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Abstract
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presented at the Summer School on Neutron Scattering which

was held at the Chalk River Nuclear Laboratories, 19-2 3

June, 1978. The purpose of these lectures was to present

a concise survey of the basic theory of thermal neutron

scattering by solids, liquids and gases to an audience who

were new to this field.
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1. BASIC SCATTERING THEORY
SCATTERING CROSS SECTIONS

We shall discuss the scattering of a collimated

monoenergetic beam of neutrons by a macroscopic system. The

incident neutrons are characterized by:

momentum hk,

energy He = (ftk) /2m,

where k denotes the wave vector and m the neutron mass. The

scattered neutrons are likewise characterized by:

momentum ftk1,
2

energy He' = (fik1) /2m,

so that the scattering can be discussed in terms of:

momentum transfer ftg where q = k-k1,

energy transfer ftu) where ui = e-e1.

This notation is not universally employed; many authors use

Q or K instead of q and E or v instead of w where

Q = K = q,

E = hv = "fto).

The scattering can be represented by means of the scattering

triangle shown in Fig. 1 in which $ is the angle of scattering.
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The incident beam is characterized by the flux

which is the number of neutrons per unit area per unit time.

Typical values of the flux are:

10 n«cm" »s~ in the reactor,

106 11 " sample,

10'1 " " detector.

It is assumed that all the incident neutrons

have the same wave vector k. However, the scattered neutrons

will in general have a continuous distribution of wave vec-

tors k1. Thus the basic theoretical problem is to calculate

the number of incident neutrons which are scattered into

each volume element dk' in k'-space. Since

dk' = k'2dk'dfi = (SjpOdJIde1, (1.1)

it is evident that k' is in dk1 if the direction of k' is in

the solid angle dn and e' is in de'.

For an inelastic scattering experiment^ in which one

measures-both the energy and angular distribution of the

scattered neutrons, the scattering is described by the double

differential scattering cross section:

d o = the average number of incident neutrons which are

scattered into dfide' per unit time per unit inci-

dent flux.



For a so-called diffraction experiment, in which one measures

only the angular distribution of the scattered neutrons,

the relevant quantity is the differential scattering oross section:

da - the average number of incident neutrons which are

scattered into dfi per unit time per unit incident

flux.

For a transmission experiment, in which one simply measures the

fraction of incident neutrons which are transmitted by the

sample, the relevant quantity is the total scattering cross

section:

a = the average number of incident neutrons which are

scattered per unit time per unit incident £lux.

In general,

2

IT
o

da - I
dQ )

O u I d ' ''• (1 ? 1

0 = 1 (^J dn, (1.3)
*4TT

and, if the scattering is elastic,'
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SCATTERING BY A POTENTIAL

Let us first consider the scattering of a neu-

tron by a potential V. We must then solve the Schrodinger

equation

•ft2
{" li A + v}*(*> = *e *C£), (1.5)

with the requirement that as r * °°,

ik1 r
1 ^ 5• (r) -v e 1 ^ + Fq

Here the first term represents the inaident wave and the second

term the scattered wave. Th? solution of the Schrodinger

equation then determines the scattering amplitude, F , which can

be expressed as a matrix element,

Fq = <k'|F|k>, (1.7)

in which h is the scattering amplitude operator. The latter

quantity can be expressed as

(1.8)

where T is the transition operator and <k'|T|k> the T-matrix.

Methods for calculating the scattering amplitude or, equiva-

lently, the T-matrix are described in most bocks on quantum
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mechanics. For example, if V is a weak potential we can

expand ijj(r) in powers of V. This expansion is called the

Born series and, in first Born approximation,

T - V. (1-9)

The differential scattering cross section is

given by

§5=^|F 9|
2. (1.10)

In order that (1.5) have a solution with the property (1.6)

it is necessary that k' = k, that is, the scattering is elastio.

Hence, it follows from (1.4) that the double differential

scattering cross section is of the form

where S(q',io) is called the scattering funotion and is given by

S(q,u) = |Fq|
2 6(u>). (1.12)

Up to this point we have ignored the fact that

the neutron has spin s where s = 1/2. If V, and hence T and

F, are spin-dependent then

S(g,«) - I P |<k1v'|F|kv>|26((o), (1.13)
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where |kv> = |k>|v> and |v> denotes the neutron spin states,

s |v> = v|v>, (1.14)

where v = ±1/2. Also, P is the normalized probability for

the state |v> so that, for unpolarized neutrons, P = 1/2.

Summing over the final spin states, we see that S(q,w) can

be expressed equivalently as

<|Fq|
2> 6(w), (1.15)

where the brackets denote an average over the i n i t i a l spin

s ta te ,

<...> = £ P<v|>«»jv> • ' (1.16)

v

For unpolarized neutrons all such averages can be evaluated

with the help of the relations,

<s > = 0, <s s~> = T 6 „, (1.
a a 3 4 otf$

where a,g = x,y,z.

SCATTERING BY A MACROSCOPIC SYSTEM

Let us now consider the scattering of a neutron

by an arbitrary macroscopic system which is in thermodynamic

equilibrium. Let
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H|a> = Eja>, (1.18)

where H denotes the Hamiltonian of the system,

and let P denote the normalized Boltzmann factor for the

state |a>. Then the generalization of (1.13) is

S(q,aO = V * P P |<k'v'a'|F|kva>|2 <5(a>-w , ) , (1.20)
^ ^ V Cl — Ct Oi

, )
Ct Oi

v'a1,va

where |kva> = |k>|v>|a> and the delta function expresses con-

servation of energy in the transition from the initial state

|a> to the final state |a'>. In the present context, the

scattering function S(q,w) is often called the dynamic structure

factor.

Equation (1.20) can be expressed equivalently

as

e " 1 ^ C(q,t)dt, (1.21)
00

where C(q,t) is called the intermediate scattering function and

is given by

iio , t
a a

v'a',va

where F is given by (1.7) as before. Summing over the final

states we see that
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C(q,t) = <Fq(O)
fFq(t)>, (1.23)

in which F (t) denotes the operator F in the Heisenberg

picture,

F ( t ) = eiHt/*F e-iHt/*f (1.24)

and the brackets denote the following thermodynamic average:

••• |va>. (1.25)

va

Thus, C(q,t) is the auto-correlation function of the scattering

amplitude. The result (1.21) is an example of the fluetuation-

dissipation theorem. That is, it shows that the scattering

(dissipation) of the incident beam is determined by the

equilibrium fluctuations in the scattering amplitude.

This completes the formal theory of neutron

scattering by a macroscopic system. It simply remains to

obtain the scattering amplitude for the particular system

of interest and then to calculate S(q,w) either directly

from (1.20) or indirectly via (1.23).
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2. SCATTERING AMPLITUDES

The macroscopic system is composed of partieles

(nuclei and electrons) so that the total energy of interac-

tion of the neutron with the system is of the form

V = I Vy (2.1)
j

where V. is the contribution from the j-th particle. Thus,

in first Born approximation,

F = I F r (2.2)
j

In practice the system is usually sufficiently small that

multiple scattering is negligible. In this case F is of the

form (2.2) even if the Born approximation is not valid.

NEUTRON-NUCLEUS INTERACTIONS

Let us consider the scattering of a neutron

by a single fixed nucleus. The main contribution to the

neutron-nucleus interaction energy, V, comes from the short-

range nuclear forces and all other'contributions (e.g. magne-

tic dipole interactions) are negligible in comparison. Thus,

if r denotes the position of the neutron and rQ the position

of the nucleus, it is evident that V, and hence T and F, are

appreciably different from zero only if Ij-Jo| < the nuclear

radius. Since the nuclear radius is typically four orders
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of magnitude smaller than the wavelength of a thermal neutron

we have, in effect,

T =

where b is a phenomenological constant called the scattering

length. Hence,

F = -(27r)3b 6(r-r0), (2.4)

and

F = <k'|F|k> = -b e ~ ~°. (2.S)

In first Born approximation T = V so that one

can regard (2.3) as an effective "potential" which gives the

right answer in "first Born approximation". This is, in

effect, what Fermi did (intuitively) in 1936 and the expres-

sion (2.3) is usually called the Fevmi pseudo-potential. The

subsequent development of T-matrix theory put Fermi's ideas

on a more rigorous basis. Strictly speaking, (2.3) gives the

impulse approximation for the T-matrix and it is accurate to

within about 0.3% for chemically Sound nuclei.

The differential scattering cross section is

given, according to (1.10), by

IS • IFJ2 - IM2, (2.6)
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so that the scattering is isotropic. In general b is spin-

dependent,

2bi
b = br +

 1 s-I, (2.7)
c

where s is the neutron spin, I the spin "£ the nucleus and

the quantities b_ and b^ are called the coherent and incoherent

scattering lengths for reasons which will become clear in the

next section. Hence, it follows with the help of (1.17)

that for unpolarized neutrons,

- <|b|2> = b c
2 * b.2, (2.8)

so that the total scattering cross section is given by

a = ac * O i, (2.9)

where

2. (2.10)

The coherent and incoherent scattering cross sections of

most nuclei lie in the range 1 to 10 barns where

1 barn = 10'28m2.
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NEUTRON-ELECTRON INTERACTIONS

Let us now consider the scattering of a neu-

tron by a single fixed electron. The main contribution to

the neutron-electron interaction energy, V, comes from the

magnetic dipole interaction and, for simplicity, all other con-

tributions will be neglected. We shall adopt the notation

shown in Table 1 so that

- - .~° ~— , (2.11)

where R = r-r^. The interaction energy is sufficiently weak

that it can be treated in first Born approximation. Hence,

Fq = ' l^ H k ' l v l k * . (2.i2)

where

<k'|v|k> = - A I
iTT dp

in which a,8 = x,y,z and q denotes a unit vector in the

direction of q. In tensor notation,

<k'|V|k> = - -ij M-(l-§§)-yoe ~ ~°, (2.14)
2iT "" "*

so that

~°, (2.15)
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TABLE 1

quantity neutron electron

Toposition

mass

spin

magnetic dipole moment

magneton

r

m

s (s-1/2)

v = -2yBs

Y = 1.91

B = 2ic"

m0

sQ (so=l/2)

Ho = -'

•fie
2moc

2 2
where r = e /mnc is the classical electron vadius. I t is

evident from Fig. 2 that qq and 1-qq are both projection

operators, that is ,

55

~S6 =
(2.16)

Hence, (2.15) can be expressed as

qro
Fq = 2Yre s-sg e ~

 u. (2.17)

Thus, if the neutron and the electron are both unpolarized,

5§=<!F
qlW(vre)

2, (2.18)

and
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a = 2ir(-yre)
2. (2.19)

Since y = 1.91 and rg = 2.82 fm it follows that a = 1.82

barns which is of the same order of magnitude as a typical

nuclear scattering cross section.

NEUTRON-ATOM INTERACTIONS

Let us now consider the scattering of a neutron

by a single fixed atom (or ion). Let the nucleus of the atom

have position rQ and scattering length b and the j-th electron

have position i*Q+r.= and spin s-. Then it follows from (2.2)

that

iq«rn iq«(rn+r.)
F = -La ~ ~ u + 5" 2vr S«E+ e ~ ~ u ~J . (2.20)
q L ' e - - j *• '

We shall assume that the atom is initially in

its ground electronic state and that the incident neutron

energy is less than the energy difference between the ground

and first excited states so that the scattering is elastic.

We shall, for simplicity, also assume that the ground state

is an S-state and, hence, of the form |0>|M> where |0> denotes

the orbital contribution and |M> the contribution from the

electron spin. Then the total electronic spin in the ground

state is

SQ = <0| I sj|0>, (2.21)
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and M = So, S0-l, ••• -So.

The differential scattering cross section is

given by

££ = / p pi<v'OM'IF IvOM>I
dfl £^ v M C}' '

v'M'.vM
(2.22)

= <|<0|Fq|0>|
2>,

where

<...> = £ P PM <vM|«"|vM>. (2.23)

vM

The ground-state scattering amplitude can be expressed as

<0|F |0> = |-b + 2yre f s«S^}e ~ ~ ° , ' (2.24)

in which f is the form factor, which is defined such that

f §n = < 0II §j e ~ ~"'lo>» (2.25)

and has the property that ffl * 1. Hence it follows that if

the neutron and the atom are both unpolarized,

(2.26)

and has the qualitative behaviour shown in Fig. 3.



- 16 -

The experimentally determined form factor, f ,

provides information about the spatial distribution of elec-

tronic spin inside the atom. This is in contrast to the cor-

responding X-ray form factor which describes the spatial dis-

tribution of charge inside the atom.

INTERACTION WITH A MACROSCOPIC SYSTEM

To keep the notation as simple as possible we

shall consider a system of identical atoms. The generaliza-

tion to include mixtures of isotopes or systems with more

than one chemical element is, however, quite straightforward.

We shall assume that the energy difference

between the ground and first excited electronic states

of an atom is much greater than both kgT and the incident-

neutron energy. In this case the j-th atom can be regarded

simply as_a "particle" with:

nuclear coherent scattering length b ,

nuclear incoherent scattering length b.,

nuclear spin I.,

electronic spin S.,

position r..

The total effective scattering amplitude is therefore

given by

(2.27)
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Let us now introduce the atomic number density,

p(r) = I HT-T.), ( 2 . 2 8 )

the nuclear spin density,

H) SCr-ir̂ ), (2.29)

j

the electronic spin density f

S(r) = I S. 6(r-r.), (2.30)

j

and their respective Fourier components,

Pq = / e ^ T p(r)dr = I e
1S'~K (2.31)

j

I_ = / e^'l i(r)dr = I I- e' 9'^, (2.32)
ii - ~ . ~J

3

§q = / e i 9' F S(r)dr = I S. e
1 3' r j. (2.33)

j

Then the scattering amplitude can be expressed in the form

^ ^ fs ,-S^. (2.34)

We see that, when the momentum transfer is «q, the neutron

is coupled linearly to the number density component p via bc,
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to the nuclear spin density component I via b^ and to the

electronic spin density component Sjf via. yT . Whether

these various components propagate as waves with wave

vector q, are overdamped (diffusive behaviour)or are

incoherent (e.g. uncoupled spins) depends on the dynamics

of the system, which is determined by the Hamiltonian, and

on the variables that define the thermodynamic state of the

system such as the temperature, pressure, magnetic field,

etc.
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3. DYNAMIC STRUCTURE FACTOR
GENERAL FORM OF SCq.uO

Substituting the expression (2.34) for the scat

tering amplitude into (1.23), and assuming that the nuclear

and electronic spins are statistically independent, we see

that for unpolarized neutrons,

C(q,t) = bc
2Cc(q,t) • b ^ C ^

where

Cc(q,t) = <pq(0)
+
Pq(t)>,

Cm(q,t), (3.1)

(3.2)

and

C±(q,t) = TTJT

Cm(q,t) = <S^(0)
+.S^(

Hence, it follows from (1.21) that

where
/*00

c(q,o)) - j-
J — 0

2 j fq j
 2 Sm(q,cp),

e" i w t Cc(g,t)dt,

(3.3)

(3.4)

(3.5)

(3.6)

e tc . The f i r s t two terms in (3.5) represent the nuclear coherent

and incoherent scattering respectively and the final term represents
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the magnetic scattering. In non-magnetic systems, where S. =0,

the magnetic contribution to S(q,w) vanishes. In general,

the various contributions to S(q,<o) can be distinguished

experimentally by means of their characteristic dependence

on q and u as well as on the variables that define the

thermodynamic state of the system such as temperature, pres-

sure, magnetic field, etc.

ELASTIC VS. INELASTIC SCATTERING

Let us write

C(q,t) = C(q,») + C'(q,t). (3.7)

It then follows from (1.21) that

S(q,u>) = C(q,»)6((o) + S'(q,u>). (3.8)

Thus, if there are correlations present in the system which

persist for an infinite length of time, so that C(q,o°) f 0,

then a finite fraction of the incident neutrons will be

scattered- elastically. Since C'(q,t) •* 0 as t •+• °°, it follows

that S'(q,w) has no delta-function singularity at w = 0 and,

hence, represents purely inelastic scattering. It may, of course,

happen that S'(q,<ji)) has a peak of finite width at u = 0.

Such a peak is then called a quasi-elastic peak.
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DETAILED BALANCE

Since F + = F it follows from (1.20) that
3 "3

S(-q,-aO = exp(-fuu/kBT)S(q,w). (3.9)

This is called the detailed balance relation and is useful for

checking the consistency of neutron scattering data.

SUM RULES

Let us define

.7-00
<w"> = I w" S(qfu)du, (3.10)

.7-00

so that <(on> is the n-th moment of S(q,to). Inverting (1.21)

we see that

(q,t) = I ei
C(q,t) = I e i w t S(q,u))du = V ^~^ <o,n>. (3.11)

J *' nn=0

On the other hand,

C(q, t ) —

(-

n=0

i ) n

t n dn

n! d t n

d" cr.
d t n

Hence,

(3.13)
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so that from (1.23),

= < F9 +V =

i<F +F >, (3.14)

+F >
q q

etc. The low-order moments can be calculated even for systems

where S(q,u)) itself is intractable. The resulting expressions

for <o>n> are called sum rules and are useful for determining

the parameters in models for S(q,w). They can also be used

to normalize neutron scattering data and check their

consistency.

NUCLEAR INCOHERENT SCATTERING

The direct nuclear spin-spin interactions are

important only for temperatures <10 K and can be neglected

at temperatures relevant to neutron scattering experiments

which are-usually >1 K. In this case H is independent of

the nuclear spins so that I.(t) =.I. and (3.3) reduces, with
~ 3 ~3

the help of (2.32), to

i ,. -iq«r.(0) iq»rk(t)
Ci(9't) - I7TTTT I <lj'h e ~ "3 e~ -k >. (3.15)
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Of course, spin correlations may still exist as a result of

the symmetry requirements for the allowed wave functions of

a system of identical particles (e.g. the Pauli principle).

However, such correlations are important only in special

cases, such as molecular W~ or liquid He, and can be neglec-

ted in most other systems. Hence,

iq-r.(O) ig-r,(t)
~ ~J e >, (3.16)

and since <I^'I1,
> = 1(1 + 1)5., we see that

-iq-r^O) ig-r^t)
I <e ~ J e J >.i g . (3.17)
j

Since the terms with k f j, which describe the interference

of waves scattered by different nuclei, are absent in (3.17),

C.(q,t) is said to represent nualeav incoherent scattering and

S. (q,o)) is* called the incoherent scattering function. However,

one must keep in mind that there are systems such as \{^ or

He foi' which this terminology is not appropriate. Since

the atoms-are identical,

Ci(q,t) = N<e-i3-^0^ ek'ZW>t (3.18)

where N is the to ta l number of atoms and r = j j , say. Thus,

the incoherent scat ter ing characterizes the single-particle

motion in the system.
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In the limit t •*• «, r(0) and r(t) are sta-

tistically independent so that

(3.193

Suppose the motion of the atom consists of vibration= about

a fixed point in space. Then we can write

r = R + u, (3.20)

where R B <r> is the equilibrium position of the atom and u

is the displacement of the atom from its equi ibrium position

and has the property that <u> = 0. Then

<ei9T> = e1?'? e-W, . (3.21)

where e"W is called the Debye-Waller faetor ind is given by

e"W = <ei9'~> = exp{-t q«<uu>«q + • • • } . (3.22)

Hence,

N e , (3.23)

so that, from (3.8),

SiU.co) - N e"2WS(a>) + S!(q,u). (3.24)
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This result is valid, to a good approximation, for an atom

in a solid. If the solid is harmonic the higher-order terms

- 2W
in (3.22) vanish identically so that e is a Gaussian

function of q. In fact, even in highly anharmonic solids,

the non-Gaussian terms are usually negligible for all values

of q at which e is appreciably different from zero. Thus,

the experimentally determined Debye-Waller factor gives the

mean square displacement of the atom from its equilibrium

position and hence provides information about the strength

of the interatomic forces.

In a gas or liquid <e13 T> = 0 so that

C-(q,°°) = 0 and there is no incoherent elastic scattering.

In fact, we shall see in Sec. 6 that when self-diffusion is

taken into account, the incoherent elastic peak in r. solid

also acquires a finite width and, hence, no longer repre-

sents true elastic scattering although this width is gen-

erally too small to be resolved experimentally. The inco-

herent inelastic scattering function, S!(q,Q)), will also be

discussed in Sec. 6.

NUCLEAR COHERENT SCATTERING

The correlation function (3.2) can be expressed,

with the help of (2.31), in the form

-iq»r.(0) iqTjft)
Cc(q,t) = I <e ~ ~J e ~ ~K >. (3.25)
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Since the terms with k t j, which describe the interference

of waves scattered by different nuclei, do not in general

vanish here, C (q,t) is said to represent nuclear aoherent

scattering and S (q,w) is called the coherent scattering func-

tion. This type of scattering characterizes the collective

motion of the atoms in the system.

In the limit t -»• °°, r-(0) and rv(t) are sta-

tistically independent so that

iq'ri ,2Cc(q,») « II <e ~ ~
J>\2. C3.26)

j

Suppose, as before, that the motion of each atom consists

of vibrations about a fixed point in space. Then r. is of

the form (3.20) so that

C (q,») = e-2W |I e ~ ~1\\ (3.27)

j

and, hence, from (3.8),

j

For a crystalline solid, the coherent elastic scattering repre-

sents the familiar Bragg scattering which will be discussed in

detail in Sec. 4. The coherent inelastic scattering func-

tion, S'(q,o)), will be discussed in Sec. 5.

S c ( q , u ) = e'2VI\l e 9 ~ J | 2 « (« ) + S ^ ( q , u ) . ( 3 . 2 8 )
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When self-diffusion is taken into account,

the coherent elastic peak is not broadened, as the inco-

herent elastic peak is, but remains a true delta function

as long as the recoil of the crystal as a whole is ignored.

iq«ri
For a gas or liquid, on the other hand, <e ~ ~J> - 0 so that

C (q,00) = 0 and there is no coherent elastic scatter-

ing for finite values of q.

MAGNETIC SCATTERING

The correlation function for magnetic scatter-

y (3.4). In the limit

are statistically independent so that

ing is given by (3.4). In the limit t > ~, Sx(0) and Sx(t)
~ q ~ q

Cm(q,~) = !<S^>|
2. (3.29)

In particular, for a crystalline solid,

iq«R. iq*u- 7

Cm(q,») = |I e ~ ~J <S
X. e ~ ^>\2. (3.30)

j

If we neglect the spin-lattice interaction, then S"!" and u.

are statistically independent and.

j

Hence,

Sm(q,o)) = e
 iW\l e ~ "3<S*>|^ fi (u) + S^(g.u). (3.32)
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Here, the elastic term represents the magnetic Bragg scattering

which will be discussed in Sec. 4. The magnetic inelastic

scattering function, S'(q,a)), will be discussed in Sees. 5

and 6.

COHERENT VS. INCOHERENT SCATTERING

In the previous discussion the words coherent and

incoherent have been used in two different senses. Firstly, they

have been used simply as names to distinguish the different

terms in (2.7) and, hence, in (3.5). Secondly, the scattering

has been called coherent or incoherent depending on whether

or not the scattered waves from different atoms interfere with

one another. These two different usages are usually equiva-

lent for practical purposes.

However, there is yet another use of the terms

coherent and incoherent which is not equivalent to the above

usages. We refer here to the way these terms are used in

most other branches of physics where the scattering is said

to be coherent if the scattered waves can interfere with the

incident wave. Since two waves can interfere only if they have

the same frequency and a fixed phase difference, it is clear

that this latter type of coherent scattering is what we have

called coherent elastic scattering. In optics it is also

called diffraction or, more precisely, Fraunhofer diffraction

since, in the definition of the scattering cross section, it
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is tacitly assumed that the source and the detector are both

effectively at infinity. Thus, for example, in Bragg scat-

tering the crystal acts as a 3-dimensional Fraunhofer dif-

fraction grating.

Fresnel diffraction effects can also be produced

with thermal neutron beams but they cannot be described in

terms of a "scattering cross section". The familiar geome-

trical ontics effects of refraction and mirror reflection at a

surface can likewise be produced with thermal neutron beams.

However, these are multiple scattering phenomena and, hence,

have been neglected in the present theory.
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BRAGG SCATTERING
SPACE LATTICES

A space lattice is a periodic array of points in

space the positions of which are given by the lattice vectors

h = H~l * h~2 + *3a3' f 4 ' 1 )

where a^, J^, a3 a r e three non-coplanar primitive translation

vectors and A1,£2»*3
 = 0,±l,±2,«««.

From a geometrical point of view, the lattice

can be thought of as being generated by the regular repetition

in space of a wn.it cell. For example, the vectors ajja^.a, s P a n

a primitive unit cell of volume vQ = aj'f^.aj). It is clear

from Fig. 4 that, for a given lattice, the choice of the prim-

itive unit cell is not unique. Also, there exist non-primitive

unit cells, such as the crystallographers' conventional (centered)

unit cell or the symmetric unit ceVLt which generate the same lattice.

The advantage of the primitive unit cell is that %^,%2,%. are

unrestricted integers which facilitates the evaluation of lat-

tice sums.such as in equation (4.5) below. The advantage of

the conventional unit cell is that it displays more clearly the

symmetry and topology of the lattice. For example, it would

not be immediately clear from the primitive unit cell that a

bcc lattice is, in fact, cubic or that each lattice site has

8 nearest neighbours. In theoretical calculations one usually

assumes a primitive unit cell but, in specific applications of
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of the theory, it is often convenient to switch to a suit-

able non-primitive unit cell.

To each lattice in r-space there corresponds a

reciprocal lattice in k-space with lattice vectors

where b, = ^ T T / V Q ) ^ . ^ , etc. and h-pl^.hj = 0,±l, + 2,"-.

The coefficients (h1h2h3) are called Miller indices and are

defined here in terms of the primitive unit cell. The corres-

ponding Miller indices for the conventional unit cell are

denoted (hkil) . The symmetric unit cell for the reciprocal

lattice is the first Brillouin zone.

Table 2 lists some well-known examples of space

lattices and their reciprocals. The conventional unit cells

are primitive for the simple cubic (sc) and hexagonal (hex)

lattices and non-primitive for the face-centered cubic (fee)

and body-centered cubic (bee) lattices.

Since a.«b. = 2irS. . it is evident that
~i ~3 lj

~h*~«, = 2iTCh1«.1 + h2£2
 + h3£3,) = 2ir(integer). (4.3)

One consequence of this result is that each reciprocal lattice

vector K^ in k-space partitions the lattice points in r-space

into a set of parallel equally spaced Bragg planes. These planes

are orthogonal to K, and have a separation
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TABLE 2

latt ice reciprocal lattice

sc sc

fee bee

bec fee

hex hex

dh = 2Trn/Kh, (4.4)

where n is the largest common factor of hj^h^.h,.

NUCLEAR BRAGG SCATTERING

For simplicity, we shall confine our attention

to the simplest type of crystal structure, namely, one in which

there is only one atom per primitive unit ce l l . In this case,

we can put-R., the equilibrium position of the j - t h atom,

equal to R. so that (3.27) becomes

C c (q ,<» ) - e " 2 W f Z e ~ ~*|2- ( 4 - 5 )
I

It is evident from (4.3) that e = 1 for all i- and, hence,

that C (q,00) has its maximum value when

q = k-k' = Kh. (4.6)
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This is the Laue equation which is sometimes referred to simply

as the Bragg condition. If q f K, , the terms in (4.5) tend to

cancel one another with the result that C (q,°°) = 0. A

detailed calculation shows that

C_(q,«) = N I|2l- e"2W I 6(q-K ), (4.7)
0 h

where N is the total number of atoms as before.

The Bragg scattering of neutrons is used for

crystal structure determinations. In this respect it com-

plements X-ray scattering inasmuch as atoms which are diffi-

cult to locate with X-rays can often be clearly distinguished

with neutrons and vice versa.

The Bragg scattering of neutrons by a single

crystal can also be used to select a monoenergetic beam from

a "white" incident spectrum. This technique is employed in

the triple-axis crystal spectrometer both to select a mono-

energetic beam from the reactor spectrum and also in the

energy analysis of the scattered neutrons.

BRAGG'S LAW

Since the Bragg scattering is elastic (kt=k)

it follows from (4.6) that

K. = 2ksin9, (4.8)
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in which the angle 9 is defined in Fig. 5. With k = 2ir/X,

where X is the incident-neutron wavelength, it follows from

(4.4) that

nX = 2dhsin9, (4.9)

which is Bragg's law. Since the Bragg planes are orthogonal to

K, , B is the angle which the incident beam makes with the

Bragg planes. Consequently, 8 is usually called the Bragg angle.

If one postulates that the incident beam is

partially reflected at each successive Bragg plane then (4.9)

is the condition that all the reflected waves are in phase

and, hence, produce maximum total intensity. As a result,

Bragg scattering is often called Bragg reflection. However, as

noted earlier, the physical process is actually Fraunhofer

diffraction rather than mirror reflection.

EWALD'S CONSTRUCTION

Suppose the incident beam is monoenergetic and

the crystal is rotated about an axis perpendicular to both k

and K, . If 61 is the instantaneous, angle which k makes with

the Bragg planes, then Bragg scattering will occur when 81 =6.

The curve, which gives the reflected intensity as a function

of 6', is called a rooking curve.
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It was pointed out by Ewald in 1913 that the

above process can be visualized in k-space by means of the

following geometrical construction (Fig. 6):

- draw k from A to end at some reciprocal lattice site 0,

- construct the sphere with center A and radius k.

Since k' = k, the vector k1 drawn from A must end somewhere

on the Ewald sphere. Since Bragg scattering can occur only

when the Laue equation (4.6) is satisfied, it is evident that

as the crystal is rotated relative to the incident beam, the

Ewald sphere rotates about 0 relative to the reciprocal lat-

tice and Bragg scattering will occur whenever the sphere

intersects a reciprocal lattice site.

MAGNETIC BRAGG SCATTERING

If the crystal is magnetic there exists a tran-

sition temperature, T , below which the electronic spins are

ordered ferromagnetically or antiferromagnetically and above

which the spins are disordered. Thus,

M if T < Tc,

0 if T > Tc.

(4.10)

It is evident from (3.31) that magnetic Bragg scattering can

occur only in the ordered phase.
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Suppose the ordered phase is ferromagnetic so

that <Sj> = a, independent of j. Then

3
Cm(q,») = N I|£i- |o|

2 e'2W J «(q-Kfc), (4.11)
0 h ~ "

which is formally the same as the nuclear Bragg scattering.

If the ordered phase is antiferromagnetic then,

in the simplest case, the crystal is partitioned into two

sublattices such that

a for sublattice 1,

-o for sublattice 2,
(4.12)

and

R. for sublattice 1,

Vj (4.13)

R +x for sublattice 2.

It then follows from (3.31) that

Cm(q,~) = j^~~ IS'2 e'2W % |Fh|2 6Cq-Kh) , (4.14)
0 h

in which F. i s the unit cell structure faator,

Fh = 1 - e 1 - 1 1 ' 1 . (4.15)

(An analogous structure factor will also occur for the nuclear

Bragg scattering if there is more than one atom in the
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primitive unit cell.) An interesting feature of the anti-

ferromagnetic case is that the magnetic unit cell is twice

as large as the nuclear unit cell and the magnetic reciprocal

unit cell is correspondingly only half as large. This is

illustrated schematically in Fig. 7. Consequently, at the

super-lattice positions in k-space there is only magnetic

Bragg scattering while the Bragg scattering at the other

reciprocal lattice sites contains both magnetic and nuclear

contributions.

The ordered phases of some magnetic materials,

such as the rare-earth metals, have a helical structure that

is incommensurate with the atomic lattice. In this case the

magnetic Bragg scattering appears as satellite peaks beside

the nuclear Bragg peaks.

The magnetic Bragg scattering of neutrons is.

the only direct method for determining the structure of

ordered ma'gnetic materials. For example, this cannot be done

with X-rays since the X-ray scattering is, for all practical

purposes, independent of the electronic spin arrangements.

POWDERS

Let us now consider the Bragg scattering by a

powder. For simplicity, we shall confine our attention to

nuclear Bragg scattering which is given for a single crystal

by (4.7). This equation can be expressed equivalently as
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Cc(9.«0 = N l g £ e " 2 W ^ I 6(q-Kh), (4.16)
0 h

where we now indicate explicitly that the Debye-Waller factor,

(3.22), is a function of q. Alternatively,

,,,3 -2W,
C (q,») = N iii2_ I e

 ft6(q-Kh), (4.17)
0 h

where W^ = W(K^). Thus, for a powder,

3 - 2W
C (q,«) = N liLL- Y e h <8(q-K,)>, (4.18)

v0 h

in which the brackets denote a volume-weighted average'over

all tne grains.

We shall now assume that the powder is ideal

in the sense that the grains are randomly oriented in space.

In this case,

«Uq-Kj> = — — o <5(q-K.). (4.19)

Since the Bragg reflection is elastic, kr = k and

q = 2ksin<f./Z, (4.20)

where 0 is the angle of scattering (Fig. 1). Also, according

to (4.8),
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Kh = 2ksin6h, (4.21)

where 6, is the Bragg angle corresponding to K, . Thus, it

is evident that, if Kh > 2k,

6(q-Kh) = 0, (4.22)

and if Kh < 2k,

6 ( q - K u ) = i p 6(sin<f>/2 - s i n e . ) ,n £K n
(4.23)

Combining the above results we obtain, finally,

2 "2wr,
Mir ' o "

C-(q,«) = -^-r I 1 «(*-28h)f (4.24)
2vok h sin ehcoseh

in which the prime on the summation indicates that the sum

is restricted to values of h such that 0 < K.< 2k. Thus,
n

the Bragg scattering by an ideal powder consists of a set

of Debye-Scherrev aonea, (fr = 26^, each of which is coaxial with

the incident beam. The number of such cones may be either

0,1,2,••• depending on the incident-neutron wave vector.

The case in which there are 3 cones is illustrated in Fig. 8.

As k increases from 0 to «>, the h-th cone first appears in

the backward direction and then gradually folds over into

the forward direction.



- 40 -

Up to this point we have approximated the Bragg

peaks by delta functions. In fact it is evident from (4.5)

that these peaks have a finite width,

Aq = 2n/L, (4.25)

where L characterizes the linear dimensions of the crystal.

Crystal imperfections such as dislocations, which are always

present in a real "single" crystal, will produce additional

broadening of the Bragg peaks.

The angular thickness, A<j), of the Debye-Scherrer

cones can be obtained by differentiating (4.20) and one finds

that

f j = k cos<fr/2. • (4.26)

Thus, since k = 2ir/X,

A

Lcos<|>/2
A* = . (4.27)

Thus, the intrinsic widths of the "powder peaks" can be used

to obtain information about grain sizes. It will be noted

that the effect is enhanced in the' backward direction where

<J> •> 7T a n d &Q •*• °°.
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EXTINCTION

The theory presented so far is based on the

so-called kinematical theory of scattering in which only

single scattering processes are taken into account. The

kinematical theory is asymptotically exact in the small-

sample limit but for any sample of finite size multiple scat-

tering is always present to some extent.

An important example of a multiple scattering

phenomenon is the extinction of Bragg peaks in crystals.

If a neutron is Bragg reflected via Kn then, after reflection,

the neutron wave vector will satisfy the condition for Bragg

reflection via K h so that, if the neutron is reflected a

second time, it will regain its original wave vector. The

neutron will therefore tend to be reflected back and forth

inside the crystal until it is either absorbed, inelastically

scattered or leaves the crystal. This is illustrated in Fig.

9 where it is seen that the external transmitted beam contains

components that have been Bragg reflected 0,2,4,-•• times and

the external Bragg reflected beam components that have been

Bragg reflected 1,3,5,••• times.

The net result of the multiple Bragg reflection is

that the intensity of the external Bragg reflected beam is

less than would be expected on the basis of the kinematical

theory. This reduction in intensity is called extinction. In

particular, it is called primary extinction if (as in a perfect
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crystal) the various components of the multiple scattering

interfere with one another and secondary extination if (as in

an ideal mosaic crystal) they do not. In a real crystal, a

certain amount of multiple Bragg reflection will occur inside

the individual mosaic blocks so that both primary and secon-

dary extinction will be present simultaneously. In general,

primary extinction is negligible if the size of the mosaic

blocks is <1 pm and secondary extinction is negligible if

the size of the crystal as a whole is <1 mm. Multiple inco-

herent or inelastic scattering is negligible if the size of

the sample is <1 cm.
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5. INELASTIC SCATTERING (COLLECTIVE MOTION)
SELECTION RULES

Let us consider the nuclear coherent scattering

for which

Sc(q,u) = I Pa!<a
1|Pqk>|

26(a)-u>a,a). (S.I)

ot'a

The delta function expresses conservation of energy; any other

consei'vation laws, which may exist as a result of the symmetry

properties of the Hamiltonian, appear as selection rules for

the matrix elements <a'|p |a>.

For example, if H is translationally invariant

(as it is for liquid 4He) then each of the states |a> has a

well-defined momentum, fik , and one finds that

<a'|pq|a> = 0 unless ka, = ka + q, (5.2)

which expresses conservation of momentum in the collision.

For a crystal, the translation group of the

Hamiltonian is discrete rather than continuous so that the

corresponding wave vector k is defined only up to an

arbitrary reciprocal lattice vector, i.e.

e a = e a n *. (5.3)

In this case, the analogous selection rule is
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ka + 3ka

which is sometimes said to express conservation of "avystal

momentum". By convention, the arbitrary reciprocal lattice

vector, K, , is chosen such that q+Kv lies in the first

Brillouin zone.

Suppose we denote the wave vector transfer by

Q instead of q, i.e.

Q = k-k1. (5.5)

We can then define a veduoed wave vectov

q = Q*Kh, (5.6)

such that (5.4) becomes

which is now formally identical to (5.2). Until further

notice we shall adopt this notation. The above wave vector

relations are illustrated in Fig. 10.

If q=0 it is seen that Q = -Kh which is the

condition for Bragg scattering. Bragg scattering has been

discussed in detail in Sec. 4 and will henceforth be neglected

by assuming that q + 0. In this case Sc(Q,u) represents

purely inelastic scattering.
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ELEMENTARY EXCITATIONS

Suppose the system is at T=0 so that P = 6aQ,

where |0> denotes the ground state. In this case (5.1)

becomes

Sc(Q,«) = I | «x |p Q | 0> | 2 6U'uaQ). (5.8)
a

A fundamental assumption in many-body theory is that, at

least as far as the low-lying excited states is concerned,

a strongly interacting system of atoms is dynamically equiva-

lent to a weakly interacting system of elementary excitations.

The prototype of such an elementary excitation is, of course,

a phonon in a harmonic crystal. However, extensive theoreti-

cal and experimental investigations have,shown that the con-

cept is of quite general validity. Depending on the context,

the elementary excitations are called phonems, rotons, magnons,

eta. For the time being we shall simply refer to them generi-

cally as phonons.

A phonon is a particle in the field-theoretical

sense with a definite wave vector, k, and energy, •fico,. Since,

by definition, there are no phonons' present in the ground

state, |0>, this state can be called the vacuum state. The

low-lying excited states, |a>, can then, be characterized by

the wave vectors of the phonons which are present as indicated

in Table 3. The wave vector selection rule is
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TABLE 3

class of states |ot> k w „

vacuum state |0> 0 0

one-phonon states |k> k oi.

two-phonon states |Jk.»Jk">• k+k1 "t^k1

< k , k ' , * * * I P Q | 0 > = O u n l e s s k+k' + • • * = q . ( 5 . 9 )

Hence, i f q f 0 ,

Sc(Q,<»0 = Z(Q)6(u)-o) ) + M(Q,w), ( 5 . 1 0 )

in which the first term gives the contribution from processes

in which the neutron is scattered by the creation of a single

phonon and the second term gives the multi-phonon contribution.

Explicitly,

Z(Q) = |<q|pQ|0>|
2, (5.11)

and

M(Q,u>) = I i<k,q-k|pQ|0>|
2 6(«-iok-uq.k) + •••. (5.12)

k " ~ ~ ~

In the above discussion we have neglected the

phonon-phonon interactions, the presence of which is especially

important at higher temperatures and will, in general, lead
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to both a renormalization of u), and to a finite lifetime

for the phonon. Thus, the one-phonon peak in (5.10) is in

general not really a delta function but has a finite width

which is inversely proportional to the lifetime of the pho-

non. Such a peak is normally called a resonance. However,

in neutron scattering work, the observed resonances are

referred to, for historical reasons, as groups.

Up to this point we have tacitly assumed that

the elementary excitation spectrum consists of a single branch.

In general, there may be many branches: longitudinal vs.

transverse, acoustic vs. optic, magnon vs. phonon, etc.

Each such branch will produce a resonance in the scattering

function.

In summary, therefore, for essentially any

system at or near T=0, Sc(Q,u>) will have the qualitative

behaviour indicated in Fig. 11. That is, it will consist

of one (or more) relatively sharp one-phonon groups super-

imposed on a broad continuous multi-phonon background.

PHONONS AND ROTONS IN SUPERFLUID 4He

The existence of well-defined elementary exci-

tations in superfluid He was postulated by Landau to explain

the observed equilibrium and transport properties of the

liquid. This assumption was later confirmed by neutrcn

scattering experiments which showed that S (q,u) is+, indeed,

t 0 - q here.
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of the form shown in Fig. 11. The experimental results for

in and Z(q) are indicated by the solid curves in Fig. 12.

This figure also shows the static structure factor,

S(q) = I Sc(q,a))du>

•'•" ~ (5.13)

= Z(q) + I M(q>(j)do).

The two accentuated parts of the dispersion curve, to > denote

the regions which give a significant contribution to the

thermodynamic and transport properties of superfluid He.

Landau originally postulated that the elementary excitations

in superfluid He would belong to two branches: a phonon branch

corresponding to irrotational flow (as in a sound wave) and a

voton branch corresponding to rotational flow (as in a vortex).

The neutron scattering results show clearly that the phonons

and "rotons" actually belong to a single continuous curve

that terminates at q = 3.5 A"1. For larger values of q, a

phonon is dynamically unstable with respect to decay into two

or more phonons of lower energy but with the same total energy

and momentum.

For small values of q" the multi-phonon scatter-

ing is negligible in comparison with the single-phonon scat-

tering so that (5.10) becomes

S (q,u>) = S(q)6(u)-u) ). (5.14)
~ ~ y

f 1A ~ 0.1 nm.
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I t then follows from the f-sum r u l e (see Sec. 3 ) ,

1 f00 N-ftq2

<<u > = I a) S fq.m)d(da -3. , (5.15)\ - f
J -a

where M is the mass of a He atom, that

(5.16)
2MS(q)

which is the Feyrman dispersion aurve and is represented by the

dashed curve in Fig. 12. This result is qualitatively cor-

rect for values of q up to and including the roton minimum

but is quantitatively correct only at small q where w = cq

in which c is the velocity of sound. Here, Z(q) = S(q) so

that (5.16) can be inverted to read

Z(q) = ~L as q •* 0. (5.17)

This result is illustrated by the dotted line in Fig. 12.

PHONONS IN CRYSTALS

In a crystal, the phonons are the quanta which

characterize the excitation of the normal modes of vibration of

the atoms. To the extent that the crystal is harmonia, w and

Z(Q) can be obtained directly from the solution of the equa-

tions of motion so that it is not necessary to rely on sum
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rule arguments or other approximate techniques as one must

for liquid He. In this sense, the nature of the phonons

in a harmonic crystal is completely understood while this

is not the case for liquid He. Nevertheless, the phonons

in liquid ^He are conceptually simpler than in a harmonic

crystal as can be seen from Table 4.

In superfluid He, the phonon field is a scalar

field so that the state of a phonon is uniquely characterized

by its wave vector, q. In a crystal, on the other hand, the

phonon field is a vector field so that to define the state of

a phonon uniquely one must specify both q and the polarization

vector e. If there is only one atom per primitive unit cell,

w has 3 branches which, when q is in a symmetry direction,

correspond to a longitudinal mode (effq) and two transverse modes

(e j. q). These are called acoustic branches since, in the limit

q -*• 0, w = cq where c is the velocity of sound in the direc-

tion of q. If there are n atoms per primitive unit cell, u>

has 3n branches of which 3 are acoustic modes (for which all

the atoms in a primitive unit cell vibrate in phase) and the

remaining 3n-3 are optic modes (for which the atoms in a primitive unit

cell vibrate out of phase). If q is in a symmetry direction,

the optic modes can likewise be classified as longitudinal or

transverse but, in the limit q-*0, oi = const. The dispersion

curves for n = 2 are illustrated schematically in Fig. 13 as a

function of |q|. These curves also depend on the direction



TABLE 4

property

phonon field

polarization

no. of branches

- acoustic

- optic

dispersion curve

4
superfluid lie

scalar

none
1
1
0

isotropic

crystal

vector

longitudinal, transverse
3n

3

3n-3

anisotropic

of q so that w is anisotropic. In general, each branch of

a) is a periodic function with the same periodicity as the

reciprocal lattice.

It is interesting to compare the expression

(5.17), which gives Z(Q) for superfluid He, with the corres-

ponding expression for a crystal:

Z(Q) =

Nil '<
2Mw q

q

(superfluid He),

(crystal).

(5.18)

For the crystal case we have, for simplicity, assumed one

atom per primitive unit cell and have omitted the Debye-Waller

factor (which is important only at large Q) and the tempera-

ture factor (which is important only at large T). In super-

fluid He, the one-phonon intensity depends on the magnitude
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of the momentum transfer whereas in a crystal it depends on

its component in the direction of the polarization vector e.

In Fig. 10 we have chosen the incident and

scattered neutron wave vectors, k and k', such that Q is

approximately orthogonal to q. In this case the transverse

modes will have approximately maximum intensity while the

longitudinal mode will be very weak. Alternatively, k and

k1 could have been chosen such that Q is approximately

parallel to q in which case the intensity of the longitudinal

mode would have been enhanced and that of the transverse modes

suppressed. In this way accurate experimental values for the

peak frequency, width and integrated intensity of the one-

phonon groups can be obtained even in situations where the

longitudinal and transverse modes might not otherwise be

resolved owing to effects of finite instrumental resolution.

The results of such measurements can be compared with theore-

tical calculations to determine the interatomic forces in

the crystal.

MAGNONS IN CRYSTALS

*

Just as the vibrational motion of the atoms

about their equilibrium positions can be expressed as a

superposition of lattice waves (whose excitation quanta are the

phonons) so the deviations of the electronic spins about their

equilibrium values can be expressed as a superposition of
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spin waves (whose excitation quanta are the magnons). The ele-

mentary excitations in a magnetic crystal will therefore

include both phonons and magnons.

In Sec. 3 it was shown that the magnetic scat-
tering function, S (Q,OJ), is determined by the auto-correla-

in -v

tion function of the electronic spin density component, Si.

It is clear from (2.33) that the time dependence of Ŝ j will

contain not only a contribution from the magnons (through

S"̂ ) but also a contribution from the phonons (through r.).

The latter contribution gives rise to the so-called magneto-

vibrational scattering.

Without going through the mathematical details,

it is evident that when S (Q,w) is expanded in the form (5.10),

we will find both one-magnon peaks and one-phonon peaks. The

magneto-vibrational one-phonon peaks simply enhance the

nuclear coherent one-phonon peaks and are of little intrinsic

interest. However, the observed frequencies of the one-

magnon peaks determine the spin wave dispersion relation which can

then be compared with theoretical calculations to determine

the exchange energy and crystal field parameters for the

crystal.

Let us consider, for simplicity, an isotropic

ferromagnet. At small q the dispersion relations are of the

form

cq (phonons),
w. 2

Dq (magnons),

(S.19)
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where c is the velocity of sound and D the spin wave stiff-

ness constant. The magnon-phonon intevaotion may then lead to

a hybridization of these elementary excitations near the

point of intersection of the two curves as illustrated

schematically in Fig. 14. Thus, with increasing q, the

phonons and magnons exchange their characters. The observed

magnitude of the effect can be used to determine the magnon-

phonon interaction energy.

CLASSICAL LIQUIDS

In all liquids except helium the motion of the

atoms is essentially classical and the neutron scattering

is qualitatively different from what it is in systems near

T=0. Also, for a liquid, it is no longer necessary to dis-

tinguish between Q and q so that, as in earlier sections,

the wave vector transfer will again be denoted by q.

In Sec. 3 it was shown that the nuclear

coherent scattering function, Sc(q,w), is determined by the

auto-correlation function of the number density component, p .

If the liquid is in thermodynamic equilibrium, the number

density satisfies the equation of state,

P - P(s,p), (5.20)

where s is the entropy and p the pressure. Hence,
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(H)
so that any fluctuation in the number density can be expressed

as the sum of an entropy fluctuation at constant pressure

(heat conduction) plus a pressure fluctuation at constant

entropy (sound). In the hydrodynamic limit (q •*• 0) the entropy

fluctuation satisfies a diffusion equation and the pressure

fluctuation a wave equation. Thus, one finds that S (q,u>)

has the shape shown in Fig. 15(a), that is, it consists of a

central heat diffusion peak at co=O plus sound wave peaks at w = ±cq

where c is the adiabatic sound velocity. CHere c refers to

hydrodynamic (first) sound. In contrast, the phonons in a

crystal near T=0 represent collisionless (zero) sound.) The

widths of the three peaks in Fig. IS(a) are determined by

the thermal conductivity and viscosity of the liquid and are

all proportional to q so that, if q is sufficiently small,

the peaks are well separated. The hydrodynamic limit of

S (q,oj) can be studied by light-scattering experiments.

Neutron scattering experiments are generally

° -1
restricted to values of q > 0.1 A so that the corresponding

o • •

wavelength is 2it/q < 60 A. At these short wavelengths the

sound waves are strongly damped. Nevertheless, they have
O -I

been observed in liquid Rb even when q = 1A (Fig. IS(b)).

However, in liquid Ar, as in most other simple classical

liquids, the observed neutron scattering (Fig. 15(c)) consists
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of a single quasi-elastic peak down to the smallest q-values

available.

The static structure factor,

S(q) B I S_(q,w)da>, (S.22)
J-oo C ~

is given, according to (3.14), by

S(q) = <0)°>c = <|pq|
2>. (5.23)

Hence, with r.v. = r.-r., it follows from (2.31) that

S(q)

iq«r12

N + N(N-l)<e " ~1£> (5.24)

N + N(N-l) / / e 1 9 ~ 1 2 P(r1,r2)dr1dr2,

where N is the total number of atoms, as before, and

P(r,,r2)dr dr, is the normalized joint probability that atom 1

is in djj and atom 2 is in dj 2. The latter quantity can be

expressed as

4 . (5.25)

where V is the volume of the liquid and g(r) the pair corre-

lation function which has the properties
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g(r)
0 r •*• 0 ,

1 r
(5.26)

For intermediate values of r, the shape of g(r) characterizes

the "structure" of the liquid (Fig. 16). Hence,

S(q) = Nil + p / e^S'I g(r)drj, (5.27)

where p = N/V is the number density. The static structure

factor, S(q), obtained from neutron or X-ray scattering

experiments can therefore be Fourier analysed to determine

g(r) which can then be compared with results of theoretical

calculations or computer experiments.
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6. INELASTIC SCATTERING (SINGLE-PARTICLE MOTION)
INCOHERENT SCATTERING

In Sec. 3 it was shown that if the nuclear

spins are statistically independent then

-iq-rfO) iq«r(t)
Ci(q,t) = N<e - ~ e ~ ~ >, (6.1)

so that the nuclear incoherent scattering is, in fact, inco-

herent. There are also situations where the interatomic

interference terms in Cc(g,t) and C (q,t) vanish so that

the nuclear coherent scattering and the magnetic scattering

become incoherent. This occurs, for example, in the limit

of large q and also in the limit of a low-density gas. The

magnetic scattering in a paramagnet at temperatures well

above the transition temperature is likewise incoherent

since the electronic spins are then statistically independent.

In all the above cases the scattering is incoherent and

characterizes the single-partiole motion in the system.

CUMULANT EXPANSION

To discuss the incoherent scattering we shall,

for simplicity, assume the temperature is sufficiently high

that the motion of the atoms can be treated olaasiaaVLy. In

this case r(0) and r(t) commute so that (6-1} becomes



- 59 -

C±(q,t) = N <eiV*W>, C6.2)

where d(t) i s the displaoement of the atom in time t,

d(t) = r ( t ) - r(0) = I v ( t ' ) d t ' , (6.3)
J 0

in which y(t) = r(t) is the velocity.

It will be noted that (6.2) has the same form

as the expression (3.22) for the Debye-Waller factor so that

we can make an analogous ewmlant expansion:

Cjfq.t) = N exp{- | cp<d(t)d(t)>«q + •• • } . (6.4)

As before, the higher-order terms vanish identically for a

harmonic solid so that C^(q,tj is a Gaussian function of q.

For other systems, the Gaussian approximation usually pro-

vides a good qualitative description of the incoherent scat-

tering and is, moreover, asymptotically exact in the limits

q •* 0 a n d q •*• ».

GAUSSIAN APPROXIMATION

For a gasr liquid or cubic crystal.

<da(t)dg(t)>

(6.5)
1 2
3̂  -'•*'•' °a(3 *
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where a,(3 = x,y,z. Hence, the Gaussian approximation becomes

2

Ci(q,t) - N e"q p ( t ), (6.6)

where

p(t) = \ <d(t)2>,

rt ft

= i 1 dt' I dt"<v(t')-v(t")>, (6.7)
b JQ JO

1 C*
= T \ (t-t')<v(0W(t')>df.

3 JO ~

Thus, in the Gaussian approximation, the incoherent scattering

is uniquely determined by the velocity auto-correlation function.

BEHAVIOUR AT LARGE q

Since P(t) is an increasing function of t, the

behaviour of Cj(q,t) in the limit q -»• °» is determined by the

behaviour of p(t) in the limit t •*• 0 where

P(t) = \ (vot)
2, (6.8)

in which v* is the root mean square velocity of an atom:

7 ? 3 kR T

v0 = <Y > = -jtr" •• (6'9)

Hence, iu the limit q •* »,
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which is a Gaussian function of m with a full width at

half maximum (FWHM),

— vQq = 1.36 vQq. (6.11)

For an ideal gas, y(t) = const so that (6.8) is

exact for all t and (6.10) for all q as can be verified by

direct calculation. In general, therefore, the incoherent

scattering in the limit q + » is the same as for an ideal gas.

BEHAVIOUR AT SMALL q

The behavioui- of CjCq.t) in the limit q + 0 is

determined by the behaviour of p(t) in the limit |t| •*•<*>

where

p(t) - D|t|-C, (6.12)

in which D is the coefficient of self-diffusion >

D = l f <v(0)«v( t ' )>dt ' , (6.13)
3 J 0 ~

and

C = i- 1 tI<v(0)«v(-t')>dtl . (6.14)
s J 0

Hence, in the limit q •*• 0,
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2

S-(q,uO = J 2
 D{» , (6.15)

x ~ * wZ+(Dq2)2

which is a Lorentzian function of w with a FWHM,

Aw = 2Dq2. (6.16)

In a solid D is effectively zero in which case

(6.15) reduces to a delta function as in (3.24). However,

in a gas or liquid, D is sufficiently large that it can be

accurately determined by neutron scattering experiments at

small q.

BEHAVIOUR AT INTERMEDIATE q

With increasing q, S^(q,w) changes from a

Lorentzian at small q to a Gaussian at large q (Fig. 17).

The behaviour at intermediate q depends on the thermodynamic

state of the system.

For a gas, S.(q,w) can be obtained from the

kinetics theory of gases and one finds that the transition from

Lorentzian to Gaussian occurs when ql * 2ir where Z is the

mean free path.

For a liquid, S^(q,w) can be obtained by a

suitable generalization of the theory of Brownian motion and one

finds that the transition from Lorentzian to Gaussian occurs,

typically, when q * 5 to 10 A .
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For a gas or liquid, the FWHM of S^q.u)) has

the qualitative behaviour shown in Fig. 18. It will be

noted that for any value of q, Aw is always less than in

an ideal gas. In other words, the effect of the interatomic

forces in a gas or liquid is to produce a narrowing of the

incoherent scattering function. This oollisional narrowing

effect is in contrast with the effect of phonon-phonon inter-

actions on the coherent scattering function for a crystal

which is to produce a broadening of the one-phonon peaks.

For a harmonic crystal, S^(q,u) can be obtained

from a phonon expansion and one finds that

N e'2WJ6(o>) ' O r ) (fy g(u) + 0(q4)|, (6.17)

in which the first term gives the contribution from incoherent

elastic scattering (see (3.24)), the second that from inelas-

tic one-phonon processes and the higher-order terms represent

the multi-phonon contribution. The quantity g(u>) is the

normalized phonon-frequenny distribution function (Fig. 19). Since

g(o>) ̂ 0) as in + 0 it is evident that S.(q,oj) has the quali-

tative behaviour shown in Fig. 20 at intermediate q. Neutron

inelastic scattering experiments at intermediate q can there-

fore be used to determine g(u>) directly.
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Fig. 1. Scattering triangle.

Fig. 2. Spin projections.
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Fig. 3. Differential scattering cross section of a

single atom (or ion).
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Fig. *t. Unit cells that generate the same space lattice.
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Fig. 5. Bragg scattering-

O

Fig. E. Th« Ewald construction in k-space.
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Fig. 7. Bragg scattering in an anti-ferromagnet.

Fig. 8. Debye-Scherrer cones.
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Fig. 9. Multiple Bragg reflection in a thick crystal.
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Fig. 10. Wave vector relations for neutron inelastic

scattering in a crystal.
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one-phonon group

0)

Fig. 11. Nuclear coherent scattering function at or near T = 0.
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Feynman

Fig. 12. Phonons and rotons in superfluid He.



- 75 -

to.

h optic modes

Erillouin
zcne

boundary

Fig. 13. Phonon dispersion curves for a crystal with two

atoms per primitive unit cell.
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Fig. 14. Hybridization of the elementary excitations in

a ferromagnetic crysta'l due to the magnon-phonon

interaction.
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S_(q,u>)

(a) hydrodynamic limit

q •*• 0

(b) liquid Rb

(c) liquid Ar

Fig. 15. Nuclear coherent scattering function for a simple
classical liquid.
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simple liquid
g(r)

S(q)

Fig. 16. The pair correlation function, g(r), and static

structure factor, S(q), for a simple liquid.
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small q

Fig. 17. The incoherent scattering function for a gas,

liquid or solid is Lorentzian in the limit

q + 0 and gaussian in the limit q •• •».

Fig. 18. The FWHM, Ao>, of the incoherent scattering

function for a gas or liquid.
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Fig. 19. The phonon-frequency distribution function for

a crystal.

Si(q,o)

0 .

20. The incoherent scattering function for a

harmonic crystal at intermediate q.
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