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Ré sumé

Pour l'écoulement turbulent pleir.-ment développé dans les tuyaux
circulaires lisses ou rugueux, le facteur de friction dépend du
nombre de Reynolds et du paramètre de rugosité et, ce, dans une
équation implicite qui doit généralement être résolue par une
méthode numérique itérative. Dans ce rapport, nous proposons
plusieurs méthodes approximatives pour l'évaluation explicite des
facteurs de friction avec référence spécifique à l'équation de
Colebrook-White. La précision et l'intérêt de chaque méthode
sont notés et des formules sont recommandées pour usage pratique.
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ABSTRACT

For fully developed turbulent flow in smooth or rough circular pipe, the
friction factor depends on the Reynolds number and on the roughness para-
meter through an implicit equation, which must usually be solved by an
iterative numerical method. In this report we derive several approximate
methods for the explicit evaluation of friction factors, with specific
reference to the Colebrook-White equation. The accuracy and convenience
of each method is discussed and formulas for practical use are recommended.
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EXPLICIT FORMULAS FOR THE COMPUTATION
OF FRICTION FACTORS IN TURBULENT PIPE FLOW

by

W.N. Selander

INTRODUCTION

A problem in hydraulic engineering is the evaluation of the

friction factor X which relates pressure drop dp/dx to fluid velocity v

in various pipes, fittings, etc. For fully developed turbulent flow in

a long straight circular pipe, the relation is

|dp/dx| = Xpv2/2D (1)

where p is the fluid density and D is the pipe diameter. In some refer-

ences the notation f is used in place of X, and occasionally f is taken

to mean X/4 [1], [2]. In this report we will for consistency always use

the symbol X as defined by (1).

The friction factor X depends on the Reynolds number R = Dv/V

and the dimensionless roughness parameter Z = K/D; V is the kinematic

viscosity of the fluid and K is a measure of the height of protrusions

on the pipe wall. A combination of theory and experiment has been used

to obtain various relations among -X, R and Z. The one that we shall con-

sider, because it correlates the data over the entire range of Reynolds

numbers and roughness, is the Colebrook-White formula [1], [3],

1/iT = 1.74 - 2 log(18.7/RA + 2Z)

= -2 log(2.5226/R>T + Z/3.7066) (2)

Because (2) is an implicit formula for X, the evaluation of X for given

R and Z ordinarily involves some trial and error procedure such as the

Newton-Raphson method in which several function evaluations may be re-

quired. This is inconvenient and time-consuming, especially in the de-

sign or simulation of large systems. In this report we will derive two

explicit formulas for X as a function of R and Z, based on (2). We will
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discuss their accuracy and make recommendations for their use. The

methods for obtaining these formulas are described in the following

section. A more detailed consideration of methods of solving (2) is given

in an Appendix.

The choice of a formula for X(R,Z) will depend on the require-

ments of convenience, speed of computation, and accuracy in a given situa-

tion. The requirement of accuracy is limited by the significance of the

numerical coefficients in (2). To assess this, we observe that for Z=0,

(2) reduces to Prandtl's formula for smooth pipes,

I/A = 2 log(R/T) - 2 log(18.7) + 1.74

= 2 log(R/T) - 0.80368... (3)

which is usually quoted as, [1],

I/A = 2 lov(R/X) - 0.8 (4)

Equation (2) has also been quoted as, [2]

1/i/f = -4 log(1.25/K./f + Z/3.7) (5)

where f = X/4. In terms of X, (5) becomes

I/A = -2 log(2.50/R/X + Z/3.7)

= -2 log(18.7/Rv̂ X" + 2.Q2Z) + 2 log(18.7/2.5)

= -2 log(18.7/WT + 2.022) + 1.7478... (6)

A comparison of (2) with (6) and (3) with (4) shows the

approximate nature of the coefficients in the relations defining X.

This degree of accuracy (-0.5 per cent) is probaMy the most that

can be obtained from the data upon which the correlation is based, and

it suggests that two or three significant figures are adequate for com-

putation, which is consistent with hydraulic engineering practice gen-

erally.
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METHOD

The basic method for deriving an explicit formula for A is to

choose a suitable initial approximation A (R,Z), and then to improve it

by algebraic iteration or perturbation using (2). It is shown in the

Appendix that iteration does not improve the accuracy of the result as

fast as a perturbation method. However, the iteration method has the

attraction of being algebraically convenient, which justifies its use

provided the requirements of accuracy and speed of computation can be

satisfied through the choice of A . The formulas derived in this report

and recommended for practical use will be obtained by this method.

The iteration of (2) is straightforward. Denoting the first

and second iterates of A as A' an<? X", we have

I/A"1 = -2 log(2.5226/RA~ + Z/3.7066) (7)

I/A" = -2 log(2.5226/R^V' + Z/3.7066) (8)

The formula for flow in smooth pipes, [4],

1/i/T = 0.86859 Hn (R/(1.964 £n R - 3.8215)) (9)

may be obtained in this way as the second iterate of Prandtl's equation

<4) using the initial approximation

XQ(R) = 0.19/R
0-20 (10)

The expression (9) is accurate to better than 0.1 per cent in the range

10 < R < 2.5 * 10 , but does not apply to rough flow.

The above method could readily be extended to the Colebrook-

White equation (2), using a modified A of the form,

X Q = 6 U / R + Y Z
q ) P (11)

where g, y, q and p are constants. This formula attempts to model the

dependence of X on both R and 2 in a realistic way. However, it is shown

in the Appendix and can also be seen from computations using various forms

of A , that the accuracy of most approximations increases as Z is increased

Thus there is no need to model the Z-dependence of A very accurately and

(11) is simplified to
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XQ = B/RP (12)

which i s s imi la r to (10). Two i t e r a t i o n s of (2) using (12) then give the

results,

I/A"" = -2 log{2.5226//g R1"^2 + Z/3.7066) (13)

1/VT" = -2 log(-(5.0452/R) log(2.5226//B R1"^2 +

Z/3.7066) + Z/3.7066] (14)

By suitably choosing 6 and p, the above formulas can be made accurate

to a few ier cent (1 or 2%) for A' and less than one-tenth of one per

cent for A". However, the formulas are not in the most efficient form

to use, in particular the speed of evaluation ifi not very high, since
y

(13) requires one evaluation of X and one evaluation of ALOG, while (14)
y

requires one evaluation of X and two evaluations of ALOG, as well as

the necessary multiplications and additions. The time required for

simple operations such as add, subtract, multiply, fetch and store is on

the order of 1 Us or less, while division requires =3 ys, on the CRNL
y

CDC 6600. The corresponding times for ALOG and X are =20 lis and =40 \ls

respectively, so that in applications where X must be evaluated many times,

it is desirable to eliminate some of the slowest operations. The dependence

of X on R and 2 is basically logarithmic, so that it is unlikely that log-

arithmic evaluations can be avoided. The most effective strategy, and one

which simplifies the formulas considerably, is to eliminate X by choosing

the initial estimate,

^ -a log(b/R + Z/c) (15)

where the coefficients a, b and c will be chosen to make A resemble A

as closely as possible. An estimate of the magnitudes of a and b can be

obtained by setting Z=0 and substituting the; right-hand side of ilO) into

(2); this gives a=1.8, b=7.0. On the other hand for large values of Z

(or large values of R) , (2) shows that a=;.'.0, c=3.7. A compromise value

a=1.9 is, therefore, indicated and a process of trial and error gives the

coefficients b=10, c=5. 1'hus, we choose

1/A7 = -1.9 log(10/R + Z/5) (16)
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as the "best" formula of that form in the sense that the maximum relative

deviation from the true value is fairly uniform over the range of R and Z.

If the coefficient a=1.9 is increased, a better fit is obtained for large

Z, at the expense of the fit at Z=0. Similarily, decreasing the coefficient

favours the smooth regime (Z=0) at the expense of the rough regime. Moderate

variations of b and c affect the distribution but not the overall magnitude

of the relative error, thus they are left as integers for the sake of

simplicity and convenience. The above formula gives X accurate to 5 per

cent or less in the range 5 * 103 < R < 6.5 * 10° and 0 <_ Z < 0.05. The

error increases a fraction of one per cent at Z=C.1, but for very rough

flow (Z ̂  0.05), A is practically independent of the Reynolds number and

a better approach would be to use X = constant where the constant depends

only on Z.

One iteration of (16) gives the formula

1//X"7" = -2 log[~4-792- log(10/R + Z/5) + Z/3.70661 (17)
R

which is accurate to 0.5 per cent or less over the range 5 * 10 ^ R £ 6.5 * 10

and 0 £ Z £ 0.1. Formula (17) is not quite as accurate as (9) but is

consistent with the level of accuracy inherent in (2) and is, therefore,

adequate for practical use. One further iteration, requiring an addi-

tional evaluation of ALOG could, of course, be used to improve the accuracy.

The coefficients of Z in (16) and (17) can be inverted to reduce the number

of divisions.

CONCLUSIONS AND RECOMMENDATIONS

Although the method of iteration to solve the Colebrook-White

equation for X(R,Z) is not particularily accurate compared with perturba-

tion methods, a careful choice of initial estimate X gives a first iterate

X' which is adequate for practical use. Moreover, X and X' can be chosen

to increase the convenience and speed of computation substantially over

other formulas. The method can be extended to equations of the same gen-

eral form as the Colebrook-White equation which represent friction-factor

correlations for geometries other than a straight circular pipe.
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For applications where an accuracy of only a few per cent

(<_ 5%) is required, and where speed and convenience are important, the

following formula is recommended.

A = [1.9 log(10/R + 0.2Z)]"?

This would be useful for computations with a hand calculator,

or for the first several approximations in an iterative desigr. or simula-

tion problem, before the final pressure drop configuration has been

determined.

For applications where more accuracy (̂ 0.5%) is required, the

recommended formula is

A = (2 log[~4"Z93 log<10/R + 0.2Z) + 0.2698Z]}"
R

This would be useful in the later iterations of a design or simulation

program, where the pressure drop configuration is converging to its final

value.
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APPENDIX

ALTERNATIVE METHODS OF SOLUTION OF THE COLEBROOK-WHITE EQUATION

The iteration method for the solution of the Colebook-White

equation (2) is described in the main body of this report. For various

initial estimates A , it was observed that the iterates do not converge

particularly fast, and other methods were investigated. It will be shown

that these other methods give inherently better accuracy, but lead to less

convenient formulas for A, with no saving in the time required for computa-

tion, and are therefore not recommended for practical use. For convenience

in what follows the Colebrook-White equation is written as

\/fk = -Ailn(B/R/A~ + Z/C), A, R, Z positive (A.I)

where A includes the necessary factor log e = 0.43429. An initial esti-

mate X (R,Z) is assumed as before, but there is no need to specify its

form in the present discussion.

Method 1: Perturbation on A

Let the solution be X = X + n where n is a small "correction

term", to be evaluated by satisfying (A.I). This is done by substituting

in (A.I) and expanding bo'-h sides in a Taylor's series to second order

in (ri/A ) , assuming that A is a good enough initial estimate of A to

permit this. Collecting terms then leads to the quadratic equation for

<n/xo>,

a(n/AQ)2 - b<n/A0) + g = 0 (A.2)

where the coefficients are

3AB/R/CT A ( B / R A T ) 2

3/8A7
0 n,.,,,,,.^— . 2y c j 8(B/R/X~" + Z/C)2

AB/RvT"
1/2A" + 5

" *~ • z/c)

Z/C)

(A.3)



The solution of (A.2), for which we use the subscript 2 to denote it as

a second-order solution, is

( I V V = <b -f£2-4ay)/2a (A.4)

Expanding and truncating the square root gives the simplified expression

(n2/A0) = (b - b(l-4ag/b
2)is/2a

= (b - b(l-2ag/b2 - 2a2g2/b4))/2a + O(g3/b3) (a.5)

= g/b + (a/b)(g/b)2 + O(g3/b3)

It is observed that the neglected term in (A. 5) is of order (n A ) .

which is the order of the first neglected term in the expansion that

leads to Equation (A.2). Thus the expression

and (A.4) are equally valid second-order solutions. (Neither one may

be valid, of course, if A is poorly chosen.) The first-order perturba-

tion solution, obtained by stopping the expansion after two terms, is

\/X0 ~ g / b (A-7)

The corresponding first- and seccnd-ordsr expressions for A are then

Al = X 0 [ 1 + g / b l (A'8)

X2 = A 0 f l + g / b + ( a / b ) ( 9 / b ) 2 ] (A-9)

Method 2: Perturbation on

In this case we define U = 1//A" and let U = U + W be the

solution of

U = -A£n(3U/R + Z/C) (A.10)

where U = 1/fiCI. Expanding both sides of (A.10) to second order in

W/U leads to the quadratic equation,

a(W/U Q)
2 + 2b(W/UQ) + g = 0 (rt.-U)

where

a = -A/2[(B00/R)/(BUQ/R + Z/C)]
2 (A.12)
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and where the coefficients b and g are given by (A.3). Using the same

argument as before leads to the first- and second-order perturbation

solutions for U,

Ul = U 0 ! 1 " 9 / 2 b ) (A.13)

U2 = U 0 ( 1 " g / 2 b " (a/2b) <g/ 2 b) 2' (A.14)

Comparison of Method 1 with Method 2

Method 1 and 2 are both based on the same perturbation

method, but with the variables defined differently. Superficially,

therefore, it would appear that both methods should lead to essentially

the same result. However, it will be shown that considerably more

accuracy is inherent in Method 2. Specifically, we compare the accuracy

of the first-order estimates obtained by the two methods by examining

the ratio of the coefficients of the second-order correction terms in

(A.9) and (A.14). This ratio is, in terms of U ,

I I =
[3U /a + 3AI/8 - AI /8]

where

I = (BU0/R)/[BUQ/R + Z/C] (A.16)

Since I£l» then I <I and the right-hand side of (A.15) can be increased

by replacing I in the numerator and denominator by I, giving the

inequality

2a -

which simplifies

a
2a

<

(A

(AI/4

to

1/[1 +

1/4)

* 3U0/8)

(3/2A)( (A.18)

For the Colebrook-White formula (A.I), with the typical numerical values

Uo = 10, Z = 10~ , R = 10 , (A.18) gives approximately
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For Z=0 (A.18) gives approximately

|-̂ ;| _< ~ (A.20)

These inequalities show that the first-order solution by Method 2 is

much more accurate than the first-order solution by Method 1, since the

second-order term, which is a measure of the error involved in stopping

the expansion at first order, is relatively much smaller.

Comparison of Method 2 with the Iteration Method

We will compare the accuracy obtained by one iteration with

the accuracy of the first-order solution U . To do this it is necessary

to obtair estimates of the error expected in each formula, and for this

purpose it is convenient to deal with U = 1/fk rather than A itself. Let

the error in 0 relative to U be denoted by £ , for which an estimate

is then

Z1 = (a/2b)(g/2b)
2 (A.21)

The first iterate cf 'J can be written

U' = -A£n(BU0/R + Z/C) (A.22)

and to find an error estimate we denote the relative error in U1 by £'

and the relative error in U by e , so that the exact solution U of (A.10)

satisfies the equation,

U = U - £ U = U' - E'U = -A£n(BU/R + Z/C) (A.23)

Then straightforward substitution and use of the Taylor's series for the

logarithm yields the equations,

uo " V o " u" " e'uo
= -A«.n(3U /R + Z/C - Be 0 /R)

B£ U./R
-A«n(BU0/R + Z/C) -0/R + Z/C) - A*n(l - B U Q / $ z / c>

= -AS,n(BU /R + Z/C) + AE I (A. 24)

This gives the estimate for e ,
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eo =
A£n(BU /R + Z/C) + 00

Recognizing the first term on the right-hand side of {A.24) as U1

gives the following estimate for £',

AJlnfBU /R + Z/C) + U

e- ~- -A £ OI/U 0 = - *L 2 _ _ (A.26)

after using (A.25) to replace £ We now obtain a simple comparison of

e and e' by taking the ratio of (e | to the square of e', using (A.26),

(A.21), (A. 3) and (A.12),

U2 0

i l 2 ° A I ) <! (A"27)

In other words, e is of the order of the square of £'. As a numerical

example, using the typical values u = 10 and A - 1 inequality (A.27)

shows that an error of two per cent in the first iterate corresponds to

an error of less than 0.2 per cent in the first-order perturbation. These

comparisons indicate that Method 2 is potentially the most accurate method.

Sensitivity to Error in U

From (A.27) and (A.26) we obtain the expression for £ in terms

of the error in the initial approximation U ;

ex < (AI 2/2U 0)£Q (A.28)

Because of the quadratic dependence of e on I and e , the first-order

perturbation formula is highly accurate and not very sensitive to the

choice of U (i.e. of X ) especially for Ẑ O where T is small. As an

example, for Z=0, (1=1), a 50 per cent error in 0 causes an error in

\1^ of roughly 1 per cent or less, and this figure is considerably de-

creased when 2^0.
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Computations

A number of computations were made to tp°t the theory des-

cribed above, as it applied to equation (A.I) over a range of R and Z,

.ncluding Z=0. Initial approximations X (R,Z) of various forms wore

tried. The first and second iterates, as well as the perturbation

solutions A and X, obtained by Method 1 and 1/U, and 1/U obtained by

Method 2, were computed. The exact value of A was computed to high

accuracy using a zero-find routine and the relative errors in the var-

ious approximations were determined from this. The errors of the

approximations obtained by the three methods were found in general to

satisfy the above theoretical relations. As well as being more accurate

than the first iterate, the solution 1/U (first-order perturbation

solution using Method 2) was found to be more accurate than the second

iterate A", in all but a few cases. In the second-order perturbation

solutions, the two expressions corresponding to (A.4) and (A.6) agreed

very closely, and in very accurate cases, the latter expression was

superior, owing to loss of figures caused by subtractions in (A.4). It

was generally observed that a givfin approximation improved in accuracy

as Z increased, which is expected from the theory.

The robustness of Method 2 was also shown by the fact that

acceptable values of X could be obtained by taking as the initial esti-

mate A constant. The value A = 0.0135 gave 1/U, accurate to within

0.4 per cent over the range of R for 2=0 and much less for Z^O.
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