
scribed in detail in Ref. 4. The distribution of
the average axial field has been adjusted by means
of the fourteen cylindrical tuners which can be Inde-
pendently driven by motors. The final setting of
the distribution, E. is plotted in Fig. 1. To pre-
pare for the analyses in the following sections, an
analytical function should be found to fit these
data. The Fourier series expression is chosen for
this purpose, so we put

Fig. 1. Measured average axial fields in the
KEK linac cavity and their approximate
fitting by the Fourier series.
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EQ(z) V (1)

where L is the whole length of the cavity and N will
be taken to be 10 which has been found to be suffi-
cient for getting a good approximation of E_. The

variable z Is the distance taken from the low ener-
gy end of the cavity to each position. The Fourier
series coefficients An's are evaluated by numerical

Integral as follows, (without normalization)

A 0 - 42.595
Ai - -4.383
A 2 - -1.090
A 3 - -0.098
A4 - -0.676
A 5 - 0.297

*6 '
A7 -
A 8 -
A 9 -
A10"

0.277
0.307
0.368

-0.043
-0.101

Using these coefficients, Eq.(l) gives a solid curve
in Fig.l. Now the field distribution shown In Fig.l
may be assumed to be the Initial field distribution
or the distribution without perturbation, since It
Is perturbed further by the tuners to get experimen-
tal data on the field distribution. The measure-
ment could be carried out for various combinations
of the positions of the fourteen tuners. However,
the tuners' effect on the field distribution Is
typically observed when the tuners at the ends of
cavity are moved. In this paper, the comparison be-
tween measurements and calculations will be done for
the two cases, which are denoted as Case A (when the
tuner at the low energy end is moved) and Case B
(when the tuner at the high energy end Is moved).
These two tuners are fully pulled out for the Ini-
tial field distribution. The ratios of the average
axial field with and without the plunged-in tuners
are shown in Fig.3 or Fig.7 (Case A) and Fig.4 or
Fig.8 (Case B) by crosses. The fluctuations of the
data are probably due to experimental errors.

III. Analysis by Alvarez's Method

The Alvarez's method for analysis of the
field distribution in a proton linac cavity has
been described in detail in Ref. 2. Here only the
outline of the method is given and a few relations
are derived for our analysis. The method is based
on a perturbation theory and it Is expected to be
useful when errors in local reaonant frequency are
small.

Fig. 2. Distribution of resonant frequency (di-
vided by the resonant frequency of the
cavity) in the Alvarez's method.

A long cylindrical hollow cavity whose radi-
us varies as a function of z is considered. It
should be pointed out that the field distributions
of higher modes in the linac cavity were found to be
almost similar to those In a uniform cylindrical

cavity . This may have close relations with a suc-
cess of the normal mode analysis developed by

Nishikawa . The radius a(z) is expressed in a
Fourier series as

a(z) a0 [ 1 + L Pt cos ̂  ] . (2)

The electric field E(z) in this cavity is also given
as a Fourier expansion. We put

E(z) " t [ 1 + £ E cos-Pi^ ], ( 3 )

where J_ is the Bessel function of zeroth order and

kz - 2.405/ a(z) . (4)

Substituting Eq.(3) Into the differential equation

rar l"?r' ' ̂ 2 ' 2

and using Eq.(4), we get the relation between P^
and E ;

(5)

(6)

where \ is the rf wavelength in free space. The
resonant frequency f(z) can also be put in a
Fourier series,

If F ^

tions,

f(z) - f [ 1 + Z F cos iS£ ] . ( 7 )

i-1 L

« 1, we can easily derive the following rela-

2.405 c
2na0

E • - •

(8)

(9)

Corresponding to the Fourier series coefficients for
the average axial field without perturbation E(z)

in the preceeding section, the coefficients F.'s

are evaluated by Eq.(9). Then, the frequency f(z)
is calculated by Eq.(7) and shown in Fig. 2.

Let's consider that a perturbation is given
to the linac cavity and the resonant frequency f U )
Is changed locally by an amount of af.. in the region

from z • h - s/2 to z - h + all. Here, s and h are
the width and the center position of the perturba-
tion, respectively. If the perturbed frequency
f'(z) is put as

f(z) - f ' [ 1 + Z F/ cos if

we obtain

(10)

(11)

and

F i ' -

fo Fi
s/L ilt(f0

(12)



The value of fg' gives new resonant frequency of the

cavity. The field distribution corresponding to the
new frequency can be calculated by Eqs. (3), (9),
(11) and (12).

For the perturbation given by one of the
tuners of the KEK llnac, the width s is assumed to
be L/20 « 78 cm. This amount of width may be too
large In cooparlson with the tuner diameter of 10 cm.
However, besides that it is difficult to define the
range of frequency perturbation given by one of the
tuners, the main terms of the Fourier expansion for
f'(z) depend slightly on the width, as far as
sin(iirs/L)% ius/L is a good approximation and Af^s

Is taken to be constant. Therefore, this choice of
the width will not introduce any restrictions into
the analysis. The calculations are carried out for
the two cases, Case A and Case B. To compare with
the measurements, the ratios having the same meaning
as in the preceeding section are calculated for vari-
ous Afg's. These are shown in F.f.g- 3. and Fig. 4.

The shapes of the measured distributions are repro-
duced fairly well by the calculations with Af Q - 140

kHz for Case A and «f = 320 kHz for Case B. These

values of ^ £ Q ' S give the shifts of resonant frequen-

cies of the cavity as 7.0 kHz for Case A and 16 kHz

for Case B. These values are too large in compari-

son with the experimental values of 5.0 kHz (Case A)

and 13.2 kHz (Case B). The disagreements may be

caused by too large change in the field distribution

to be treated with the perturbation theory for these

cases. We should Improve the method for calculating

the resonant frequencies of the cavity having such

large changes In the field distribution.

Fig. 3. The ratios of the average axial fields in
case the tuner at the low energy end of the
cavity is plunged in, to those in case the
tuner is pulled out (Case A ) . The curves
show the values calculated by the Alvarez's
method. The crosses show the experimental
values.
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Fig. 5. An equivalent circuit for a proton linac
cavity.

Fig. 4. The ratios of the average axial fields in
case the tuner at the high energy end of
the cavity is plunged in, to those In case
the tuner is pulled out (Case B). The
curves show the values calculated by the
Alvarez's method. The crosses show the
experimental values.

IV. Analysis by Equivalent Circuit Method

The analysis of the field distributions in
a linac cavity has been carried out by the use of an

equivalent circuit as shown in Fig. 5 . Starting
from the equivalent circuit, we obtain a second
order differential equation for the average axial
field:

d2E(z)

dz 2

where m(z)

+ m(z) E(z) = 0 ,

k ( f 2 -

(13)

(14)

and k is a constant, £ the frequency of the linac
cavity and f. the resonant frequency the unit-cells.

The boundary condition should be

dz (15)

The derivation of Eq.(13) has been detailed in Ref.
3. Now we assume that the field distribution meas-
ured without perturbation Efl(z) Is expressed by Eq.

(13). Then the function m(z) corresponding to E.(z)
can be evaluated by the equation

-n(z) m o( Z) = -
(z)

V
dz

/ E0(z) (16)

Since the function m«(z) is a smoothly varying func-

tion of z, fp derived from Eq.(W) also a smoothly

varying function of z. This may seem to be unnatural

if we think of tho above definition of f. as the

resonant frequency of the unit-cells. However,

such extension of the definition will be accepted as

far as the lengths of the unit-cells are small In

comparison with the whole length L a.id the variation

of E (z) in one unit-cell length is small. The func-

tion m ^ z ) is shown in Fig. 6. We can find the

shape of ">.(z) Is almost the same as the curve shown

In Fig. 2 except their signs. This is reasonable
since both the functions represent the errors in the
resonant frequencies of the unit-cells. The effect
of tuners is treated in the same way as in the pre-
ceeding section. Zf the local frequency changes by
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4f Q in the region from z « h - s/2 to z - h + s/2,

the function m(z) corresponding to the new field
distribution is obtained by substituting new fre-
quencies f and fQ Into Bq.(14) and solving Eq.(13).

Here the new resonant frequency of the cavity f is
assume^ to be given by the following equation.

E2(z) dz

This relation is consistent with the Slater's rela-

tion for the frequency shift given by a perturba-

tion at boundaries of a cavity. Since the change

in the resonant frequency is small and f*f Q. we

can put

m(z) - 2fk (f - fQ) k'(f-f 0) (18)

where k' may be approximately taken as a constant in
this analysis. Since the value of k' is unknown,
the change in m(z) given by the local frequency
changes of 4f- is also unknown. Therefore, Eq. (13)

is solved for various changes of m(z) in order to

search the best fitting values of k'4f. to the ex-

perimentally obtained field distributions. Fq.(13)

is solved numerically using a computer. According

to Eq.(17), the new resonant frequency is given by

[J
h+s/2

h-s/2
(f0 + fn)dz + I

h-s/2

lO ' '0' fodz

h+s/2
E2(z) fQdz E2(z) dz (19)

where E(z) should be the field distribution calcu-
lated for the new m(z). At first the calculation of
E(z) is carried out for n given k'Afp without chang-
ing the frequency f. Then, the frequency f is cal-
culated by Eq.(19) for the newly obtained E(z).
Next, Eq.(13) is solved for the new value of f. Thus,
the iterations are continued until both k'f and E(z)
converge. The results are shown in Fig. 7 for Case
A and in Fig. 8 for Case B. The calculations repro-
duce well the measurements if we choose the optimum
values for k'4fQ, which are 7 for Case A and 16 for

Case B. The shifts in the resonant frequency of the
cavity df are also obtained in terms of k'Ai as
k'df - 0.213(Case A) and k M f * O.SSO (Case B).
The measured frequency shifts of the linac cavity
are plotted in Fig. 9 taking the values of k'df as
an abscissa. Fig. 9 shows the measured frequency

Fig. 6. The function m.(z) In the equivalent cir-
cuit method.

shifts are approximately proportional to k'flf. This
proves the consistency of the analysis. If the
proportionality holds between the measured frequency
shift and k'df, for example, evaluating k' as 0.044

(kHz)" from the measurement for Case A, we can cal-
culate the field distribution for Cast B for the
given frequency shift. Furthermore, the field dis-
tribution can be calculated for various values of
frequency shifts given at various positions of the
tuners.

Fig. 7. The ratios calculated by the equivalent
circuit method for Case A. The crosses
show the experimental values.

Fig. The ratios calculated by the equivalent
circuit method for Case B. The crosses
show the experimental values.

|J

L
Fig. 9. Plot of fc'df versus the measured shifts in

the resonant frequency of the cavity.
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The value of k' can be evaluated by applying
Eq.(13) for higher modes. The following is a rough
estimation for k'. The solutions of Eq.(13) for the
higher modes are expressed as

E(z> •= A cos (J"5 z) , (20)

where A is a constant and m may be approximately
taken as a constant for the higher modes. For the
TMQ. -like distributions, the values of m may be put

as (irn/L) . For example, the frequency of the
second mode has been measured as f, - 201.90 MHz.
Eq.(18) gives

( - ^ ) 2 - k' (f2 - fQ) . (21)

Putting fn « 201.06 MHz, the resonant frequency of
-1

the zeroth mode, we get k' « 0.048 (kHz) , which
may be consistent with the value obtained from the
analysis of the field distribution. (In solving
Eq.(13), the whole length L has been put to be
unity. So, k1 is evaluated by Eq.(21) for L « 1.)

V. Conclusion

The distribution of average axial field is
successfully calculated by the equivalent circuit
method. The distribution will be solved for a given
function of the resonant frequency of the unit-cells.
Therefore, the positions and the amounts of the fre-
quency shift given by the tuners will be theoreti-
cally determined for a intended change of the field
distribution. The method has been already used for
calculating the field distribution necessary for ac-
celeration of deuterons in the KEK linac?.
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