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SECTION 1. INTRODUCTION 

Inverse bremsstrahlung is one of the important mechanisms for 
transferring energy from laser light to matter. The computer 
code LASNEX currently uses a simple physical model for this 
process for which there can be substantial corrections. The 
purpose of this investigation is to provide a model for the 
bremsstrahlung process that will be applicable over the whole 
range of interest for use in LASNEX. 

Two of the major corrections to the standard treatment arise 
because: 

1. The absorption processes are nonlinear 
due to the intense laser field. 

2. The atoms of the heavier elements are 
only partially ionized. 

There is also a coupling between these effects because the 
strong fields influence both the degree of ionization and the 
geometry of the electron cloud around the ion. In this report, 
we concentrate on the aspects due solely to the intense fields, 
but we develop the formalism so that it will be possible to 
easily include the effects of partial ionization. Another cor
rection arises from ion-ion correlations. This will be dis
cussed in a subsequent report [1]. 

The problem of Compton scattering at high intensities was 
addressed in the mid-1960s. Several papers [2,3,4] developed 
the formalism for attacking the intense field bremsstrahlung 
problem. There are by now a number of papers in the litera
ture discussing bremsstrahlung in intense fields [5-14] but 
only a few numerical calculations. The most extensive 
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numerical calculations and the ones most appropriate to this 
problem are those of Brysk [10]. We have found that there 
is a numerical error in Brysk's results, so that the intense 
field correction factor calculated by Brysk actually should 
be associated with a laser field of one-fourth the intensity 
stated by Brysk. Calculations which use the Brysk results 
thus underestimate the correction factor caused by intense 
field effects. Further discussion of Brysk's results and 
comparison with ours is found in Section 5. 

The previous analytical works have made a number of approxi
mations, and it is important that these be identified and 
their reliability assessed since some approximations will 
have to be made when more exact calculations, which go beyond 
the Born approximation and which include the effects of the 
atomic electrons on bremsstrahlung absorption, are done. 

The intense field bremsstrahlung problem has been addressed 
using two somewhat different approaches. The approach used 
here has two steps: 

1. The cross section for absorption or emis
sion of bremsstrahlung by an electron in 
an external field is calculated. 

2. The rate at which energy is absorbed by 
electrons with a specified energy distri
bution is calculated. 

The assumptions or approximations we make for obtaining the 
cross sections are: 

1. The electrons interact with infinitely heavy 
ions via a static, shielded, Coulomb potential. 
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2. The laser field is treated as a classical 
plane electromagnetic wave. 

3. The Born approximation is used for the scat
tering of electrons from ions. The appro
priate generalization of plane waves is the 
exact relativistic wave functions for an 
electron in a classical plane electromagnetic 
wave. 

The cross section for these approximations is calculated 
exactly. Several other approximate forms for the cross 
section such as nonrelativistic, classical nonrelativistic, 
and classical relativistic are also derived. The approxi
mate forms are useful in numerical computation of the energy 
absorption rate. 

In our approach, to obtain analytic or numerical values for 
the energy absorption rate, we must specify an electron dis
tribution function. We derive the expression for the energy 
absorption rate using the various approximate forms of the 
cross section obtained above by assuming that: 

1. The electrons have a Maxwellian distribution 
in their canonical momenta (the random part 
of their velocities). 

The numerical results for the correction factor for the brems-
strahlung absorption rate, calculated according to these 
assumptions, are presented in Section 5. The range of appli
cability of these assumptions will be discussed in Section 6. 
There we also describe methods which allow the assumptions to 
be relaxed or eliminated. / 
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The other approach [7,8,14] to the calculation of the brems-
strahlung absorption rate involves solving the Boltzmann 
equation or some approximation to it for the plasma in the 
presence of the laser beam. Using the distribution function 
thus obtained, the current J and electric field E are calcu
lated. The rate at which toe plasma gains energy from the 
laser beam is given by the average over a laser period of 
J'E. The assumptions involved id this treatment concern the 
specification of the collision term in the Boltzmann equation 
and the approximations used to obtain a solution. In Section 
6 we discuss the relationship between the energy absorption 
rate obtained using this method -and various different approx
imations, and the rate obtained Recording to our prescription. 
We show that qualitatively and quantitatively there is little 
difference in the results obtained via these different 
approaches for the range of physical parameters of interest. 

For simplicity and brevity we will limit our discussion to 
wavelengths of 1 um or 10 um, intensities from 1.5 x 10 

2 16 2 W/cm to 5 x 10 W/cm and electron temperatures between 
100 eV and 10 keV. 

Section 2 contains the derivation of the bremsstrahlung cross 
section and various approximate forms useful in the numerical 
calculations. Section 3 contains the derivation of the expres 
sion for the energy absorption rate for a general distribution 
function and special forms for varic , approximations to the 
cross section. Section 4 contains a discussion of the alter
native methods of derivation of the energy absorption rate. 
Section 5 presents the numerical results and comparison among 
the different expressions. Section 6 presents a discussion 
of the validity of the assumptions and methods to relax the 
approximations. 
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SECTION 2. CROSS SECTION AND TRANSITION RATES* 

In this section we calculate the cross section and transition 
rate in the Born approximation for electron scattering in a 
static Coulomb field in the presence of an intense laser 
field. First we solve the exact relativistic wave equation 
for a scalar (spinless) particle of mass equal to the elec
tron mass in a classical electromagnetic field. Since, we are 
interested in laser beams of high intensity, treating the 
laser field as a classical external field is a good approxi
mation [2,5]. The purpose of using the relativistic wave 
equation is to obtain a form for the cross section which 
allows us to assess the validity of using the dipole approxi
mation for the laser potential in the calculation of the 
cross section.. Since the Dirac equation in second-order form 
differs only by a spi,n term from the Klein-Gordon equation, 
it is simpler and adequate for our purposes to consider a 
scalar wave equation. If it were necessary, the formalism 
developed below could be extended to the Dirac equation [2]. 

Second, the relativistic wave functions are used to obtain 
the Born approximation expressions for the transition rates 
and cross sections in an intense field. Using these expres
sions, we can obtain the nonrelativistic limit for the tran
sition rates. Finally, the classical transition rates are 
deri7ed for nonrelativistic and relativistic kinematics. 

We use unrationalized CGS units throughout with m »i»c*l. 
We use the conventions of Reference 15. The inner produjt,. 
of two four vectors A and B is represented by A'B= A B -A*B. 
We work in the gauge where k'A* $'%* 0. 
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2.1 ELECTRON HAVE FUNCTION 

The Klein-Gordon equation for a spinless particle having the 
mass of the electron in a classical electromagnetic field, A 
(describing the laser field) and a static potential describ
ing the electron Coulomb interactions is 

%-e<vv ' * • * (2.1) 

For a static Coulomb field, V, =(V, 0, 0, 0) with V given in 
Equation (2.9). For this work, we treat V in the Born approx
imation. The exact solution to Equation (2.1) with V = 0 and 

= (0,A) ; A(r,t)= A(wt-ic-r) (2.2) 

is given by 

,i.-/l \ 3/2 1 fl-ip*x ^i* (2.3) 

where 

P ^ f (2eA.p-e2A-A)di 
' n 

(2.4) 

with T • t-k«r 

For a linearly 'polarized plane wave with A=e a sin (k«x), <j> 
is given by ;, 

b - 1 
pp ;;2p>k -2eae*p cos (k«x)-£-~- k-x-| sin (2k«x).( (2.5) 
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2.2 SCATTERING AMPLITUDE M P CROSS SECTION 

The scattering amplitude for scattering from a state labeled 
by p, to one labeled by p, is given by [15]: 

M(p2,p1)6(E2-E1-AE) - (2Tr)3Jd4y/p (y) (-ZiVfy)^)^ (y) (2.6) 

The transition rate from state p, to state p, in the interval 
d p 2 is then 

l M<Pl'P 2| 2 3 dR(p,,p,) = ±-f— dJp,6(E,-E,-AE) (2.7) 
1 * (27rr l 

Equations (2.1) to (2.6) lead to the formula for Mtpj,?^ 

M(p2 lp1)6(E2-E1-AE)--^L fd4y e

i{P2-h]' r 

exp(i cos k , y- v[w^k - w^)sin 2 k , y 

/ + •»• • * •* 

1^-419-^—- Tfr'ity-** 
(2.8) 

where we have taken the Coulomb (shielded) potential 

V(E)> eZe -ur 
4irr (2.9) 
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and 
v = e 2 a 2 (2.10) 

Restoring units for the moment we have 

r e E 2A 2 

v * ~ ~ 5 — 1 4TT m c e 

where E is the (peak) local electric field and A is the laser 
wavelength. For a traveling wave, E is related to the inten-
sity I by E » 8irl/v where v is the group velocity. In 
that case 

2 v urnc g e 

The variable v is four times the electron jitter energy 
divided by the rest energy. The jitter energy is the aver
age value of the energy of the electron caused only by the 
laser field. The momentum p" in Equation (2.8) is given by 

v hmh*V^ff\ ( 2- n> 

The electron within the field A gains momentum from the 
field, p is the average value of the electron momentum in 
the field. Discussion of the origin of the momentum shift 
and its consequences can be found in References 2 and 4. 

To proceed further, we use the generating function for the 
Bessel functions [16] 

CO 

exp[| (t-l/t)] = ^ t k J k ( Z ) (2.12) 
k=-» 
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to expand the sin and cos in the exponential of Equation (2.8). 
Integrating over y Q (in Equation 2.8) produces an energy con
serving delta function while integrating over y produces the 
Fourier transform of the shielded Coulomb potential. 

M(p2,p1) 6 (Ej-Ej-AE) = 2>* (P!'P2)«(^"V*") ( 2 , 1 3 ) 

where 

4 \ P l -k P2'k/\V2m-l ^ t - h r t 1 . 

+ ™/-l_+jJ(j (V L ) (V, 

where 

-2m-2 + V M 1 <2-14) 

-> -»• + + 

v - f p l * E p 2 , £ | 

V P 1 - P 2 " i ^ ( 2 ' 1 7 ) 
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The rate of transition from state p. to state p~ in the inter
val d p , is given by 

and 

<K(p1,p2) -£dR*<p r P 2 ) (2.18) 

A„2 2 
e dR £(p 1,p 2) - _ - _ _ _ d 3 p 2 « (B2-i"1-tu) 

E 1 E 2 (? J) 
(2.19) 

E'-A^Wi1-1 (E,+E2) 

4 \ P l . k p 2 - k / \ 
JJl-2m-l 2 + J!-2ra+l X 

+ S(p^+pps)f i-2m-2 J£-2m+2 i (2.20) 

where r is the classical radius of the electron. 

The cross section for absorption (i< 0) or emission (i>0) 
of i photons is then 

i l l d o l * ^ d R l ( p 1 / P 2 ) (2.21) 
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2.3 NONRELATIVISTIC LIMIT 

The formula that is usually quoted in the literature (5,7] 
comes from solving the Schrb'dinger equation in an oscillating, 
spatially uniform electric field. Other derivations of the 
scattering cross section can be found in Reference 5. This 
result may be obtained from (2.20) by taking V2-*-0 and neglect
ing terms of 0(v/c). To this order the cross section with 
absorption or emission of I photons is given by 

where 

.1 4zV 2 , p, 

Q = Pj-Pj (2.23) 

2 2 
P 2 P l 
Y* Y± ll° ( 2' 2 4 ) 

i/v ^T- (2.25) x 
(!) 

The total differential cross section is 

do = \ 7 da I 

ST £^ W (2.26) 
Us _» 

2-7 



The Bessel functions satisfy a sum rule 

1 -£ s\ (2.27) 
- c o 

which is applicable here if we realize that for moderate 
values of I and velocities of interest, the quantities of 
interest depend only weakly on I. This leads to a sum rule, 

in a 

as *S w^U ( e l a s t i c' z e r o f i e l d > < 2 - 2 8 ) 

Physically if the absorbed and emitted photons are soft, they 
have little effect on the orbit or scattering of a particle. 
Experimental confirmation of the results (2.22) and (2.28) can 
be found in Reference 17. 

The nonrelativistic limit for the transition amplitude can 
be obtained directly from Equation (2,8) by dropping the term 
proportional to v in the exponential, replacing p by p, p*k 
by m a) and neglecting terms of order v/c. The V, terms in 
Equation (2.8) represent the leading relativistic corrections. 
Note that in taking the limit of a spatially uniform field, 
one must be careful to take the limit in the transition ampli
tude (i.e., in Equation 2.8 replace sin 2k<y by sin 2wt) and 
not the wave function. Taking the limit in the wave function 
results in the loss of the leading relativistic correction. 
This correction only matters for longer wavelength lasers 
such as C0 2 lasers at forseeable intensities. The non
relativistic expression for the wave function, obtained from 
(2.2) and,(2.4), is 
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"S.H. " ^ 3 7 2 exp fa' f t+i* Ĵ 'Pdtf) 

and for the linearly polarized wave (2.5) the wave function 
is 

2.4 CLASSICAL CALCULATIONS OF THE CROSS SECTION 

A simple classical treatment may be used to obtain an approx
imate form for the cross section. The basis of the classical 
approximation/ as described in Reference 5, is that the scat
tering time is small compared to the period of the laser light. 
The real value of the classical approximation is that it can 
easily be extended tj the relativistic case. For the rela-
tivistic case, calculations using the full formula (2.19) are 
slowly convergent and quite time-consuming. The magnitude of 
the correction for the relativistic case can easily be esti
mated using the classical approximation. Furthermore, as we 
will discuss in Section 6, the classical approximation is 
expected to be excellent in the region where relativistic 
effects would be important. 

The idea of the classical or instantaneous approximation is 
that electron-ion scattering takes place instantaneously and 
elastically according to the ordinary Coulomb cross section. 
Furthermore, the instantaneous energy is conserved in the 
collision. When this process is rewritten in terms of the 
canonical momenta, there is an effective energy transfer 
caused by the laser field. 
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If v(t) is the instantaneous electron velocity, we can write 

v (t) • p.-ea cos ut 

v,(t) * P 2
- e a c o s w t 

(2.29) 

The momenta p. are constants in the absence of collision. 
If the time of a collision is short such that ut does not 
change appreciably, then the conservation of energy, 

v, 2 v, 2 

_i_ - _?_ (2.30) m leads to an effective energy transfer 1 = J given by 

AE = £ N j R > » 7v"Q'E cos a (2.31) 

where a = ait, the phase of the electromagnetic wave at time 
of scattering. Since the energy transfer depends on the 
phase a, it is necessary to average over a to obtain the 
energy absorption rate. 

This approximation is easily extended to the relativistic 
case with the result 

£ R * (fiQ-E cos a- jQ'ic cos 2 o)/(l + J cos2a) (2.32) 

This calculation assumes that the electron is nonrelativistic 
in its canonical momentum (i.e., p « 1), but that the jitter 
velocity (ea • ft) can be near 1. 
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SECTION 3. ENERGY ABSORPTION RATE 

3.1 GENERAL RESULTS 

The quantity of primary interest is W, the rate per unit 
volume at which the electrons absorb energy from the laser. 
If we define f(p,E) as the electron distribution function 
normalized such that J f(p,E)d p * 1 and dR(p,,p,) as the 
transition rate per electron, per ion from state p, to state 

3 • 
P 2 in the interval d"p 2 with energy change AE, then W is 
given by 

W = H ^ j d 3 ^ Jd3p2[f(p l lE1)-f{p1,E1+flB)]ABdR(p1,p2J 

(3.1) 

where N_- N are the number densities of ions and electrons, i, e 

For convenience we collect the various forms of AE'dRfp./Pj) 
here. 

For the general relativistic case, AEdR(pj,p2) is given by 

A E ( d R ) r e l = ( E 2 - E l ) £ d R * r e l (3.2) 

and d R A

r e l is given in Equation (2.19). For the non-
relativistic case, AE'dR is given by 

l ( d R ) N . R . = < V E 1 > 2 > V R . (3.3) 
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4Z 2r 2
 2 

N.R. 2 1 - 2 2 I 3' 4' 

K-^H (3.5) 

For the nonrelativistic classical case, flE*R is given by 

1 2 2 
f 4Z T 

^<r°M% W W W Vp (3'6) 

where 

^ j R = /v~5-e cos a (3.7) 

And for the relativistic classical case, £ is replaced 
in (3.6) and (3.7) by S R where 

L/vQ'l coso - j 2«l cos a) ( 3 g. 
5 R = (l • J cos 2a) 

Equation (3.8) assumes that the electron canonical momentum, 
p, is nonrelativistic but that the jitter velocity (ea = ft) 
is near one and thus relativistic. 
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3.2 EVALUATION OF ABSORPTION BATE FOR A MRXWELLIAN 
DISTRIBUTION, A SHIELDED CODLOMB POTENTIAL M P 
THE NONRELATIVISTIC APPROXIMATION FOR TflET 
CROSS SECTION 

We have found that it is extremely time-consuming (and prob
ably not necessary) to evaluate W using the fully relativistic 
formula (2.19). Thus, we will evaluate W nonrelativistically 
and, in Section 6, discuss the relativistic corrections. 

Here we evaluate W assuming that the electron distribution 
function f(p,E) is Maxwellian in the electron canonical momen
tum (the random part of the electron momentum). Thus, 

f(E) = exp(-E/T)/(2irT)3/2 (3.9) 

E « §- (3.10) 

We define new variables 

(Pi+P2) P - -, (3.11) 

Q = PJ-P2 (3.12) 
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With these definitions and using (3.1), (3.2) and (3.4) 
several of the integrals can be done, which yields 

. 16TTN.N o)Z2re2 A „.. ( } 

The weak field or "standard" result for the energy absorp
tion rate can be obtained from (3.13) as the leading term in 
v. This term is obtained by keeping only the 1 = 1 term in 
(3.13) and using the small argument expansion of ^ ( x ) ; i.e., 
Jj (x)-»• x/2. Thus, 

/ 8 _ 2 \ H M _ * „ , „ . . s i n h H "standard = ( K 2 ) N i N e ( W 3 7 2 ^ 

Q 3dQ exp LJT^ w. 

2T 

f: 
J 2 2 2 (3.14) 

The standard result usually found in the literature [14] is 
obtained from (3.14) by neglecting shielding (letting u*0). 
We shall briefly discuss the validity of that result in 
Section 6. Letting y+0, we have 

. . u 
-No shielding , (8 2 2 L „ jr .., 3 i n n 2T /on ,, ,,, 
"standard \fZ r e ) Ni Ne J M T 3 ' 2 V j£. KO(2T/ ( 3 , 1 5 ) 

2T 
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Although (3.13) is a relatively simple expression, for the 
parameters of interest, it is necessary to consider terms 
in the son for i _> 1000. To avoid this problem, we proceed 
to evaluate the i-sum. To accomplish this, we show that 

1*1 o 

,2 

^ | d 4 e 2 i t n s i n h ^ e W / /2T (3.16) 

There are two steps involved; first we use 

Jj(y) = ~ | JQ(2y sin *) cos (2£4>) d* (3.17) 

and then use 

03 ttf 

£g(n) = £G(n) (3.18) 

where g and G are Fourier transforms of each other. In this 
case 

g(&) - I sinh(||)cos(2£*)expUjij /2T (3.19) 

G(n) - ^ f e 2 i m g ( 4 ) di (3.20) 
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Define 

•<«-^ww.*(^*g) 
(f cos £ - 4t sin 2 ^ ) (3.2D 

Then G{n) + G(-n) • S[* + tn] + S[* - ml and 

i I • 
/d*|£[S(*+n»)+S(*-nir)]+Sw|» fs(*)d* » 2 fs(*)dt (3.22) 
o U"l 

Thus, (3.13) becomes 

•> •> * / 2\1 « 
. 1 6 ^ z W i u / , Q d Q e x p r y f dx/* / ^QJC \ 

2\L 
/ _nv \ 

S(I|I) 
2 2 2 r X --0 -» " / 

(Q+V ) (3.23) 

now use the expansion for J (2px) from Reference 16 to 
obtain 

2n 
J dx J0(2px) * ^ - ^ M ) 1 1 J - j , p - ̂ Q sin K3.24) 
-1 o l n J 

To evaluate W we still have to do two integrals and one sum, 
but there are no Bessel functions and the sum converges much 
faster than the sum over Bessel functions (3.13). This 
expression is 
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. 4TZWN. 
W = 

0 (Q +y ) 0 

n / , * . , . ^ " ,. 2 5 ) Icos^s^U;^^^ ... 

For a general potential, the integrals would have to be done 
numerically; however, for a Coulomb potential, we can do one 
more (the Q) integral analytically. 

If we define 

Reifl = * + g , tan e = ^ (3.26) 

(i/| tan C +2)r(n+|) tan 9 cosfn+ije - 2sin/nA I n 

(3.27) 

Defin:ig A(i|i) 

A(«) = 2 > ' £ ± i — (2- s i n ^ f l (3.28) - 2 E (;X)" fe^Vl 
^ (nl)^(2n+l) V 2 / n 

then 

,2_ 2 

0 

4TZ* 
" d*A(«) (3.29) 
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In this form it is easy to evaluate the expression numeri
cally. The "standard" expression is the term in (3.28} which 
is proportional to v. Thus, the correction, F , to the "stan
dard" expression is the ratio of the sum to the first term 
in the sum. In the form (3.28} the expression appears to be 
a function of both v and v/T. For practical purposes, the 
correction factor is essentially a function of only v/T. 
This fact is demonstrated in Figures 1 and 2. The parameter 
v/T is proportional to the ratio of the electron jitter energy 
to its thermal energy. 

3.3 EVALUATION OF THE ENERGY ABSORPTION RATE FOR A 
MAXWELLIAN DISTRIBUTION AND THE CLASSICAL NON-
RELATIVISTIC APPROXIMATION FOR TEE CROSS SECTION 

The energy absorption rate for the classical nonrelativistic 
approximation, assuming that the electrons have a Maxwellian 
distribution in the canonical momentum, is obtained using Equa
tions (3.6), (3.7) and (3.8). 

Thus, 

«... -M\fa 3_ AS. n w ^ - v w 
(2tT) 372 

4Z r^ 

(0.V) 
(3.30) 

where 

5M p » /v Q E cos a 
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'^M»:,^ • 

1.0 

i 

Figure 1. Intense Field Correction Factor F for the Inverse Bremsstrahlung Absorption Rate as a Function of v/T, (v/T is 2<v2 V v 2 ) for Two Values of the Electron Temperature. Wavelength equals 1 mp osc" 'th'' 
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Figure 2. Comparison of the Classical and Quantum Mechanical Intense Field Correction 

Factor F for Inverse Bremsstrahlung Absorption Rate as a Function of Elec
tron Temperature for Several Laser Intensities. Here We Have Assumed a 
Traveling Wave and ouD « U J . Wavelength equals 1 mu. 
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Defining the same variables as before (3.11 and 3.12), we find 
that several integrals can be done, which yields 

. c i « A . W e-a2/8T / 
(2*T) o ( Q V ) o 

/ sin 6 d9 e~* / 2 Q T 5 sinh L (3.31) 5? 

If we approximate 

sinh j g , ̂  (3.32) 

then the integral over Q separates from the others. Note 
that for the classical approximation the integral over 
momentum transfer requires a shielding factor for conver
gence. For the analogous quantum mechanical case (see 
Equation 3.14), the integral is finite without the shielding 
factor. 

The high-field correction factor, defined as 

F--4£-lim(W/v) 
V-Kl 

(3.33) 

is then given by 

i 1. 
^ d y y ^ o s ^ e x p ^ ^ S o S ^ ( 3 . ; 

classical , ^f fla/ ^ y . ^ ^ e x p | . ^ w i i 2 ^ i a 3 4 ) 

This correction factor is obviously a function of ̂. 
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3.4 SVflLUATIOM OF THE ENERGY ABSORPTION RATE FOR 
A MAXWELLIAN DISTRIBUTION AMD THE CLASSICAL 
RELATIVISTIC APPROXIMATIOII FOR THE CROSS SECTION 

The energy absorption rate for the classical relativistic 
approximation, assuming that the electrons have a Haxwellian 
distribution in the canonical momentum, is obtained using 
Equations (3.8), (3.9) and (3.13). Defining the same vari
ables as before (3.11 and 3.12), we find that several inte
grals can be done, yielding 

U " T ) o <Q2+uZ) o - l o 

exP(- ix" h)hsinh H • ( 3-3 5 ) i^'^l 
If we approximate 

sinh J - 2$ , (3.36) 

the relativistio correction factor can be written as 

ir 1 2jr 
.classical 
PRel 

o - l o 

where 

.-2jJiaj dyy d* exp(- ^ h*)h2 (3.37) 

cos ctly — * cos a /l-y sin •) 
* / , v 21 ~ < 3 ' 3 8> 

|1 + y cos al 
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SECTION 4. PLASMA CALCULATIONS 

4.1 INTRODUCTION 

The other method used to derive the correction factor is a 
plasma physics approach [7,8,14]. There is also extensive 
literature regarding this approach. The plasma approach has 
two major steps. First, the Boltzmann equation (or some 
approximation to it) for the electron distribution function 
in the laser field is solved simultaneously with Maxwell's 
equations which determine the net electromagnetic fields. 
The rate at which plasma electrons gain energy from the 
laser is then given by the average of J"E, over a laser 
period. Here J is the net electron current and £ the net 
electric field. The approximations involved in this approach 
are related to the specification of the collision term in 
the Boltzmann equation and to the approximation used to solve 
it. Below we discuss two representative solutions and their 
relationship to our results. 

4 . 2 THE KIDDER APPROACH [14] 

In Kidder's approach, the electric field used in the 
Boltzmann equation and in the calculation of J*E is taken 
to be the laser field. Furthermore, the collision integral 
is approximated by an effective collision frequency. Thus, 
the Boltzmann equation to be solved is: 

8£ e Elaser , 7v f , • ,. „ 
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where Y is the standard Coulomb momentum transfer collision 
frequency, and the energy absorption rate is 

ft - K e e</d 3v ||(v) ^ l a s e r > (4.2) 

where the brackets indicate average over a laser period. To 
lowest order in y, the distribution function is Maxwellian 
in the canonical momentum, i.e., 

f (v) » exp [-i(v-eA)2/2T]/{2iTT}3/2 (4.3) 

and 

Taking 

M • Tf 0 (4.4) 

Y « i 3 (4.5) 

The correction factor, for linear polarization, defined in 
Equation (3.33) is identical to the result in (3.34). The 
published curve [14] is for circular polarization and is not 
the same as that obtained from (3.34), which is for linear 
polarization. 

4.3 THE DAWSON-OBERMM APPROACH 

In the model of Dawson and Oberman, the electrons are scat
tered by infinitely heavy ions. The equations solved in this 
approach are: 

H 4'H-i^aser-^-W-° «>* 
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and 

V 2* - eN efd 3vf(v)-2eJ] 6 ( ^ 1 (4.7) 
i 

Equations (4.6) and (4,7) are solved by linearizing f about 
a Maxwellian distribution in the electron canonical momentum; 
i.e., 

f » f (v-eA) + f. (4.8) 
o l 

Solving for f in this approximation and calculating 

W = eNe<Jd3v *(v)v(E l a s e r-V*)> (4.9) 

one obtains a result for W that is essentially the same as 
(3.13). The results differ only in the representation of 
the shielding and the necessity of introducing a high veloc
ity cutoff. The Dawson-Oberraan results include both electron 
and ion shielding while the results quoted in Section 3 
include only electron shielding. Ion shielding arises in the 
quantum mechanical calculations if ion-ion correlations are 
included in the cross section [1]. The representation of the 
shielding will affect the value of the cross section, but the 
strong field correction factor is relatively insensitive to 
it. Thus, the Dawson-Oberman approach gives numerical results 
for the strong field correction factor essentially the same 
as Equation (3.13). 
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SECTION 5. NUMERICAL RESULTS 

We have evaluated the previous expressions for ranges of 
parameters of interest. Where there is any significant 
deviation between the numerical results from different for
mulae we have displayed the deviation in a graph. The 
numerical results were obtained for two wavelengths,X • 1 urn 

14 2 and \ * 10 um; intensities from 1.5 x 10 W/cra to 
16 2 5 x io W/cm , and temperatures from 100 ev to 2 keV. Our 

conclusions based on the numerical results are summarized 
below. 

S.l SUMMARY OF NUMERICAL RESULTS 

• For practical purposes the "standard" [14] or low-
field bremsstrahlung absorption rate should be 
multiplied by a numerical correction factor. This 
factor is plotted in Figure 1. 

t The correction factor is quite significant in 
the lower temperature range at moderate inten
sities (1.5 x 1 0 1 5 W/cm 2). For the higher inten
sities of some recent experiments (1.5 x 10 i 6) 
absorption is reduced by a factor of 2 even at 
a temperature of 2 keV. (See Figure 2.) 

• The correction factor is, in principle, a function 
of two variables v/T and T. For all practical 
purposes, at A * 1 to 10 um the correction factor 
depends only on the variable v/T. (This 
approximation has not yet been verified for 
shorter wavelengths and should be checked before it 
is used for \ < 1 um.) The variable v/T is 
proportional to the ratio of the electron jitter 
energy to its thermal energy. 
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That is, v/T is given by: 
2 

v _ 2<v osc> 
T*-T 

7 th 
2 

where <v osc> is the time average of the 
electron oscillation velocity in the laser 

2 field and v.. equals kT. 
The correction factor obtained using formula (3.29) is 
plotted as a function of v/T for two extreme temperatures in 
Figure 1. The variable v is given by 

re E2X2 

B O ' 4I 
e 

where E is the maximum value of the local electric field, r 
the classical electron radius, ra„ the electron mass, X the 

e ' 
laser wavelength, and c the velocity of light. To obtain the 
correct deposition rate, the local electric field should be 
used in (5.1) to obtain v. For a traveling wave the electric 2 field is related to the intensity I by E = 8irl/v where vg 

Ji 5 *• 
is the group velocity. For a plasma with v • c,v'l-((i) )/to2 

we have 

-f^^ii^jjH2 ,5-2' 
to 

and 

-=SfcroM'(H- -> 
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where u„ is the plasma frequency, in relating v to intensity 
in our calculations, we have taken v- * c. 

• The assumption that the scattering is instantaneous 
compared to the period of the wave (the classical 
approximation or the Kidder approach) which leads to 
the expression (3.34) gives results for the correction 
factor which are accurate to better than 10%. In 
Figure 2 we compare the classical result (3.34) to the 
quantum result (3.29 or 3.13) for several values of 
the intensity. For the lower intensities the results 
are indistinguishable. The fact that the instantaneous 
approximation is so good may be significant in trying 
to incorporate strong field effects into the usual 
corrections to the bremsstrahlung absorption coeffi
cient (such as non-Born approximation effects, multiple 
scattering, etc.). 

• For longer wavelengths (10 |im) the correction factor 
reduces the bremsstrahlung absorption coefficient by 
a large amount. Since the weak field result is also 
substantially smaller for longer wavelengths, it is 
likely that inverse bremsstrahlung absorption plays a 
very minor role in electron heating at 10-nm wavelengths. 

• Relativistic effects. We evaluated the expression 
(3.37) for the correction factor including first-order 
relativistic effects. These effects were insignificant 
for A » 1 um. For \ * 10 um, there was a small effect 
at the highest intensity of 5 x 1 0 1 6 W/cm 2. Roughly, 
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there is no correction until v exceeds unity. In this 
range, the inverse bremsstrahlung absorption coefficient 
is so small that bremsstrahlung processes are probably 
no longer of interest for this application. 

o The dipole approximation (A(x,t)*A(t))f which is 
typically used to obtain the nonrelativistic formula, 
is a good approximation. Evaluation of the fully 
relativistic formula (2.20) indicates that the validity 
of the dipole approximation (neglect of V 2 terms) is 
doubtful for the absorption of many photons. However, 
in calculating the energy absorption rate, the inte
gration region where this approximation could be in 
error was strongly suppressed. Thus, the dipole 
approximation is quite good. 

• The calculations performed by Brysk result in a correc
tion factor F presented as a function of the variable 
x (see Figure 1 of Reference 10). These results agree 
with ours if x is identified with *s . According to 
Brysk's definition (see discussion on pp. 1260 and 1262), 

or 
x » v/ST 

This disagrees with our relation by a factor of 4. 
This error can be traced to the work of Osborne [9]. 
Brysk makes use of Osborne's results. Osborne's 
Equations 15 and 16 are in error (see References 5 and 
17), and the argument of the Bessel function in Osborne's 
Equations 15 and 16 should be 2 /ij x instead of /n x. 
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Thus, Osborne's results and hence Bryskls numerical 
results apply to an intensity 1/4 of that quoted by 
Brysk. Use of Brysk's results will underestimate the 
effect of intense fields on bremsstrahlung absorption. 

• The approximate form for the correction factor 

/ v 2 \ " 3 / 2 

or 

which is used by Faehl and Roderick [18] to address 
the absorption rate in a standing wave is in agreement 
with our correction factor (Figure 1) to within about 
10 percent. 

5.2 IMPLEMENTATION 

An improved value for the inverse bremsstrahlung absorption 
coefficient which includes strong field effects can be 
obtained by multiplying the weak field rate already in use 
in LASNEX by the correction factor we have calculated here. 
This factor is given in integral form in Equations (3.25), 
(3.29) or (3.34), and is plotted in Figure 2. It is easy 
to evaluate the expression and fit a curve to the function. 
Since one must fit a curve in any case, we suggest using 
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the form of Equations (3.28) and (3.29). For most temperatures 
and densities, about 10 terms in the sum are needed for con
vergence. For the highest densities and lowest temperature, 
up to 40 terms were required. 

Depending on the requirements for actual computation of the 
fit in LASNEX, one could use either a two variable fit (v/T 
and T) or a one variable fit (only v/T, Figure 1) as 
discussed above. 

There are, of course, other physical effects such as multiple 
scattering, shielding, ionization, and corrections to the 
Born approximation, etc., which may modify the "weak field 
or single photon" cross section. We will briefly discuss 
these effects in Section 6 and will address them in later 
reports. The results we have obtained here, however, suggest 
that for practical purposes the multiphoton result will be 
obtained by multiplying the modified weak field formula by 
the same correction factor calculated here. 
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SECTION 6. DISCUSSION OF RESULTS 

Our approach to this problem has two major steps: (1) calcu
lation of the rate (or cross section) at which dn electron of 
energy E^ makes transitions to energy E 2 in the presence of a 
laser field; and (2) calculation, using the rate obtained 
above, of the rate at which a distribution of electrons absorb 
energy from the laser beam. 

The assumptions we have made for the first step are: 

1. The laser field can be described as a clas
sical plane electromagnetic wave. 

2. An electron interacts with a single, infin
itely heavy ion via a static, shielded 
Coulomb potential. Simultaneous scattering 
from more than one ion is neglected. 

3. The Born approximation is used for the 
scattering of electrons from the ions. 

Assumption (1) is well satisfied in the intense coherent 
electromagnetic wave of the laser [4]. 

Assumption (2) concerns specification of the appropriate 
potential to include in the calculation of the cross section. 
A better jiodel than used here would include the effects of 
partial ionization and ion-ion correlations. These effects, 
for cross sections at low intensity, are presently being 
addressed, and it is expected that they will contribute sig
nificantly to the cross sections. However, our results 
suggest that the high intensity correction factor may not 
be sensitive to the form of the potential whenever the weak-
field Coulomb cross section depends only on the momentum 

6-1 



transfer. In general, the cross section depends on both 
energy and momentum transfer. However, the Born approxima
tion cross section depends only on momentum transfer. This 
suggestion follows from the fact that the correction factor 
obtained, using the instantaneous approximations, is a good 
approximation to the exact result. Furthermore, the correc
tion factor obtained using the instantaneous approximation 
is independent of the form of the potential as long as the 
Born approximation is valid or the cross section depends 
only on momentum transfer. 

Assumption (3) concerns the validity of the Born approxi
mation. Preliminary calculations indicate that there are 
important regions of electron temperature for which the Born 
approximation is in error by more than 50%. Within the 
framework of the instantaneous approximation, Kroll and 
Watson [5] have derived a formalism for the intense field 
correction which can be used when the Born approximation is 
not valid. We have not carried through the appropriate cal
culations, but they should be tractable for the instantaneous 
approximation. This will enable us to correctly incorporate 
the present formalism into the partially ionized atom scat
tering which must be treated more accurately than the Born 
approximation. 

For the second step of the calculation we have assumed only 
that the electron distribution function is Maxwellian in the 
canonical momenta. If the electron distribution is a sum of 
Maxwellians, a correction factor can be applied for each 
effective temperature. If the distribution is non-isotropic, 
the integral in Equation (3.10) must be evaluated with the 
appropriate distribution functions. 
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