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Resume

Ce rapport donne un aperçu de la physique du problème de l'interaction

laser-matière. A la limite des très faibles intensités , l'absorption est

dominée par un brerotistrahlung inverse. Aux intensités plus élevées et dans un

milieu homogène, plusieurs processus paramétriques peuvent prendre de l'impor-

tance. On indique les intensités de seuil correspondant au début de quelques

instabi l i tés paramétriques. Les résultats aux. intensités de seuil et les taux

de croissance juste au-dessus du seuil sont brièvement commentés pour un plasma

inhomogène. Une brève description de l'absorption par résonance dans un plasma

inhomogène est incluse.
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ABSTRACT

This report gives a brief summary of the

physics of the problem of laser-matter interaction. In

the limit of very low intensities, the absorption in

dominated by inverse bremmstrahlung. At higher intensi-

ties and in a homogeneous medium, there are several par-

ametric processes that may become significant. The

threshold intensities for the onset of several parametric

instabilities are listed. Results for threshold intensi-

ties and growth rates just above threshold are briefly

discussed for an inhomogeneous plasma. A brief descrip-

tion of resonance absorption in an inhomogeneous plasma

is included.
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FOREWORD

This work originated as part of the nine-month

study by the AECL Laser Fusion WorUng Party which resulted in

the Atomic Energy of Canada Limited report AECL-48A0 "A review

of the prospects for laser induced thermonuclear fusion", July

1974. This report, an outgrowth of a self-education program on

the basic concepts in plasma physics that are relevant to laser-

induced fusion, was begun in collaboration with Dr. T.S. Brown,

Defence Research Establishment, Valcartier, Quebec. However,

development in the field since 1974 has led to considerable

changes in the content and format of this review; the author

takes sole responsibility for its final form.

The literature on the interaction of laser beam

with matter up to April 1978 is summarized.
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1. INTRODUCTION

This report treats the conversion of the energy

in a laser beam into random kinetic energy of the electrons

and ions in a plasma. The raison d'etre for this study is

the possibility of laser-induced fusion of a pellet of D-T

gas by an intense laser incident in one or more beams. The

absorption of the radiation takes place in the hot, tenuous

plasma or "corona" which surrounds the colder-denser core.

To a first approximation the energy deposition can be des-

cribed as follows. The laser beam enters the outer reaches

of the corona and begins to interact weakly with the plasma.

The interaction is predominantly with the electrons which

oscillate much more strongly in the incident field because

of their small mass. As the light penetrates further into

the corona, the interaction becomes ever stronger and even

more of the energy in the electromagnetic field is shared

with the oscillating electrons. Finally, at the "critical"

surface (where the incident frequency equals the local plasma

frequency) the energy is shared equally between the electromagnetic

field and the oscillating electrons. The light cannot pene-

rate beyond and is reradiated in the backward direction by

the oscillating electrons. During this time the oscillating

electrons have been subjected to other more or less random

fields originating in the plasma. These random fields scatter

the electrons and convert the ordered oscillating energy into
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"random" kinetic energy. Clearly, most of the conversion

of ordered to random energy will take place near the criti-

cal surface where the energy in the laser beam is shared

between the electromagnetic field and the ordered, oscilla-

ting, kinetic energy of electrons. The random kinetic energy

gained predominantly by the electrons near the critical

surface is now conducted away, again predominantly by the

electrons because of their higher, thermal velocity. Very

little energy transfer from the electrons to the ions occurs

in the absorption region (under most conditions) because of

the large mass discrepancy and relatively low density (and

therefore collision rate). The heat conducted by the hot

electrons in towards the dense core is finally shared with

the ions when the density and, hence collision rate, have

risen by many orders of magnitude. The hot ions now stream

relatively slowly both outward and inward. Thus the ion

temperature near the thermal front is controlled mainly

by the temperature of the electrons at the earlier time when

they were excited. In summary, the overall picture of energy

deposition is a transfer of energy from the laser beam to the

electrons near the critical surface and a subsequent transfer

from the electrons to the ions near a thermal front at a

much higher density in the core.

Note that the above picture of laser energy

deposition depends critically on the nature of the density

fluctuations near the critical surface. If there were no
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fluctuations, the laser beam would be perfectly reflected.

If the fluctuations are thermal fluctuations, then the con-

comitant absorption is said to be classical. Otherwise the

absorption is termed anomalous. In the latter case, the

fluctuation, spectrum is controlled by the incident laser

beam so that the absorption process is non-linear. The

enhanced fluctuation spectrum is driven by the relative motion

of the barely oscillating ions and the strongly oscillating

electrons. Since the relative velocity of the ions and elec-

trons is inversely proportional to the incident frequency,

"anomalous" absorption tends to be more important for long

wavelengths. For typical proposed laser intensities it is

negligible in the ultraviolet and dominant in the far infrared.

The greatest uncertainty in the laser-energy deposition process

arises from the difficulty of calculating, self-consistently,

the fluctuation and electromagnetic spectra. The longer the

wavelength the more closely coupled are these two spectxna.

The incident light generates a set of fluctuations which not

only couple back with the incident light to generate a new

light spectrum but also couple with other fluctuations in

the plasma to produce a new fluctuation spectrum in the

plasma, and so on, ad infinitum. The inhomogeneity of the

plasma in space and time adds another dimension of complexity.

Fluctuation energy can be removed from the generation zone by

convection or by wave propagation and, consequently, can



influence the fluctuation spectra at another place and time.

Other fluctuation spectra give rise to high energy electrons

which, if incident on the core, can dangerously preheat it,

preventing high compressions. The understanding of these

"anomalous" processes is far from complete and it appears

that a complete theoretical treatment must await experimental

guidelines. There are two important unanswered questions.

First, what are the dominant anomalous processes and, second,

is their influence on the compression process predominantly

good (e.g. enhanced absorption) or, bad (e.g. core preheat)?

Finally, it should.be noted that the laser

energy deposition process is coupled with the hydrodynamic

processes because the deposition process depends on the

local plasma properties, notably density, temperature and

their gradients. For the moment we ignore the effects of

both this coupling and the electron-ion coupling near the

thermal front, and proceed to an examination of the mechanisms

whereby laser energy is deposited near the critical surface.

It should be emphasized that in a plasma the individual

particles, electrons and/or ions, can display an ordered

behavior. Physical manifestation of such an ordered behavior

is observed in the form of electron plasma oscillations and

ion plasma oscillation? (acoustic waves). The question of

absorption of radiation must depend strongly on the nature

of these collective oscillations. As will be seen later, even

in the case of an inhomogeneous plasma with a linear density
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gradient, the plasma oscillations play a key role in enhancing

the absorption fraction of the incident radiation (resonance

absorption). There is an interplay between the individual

particles in the plasma and the ordered motion at modest inten-

sities but at high enough intensities the ordered motion or

the plasma oscillations may play a dominant role in the physics

of laser-matter interactions.

Some of the relevant plasma parameters are listed

in Appendix A. Relaxation rates and transport coefficients are

defined in order to provide a qualitative idea of the type of

processes that may be significant-. A rough ordering of the

energy, length and time scales is provided. This should help

provide a qualitative picture of the relative importance of the

various processes. In writing the report, the details of mathe-

matical development of the theory are relegated to the Appen-

dices. The following section describes qualitatively the type

of processes that are important at low enough intensities of

the incident laser light. Section 3 treats the classical absorp-

tion mechanisms that include inverse bremsstrahlung and Compton

scattering. Section 4 treats the anomalous absorption processes

with emphasis on excitation of the collective modes of the

system. Parametric growth of the collective modes is considered.

The process of resonance absorption is discussed in Section 5. In

the final section the results for thu parametric growth of various

t Parametric (or varying parameter) processes are a consequence of a perio-
dically varying parameter that characterizes the oscillation of the system.
A simple example appears in electronics where two LCR circuits with frequencies
(i)} and b>2 are coupled to yet another LCR circuit with frequency m by a time-
varying non-linear inductance or capacitance thus leading to a parametric
growth of the frequency ui or U2 provided U) = toi ±u>2. [See Appendix D for
more details.1
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processes are suiranarized with a listing of the growth rates

and the intensity threshold. A brief summary is provided

to indicate the direction for development of the subject if

the absorption at very high intensities, where the laser

fusion may become a reality, is to be understood. These

developments include i) a study of coupled parametric pro-

cesses with proper account of the depletion of the pump

intensity and ii) usefulness of the non-linear equations

with soliton-like solutions in understanding the highly non-

linear processes operative in the pellet.

General theory for•electromagnetic waves in a

plasma is given in Appendix B and the special case of clas-

sical plasmas is discussed in Appendix C. Each of these

appendices contains examples to illustrate the use of the

theoretical development. Some general aspects of the para-

metric excitation of coupled waves is given in Appendix D.

A brief outline of the non-linear theory of parametric insta-

bilities in a plasma is given -in Appendix E. S >me of the

non-linear equations that have been considered in the liter-

ature are listed in Appendix F and solution of one of these

equations is given as an illustration of the type of results

that are obtained with these equations. Finally in Appendix

G a brief summary of the ponderomotive forces in a fluid

dielectric is included.
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2. THE FUNDAMENTAL PROCESSES OF LASER ENERGY DEPOSITION

The basic equations for the electro-magnetic

radiation and the plasma are a coupled set of equations

involving Maxwell equations and a heirarchy of B-B-G-K-Y

(Boguliubov-Brown-Green-Kirkwood-Yvon) equations that

describe the time development of the one-, two-, and so on

-body distribution functions. These two sets of equations

are coupled together and they form a non-linear set of

coupled equations. Restricting attention to a homogeneous

plasma provides some simplification. In the following, the

study of the absorption mechanisms will be restricted to a

homogeneous plasma of density n.

The plasma has its natural modes of excitation

with ions and electrons having oscillat on frequencies at

a) . (a) . = 1Tn°t , ion-plasma oscillation (ipo) or ion-accous-

tic frequency) and at u (u = —JJ , electron-plasma oscilla-

tion (epo)). (See Appendix A.) The decay of collective modes (epo and

ipo) leads to the electrons (for epo) and ions (ipo) with

energies above their equilibrium value and plays a dominant

role in the overall absorption of energy by the plasma.

All processes in which the absorption of radia-

tion proceeds directly through electrons or ions are said to

be classical. Other processes that proceed through the

intermediacy of the specific resonant collective modes of the

system are classified as non-linear (or anomalous) absorption
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mechanisms. We shall list the various possible processes

in a perturbative sense (or in a quasi-linear approach)

even though the eventual needs of laser fusion may not have

much to do with such a perturbative approach.

We would like to point out that the perturba-

tive approach involves two different parameters.

a) The expansion parameter for the intrinsic properties of
k T

a plasma may be called g(= ^ AD
2 = ( , J ^ c g ) >• In

solving the BBGKY equations for the distribution functions,

g defines the relative magnitude of the various orders of

perturbation theory. Typically for a solid g is of the order

of 10 , while in the laser-fusion problem with a central

u _2

core at a density of 10 times the solid density g ^ 10

Thus the intrinsic properties of the plasma itself are

amenable to a perturbative treatment.

b) The second expansion parameter is proportional to the
o

intensity of the incident laser beam or to E , E being

the electric field produced by the incident beam of light

(En =27/1 ifE. is in V/m and I is in W/m ); it is defined0 2 °
2 n 1a s ^0 = W nk T ' w^ c J l l s proportional to the ratio of the

radiation energy density to the thermal energy density, T e

being the electron temperature. For a beam with intensity

I = 10 W/m the electric field has a strength of 2.7 * 10 xV/m,

which is comparable to the field strength in the hydrogen atom.
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The importance of the oscillation effects due to &trong

electric fields can be best gauged by comparing v.__(=

with the thermal velocity v.. for a plasma in equilibrium.

If v > v.. , the perturbation expansion linear in E is no

longer adequate and higher order terms in E must be considered

(Appendix F). For large enough value of v /v., , a straight
O S C T-Xl

perturbation theory has to be replaced by some non-perturba-

20 2tive techniques. It is this region of intensities (>_10 W/m )

that would be needed for laser-induced fusion and is at the

same time least amenable to treatment by analytic methods.

Only very qualitative estimates based on lowest-order pertur-

bation theory can be made, and since the experimental informa-

tion needed for confirmation is lacking it is not obvious that

these intuitive qualitative estimates are of much practical

use.

In the following the growth rates and threshold

intensities for the various absorption and scattering pro-

cesses will be given in a perturbative framework.

The mathematical aspects of the interaction of

electromagnetic waves with a medium are given in Appendices

B and C. The physics of the problem can be understood by

looking at the basic constituents of the system which are

photons (v), electrons (e), ions (i), electron-plasma oscil-

lations (epo) and ion-plasma oscillations (ipo). One impor-

tant feature of the diagrams is that at each vertex energy

2)
and momentum have to be conserved (Manley-Rowe relations).
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The constituents of the system can interact in various ways;

we choose to divide them into two different groups.

a) Particle-heating diagrams. There are four basic ver-

tices as shown in Fig. 1. These vertices can be com-

bined to form various orders of physical processes for trans-

fer of energy to the electrons and the ions.

b) Wave-transformation diagram. There are five separate

vertices that lead to interchange of energy between

photons, epos and ipos. The possible vertices are shown in

Fig. 2.

With the aid of these diagrams a physical

description of the various mechanisms for the laser energy

deposition can be constructed. We shall attempt to discuss

each process individually. The processes can be divided

into two broad categories - those processes which do not

involve an epo or ipo, and those which do. In the literature,

the concomitant absorption is termed "classical" and

"anomalous", respectively.

Finally we note that the above diagrams are

only schematic and do not take on a precise meaning until

the method of calculation is specified. Significant differ-

ences in the expression for the transition probability asso-

ciated with a single diagram can be found in the literature.

These differences can sometimes be traced to different

approximations made in the calculation, and sometimes to

different ways of treating the epo's and ipo's. The reason
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(a) (b)

epo

(c) (d)

Fig. 1. Four basic processes for transferring energy to the particle I.e.
electrons (single thin line) and Ions (double line). Processes (a)

and (b) Indicate the photon (wavy line) transferring energy to electrons and
Ions respectively. Processes (c) and (d) Indicate an epo (electron-plasma
oscillation) and an ipo (ion-plasma oscillation) transferring energy to elec-
trons and ions respectively.
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(a) (b) (c)

(d) (e)

Fig. 2. Five basic scattering processes between photons (wavy lines),
epo's and ipo's.
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for the confusion in the treatment of the epo's and ipo's

is this: all five constituents (photons, electrons, ions,

epo's and ipo's) form a coupled system and there are no

clear boundaries between constituents. For example, each

electron has a polarization field around it (Debye shield)

which is well defined and can be associated with the elec-

tron in the thermal equilibrium case. However, the more

we depart from thermal equilibrium, the mere difficult it

becomes to distinguish between the Debye shield and a short-

lived epo. The same problem arises with the photons. Near

equilibrium the ordered plasma fluctuation associated with

the laser radiation is well defined and described by the

dielectric constant of the plasma. However, as one departs

from equilibrium, it becomes more and more difficult to

associate a well-defined part of the plasma fluctuation with

the laser radiation.



3. CLASSICAL ABSORPTION33

All processes in which the incident photon

transfers its energy directly to the electrons and the ions

are described in this category. The specific mechanisms

for energy transfer are described here.

a) Inverse Bremstrahlung

The contributions of this process to the damp-

ing of the electromagnetic radiation in a plasma are shown

in Fig. 3. The rules for writing analytical expressions

corresponding to each physical process indicated in the figure

are f̂ iven in Appendix B. Basically the incident photon excites

an electron which can in turn interact with the ion by Coulomb

interaction. Processes in which the incident photons inter-

act with ions are much slower since the ion mass is large com-

pared to the electron mass. In the low-intensity regime the

effective electron-ion collision frequency is calculated >**' to be

v .(to) = ^ M
6/2 TT

where C(co) is a complicated function of HI depending on the

cut-off limits for the Coulomb integral. It is to be noted

that with the definitions of in and A_ the expression "V^Z^r,

, /3kjr
is proportional to l/v£. where v_ = V—B_ is the thermal

i T » m
velocity of the electrons.
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32 4 2 41 3 4 2 1 3 1 3 4 2

(a) (b) (O (d)

1 3

(e) (f)

Fig. 3. Some of the lowest-order processes for transferring energy to electrons
and ions from the photons (wavy lines). The direction of arrows indi-

cates particle (line going up) or a hole (line going down) with respect to the
Fermi surface at T«0. The line with small bubbles implies in the lowest order
an unscreened Coulomb interaction and in higher orders screening due to particle-
hole excitations can be introduced. Processes (a), (b), (c) and (d) contribute
to the damping of radiation by inverse bremsstrahlung. Processes (e) and (f)
lead to damping of radiation at nc/4 due to two-plasmon decay mode (see p.19).
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For our purposes v£^ and v-• determine the

rate of heating of the ions in the plasma. In general v.^

is much smaller than ve£ due to the large mass of the ions.

A relation among these three collisional frequencies is

given in Appendix A.

An alternative calculation, based on Vlasov's

equation, gives the distribution function of electrons

in a self-consistent manner when the ions are assumed fixed

at discrete points. Assuming a Maxwellian distribution,

we obtain for the electron-ion collision frequency

an expression which is the same as given above. There appear

to be discrepancies of a constant factor inside the logarithm

in the results quoted by Spitzer^). Presumably these can be

attributed to approximation schemes used to obtain the

logarithm in the expression.

In the high intensity regime, Silin found

that the effective electron-ion collision frequency has

the form

_ 16nemm3 e E n

where k_ is the Debye wave number and EQ is the electric field

of the incident laser beam. The collision frequency scales

-3/2
as I eit high intensities and therefore it would be

expected that the absorption by inverse bremsstrahlung will

drop off very rapidly. This expression is valid when the
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eEvelocity VQ( = ——) >> v . Thus the effective electron-ion

collision frequency has a similar form at low and at high

intensities; it is the greater of the quantities vQ and

v_, that appears in the denominator.

It should be remarked here that similar

expressions have been obtained by Osborn and by Seeley and

8 )

Harris . The last named authors have taken the high inten-

sity as well as the high frequency limit in estimating the

effective electron-ion collision frequency. In the limiting

process terms similar to the logarithmic terms have been

missed.
b) Induced Compton Scattering

The scattering of radiation by electrons (or

ions) leads to a transfer of energy to the plasma. Using

9) '
the Klein-Nishina formula (the differential cross section
for scattering by an electron through an angle 9 is given as

1 2 2 2 2

dn s r r» (1 + cos 6)dfl where TQ = e /me is the classical

electron radius) for Compton scattering from free electrons

and several different distribution functions for the elec-

trons, Peyraud has calculated the rate of transfer of

•energy as a function of frequency of incident radiation (v Q),

pulse shape, electron temperature and the intensity (I) of

the incident radiation. The rate of transfer of energy per

unit volume is given as
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dt " y n m Hir v 3 Av

where I(= — = £ — no(fiQ)fi0 where nQ(Q) defines the angular shape of the

c
photon pulse per unit time and tiQ is the solid angle) is the

integrated intensity of photons. The constant p is obtained

by making some approximations to the integrations that

involve the pulse shape of photons and the distribution func-

tion of the electrons. Peyraud estimates that V is the smaller

of the numbers unity and

where Av is the dispersion of the incident frequency. Numeri-

cal estimates suggest that the transfer of energy is smaller

than that due to inverse bremsstvahlung

dE. 0.1*226 x 1O~M n

dt T 3/2
£n(2.246

where I and -TZ~ are in TW/m and TW/ra respectively and
dt

T , v. are in keV except at very high intensity. A rough esti-

mate of the relative importance of the two mechanisms is given

in Fig. ^. Only at very high intensities (with large elec-

tron density) does the Compton effect become important.

Grassberger has deduced from numerical calculations that

the density of electrons, when the Compton scattering and
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1026
INVERSE

hBREMSSTRAHLUNG

1024 _

n (rrf3)

1022l_ COMPTON

io'2 ic '4 io 18

I ( W / m 2 )

Fig. 4. The relative importance nf .tr.varpa brewsstrahlung and Compton scat-
tering at vvrioits el«f.troi rlcnr.itlor (r.) anci incident laser inten-
sity I.
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inverse bremsstrahlung transfer equal amounts of energy to
dE dE,

the electrons (i.e. • ̂ c = -̂ j-S.), can be empirically expres-
dt dt

sed as proportional to

Te)

However, it is expected that other processes to be discussed

in the next few sections will become much larger and perhaps

dominant before the Compton effect becomes significant.
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ANOMALOUS ABSORPTION

The anomalous or non-linear absorption mechanisms

are important when the incident radiation is strong enough to

excite a large number of plasma oscillations,i.e. a high

density of fluctuations. Over a range of intensities the

plasma can be viewed as a collection of plasma oscillations,

i.e. epo and ipo rather than a collection of electrons and

ions. This region is also treated in terms of weak turbulence

theory or a quasi-linear theory. In any one of these descrip-

tions the transfer of energy to collective excitations implies

a coherent motion of the electrons and the ions in the elec-

tric field of the incident radiation. We shall consider

situations which lead to a wave with amplitudes growing in

time and we shall attempt to ascertain its effect on the net

transfer of energy to the medium. By this last statement it

is implied that by eollisicrvs the energy of the coherent

motion is transferred to the random motion of the electrons

and ions,i.e. a heating cf the medium.

If the intensity of the incident radiation

2 0 2
becomes very high (I > 10 W/m ) we move into a regime of

strong turbulence. This may be the region where the collec-

tive excitations are broadened and it is no longer appropriate

to use a description in terms of epo and ipo. Perhaps going

back to the many body theory of electrons and ions may be

more meaningful. Our understanding of the detailed interaction



mechanisms and the dynamics of the plasma in the region of

strong turbulence are minimal. Only very qualitative

sva cements can be made about this regime. Since AQis large

ax high intensities a perturbative treatment of the problem

is unreliable and an exact solution of the non-linear set

of equations (see Appendix E) is impossible. Only experiments

can provide a guideline for further development of the theory.

We describe several processes that involve the

excitation of collective modes of the system by a portion of

the incident radiation pulse; the remaining (temporally

later) pulse can produce either further excitation of the

medium by increasing the amplitude of the collective modes

or scatter from the density fluctuations already present.

The first possibility is,in general,useful in that more energy

is being transferred to the medium. However,the scattering

of radiation by the density fluctuations in the medium can

lead to loss of energy from the system. Raman scattering

provides such a possibility. It is not clear as to how

harmful Raman scattering can be with regard to the loss of

energy from the plasma. But there is no doubt that Raman

scattering can be a useful diagnostic tool for learning about

the spectrum of collective excitations in the region of the

tenuous plasma. For example a rapid growth of the two-

plasmon mode at n A (see below) would imply that scatteredc

radiation should be present at w/2 and 3w/2, where u) is the

frequency of the incident radiation.
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In the rest of this section we list and give

a brief physical description of various processes for

anomalous absorption of the incident radiation.

12)a) Landau Damping

The collective modes of the plasma (epo and ipo)

decay into particles (electrons and ions) as in the diagrams

shown in Fig. B.4. The damping rate^ in the lowest order

is given by Fig. B.4a; for a Maxwellian distribution of the

electrons the explicit expression is

3 _[1(^_>2-!]

where A is the wavelength of the plasma oscillation.

A similar expression for y. can be written

down for the decay of ipo into an ion-hole pair. Explicitly13

the damping rate for ion-plasma oscillations is

. 2
2 — C3

y, = tir Ini a. = J* S> e"
7 a 2k 2 , a 2 = £ .

i L ' 2 ak3 M

b) Two-Plasmon Decay or Electron-Electron Decay Mode

The high frequency conductivity of a hot-

electron gas with a background of positive charge has been
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3 1

calculated to order A(= kD /n) by Dubois and Gilinsky

Using diagrammatic techniques, the basic contributions to

4irlmcr.. to order A are given by

tff j(S-) + KH-)

where

JCx) = x2 /" dq q5

0

+»

k2*Q/'

-Z

*(Z - x /2q) |

and

.3 ->

f ( t )

+Q 0 (Z+x/2q)

=AJ
(2TT)3 / 2

(for Maxwellian distribution),

The combination jg- JC^—) + Kj—J shows a very broad hump at
P P

— ^ 2 and the to t a l combination 4irImcT (k,ai) has a similar
P

sort of hump at m >v 2w .
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It is believed that for a homogeneous system

this hump will lead to an increased absorption of a few

percent but it should manifest itself strongly in the case

of systems with a density gradient. This might lead to a

sizeable increase in the absorption of light.

Computer simulations by Kruer and Dawson '

substantiate the results obtained in a perturbation method.

This mechanism provides one of the main sources of energy

deposition for densities below the critical density.

c) Stimulated Raman Scattering

The stimulated Raman scattering in atomic or

molecular systems is shown in Fig. 5. The Raman scattering

process for a three-level system is shown in the upper part

of Fig. 5. The incident radiation (frequency m.) excites

the system to a state |f> and then the system de-excites by

emitting radiation of frequency u . However, if a second
s

laser of frequency equal to the scattered radiation (u )
s

is incident on the medium, the de-excitation of the state

|f> is rapid and leads to the stimulated Raman scattering.

The example shown in the figure corresponds to the case

when the scattered frequency (u ) is smaller than the inci-

dent frequency (Stokes scattering). Raman scattering can

also lead to a scattered wave (<"as) with w a g > <uL (anti-

stokes scattering)• In this case the incident laser radiation
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Tio>,

Fig. 5. Basic Raman scattering processes In a three level system. The upper part
of the figure shows Incident radiation of frequency U>L and scattered

(Stokes) radiation at frequency ws. In the lower part of the diagram the stim-
ulated Raman scattering is shown. In this case a second laser at a frequency
tos is also incident. Similar details can be given for anti-Stokes scattering.
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induces a transition from the state |b> to state |f> and

the scattered radiation is emitted by the transition from

state |f> to state \a>. It is clear that anti-Stokes scat

tering requires that the system be in an excited state.

In the case that an intense laser beam is

incident on the system, the scattered radiation at Stokes

and anti-Stokes frequencies is parametrically coupled to

the incident frequency. It is found that if the frequency

and wave-vector condition are exactly matched i.e.

and

= 2 a )L

ks + kas = 2kL

neither of the scattered radiations has an exponential gain

or loss. With a slight mismatch in wave-vectors at least

one of the scattered frequencies can have an exponential

gain. In the case of a plasma, the collective mode at w

can lead to scattered radiation at u L ± oi , w, ± 2% e*
#*

by parametrically coupling to the incident laser radiation

The intensity of the various scattered frequencies depends

on the intensity of the incident radiation and the extent

of the non-linearity of the plasma at these frequencies.

The growth rates for stimulated Raman

and Brillouin scattering are given in section 7.
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It should be pointed out that experimental observation
u)i 3 O ) T

of radiation at 7— and —5— may be viewed as a confirmation

of the Raman scattering process that leads to the down-

grading and up-grading of the incident laser frequency.

The growth of the two-plasmon decay mode at n A and sub-

sequent Raman scattering at this density can lead to the

emission of frequencies that are half-integral multiples of

the laser frequency. Therefore Raman scattering at these

frequencies can be used as a diagnostic tool for the growth

of the two-plasmon decay mode.

d) Stimulated Brillouin Scattering

The scattering of the incident radiation from

the fluctuations in the ion density or the collective ion-

plasma oscillations is called Brillouin scattering. As the

intensity of the incident radiation increases, the Brillouin

scattering increases. The ion-plasma oscillations at T=0 or

the ion-acoustic waves at finite temperature have long

wavelengths. The damping of these waves by linear Landau damp-

ing as discussed in (a) is quite small. There is a danger that

the amount of energy transferred to these oscillations may

increase enormously but there may be no strong mechanism to

randomize the motion of ions or to transfer the energy to

increasing the temperature of the ions. In such a case there

may be a highly non-linear situation which may lead to a
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collapse of the long-wavelength oscillations. The full con-

sequences of such an eventuality are not known.

The threshold intensity for the growth of this

instability is given in Table II while the growth rates ana

threshold intensity in an inhomogeneous plasma with a linear

density gradient at the surface are given in Table III. There

is an order of magnitude increase in the threshold intensity

in going to an inhomogeneous system but such an enhancement

increases with the scale length for the density gradient.

The frequency of the plasma oscillations depends on the tem-

perature quite strongly and the eventual growth rates of the

Brillouin scattering will probably depend on the temperature

gradient in the plasma as well.

17)
e) Parametric Decay Instability

*

The two component plasma has natural collective

modes at w and u> -, the electron and ion plasma frequencies

respectively. An incident beam at frequency U)Q can couple

with these waves and a resonance condition results if

V
and

- v +
0 " e

These two are the energy and the momentum conservation con-

ditions and this basic three wave interaction is given by

Fig. 2. If the intensity of the incident beam is large

enough, the waves at to and u> • grow rapidly and act as a
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pump frequency for each other. Parametric coupling between

waves makes it possible to produce beat frequencies at

w0 * UDi' ̂ O * 2upi and so o n a n d w0 * U D ' u0 * ^u
De

 anc* s o o n'

The relative coupling of these modes depends on the inten-

sity of the incident radiation.

The epo and ipo decay by Landau damping

(linear and non-linear) and this fixes the rate at which

energy is transferred from the longitudinal waves to the

electrons and ions. However, in practice the intensity can

be increased such thaL the growth rate, i.e. the feeding of

these oscillations by the incident radiation,is faster than

the damping rate of these plasma oscillations. At this

point the oscillations become unstable and they grow exponen-

tially. The threshold for such an instability have been

evaluated when A << 1.

In a simple description the parametric coupling

can be given in terms of two coupled, damped harmonic oscil-

lations with the coupling driven by the external pump field.

17)We use the analysis of Nishikawa (see Appendix D for some

details) for the case w0 > w . The threshold field strength

E , when the epo and ipo propagate freely without any

attenuation, is given by

9 m m . v-i- <°ov
 v=p>

c 2 v • V 2 , ~ T 4 0 ek
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where v_^ and V.-J are the collision frequency for electrons

and ions. <u , = UJ + k . T is the electron thermal
ek pe mg e

energy. The growth rate just above threshold is

Y 2 Vii a) °
V vee

e2 2
where 6 = u- - u and K = (k»EQ) . The rate attains a

maximum as a function of <5 when

« 0 = » p .

the maximum value is

1 . 9 4K
2 vii" c /=• 216/3 cope

For field strengths of the incident radiation much greater

than the critical field strength E , the maximum growth rate

of the parametric instability is given as

s . /3 , ^ ek-E0 2 1/3

^m = 2 wek l4m, (_ . 2; *

However this expression should be considered as a qualitative

estimate only since the basic formulation is good only for

the case when we are near the critical field strength.
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In addition,far from the critical value the parametric

instability should not be considered by itself but other

effects must be taken into account (as discussed in

Appendix E).
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5. INHOMOGENEOUS SYSTEMS (RESONANCE ABSORPTION)

The presence of inhomogeneities allows

for a wide variety of new possibilities. In simple terms

this can be expressed by saying that the dielectric function

E is a function only of wave vector, k, and frequency, w,

in the case of a homogeneous system that we have considered

so far, while in an inhomogeneous system £ is a function of

k, a) and r, the spatial coordinate that describes the spatial

variation of the plasma. The parametric decay of the radia-

tion of the plasma is an important mechanism for converting

the laser energy to the thermal energy of the plasma. As

is indicated in Appendix B, e(k,w) has a zero at u = u for

the case of electron gas and has a zero for a plasma at

u = w + w ., with k = k + k.. In an inhomogeneous plasma,

e(k,w,r) has a zero locally which is quite closely related

to the parametric decay mode provided the incident radiation

is normal to the plasma surface and is along the density

gradient. However, at an oblique angle (9Q) of incidence,

18)
the physics is somewhat complicated . Without going into

details, it can be summarized that for a linear density

gradients the results are as follows:

a) In the case of the electric vector of the incident radia-

18 19)
tion perpendicular ' to the plane of incidence (the

-»•

plane defined by the wave vector k and the density gradient
o

Vn) |E | oscillates in the region Z < Z,, with Z1 being the



point where the refractive index n = ^ p

For Z > Z^, the amplitude of the electric field drops off
2

to zero exponentially. Schematically the behaviour of E

is shown in Fig. 6a.

b) In the case of the electric vector parallel to the

plane of incidence (frequently called p-polarization in

contrast to the s-polarization discussed above), | Ê ;!

oscillates in the region Z < Z.. as is the case for the

electric vector normal to the plane of incidence. However,

as the radiation penetrates further, the electric vector

decays exponentially (as shown in Fig. 6b) but then it

begins to grow and has a singularity at the point where

e(k,o>,Z) = 0. If collision and temperature effects are j j

included, the singularity does not appear; however, a sharp

resonance stays. The large magnitude of the electric field

leads to the excitation of plasma oscillations (electron

plasma oscillations or Langmuir waves since the electrons

are at finite temperature). These plasma oscillations

transfer their energy to the electrons by Landau damping.

19)However, Denisov has calculated that such a penetration

of the radiation and re-appearance with large intensity at

the point where Re e(k,o),7) = 0 depends quite strongly on the

angle of incidence (6Q). If e(Z) is assumed to vary

linearly with Z (e(Z) = -aZ-iv) then at the point where

e(Z) = 0 the magnitude of the electric field strength |EZ|
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|EXI

Ex * 0 , Ey = Ez =

= sin0o Z
Zi (a)

Ex=0, E v * 0 , E , * 0

= sin
(b)

Fig. 6. Resonance absorption by an inhomogeneous plasma with linear density
gradient in the Z-direction. (a) In the case of the electric vector

of the incident radiation perpendicular to the plane of incidence (the plane
defined by the wave-vector ti and the density gradient) i.e. s-polarization only
Ex^0 and its variation in the Z-direction is shown. At oblique incidence
(angle 6o), Z»Zj is the point where the local plasma frequency is equal to the
incident frequency, b) In the case of the electric vector parallel to the
plane of incidence i.e. p-polarization, there is a leakage of some intensity
of the radiation beyond the local critical density for oblique incidence of
radiation (see text for details).
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is given as

• (T)l*zl =

where P = — , T = (—)1/3sin9. and the function
ca ca 0

18 )$(T) is expressed in terms of the Airy integrals as

= 2T v(T2)

with

and

V ' ( T 2 ) = -T2(3ir)"1/2 K 2 / 3 ( |

where K is a Bessel function. As a function of the angle of

incidence 9g, $(T) is shown in Fig. 7. (|>(T) has a peak

that depends on the wavelength of light and the scale length

of the plasma, and drops off very rapidly. The maximum value

of the electric field is given as

1.2 u
v

/2irp

with a width in the Z-direction given as



- 37 -

.0
T

2.0

Fig. 7. Function *(T) that determines the electric field strength at various

positions in the. plasma. Here T • (—) sin6o where a is the den-

sity scale length, 9o is the angle of incidence and u is the frequency of inci-

dent radiation.
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A2 = V- .

20)
Experimentally it is found that at oblique incidence^wi

plane of polarization parallel to the plane of incidence

there is roughly a factor of 2 enhancement in the absorption

of laser radiation as compared to the case when the plane of

polarization of the radiation is normal to the plane of

incidence. The angle of incidence is chosen such that the

turning point electron density (n = n cos 0) is not too far from

the critical density (n ). The fractional absorption of

radiation due to inverse bremsstrahlung may be calculated

from

f.. = 1 - exp[-2kL(v/u))cos56]
ib

where v is the collision frequency at nc. With a scale

length (L) of ^2.7 um and a plasma temperature of ^200 eV,

f., = 30% for 1.06 um radiation. With s-polarization, this

is the total fraction of absorbed radiation. With p-polari-

zation, there is additional absorption due to resonance

absorption and this fraction is given as

fra

where *(T) is the resonance function defined above. With a

scale length of 2.7 um, the parameter x(= i~) sin60)
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has a magnitude of ^0.7 5 for 1.06 um radiation incident at

9 = 17° and this leads to an absorption of 37% due to

resonance absorption. Therefore for p-polarized light a

total of 67% of the incident radiation is absorbed while

only 30% is absorbed for s-polarized radiation. These

results are in qualitative agreement with the experimental

results which give a ratio of ^2.0 for the absorption of

p- to s-polarized radiation.

It should be mentioned that at the surface

where /e = sin9n (and electron density n = n cos 9), the

parametric decay rate is expected to be small since the

density is only ^0.91 n . The main absorption mechanisms

are expected to be inverse bremsstrahlung and resonance

absorption.

The dominance of resonance absorption has

other consequences due to the absorption of large amounts

of radiation in a small region of space and consequent

production of temperature gradients. These temperature

gradients lead to large magnetic fields (in the range of

hundreds of tesla) which can in turn inhibit the conduction

of electrons. We only refer to some of the work in this

21)
field without going into a detailed discussion of it.
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6. NON-LINEAR AND COUPLED NON-LINEAR SYSTEMS

So far absorption mechanisms have been consid-

ered in perturbation theory. At low incident laser intensi-

ties, the inverse bremsstrahlung process dominates. At high

intensities the excitation of the collective modes of the

plasma become significant and as the strength of these modes

grows there can be stimulated Raman or stimulated Brillouin

scattering. However, as the intensity is increased further,

it may be expected that the parametric decay processes will

couple with each other ana will help or hinder in the growth

of a particular parametric decay-process. If the transfer

of energy from the incident pump field to the decay process

becomes significant, the decrease or the rate of decrease of the

pump field may become so important that it should be included

explicitly. There are few attempts to solve the coupled

equations of the plasma and the incident electromagnetic

field. One such attempt is discussed in section E. Unfortunately

the mathematics is complicated though the basic physics

is not very difficult. The idea is that an intense inci-

dent pump field can induce not only a linear response in the

system but also non-linear response. The general non-linear

response of the system can be expressed in terms of the

non-linear susceptibility of the medium. Following the

22)
example of non-linear media, the polarisability of the

medium is expressed as a power series in the electric field

strength,



where

P (k,u; = x (UpOip}"*)!'

with the conditions

n • n .
u., k = I k.. (6.2)

E(w') Is the electric field due to the incident electromag-

netic radiation of frequency OJ and associated wave-vector

k^. k is the wave-vector associated with the frequency w.

PQ is the permanent dipole moment. Pj and

X are the usual linear polar!:'ability and susceptibility

of the medium, x > X » ***X n »*** characterize the

non-linear properties of the medium. The x are tensors

of rank (n+1) which, for materials with a centre of symmetry,

vanish for even values of n. Appendix E gives a brief out-

line of the theoretical attempts to set up a set of coupled

equations for the incident pump field and the non-linear

response of the medium.
23}An alternative to attempting such analytical

solutions is to set up computer simulations with a limited

number of particles (frw hundred) and follow their dynamics

with Monte-Carlo techniques. These do provide some numerical
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estimates of the amount of absorption expected for very

intense incident laser radiation.

Attempts have been made to reduce the equiva-

lent hydrodynamic problem in an order of perturbation theory

to a non-linear equation that can be solved. Only two-

dimensional (two-space or 1-space plus one time) non-linear

24)
equations are known to be soluble . Some such equations

are listed in Appendix P and a particular solution of the

Korteweg-deVries equation is given there. The properties and

behaviour of such soliton-like solutions has been studied '

27 )
extensively. In the following, a simple problem of

plasma physics is reduced to the Korteweg-deVries equation

to indicate some of the manipulations involved.

The particular example is a collisionless

plasma of cold ions and warm electrons which may be described

by the following basic set of equations:

9 n i 8
•KTT- + -5—(n.u.) = 0 ion c o n t i n u i t y e q u a t i o n0 V o X 1 1

3u 3u.
K-r— + u. -5— = E ion momentum equation
at i 3x 4

 ( 6 > 3 )

3n~ 28)
= -n E electron momentum equation

„ = ni-n Poisson's equation.

8x

3E
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The electron momentum equation is obtained by assuming that

the electron temperature, T , is constant and the rate of

charge of electron pressure (n kgT ) is equal to the

electric force. All quantities are dimensionless and

expressed in terms of characteristic quantities: density nQ,
kRT. %

velocity (—2—;) , Debye length,and characteristic potential
mi

kDTo/e. The equations are in 1-space (x) and 1-time dimension

(t). We impose the boundary condition that for

x -»• <*>, n^ = n = 1 and u = 0. (6.4)

In order to reduce this set of equations to the Korteweg-deVries

equation, introduce the coordinates £ and n as

5 = e1/2(x-t), n = e3/2x (6.5)

where e is a small parameter. Then the equations are

re-expressed as

"i +
3C

9ui ,
3C

3n
3£

3? nil

3u±
ui 3?

3n
= -n E

. 3
' 3n

2u±

3n
(6.6)

3E , 2 3E
+ £



l/2 ~
where E = e E. Now we expand n., u, E and n in power

1 C

series like

1 + e n ( 1 ) + e2nni + e ni

ne = 1 + e n
( 1 ) + e2 n ( 2 ) + ••• (6.7)

u. = e

E = eE ( 1 ) + £E ( 2 )

Then the first-order terras in e are given as

85 H 35

and

- nC1) .

^ — = -E^' (6.8)

The equation —r= = — ^ = — can be solved and using boundary

conditions yields n.^ ' = u.^ ,

2
The second-order ( e ) terms lead to equations

of the type



-'•>'. •'./>-_' \

(6.g)

(l)-.(l) ~
E " E

3E ( 1 ) _ (2) (2)
3| ni " n

(2) (2) ~(2)
Eliminating the quantities u. t n^ ' and E and using

the results of the first-order terms, we obtain the

Korteweg-deVries equation

(1) , a3t(D

Similar equations can be obtained for n^ and n . Therefore,

all the first-order quantities satisfy the Korteweg-deVries

equation» and have soliton-like solutions as a possibility.

These solutions decrease exponentially both at x = +00 and

x = -°° and the structure is quite stable.

As it has been stated above, these non-linear

equations can only be solved in two-dimensional space. The

behaviour and properties of the density, velocity and the
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electric field in real space-time can only be inferred from

these properties.

Another interesting aspect that has been

dealt with at some length is the question of the collapse

29 )of Langmuir waves . The non-linear processes In plasma,

in particular the scattering from Ions and electrons, lead

to Langmuir waves with small values for the wave-vector ti.

This leads to a tendency for the "condensation" of the waves

in £-space. The energy is concentrated in the long-wavelength

(small k) part of the wave spectrum and the Landau damping of

such waves is small. For long wavelength Langmuir waves, the

electron density fluctuation fin and the electrostatic

potential <j> satisfy a set of coupled equations which are given

in one dimension as

86n 926n p

9t
+ 5- = e *6n (6.11)

2
where e is a parameter. All quantities are dimensionless.

The electrostatic potential is the self-consistent potential

in the plasma and has been chosen to obey one of the following

2 R}
equations

i) non-uniform wave equation

a2 a2 92|6n|2
(̂ -P - i-j-)* = - p — (6.12)
3t 3x^ 3x



ii) non-uniform Boussinesq equation

a2 a2 a2*2 a*1* 32|6n|2
(—p ?)<f> *-? fr = ?— (6.13)
3t 3x^ 3x 3x 3x

iii) non-uniform Korteweg-deVries equation

The combination of eq. (6.11) and one of the

above equations (6.12-6.14) leads to cubic-or higher-order

Schrodinger equations.

A study of the cubic Schrodinger equation

suggests that the amplitude of the Langmuir oscillations may

become very large, thereby producing regions in the plasma

of very low density (caverns). After a finite time these

caverns will "collapse" to a dimension at which the electron

trajectories intersect and the energy of the waves is dissi-

pated. The collapse of the Langmuir waves is accompanied

by strong plasma turbulence which defies any treatment based

on random-phase-approximation or by kinetic equations.

Therefore only some model cases have been studied.

The cubic Schrodinger equation has been used to

study the non-linear behaviour- and the saturation of the two

plasmon decay mode at one quarter the critical density (n A )

under intense pump fields. It appears that with the increased
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interest in the study of the non-linear equations, there may

be interesting developments in understanding the mechanisms

for transfer of energy to the plasma under very intense

incident plasma fields. Use of computer simulations and

study of models that can be dealt with analytically should

complement each other in the eventual understanding of the

absorption of intense laser radiation by plasma and matter.
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7. SUMMARY AND CONSLUSIONS

In the last few sections we have attempted to

present the basic physics that is relevant to the absorption

of radiation by matter. The absorption can proceed by the

interaction of individual radiation quanta with individual

electrons and ions. These are the processes that contribute

to the absorption of radiation by inverse bremsstrahlung and

Compton scattering. It should be noted that Joule heating

of materials by electromagnetic radiation proceeds via

inverse bremsstrahlung. At low intensity and for low atomic

number (Z) materials or at somewhat higher intensity and for

higher Z materials, inverse bremsstrahlung is the dominant

18 9

mechanism for energy absorption. For intensities ^10 W/m

approximately 50% of the absorption under actual experimental

conditions, i.e. with inhomogeneous distribution of the plasma

density, takes place by this mechanism. Consideration of

layered high-Z materials for shells of the pellets used in

experiments on laser-fusion can be traced to the objective

of having a large fraction of the absorption proceed via

inverse bremsstrahlung. At very high intensities, it is

expected that this mechanism will not lead to a significant

absorption of radiation. The collision frequencies (and

hence the damping of radiation by inverse-bremsstrahlung)for

a system of electrons with a uniform charge background, for an

electron-ion system and for an ion system are given in Table

IA. For completeness we have given the Landau damping
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(Table I.B) of the longitudinal plasma oscillations, epo

and ipo. In the limit of k /k << 1, Landau damping (or

collisionless damping) is negligible and the main damping

mechanism is collisional.

A homogeneous electron and ion gas at T = 0 K

has collective modes at w and w ^, the electron-plasma

oscillation and ion-plasma oscillation respectively. A

homogeneous plasma at temperature T supports three oscilla-

tion modes with the following dispersion relations:

i) Transverse oscillations

, . 2 2 . 2 ,1/2
U)t = (k c + o,pe) .

These are the transverse electromagnetic radiation in a

plasma with a dielectric function e(k,oj) = 1 - —E£
w2

which implies that the wave-vector k and frequency u are
2 2 2related by the relation c k = u> e(k,a>).

ii) Longitudinal high-frequency oscillations (Langmuir waves)

O o 3kjjT o o 9 9

*l - V + "/- k = V ( 1 + 3 ADk >
and

iii) Longitudinal low-frequency oscillations (acoustic waves)

a,2 =

where c_ = /Te/mi is the ion-sound velocity.
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In the limit of large k, w -»• OJ .* The dispersion relations
s P-̂-

are sketched in Fig. 8.

At high incident laser intensity these longi-

tudinal oscillations are supposed to provide the dominant

absorption mechanism. Many of the processes occur at the

critical density but there are others that may dominate the

absorption at n /I. Some of these absorption mechanisms are

i) parametric decay instability

ii) two plasmon decay mode

iii) stimulated Raman scattering

iv) stimulated Brillouin scattering.

These modes are parametrically coupled and can thus grow with

time with certain threshold intensities which are listed in

Table II. It is not entirely clear if it is good or bad to

have these collective modes become unstable. It is pos-

sible that the collective modes can transfer energy to elec-

trons and ions rapidly enough that the parimetric instabili-

ties are useful in increasing the temperature of the plasma.

On the other hand it is conceivable that some of these insta-

bilities will cause the incident radiation to be re-radiated

out of the system. One such example is the side-scatter insta-

bility of the stimulated Raman scattering. In the last column

of the table we have quoted some estimates for the threshold

intensities assuming that TQ - T.. =1 keV and the wave-vector for

epo is close to that for the incident radiation while the wave-

vector for ipo is 1/5 of the incident wave-vector kQ. The
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pe

Fig. 8. A schematic description of the dispersion of the three waves that may
exist inside a plasma. There is one transverse wave (frequency tot)
and two longitudinal waves (frequency <D and u . ) .



- 53 -

total damping rate (YL) of the Langmuir waves and the

damping rate (Ya) of the ion-acoustic waves vary with

temperature and wave-vector for these modes. This

makes it difficult to give a unique set of numbers for the

threshold intensity for the various instabilities. A

representative set of the threshold intensities for the

31)onset of the various instabilities is quoted in Table II.

[The electric vector of incident laser radiation is des-

cribed as E = E.eosin(k 'r-uut) and this implies that the

intensity IQ = E Q c/(16ir)0 The threshold intensities

quoted in Table II are valid in the limit when

i.e. when the total energy in the incident electromagnetic

field is much smaller than the total thermal energy in the
2

plasma. Results for the limiting case of A. > 1 have been

obtained by Silin but these cannot be readily classified

in terms of the various parametric processes.

In the case when the plasma has a surface and

hence a density gradient, analytic evaluation of the damping

rates, the growth rates and threshold intensities is quite

difficult. Assuming that the density varies linearly,

the growth rates and threshold intensities are shown in

Table III. There are greater uncertainties than in the

case of homogeneous systems. The magnitudes for the thresholds
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can only be viewed as qualitative. One interesting conclu-

sion can be drawn from the study of the linear inhomogeneous

plasma: the threshold intensity is inversely proportional

to the scale length. For a density decreasing very sharply

with distance the scale length L may be as small as a few

pm; the threshold intensity will be enhanced by 'v.lO over

the values quoted in Table III. Assuming that the onset of

any of these instabilities would imply problems for the

absorption of radiation, a short scale length may shift these

instabilities to high enough intensities that they are of no

consequence in the inertial confinement fusion studies.

In actual experimental conditions, the plasma is not a

homogeneous system but has some complicated spatial and

temporal behaviour. However, if a linear density gradient

is assumed, the nature of the growth rate and thresholds for

the various instabilities are discussed in the last paragraph.

The thresholds and the growth rates have changed quite a lot

(compare Tables II and III). This gives a rough idea of the

type of changes in the physics that may be expected in the

real experimental situations. There is an additional aspect

that becomes relevant and this is the dependence of absorption

on the polarization of the incident radiation. In the case of

the p-polarized radiation incident at an angle 6 with respect

to the normal to the density gradient, there is additional

absorption (called resonant absorption)at a point where e(w,Z) = 0,
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Z being the spatial position, i.e. where the local plasma

frequency is equal to the frequency of the incident radia-

tion. It is to be noted that it is the local collective

mode that is responsible for the resonance behaviour of the

absorption of radiation.

In order to achieve laser-induced fusion,

the intensities required may be so large that the parameter

A_ > 1. In such limiting cases, there may be some coupled

non-linear processes that may limit the absorption of radia-

tion in matter. The physics in this region is quite uncer-

tain. Only modest beginnings have been made to unravel the

complexities in the physics of the problem.

Recent experiments ~ on laser-matter inter-

action indicate that the density profile of the plasma is

modified in the neighborhood of the critical surface. The

scale length of the density gradient decreases sharply making

the density much steeper. The appearance of this behavior

is attributed to ponderomotive forces in the plasma. In

Appendix G, we have given a brief summary of the definition

of ponderomotive forces and arguments that suggest additional

forces on the plasma which lead to a steepening of the density

gradient. The results are quoted only for a linear density

gradient of the plasma initially but numerical results can be

obtained if any other form of the plasma profile is assumed.

There is no doubt that future experiments with

intense lasers like SHIVA will reveal some very interesting
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physics that should lead to a better understanding of the

problem of laser-matter interactions. There is an inter-

esting future ahead.
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TABLE I.A

Collision frequencies between particles in a plasma

a) electron-ion

b) electron-electron

v « -

c) ion-ion

where Z is the charge state of the ion.

In the electron-ion collision frequency the logrithmic factor

arises from the long-range nature of the Coulomb force. The function

C(OJ) depends on the range of frequencies of interest. (For details

see D.V. Sivukhin, Review of Plasma Physics, Vol. 4, P.93 (1966)

Ed. M.A. Leontovich^
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TABLE I.B

Landau damping (or collisionless damping) of waves in plasma

a) Langmuir waves

^ A j ) - 3/2)

3/2
The factor e ' arises from the fact that at finite temperature the

2 2 1/2
frequency of Langmuir waves is equal to ID (1 + 3k Xp)

b) ion-acoustic waves

r- k ce f 1/2 T 3/2 T I
3 ' 2 [1+k2 X^]3 / 2 L i 2T±(l+k2A2) J

2 kBTe - / ^
where A = , ° , c -1/ and k is the wave-vector of the

D 4imomc s 1 M

Langmuir or ion-acoustic waves; m(M) and T (1^) are respectively

the mass and temperature of the electrons (ions). The frequency

of the plasma wave and ion-acoustic waves (in the long-wavelength

limit) are a,2 - 4irnctRc and kc respectively,
pe m s



TABLE II

Instability

Parametric instabilities in a homogeneous plasma

Threshold intensityt(W/m2)

Threshold Nd C0o

electron-ion

electron-electron

A0 .' " .2 V a
ZTT— (k, 'en)

16 1 0' Y y
L S

« 2 , 20 °
2

~2
YL

>1

10 1 7

T »

10.17

10

1013

stimulated Brillouin
scattering 0

16

4 a) ID

Y Y.
> 1 10

17
10

en

I

stimulated Raman scattering

w (k ) =

k0 2
— ' la • a I16 k X °16 kD

> 1 1017 1013

t For an incident wave with E=BQEQsin(k •r-usQt), intensity I = E c/(16ir).

E 2
2 0 2 • 2 2 is 2 2 2 ^

A0 = 4irnlLT "» Electromagnetic wave w(k) = (u + k c ) ; Langmuir wave <"L(k) = (&) + 3k v ) ;
o e Ji p "

acoustic wave u = k W — » - e . is a unit vector in the direction of wave-vector k.; v, v. and v a re thea ^m. I i '' 'L 'a

collision frequencies for electromagnetic, Langmuir and acoustic waves in the plasma. For the above

evaluation we use k2 % 0.8 k . Table IV lists other parameters.
B;



Table III

Instability

electron—ion
decay

Parametric

Plasma density
region

0 p

instabilities

Growth

in an

Rate

0*

inhomogeneous

4 2

~̂2 T

plasma with

Threshold

lit XD a

n(x) » no(l+x/D

Threshold Intensity
<W/m2)

Nd C02

> 1 2 x 10 1 8 10 1 7

electron-elec-
ron decay

a) = 2(i)
0 p

ek0E0
1 2.5xio16 2.5x1015

I

Raman
backscattering

v 2
() "p v c 0 me

eE- Ju 2 v
10 1017

Raman
backscattering

eE0
me A ( )

eEn IDRaman u >2a j > % * fo _
sidescatter 0 p c 0 me oin

3/2

Brillouin Ti e E0
scattering w0>t0p * ~ u0 ~m~ u

0 /2cc

oacillating
two-stream /2 "° (u 2 Te

0 (1 +—)
Ti

V

3 x 1016 3 x 1014

1.2 xlO 1 6 1.2 x lO 1 5

t Assumes L = 0.1 cm. T = 1 keV and intensity = En C/(16T). A = °- ; ion-sound velocity c2 .2 E0 , . .. JVe
ITT" •

For the evaluation in this table we use k =0.4 kQ. Table IV lists other parameters.



- 61 -

TABLE IV

Numerical values of constants for a Nd or a CO. laser incident on a plasma

Electron Temperature k_T = 1 keV
B e

For Deuterium Plasma

ion-sound velocity c =IW „ e = 2.19x10 m/s.
S ~ M

Nd C02

A = 1.06 iim A = 1 0 . 6 pm

k - 5 .93 x l O 4 cm"1 k - 5 .93 x 1 0 3 cm"1

u = 1.78 x 1 0 1 5 s" 1 (o = 1.78 x 1 0 1 4 s ' 1

•na) = 0.117 eV

n c = 10 m

a) = 1.78 x 1 0 1 4 s" 1

a) ± = 2 .93 x 1 0 1 3 s" 1 u> ± - 2 .93 x 1 0 1 2 s "1

kD = 1.34 x 1 0 6 cm"1 kD = 1.34 x 10 5 cm"1

ei * ei

3 - 1 2 - 1

For acoustic waves with k = 10 cm For acoustic waves with k-10 cm

Ya = 2.74 x 10
9 s"1

ML * wpe

fib)

nc

bl

pe

• 1.

= 10

- 1.

17

27

78

eV

-3
m

x l O 1 5 s"1

Ya = 2.74

' v C l + 3(

' (0

Pe

Landau damping

Y _ . % °

x 10

Ck/kp

k/kD

10

) 2 :

«

s" 1

,1/2

: 1

8.2 x 109 s"1

6.74 x 1011 s"1
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APPENDIX A - PLASMA PARAMETERS

The irradiated pellet is a plasma and the

local properties of this plasma are determined by the local

density and temperature. The plasma consists of both ions

and electrons so that the density and temperature of both

must be specified. The number density of ions and electrons

will always be almost equal since any difference gives rise

to an electric field which increases very rapidly with the

charge imbalance. However, since it is primarily the electrons

which pick up the energy from the laser beam, and since they

transfer their energy rather inefficiently to the much more

massive ions, the temperature of the electrons will usually

be higher than that of the ions. The electron number density n

and temperature T , and the ion temperature T. can be used

to specify the local properties of the plasma in local

thermodynamic equilibrium.

There are a number of parameters determined

by the density and temperature which describe the local

properties of the plasma. The plasma frequency o> is the

natural oscillation frequency

4TT otTic n

•2.
= 5.6I+ x 1 0 1 ^ n ( m " 3 )

where a = 1/137.036 is the fine structure constant. Where no

confusion can arise to will be denoted by u .
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There is an analogous frequency for the ions which is

smaller by the root of the mass ratio. The Debye length

X_ is the natural length unit. It measures the range of

the coulomb field of an electron. The coulomb field is

cut off by the polarization of the rest of the plasma.

9 k R T
AT

 2 - B e
D Hir n otfic

where kg is the Boltzmann constant. Therefore we have

XD(m) = 0.745VT(eV)

n(m"3)

There is an analogous length for the ions which is identical

when T = T.. The Debye length and plasma frequency are

related by the thermal velocity v™.

v 2 =
k B T _ 2 2VT ~5T " V XD '

where usually a factor of 3 is not included (v™ i 3kRT/me)-

The number of particles which interact simul-

taneously in a plasma is the number of particles in a Debye

sphere -?• n \ . Depending upon whether this number is large

or small, either collective or discrete (binary) effects

will dominate. The parameter A defined by

A = 12TT n A^
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measures the dominance of collective effects. In a formal

development of the kinetic equations, the parameter g

a _ 12T7

which measures the relative importance of "binary" collisions

is usually used. The parameter A is equal to the ratio of

the thermal energy kT of a particle to the fluctuating

energy 6 E,. arising from the discreteness of the particles.

A k-BT

The importance of quantum mechanical effects

degeneracy) is determined by the ratio of the Fermi energy

Ep to the thermal energy of the electrons.

h. - h2 ,3n 2/3
kBT 8mekBT IT

(n(m"3))2/3

s 3.55

Electron degeneracy is important only in the cold, dense core of

an irradiated pellet.

The importance of relativistic effects is

measured by the ratio of the thermal energy to the rest

energy kgT/m c . Relativistic effects can generally be neglected

unless the temperature rises well above 50 keV.
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RELAXATION RATES AND TRANSPORT COEFFICIENTS

The transport coefficients are determined by the

momentum and energy relaxation rates of the ions and electrons.

These rates are functions of the test particle velocity and the

nearness of the plasma to local thermodynamic equilibrium (LTE).

In other words, different parts of velocity space relax to a

Maxwellian distribution -at different rates and this rate is in-

fluenced by departures elsewhere. Average values quoted for all

particle velocities and for distributions arbitrarily close to

Maxwellian commonly differ by small numerical factors due to both

different approximations used in the calculation and slightly

different definitions. We quote a representative set.

MOMENTUM RELAXATION

The momentum (or angular) relaxation rate of

electrons on ions Vge£ is

"pe Lc

6/7 TT J

where Z is the average charge state of the ions and L is the

Coulomb logrithmic1^ factor. The electrons also relax among

themselves, usually a little faster.

1
V6ee = 222

 V9ei '

Similarly, the ions relax quite slowly,

J e eV9ii = ~ V ^ 7 V6ei'
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and on the electrons,

V6ie = veei'

Here m /m. is the electron to ion mass ratio.

ENERGY RELAXATION

A non-Maxwellian distribution of electrons

or ions will relax to a Maxwellian at the respective rates,

v u e e

vuii " V9ii

They will then relax on each other to the same temperature

at a much slower rate. If the electrons are hotter, then

their temperature decreases according to

Te = -*uei (Te ~ V

at the rate

vuei " m. V8ei'

Similarly the ion temperature rises according to

Ti = vuie (Te - V
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at the rate

z2

Vuii =Tvuei*

Because of the complexity of the relaxation

process, it is clear that these average and approximate

relaxation rates will only give us estimates of the transport

coefficients.

THERMAL CONDUCTIVITY

Because of their high velocity (small mass),

the electrons dominate heat conduction. The thermal

diffusivity K at constant pressure is defined by

* = ~K V ( k
B
T e )

where <f> is the heat flux. K is given by

1 V T
d V6ei

where vT is the thermal velocity of the electrons.

VISCOSITY

The viscosity n gives the shear stress P_v
3U Z X

due to a velocity shear ST*— .
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3U
p - _ n ^
ZX ' 3Z '

The approximate value of n is

x B 1

V6ei

The electron contribution to viscosity is smaller than that

of ions by a factor of m /m..

DIFFUSION

The particle flux r due to diffusion is given

by

r = -D Vn,

where D is the ambipolar diffusion coefficient.
cl

Here D and \x and D. and y. are the diffusion and mobility

coefficients for the electrons and ions respectively.

They both diffuse at the same rate (r = r.) since any

difference gives rise to an electric field which strongly

couples the rates. The individual diffusion coefficients

can be determined from the mobilities by using Einstein's

relation

D k B T
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MOBILITY

The D.C. mobility determines the particle

velocity in a constant, applied electric field.

v = yE .

For the electrons one has

while for the ions,

p = Z e
p.
1 miv6ie

so that

mi

It follows that the ambipoiar diffusion coefficient is

D_ = D. (1 - Za l

and is controlled by the ions.
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RESISTIVITY

The D.C. conductivity a is determined from

the mobilities and is controlled by the electrons.

j = 0E

0 =

ORDERING OF THE LENGTH, TIME AND ENERGY SCALES

The density and temperature

(and hence physical properties) of an irradiated pellet vary

over many orders of magnitude. Here we concentrate on the

corona, and more specifically the absorption region, where

the laser energy is deposited. The electron temperature

and density in this region are i. 10 keV and £. 10 m~

respectively. The ignition of a pellet approximately 1 mm

in diameter requires the deposition of more than 1 kJ of laser

energy in less than 1 ns so that the incident light intensity

18 "
is of order 10 W/m^. The light intensity in units of

10 W/m is denoted by I,„. The electron density at which

the light is most strongly absorbed,the critical density,is

related to the free space wavelength by



- 75 -

so that convenient units for the electron density n-, and

27 3wavelength X are 10 m and 1.06|jmrespectively.

ENERGY SCALES

The fluctuating energy of an electron due to

the discreteness of the plasma constituents is 6Ef = kT/A
_2

and is of order 10 eV for thermal equilibrium. The Fermi

2/3energy E_ = .365 (^7) eV is higher. The photon energy

fio) is next and is 5/(4A)eV. The oscillating energy of

the electrons E = 2.2 I,g X eV is usually smaller than

the thermal energy kT 'v* 10 keV, which in turn is smaller

than the rest mass energy me "» 500 keV.

The energy which can vary most widely in the
_2 4

corona is 6Ep, which can take on values of 10 eV to 10 eV

as the plasma ranges from LTE to strongly turbulent. The

profound effect of such a variation on the relaxation processes

is of critical importance.

LENGTH SCALES

The distance of closest approach b (urn)

qfic 1.44 x10"6

D = =^ T(keV)

is extremely small. ^Theude Broglie length
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AdeB mvT

is 1.23 xio~ um at 10 keV and must be much larger than b if

the Born approximation is to be applicable. Similarly, the

-1/3
interparticle spacing n must be much larger than ^ d e B) if

a particle picture is acceptable and degeneracy is neglected.

2 7 — 3 —3

At n = 10 m the interparticle spacing is 10 vim. The

amplitude of the electron oscillation is the incident field

S = qE/mco is 2.6 x 10 X /I-̂ g ym, where q = /ofic, the wavelength

of light, A, is measured in Urn and the electric field strength

(V/m) for an incident laser intensity KW/m ) is expressed as

E = 27 /I. The Debye length is near 10 Mm which is much

greater than the interparticle spacing and shows that collective

effects dominate. The wavelength of the incident light is

much larger than any of the above lengths but can be expected

to be smaller than typical gradient lengths L in the corona.

The pellet diameter D is the largest scale length.

TIME SCALES

The shortest time scale is given by the fre-

quency w ^ 10 s~ of the incident light. In the absorp-

tion region the electron-plasma frequency is equal to or

slightly smaller than w while the ion-plasma frequency is

about 60 times smaller. Next come the ion and electron
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angular relaxation times which are about 10 times longer

than u~ . The electron-ion energy relaxation time is even

longer by a factor of about 10 (M JJS). Thus, to the

extent that the thermal equilibrium expressions hold, there

will be very little energy relaxation between the ions and

electrons in the absorption region during a laser pulse

of about 1 ns duration. In fact, the thermal equilibrium

expressions will not hold because the fluctuating field

which determines the relaxation times will be enhanced by

the intense incident laser field. For example, the electron

angular relaxation time will vary-from the thermal value

given by ^10 /to to ^w" when the fluctuating field gives rise

to electron fluctuation energies comparable to the "thermal"

energy kJT. The frequency spread Aw of the incident laser

pulse gives the time scale T , which measures the coherency

of the interaction. This time scale T , is always shorter

and usually much shorter than the pulse time. Another

coherency time scale of importance is the autocorrelation

time T of the induced fluctuating field in the plasma.
dC

If the induced, high-frequency, fluctuations have an auto-

correlation time much shorter than the electron angular

relaxation time, for example, then the physical processes

remain diffusive in nature. If not, then the absorption

process becomes very violent and the kinetic equation must

be used to describe it. The stimulated "growth rate" y of

the induced fluctuations provides the time scale which

determines their equilibrium amplitudes.
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In addition to the above one can associate

length and time scales with the various transport coefficients.

For example, the length and time scales associated with

thermal conduction are related by

while those for viscosity are related by

[ETL-3-, = B

The electron-ion coupling is measured by

rrh -

The dependence on A in these equations tells us that the

corona is a highly conducting, very viscous fluid composed

of two thermally independent components. The decrease in A

as one moves into the core tells us that the core is a

poorly conducting, inviscid, single fluid.
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APPENDIX B - ELECTROMAGNETIC WAVES IN A PLASMA

The propagation of electromagnetic waves in

a medium can be considered by using the concept of the

dielectric tensor. For a homogeneous and isotropic medium,

the electric field components E.c(x,t) outside the medium

| are related to the electric field components E.(x,t) in the

medium by

= / d3x' / dt1 eij(x-x
1,t-t')Ej(xlst

I) (1)

where summation over repeated indices is implied. Causality

requires that e.. = 0 if t < t'. The Fourier transform cf

the dielectric tensor, £.., in k and u space is related to

the conductivity, a, by

eT(k,u)) = l + iil aT(Jc,w) (2a)

eT(k,u) = 1 + ^2 1 ff
T<k,w) C2b)

a) -c k

where L and T subscripts imply longitudinal and transverse

components with respect to the direction of propagation of

the electromagnetic waves.

The electromagnetic response of the system is

determined by the zeros of eL(k,u)) and ET(k,w). The
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cases of interest are those in which E, and e™ have one

and/or more resonances. The positions of these resonance

frequencies are determined by

Re eL(k,u>) = 1 + "+ir Re(a (k,u))/w) = 0

and

<
Re Em(k,ai) = 1 + HIT Re(-

~ J
-k a

Assuming that e. has a resonance at OJ^ and
-i

£_/' has a resonance at o)_, we can expand Re e. and ReE_ in
I 1 LJ 1

neighborhoods of these resonances- in Taylor series to get

- j ^ A ) IU / — —

Re e L ( k , o ) ) + : i m e L ( k , o j )

1

[»— Re e . ( k , w ) ] + i l m
O (JJ Li

W = 0l) ,

By defini t ion (eq. 2a)

Im e (k,u, ) = 4TT Im a(k,aiL)/'o. .

Now define

ZT = - ^ C ^ — C 4 T T Re 0 T / w ) ] ( 3 a )

b •'
and

Y, = 4TT Z. Im a. (k ,w. ) (3b)
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so that

7

Similarly

- 1 '••!• < k " Z T
ET

1(k,o.} -- --,- i , (5a)
T 2w + f0,-co

where

= 1 + |- [ " , Re a (k,w)] (5b)

and

YT = 4TT Z T Im 0T(k,wT). (5c)

These relations are valid when the collective modes are sharp

and well defined; the width should be small compared to the

mode frequency, i.e. y << « and y_, << u)~.

With these relations the damping rate of the

resonances in the media are related to the imaginary part of

the conductivity. The conductivity tensor, a-•, has been

related to the polarization tensor, TT. • , in the medium by

2)
Martin and Schwinger . In terms of the total current

operator, J(x,t) in the medium, the polarir.ation tensor is

given as the averaged retarded current commutator

Trit(x-x',t-t') = i e(t-t') <[Ji(x,t),J.(x',t')]> (6)
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where 6(t-t') = 1 for t > t' and zero otherwise. The

angular brackets imply ensemble averaging. In momentum

space, T..(k,w) is related to the external conductivity

tensor r .°(k,0)), which relates the current in the medium

to the external applied electric field, by

2

2 o
where fl = 47T e E(Zynv/Mv) with Zy, My, and nv being the

charge, mass and equilibrium density of the spec5 " v.

Furthermore a..° is split into its longitudinal c.i.d trans-

verse components as

y.(k,w)

where

o aL o CTT
o = — and a = —
L L T

PERTURBATION THEORY FOR THE POLARISATION TENSOR

+
In practice IT . . or the real-temperature

Green's functions cannot be treated except in some special

instances [one such example is a Fermi system at absolute

zero temperature where the Fermi surface of the interacting

system coincides with the Fermi surface of the non-interacting



system ]. Perturbation techniques for the imaginary-

temperature functions TT .J with periodic boundary conditions

can be calculated in a systematic perturbation theory in

the interaction strength similar to the Feynman theory of

vacuum quantum electrodynamics. The imaginary-temperature

polarization tensor is defined as

Tr[e-iT(H-yN)T(J.(1)J,(2))]
if..(1,2) = i —77—r4
ID " 1 - l • H " pTr[e

i n t h e i n t e r v a l I t . - t - l < x . P o s i t i o n ( x T ) a n d t i m e ( t ) f o r
_L I J-i

each particle are denoted by the numerals 1,2, . H is

t.i3 total Hamiltonian of the system, y is the chemical

potential and T is the well-known Wick's time-ordering
4)operator

Jj(2)

J.(2)

The derivation of a systematic perturbation method

involves transforming to the interaction representation and

then expanding in powers of H, . Tho i-'_tal Hamiltonian of

the system is given as

H = H + H + H, (10)
e r 1

where
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with v -'; o'':ing the various interacting species of charged

F :.o j with mass M and charge eZ ,

Hr = ^ / d3x CET
2(x,t) + B2(x,t)]

and

H2 = | / d
3x / d3x' p(x) v(x-x')p(xr)

1 r 2 n
 2 M v(0) - £ / d3x J(x,t)«A(x,t)

" 1 L e ;Jv v c

v

- j I - ^ / d3x pu(x,t)A
2(x,t).

In tho Coulomb gauge V*A = 0, the transverse component

of the electric field E_ and the magnetic field B are

given as

E T = " 3TF ' B = V x A.

In the interaction part of the Hamiltonian H-, , the first

term gives the Coulomb energy. The second term is the

counter term to subtract the self-energy of the charged

particles, the third and fourth term gives the transverse

part q£ the interaction of the particles. The charge

density operator is given as



- 86 -

p = I pv(x,t> = I eZvi(;v
+(x,t)*v(x,t)

V V

ard the total number of particles of species v, Nv, is

given as

d3x *v
+(x,t)^(x,t) = / d3x

The total current density operator, J(x,t), in the electro-

magnetic field is given as

eZ
J(x,t) = j(x,t) - I jjj-£- pv(x,t)A(x,t)

v v

where the field-free current-density j(x,t) is

• /___•_ \ _ r V r , + • •*"

The equation of continuity is given as

p(x,t) = i[H,p(x,t)] = -V«J(x,t). (11)

VJith the interaction Hamiltonian, K, , defined

by (10), the systematic perturbation treatment of if.- would

involve basic interaction vertices shown in Fig. B.I. The

transverse and the longitudinal interactions of the charged

particles are treated separately. In a two-component plasma,
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(a) (b) (c)

(d) (e) (f) (g)

Fig. B.I. Basic elements of the perturbation diagrams, (a) and (b) give
the two parts of the current, J(x,t), given in the text, (d),

(e) and (f) give respectively the Coulomb interaction, transverse photon
interaction and the quadratic transverse photon interaction with the charged
particles, (c) and (g) are the counter terms for the interaction of the pho-
ton with the average charge density. Note that solid lines, dashed lines and
wiggly lines represent respectively the charged particles, Coulomb interaction
and the photon lines. With the convention that the direction of time is going
up, the arrows on the particles lines indicate particles (arrow up) and holes
(arrow down).
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the electrons and ions are shown on the diagrams by a single

or a double line respectively.

The contribution to i+7ri if(k,to) from each

diagram is calculated by using the following set of rules

which are derived by setting up a perturbation series with

He + H r as the free Hamiltonian and H_ as the perturbation.

A diagrammatic representation is an alternative expression

for the algebraic expressions of the perturbation series.

(i) A factor Gv(p,pg) for each Fermion line with momentum

p and energy pQ

o Uire

(ii) A factor -ie Z^'vtq) = -i ZyZv' — — for each Coulomb

line with momentum q connecting Fermion lines of

charges Zy and Zy* (Fig. B.l.d).

(iii) A factor

c 2 ( 6 i r k iV k 2 )

for each photon line with momentum k and energy kQ.
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(iv) A factor

2Mvc

for each current measuring vertex (Fig. B.I.a) p. and p.'

are the incoming and outgoing momentum of the particle lines.

(v) A factor -i /HTT Z e for each charge density measuring

vertex.

(vi) A factor

7 2
~ * 2 v
e*e' i HIT e ?

for each double-photon fermion vertex (Fig. B.l.f).

(vii) A factor -1 for each closed Fermion loop.

(viii) An energy and momentum conservation {-function at

each vertex

3 3 63(p-p'+q)

with 3 = l/(kDT).
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(ix) All internal energy and momentum variables are summed

or integrated over

I /
P0

where the sum over pQ is over all values

PQ = iTTK/0

with K an odd integer for Fermions.

A detailed analysis of eq. (9) for v implies

that a diagrammatic evaluation of the polarization tensor

is possible by drawing all topologically distinct connected

graphs (the presence of the denominator in (9) leads to an

exact cancellation of all the disconnected diagrams and

then expressing them algebraically by using the above set

of rules.

Fig. B.2 shows some of the lowest-order diagrams

for Tf.jj(k,o)). The zeroth order diagram (B.2. a) shows the

basic polarization loop with the two current measuring crosses

indicated. The first-order corrections arising from the

Coulomb interaction (B.2.b) and transverse photon interaction

(B.2.c) are also shown in Fig. B.2.
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(a) (b)

(c)

Fig. B.2. a) Zeroth-order polarization diagram.

b) First order corrections for ii..(k,w) arising from the
Coulomb interaction.

c) First-order corrections for ii . . (k,io) arising from the
transverse interaction.
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Example: Calculation of Fig. B.2.a.

This is the basic polarization loop with one

particle (p2) and one hole line (p-,) and the rules above

can be used to write for this diagram the algebraic

expression

*{0> - /.owil2 Y T f d Pl d ?2 i i
la i,\) ~~ l ' *fi' L L j -\ -i o o

(-i)(2ir) 6 6 (^-Pj+q) 6 (Pol-P02+(»)

where the label v refers to the type of particle with chemi-

cal potential y . Factor of 2 appears due to spin sum

around the fermion loop.

,3
~o,-»- , n i r r 1IT (q,u) = 2 -g I J

P m (2ir) p-,2

The sum over pQ, is convergent since the integrand is of order

1 P01n

s-. A simple approach is to insert a factor e with

n •* 0, then the integrand is re-written in terms of partial

fractions
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Pi

1 t8

Poi

1

p
IT

2

2M

The sum over PQ-, (PQ^_ = iir(2n+l)/g, n an integer) can be

carried out by using the following sum over real values of

w (=Tr(2n+l)/g)

141T1

e_
iw-x

1
27Ti

dZ

where the contour C is shown in Fig. B.3. The contour C is

deformed to C and then the integral along the circle

vanishes and the integral becomes

•, loir] ,
1̂  y e _ 1
3 L ito-x 2TT C eM"+l

1̂
-x

uodd

The only singularity in C is a pole at Z = x and the magni-

tude of the sum becomes



Z-PLANE

Fig. B.3. Contour C in the Z-plane is used to replace the sum on the odd
values of a>(» 7riK/3). Contour C is deformed to the shape C'
and has one pole on the real axis at z « x.
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, loon
1 y e
a £0 iu-x e6x + 1

"odd

= - n(x)

where n(x) is the Fermi distribution function. Therefore

the polarisation diagram is written as

7f°(q,<0) = -2 / d3
P

w-E(p+q)+E(p)

where E(p) = p /2M . This form for the polarization diagram

has the form of Lindhard function which is well known

both for zero and finite temperatures.

CALCULATION OF THE DI5SIPAT1VE PARTS1^ C-- Imff . . (k ,u) )

In order to calculate the disspation of the

longitudinal modes (plasmons etc.) or the transverse modes

(photons etc.) in the plasma, we need to calculate -Imff. . (k,<o)

which can be related to the spectral funcxion, A.., by the

relation
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I <n|e«J(O) |m><m|e«J(O) |n>(2ir)3

n,m

where e is a unit vector and the states |n> and |m> are the

exact eigensolutions for the Hamiltcnian H, total number of

particles N and the total momentum P. The two energy 6-func-

tions in square brackets imply emission (first term) and

absorption of the energy (second term). The net dissipation

must depend on the difference of the two processes. Near

equilibrium the low-energy states are more populated and there

is net absorption. However.if the population of the energy

states is inverted,i.e. more population of higher-energy

states, there is a net emission of energy.

For the calculation of ^irlma. and T̂rlmcr™ the

following rules for the diagrams may be stated:

(i) Write all topologically distinct, open diagrams lead-

ing from the initial to the final state;

(ii) The internal lines and vertices have the factors as

given in the earlier set of rules;

(iii) Add all amplitudes and take absolute square;

(iv) Multiply by an energy and momentum conservation factor

( 2TT ) 36 (k-Pm+Pn) 2TT[6 (o)-Em+En)-6
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(v) Normalizing factors

y— for external boson lines

2
(j-) to convert to longitudinal conductivity

2
c to convert to transverse conductivity;

(vi) Integrate over all final states and average over

initial states i.e.

^3_

and a factor of [l-f(E -p)] for particle lines and

f(E -p) for hole lines.

(vii) For exchange diagrams multiply by (-1). For n iden-

tical particles in the final state divide by n!

1 8)Example 1. Landau damping ' (Fig. B.4.a)

2 d3 d3

\ h I -^T / — T Cl-fUD )]f(5P1
)

k2 ^ (2TT)3 (2TT)3 p2 Pl

This can be simplified to an expression which in the classical

limit gives Landau damping of the longitudinal excitation

modes in the medium. To this order, decay of a transverse

modeti.e. a photon,is forbidden by energy and momentum

conservation.
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2 3 4

(a) (fa)

3 4 1 2

3 4

V

(c) (d)

Fig. B.4. Open diagrams for calculating the dissipative effects. Fig. a
is the diagram describing Landau damping to one particle-hole

pair. (b), (c), and (d) are corrections due to Coulomb interaction
among the particles and the holes.
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q

Example 2. Scattering of light by plasma

The cross section for scattering of light by

plasma in the solid angle dflf and frequency range u f to uif

to the lowest order is given by the following expression

j3 ,3
N , d p ^ d p . . to -

^ = k I / — \ / - % f<P.:

a f- e i|
2 (2TT)3 6(pf+kf-pi-ki)2Tr(Ef+ajf-Ei-a)i)

me

where the sum over f and i implies sum over the polarization

of the final and initial photon respectively. f(p.) is the

distribution function for the initial electron. The basic

process for scattering is given by Fig. B.lf. Only the scat-

tering from electrons is considered and the subscripts i and

f imply the initial and final states for the electrons and

photons. In the case when the one particle distribution is

given by Boltzmann statistics, the cross section reduces to

the form

2 3 - m (0) 4. fikx 2

_da__ - r0 (n V kD 1 M + 2fl,
 Wf " 2 k B f k 2 m

aUfd0f- " -75=V— X 2(1 COS 9) T̂ e
P

where wave numbers and frequencies are in units of kp and w

respectively. Here n is the density of electrons and rg is

the classical electron radius. In order to generalize the
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above expression to include the effects of density fluctua

tions in the medium, the matrix element for the transition

from an initial state i to a final f which has a value of

2
i — Y ~ e-»e. in the above expression for the cross section
me

becomes

<f

2 • •-• a

me

where V.f CV.i ) is the sum of all electron (ion) particle-

hole diagrams that lead from an initial to a final state.

The proper polarization parts for electrons and ions are

given by rr (k,u) and ir.(h,u) respectively. The total proper

polarisation part is given as

= IT (k,(Jj) + 7T.(k,w).

The screened interaction V (h,w) is given in terms of the

dielectric function eT(h,w) by

V
s

with v(I<,(u) being the fourier transform of the bare Coulomb

interaction. The matrix element V.^ and V.^ are related
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to the imaginary part of TT(k,to) by the relation

Im . | I
if

2ir6(ha)+Ei-Ef)(2ir)
36(5+pi-pf)

where p. is the density of initial states.

k Te 1/2
In the limit when w/k >> ( ) , the proper

polarization part for ions is much smaller than that for the

electrons and the scattering cross section can be written as

2 - 1 •+

5 (n \b(*fiu> ) i d + cos2e) -£ 3S_ L
D p 2 w 2

1 ^ = -5- (n \b(*fiu> ) i d + cose) -£ 3S_ L__
duî dfj- TTO) D p 2 w. , 2 . -&nw

This expression indicates the modification of the light

scattering cross section due to the presence of the

polarizable medium.
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APPENDIX C - CLASSICAL PLASMAS

The main difference in the description of

classical plasmas as compared to quantum plasmas arises

from the disappearance of the exchange diagrams. The para-

meters in the plasma depend on the parameters e, m, T , n,

M and n.. . The dimensionless parameters in the plasma may

be written as

i )

i i )

a i

X

2

. k D 3

e n
, k = (Uirn / ( k B T c ) ) x / i s t h e Debye wave

number. Here \ is the ratio of the volume occupied by

the particle to the Debye volume and m is the mass of the electron.

Then the rules for transcribing a diagram to an algebraic

expression become

(la) For an electron line
po-p

(lb) For an ion line 2 2
po-ai p /2m+yi

2
(2) Coulomb interaction -i A /q

. 2 k . k .
(3 ) Photon l i n e A 1 C A ? (&.. i,JL)

co - c k 1 : k



; * : • . .

Photon-electron vertex -i e«%(p+p')

2 X h
Photon-ion vertex -i —

e-e'U
(5) Double photon-electron vertex x —

me

e*e' ia A
Double photon-ion vertex s——

me

(6) Closed fermion loop -1

(7) Energy and momentum conservation

-i(2ir)3 6(pl+q-p)6(p0'+q0-p0)

(3) Internal momenta and energy summed

For open lines, the distribution function for the holes in

the final state becomes

-h 2- + v
e for electrons

V
" + u .
m I

for ions.
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To lowest order

= (2ir)
3/2/(Xem

3)

e i = (2ir)3/2 a?/(Xem
3)

Example Landau Damping Fig. A.3.a.

L 2 2 wL k2 2 w Xm3 (2ir)
3 (2TT) 3

k+[ (2TT) 36 (k-p1+p2) { 6 <.w-

This leads to the well-known Landau damping of a plasmon

(epo) or a collective mode. Using the formulae (B-3b) the

damping rate is given as

which is valid in the long wavelength limit (k •+ 0);

03 - ^—2- defines the frequency of the electron plasma

oscillation.

Example: Inverse Bremsstrahlung.

Some of the diagrams with final states of one

electron particle-hole and one ion particle-hole are shown

in Fig. C.I.
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(a) (b) (c)

(d) (e)

Fig. C.I. Lowest order diagrams with final states of one electron parti-
cle-hole and one ion particle-hole in final state ((a) and (b))

(c) and (d) are corrections to (a) and (b) to second order in Coulomb
interaction.
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Algebraic expression for Fig. C.I.a and

Fig. C.l.b as contributions to the imaginary part of the

longitudinal conductivity are

<2n)3/V 3 , ̂ 1 ,-i—j- ) a. / 5- J

2a. 2

*" (2TT)3

[6(w+E1+E,-Eo-Ell )-6Cw-E -E. + E +E. )]

Ae

«o-5(p2)

2
where C(p) = P /2m + y .

This expression leads to the damping of photons

(w = ck) by an electron-ion plasma. The expression can be

simplified . The damping rate for the electron-ion plasma

can be shown to be of the form

This is the usual expression quoted for the damping due to
2 )the inverse bremsstrahlung process. The same result for

the damping of radiation has been obtained from the Vlasov
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equation. Similar expressions can be written down for the

damping rate by an electron gas or by an ion gas instead

of an electron-ion plasma. The function C((u ) appearing

in the logrithmic factor of the electron-ion collision rate

(v .) has been discussed at length by Sivukhin.
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APPENDIX D - PARAMETRIC EXCITATION OF COUPLED WAVES

Parametric excitation or resonance is a

non-linear phenomenon that may be described as an ampli-

fication of an oscillation due to a periodic modulation of

a parameter that characterizes the oscillation. This may

be illustrated by the following examples.

a) Consider a one-dimensional oscillatory system with two

parameters m and k describing the oscillatory motion.

Imagine that the external.force has the effect that the

parameter k is time-dependent. In such a case the equation

of motion may be described by the equation

dt

with

,2 0
d x + a/(t)x = 0

m

If w(t) is assumed to be a periodic function of time t,

then it can be shown that the system at rest in equilibrium

(x=0) is unstable. Any deviation from equilibrium will

lead to a rapid increase in the displacement x. This is

an example of a parametric resonance.

If in addition the oscillation is assumed to

—Yt

have a damping constantY (imply a time dependence of e ),

then the parametric resonance does not grow unstable until

a threshold value for the strength of the periodic part of

w(t) is achieved.
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A simple example is that of a pendulum whose

point of support executes a periodic motion in the vertical

direction.

Similar effect is obtained by varying as a

function of time the force applied on a swing by a child

as he tries to increase the amplitude of the swing. The

reason the system does not become unstable is that the child

cannot apply large enough force to overcome the frictional

effects.

b) In electronics two LCR circuits with frequencies w,

and a>2 may be coupled to a third circuit with frequency

to by a non-linear inductance or capacitance. Then the ampli-

tude of the frequencies u. or to can become unstable at the

expense of the amplitude of the pump frequency w provided

a) = u>j ± (1)2 (in fact frequency matching condition can be more

general, i.e. w = mu, + nio. with m and n being integers posi-

tive or negative). Mismatch of frequencies would decrease

the net gain that can be achieved. As in the previous example

the presence of damping in the circuits with frequencies a)

and u> would introduce thresholds on the power intensity of

the pump field before the onset of instability. We shall

discuss this case at length later on.

These are the simple examples of parametric

interaction of point systt.;ns. The parametric processes in

plasma are the space-time analog of ths&e systems. The waves

have frequencies (OJT) and wave-vectors (k.) that define the
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direction of propagation. The property of frequency mate; '.

mentioned in example (b) needs to be generalized to a condi-

tion of phase matching at each space-time point. In such a

case the following two properties characterize the para-

metric excitation phenomena.

i) Phase-matching condition. The periodic modulation of the

parameter and the .excited oscillations of the system at

every space-time point must satisfy the phase-matching condi-

tion. This really implies that the wave-vectors and the fre-

quencies of the modes must be conserved,i.e.

- » • - » • - >

k = k 1 + k2 •

These conditions apply to the case when the periodic modulation

has wave-number (frequency) k(u>) while k. (w.) and k (u ) are

the wave-number (frequencies) of the two modes in the system.

ii) Threshold condition. The signal in the system is ampli-

fied only if the strength of the modulational signal

exceeds a certain minimum strength. This is again a consequence

of the fact that each of the waves in the plasma has a

well-defined damping rate.

In the case of the plasma, there are three

natural modes that can propagate in the system, one transverse

and two longitudinal. A laser beam incident on the plasma

applies the modulational signal and this couples any two

modes (or all three) in the plasma. This would imply the
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excitation of the following different parametric processes

(see Fig. 2) in the system

i) photon •*• epo + ipo parametric decay

ii) photon -*• epo + epo electron-electron decay

iii) photon -*• ipo + ipo ion-ion decay

iv) photon ••• photon + epo Raman scattering

v) photon •+• photon. + ipo Brillouin scattering.

There is a purely electromagnetic process of

the type photon + photon •* photon,i.e. second harmonic general.

Multiple excitation of any of the modes is possible and depends

entirely on the intensity of the incident field. Relative

importance of these different processes may be studied along

the same lines as in non-linear optics where excitation of nth

harmonic depends on X (w ,u> , . . . ,u> ) which are susceptibil-

ity tensors [see eq. 6.1] of rank (n+1).

Amplification and eventual instability of any

of these processes depends on the strength or intensity of

the incident laser beam and on the decay rates of the various

modes in the plasma.

In the following we present some details of

the coupling of two oscillators to a third oscillator, an

example that is the analog of the case that is commonly

studied in electronics. The parametric coupling of plasma

waves is mentioned at the end of this section.
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Consider a pair of oscillators coupled by
2)

a large amplitude oscillation of the form

X(t) = 2XQ cosu0t (1)

where O)Q is the frequency and 2XQ is the amplitude of the

external oscillation; XQ is the external parameter. Let

us assume that the two oscillators obey the equations

+ 2 ri Ht + w 1 H 1 ( t ) = X <t>2(t)x(t) (2a)
dt

2
^ ^ 2

dt
+ 2r2 ^ + u>2

2)<}.2(t) = u * (t)x(t) (2b)

where A and u are parameters to adjust the coupling between

oscillators. We assume that F, and T~ are independent of

the frequency of the respective oscillators. Taking Fourier

transform we have

= 0

= 0 (3)

with the definition
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In the case of plasma, the incident laser fre-

quency w_ is parametrically' coupled to electron and ion planma

oscillations and we are interested in studying the situation when

w '" u),+(jj , u ^ w and <<• u> .

In such a case the coupled equatians arc approximated as

= 0

= 0.

= 0.

The terms in <J)?(w ± 2wn) have been neglected. This set has

a solution if the secular equation Js satisfied

Ax2 2
AX0 n

0

*0

0 = 0 (5)

This implies that the allowed frequencies, w, are given by

= 0.
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The allowed frequencies will be. complex and

may be written as

m = x + iy (5)

where y < 0 is the damping rate

and y > 0 is the growth rate.

The threshold condition for an unstable mode is given by y= 0.

In the general case it is not possible to write

t-h>.; solutions of the secular equation. In order to find

approximate solutions some further assumptions have to be

made.

a) Nearly free resonance

u>2 '

Assume that <j> (w+Ug) is off-resonance and so can be ignored,

th'ji'i the secular equation reduces to the form

u 2 + 2!r.,w)i'.(<D-u0)
2 - CJ 2 + 2ir (u-w0)] = *UX

 2 . (7)

However, in the case of a plasma, one of the collective mode

has a much higher frequency than the other one,i.e.

) 2 + 2ir to =

(8)
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a) 2 + 2iT Cu-o

(9)

The secular equation becomes

7 . (10)

Define A = aî -oĵ -w frequency mismatch

K = Xyx0
2

.*. (x+iy-O)1+iri)(X+iY-u1-A+ir2) r-j-JL- . (11)

Compare real and imaginary parts

(12)

(y+r2)(x-u1) = 0.

From second equation

A(y+r,)
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Substituting in the first equation

A2

(y+r,)(y+ro)[i + —

At resonance A = 0, then

Fcr a growing parametric mode y > 0. This gives the

condition

K > 1*r1r2 OJ1(U2 . (16)

The threshold for instability is given by y = 0

2
K = trr « « , [i + — g-] . (17)

1 *•'*•* ( r 1 + r 2 )
z

This gives a simple example of the growth rate of a parametric

excitation in terms of the parameters of the pump wave, the

decay rates of the individual modes in the media and the

frequency mismatch condition. Analysis can be extended to

several other situations and details are given by Nishikawa
3 )

and Liu . (References to further work can be found in this
review article.)
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b) Low frequency oscillations

If |u,| << |w2|, i.e. one of them is a long

wavelength acoustic oscillation, the treatment given above

does not apply. In such a case the frequency shift might

become comparable to jw. | and then ^(OI+WQ) cannot be ignored.

Assuming that l^-| % |<u?|, we have

(O)±OJ0)
2 + 2 2

Defining 6 = the secular equation yields

We can envisage two types of solutions:

i) u = iy real part is zero

and ii) oi = x+iy x i 0.

First for the solution <o = iy, the threshold power can be

calculated to have the form

V̂K

and the maximum growth rate with respect to the parameter S

is given as

Y

m
K .1/3



- 120 -

i.e. the growth rate is proportional to the cube root of

the incident power.

Secondly if the solution is taken to be of the

form a) = x+iy, the threshold power can be calculated to have

the form

-—±-i_
6(r]_+r2)

2

where 5 = u.-oij > 0.

Maximum growth rate can be calculated to be

ym * 4

at a frequency of

-0 -

We find that in either case there is a cube root law for the

dependence of maximum growth rate on the incident power

intensity.

So far we have talked about a model problem of

two coupled oscillators and the parametric growth of certain

modes with the incident intensity with a certain threshold

for the start of the instability. In actual physical problems,

the threshold intensities and growth rates are obtained from
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the response of the plasma as a function of wave number and

frequency. The response of the system may be characterized

by the dielectric function or the dynamic susceptibility Xg

and X-[ for the electrons and the ions respectively.

Assuming that the incident intensity is not large enough

that non-linear response of the medium becomes important, i.e.
e E0A. = -—z—=• << 1, the-procedure for calculating the parametric

u 47TnXnl

processes can be summarized as follows. In general these

threshold intensities are obtained from the generalized dis-

persion relation

Xe(k,tu)

2 " 2 2
k+ D+ k+ u>+

• * • * " * • 2 2 "*•

where k+ = k±kQ, w+ = w±wn , D+ = k + c -io + £± and e+ = c(k+,u

is the dielectric function. The velocity V- is re late'1 to

the incident pump field EneQ cos(kg*x-w t) by Vg = eEg/2mw .

The electron (x ) and ion (X-) susceptibilities are related

to the dielectric function by the relation

e(k,w) = 1 + Xo(k,u)) + X-(k,w)

->• -*-

and explicitly X (k,w) and X.(k,w) have the asymptotic form
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Xe(k,to) =

2 2

(i + i

JL. exp[-i(u)/kv
-» 2 e

kv

to << kv

e to

0)
272 T7
A 1

7 kV7
1 1

(i + i/?

1 , ,. ,.2n
-7 ( w / k ve ) 3 >>

<< kv..

For details of calculating the actual expressions for the

growth rates and thresholds, we refer to the work of Liu

and 1^
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APPENDIX E - NON-LINEAR THEORY OF PARAMETRIC INSTABILITIES

IN A PLASMA l'2^

The dielectric theory sketched in Appendix A

is restricted to the case where the exterr,al perturbation

is weak and a study of the linear response of the system

is sufficient for a discussion of the excitation spectrum

of the medium (a plasma in the present case). However, in

the presence of a very high intensity laser, the external

disturbance is large and non-linear properties of the medium

can become important enough to overwhelm the linear response. A

typical example is the observation of two- and three-photon

absorption processes, which become large compared to the

single-photon process because of this dependence on intensity.

In a plasma there are several different para-

metric instabilities that play a role in the linear response

theory. In a regime where non-linear response is dominant

the parametric instabilities are coupled. The growth of any

of them is a complicated function of the incident intensity

and of the coupling to all the other modes. Next the theory

of non-linear response will be briefly sketched and an

example of the growth of a parametric instability will be

described.

The infinitesimal response of the average

electrostatic potential <U(1)> at a point (1) = (r^,^) to
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an infinitesimal test charge perturbation &p (lr) at
ex

(I1) = (r, '.t-,') is defined as

6 p

This infinitesimal response satisfies an equation

d2 q+(l,2)d+(2,l') (2)

where q (1,2) is the polarization response of the medium.

The intense pump field

E Q cos(w0t - ko«r) (3)

modulates the particle trajectories in a coherent way

and drives the parametric Instabilities in the medium.

E n, <*>n and kf1 are taken to be the parameters. The pump

depletion effects are not included.

The coherent modulation has the effect that

the collective modes in the system can no longer be consid-

ered as having random phase relationships. Instead each

mode k and w is modulated coherently by an arbitrary number

of harmonics of the pump field. This implies that the

Fourier series-integral representation for any function of

two space-time points is of the form
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= y /• djo r d k -iui(t1-t2;

-l 3- A(un(t,+t0) +i kn x (r1+ro)A0 (k,w)
e

The Fourier representation in the absence of the pump field

would involve only the difference of the coordinates of the

two points. The external pump field has made the important

change that the homogeneous plasma is no longer translationally

invariant, i.e. a symmetry is broken. This leads to a depen-

dence on the centre of mass in the Fourier-series representa-

tion and gives a periodicity to the function A(l,2) of the

form

2imk\

0 (5)

where n is any integer. If A(l,2) is real then

A£(k,aO = A^C-k.-uj*). (6)
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Now substituting Fourier series integral of the type defined

in eq. (4) into the defining equation for the infinitesimal

response we get

-k d.(k + -^ K.,, a) + — w_)

This gives the coupled set of equations for the various modes

of the system. The important modes are those that are simul-

taneously resonant with the pump field (k_,<*>_). Considering

only three coupled modes the coupled equations can be written as

(kkJe ^ q+1(w+*u_) 0
0 (0+IOQ -1 0

-0 n

-a

o J

where

1 +

k beino; the wave numbe^ of wave w\th frequency

The vanishing of the determinant of the matrix

containing the polarisation response q leads to the non-linear
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dispersion relation. The functions q yield the generalized

dynamic susceptibilities, defined in terms of the general

properties of the plasma.
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APPENDIX F - NON-LINEAR EQUATIONS AND THEIR SOLUTIONS

A brief summary of non-linear equations that

can be solved exactly is given here. Some of these equations

are known to have direct relationships to non-linear

phenomena known to occur in the interaction of high intensity

lasers with matter. Others have no known relationship to the

non-linear physics but may have relevance in other contexts.

2)
(1) Burger's equation

C. + C C = vC (1.1)
t x xx

where v is a constant. Subscripts x and t imply partial

derivatives with respect to x and t. Use the transformation

C = ij>x. (1.2)

This reduces the equation to the form

Now using

ty = -2vlog4>
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and assuming that v/<J> is not zero, we obtain the Cole-^-Hopf '

transformation,

n _ 2v , f.

which reduces eq. (1.1) vo the linear form

This is the well-known heat equation.

(2) Korteweg-deVrles equation

V 1 + I "/hoK + ™ x x x - 0 (2.1)

1 2
where CQ and hfl are constants and y

 = T conn • Korteweg

and deVries showed that solutions

n = h0 5(y); y = x-ut (2.2)

(where U is a constant velocity)of eq. (2.1) could be found

in a closed form. Assuming that £ and 5" + 0 as y + °°,

the equation reduces to the form

I hn
2 V2 = 2(S- - I)?2 - 53. (2.3)

3 0 CQ
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This equation can be solved; a solution is

= nn sech
2[(-^5-)1/2 (x-Ut)] (2.H)

with a =-p 1 and n = hna. The distribution of n with
u0 u

respect to (x-Ut) is shown in Fig. F.I. n drops off to

zero both for (x-Ut) •* +°° and for (x-Ut) •*• -«.

If restrictions on the behaviour of ?, t," for

y -> oo a r e not imposed, a solution of eq. 2.1 can still be

obtained in terms of the Jacobian Elliptic function cn(x)

and is given as

n = nn cn
2[(-iiL.)1/2 (x-Ut)]

V
where

3 = 2(1 - U/co>.
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The Kortweg-deVries equation has been studied

very extensively; it provides soliton-like solutions as shown

in Fig. F.I. The importance of these solutions lies in their

relation to the solutions of the inverse scattering problem

in quantum theory based on Schrodinger's equation.

It should be noted that the solutions of the

Korteweg-deVries equation and other non-linear equations are

known only for the case cf one space and one time dimension

or for two space dimensions.

Some of the other non-linear equations that

have been considered are:

(3) Cubic Schrodinger equation

iu^ + u x + v|u| u = 0.

Sine-Gordon equation

0 w XX

This equation can be solved, and the corresponding equation

in Euclidean x and t spacej i.e.

K t t yxx y

can also be solved.
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x-Ut

F.I. A schematic plot of a soliton-like solution of the Korteweg-
deVries equation.
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Q \

(5) Toda Exponential Lattice

a rn = 2 f(rn) - f(r n + 1)-

with f(r) = -a(l-e"^ r), a and g are constants.

(6) Born-Infeld equation^

These equations have been listed and in parti-

cular the soliton-like solutions of the Kortweg-deVries

equation are given since there have been attempts to relate

the absorption of radiation from a very intense

laser to these soliton-like solutions. Under

certain approximations these similarities have been expoited

to learn about the physics that might emerge in the limit of

very intense laser (and/or electron) beams.
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APPENDIX G - PONDEROMOTIVE FORCES IN A FLUID DIELECTRIC

The forces acting on a dielectric in the pre

sence of arbitrary non-uniform electric and (or) magnetic

field are called ponderomotive forces . The total force

acting on the fluid body may be calculated by considering

the change in its momentum per unit time. The total force

acting on a body with volume V may be written as

fi dV = 0 Z i k dsk (1)

where the integration on the right is over the surface of the

volume V (a sum over repeated indices is implied). The

symmetric tensor I., is called the stress tensor. On trans-

forming the surface integral to a volume integral by using

Gauss' theorem, we have

fi =

Here £., is the total momentum flux density that includes the

momentum of radiation as well as matter. In order to calcu-

late the force on the medium, the force due to the radiation

must be subtracted. The momentum density of the radiation field

is given by the Pyonting vector § = (ExH)/Uir, so that the

force f^ (really it is force density but we shall call it

force in the rest of this section) on the fluid dielectric is

given as
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3 Z. 9S.
f. = -jj-iii - 3-i . (3)

The stress tensor can be calculated in the

case of a non-uniform electric or a magnetic field.

a) Electric field2)

T,2 , eE.E,

where

VP>T) = "

is the pressure in the medium in the absence of the field.

Here FQ is the free energy density, p is the density of the

fluid, e is the dielectric function of the medium and the

subscript T implies that the differentiation within the

bracket is carried out with temperature held constant. In

free space e = 1, pQ •*• 0 and E., becomes the free space

Maxwell stress tensor

8TT

b) Magnetic field35

H2 a.. p H i H l c

= -P0<P.T)6lk - fc [y-p (|J)T] + - ^ • (6)
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In the medium the magnetic field B = yH with y being the

magnetic permeability. In free space y = 1, pn •*• 0 and

z(f) .
 H i \ H2 .

ik " 47T " 8? ik'

Now by taking the divergence of the stress

tensor in a combined non-uniform electric and magnetic field,

the total force on the medium becomes

= - V P 0
 + W VCE2p(||)T] - f^Ve + p'E

(7)

If the dielectric fluid contains extraneous charges with

density p", then these give rise to an extra force on the

medium p'E. The term p j xH appears since it is assumed that

the medium is a conductor carrying current so that V x H = UTTJ

while the corresponding equation for the electric field is

V x E = 0.

It should be remarked that in a non-uniform

medium, the dielectric function e and the magnetic permeability

y are functions of p, T and the composition of the medium.

In such a case Ve and Vy will involve terms like •=—, •£•=• etc.

along with Vp, VT, etc. respectively. In the general case,

the expression for the force acting on the medium is highly

complicated and is not amenable to a transparent solution.
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If we assume that the effects due to the

non-uniform magnetic field are smaller than that due to

the non-uniform electric fields, then eq. (7) can be sim-

plified to the form

2 3S
f = -v Po + -k VC£2p f f ]

T - h V£ + pIE + S j x E - n r

If it is assumed that the polarizability (e-1) of the medium

is proportional to its density , then

(9)

and the force equation reduces to the form

f = _v P Q + g i VE 2 + p'E + j xH - jL- (ExH) (10)

where p1 is given by Maxwell's equation

V-D = tirp' (11)

with D = eE. The force equation may be re-expressed in the

form6)

f = "V p0 + W EV-E + £j*H ~ |T (EXH) + ̂  E'VE

+ ^ (e-1) EV«E + ^ EE»7(e-l). (12)



In the case of a plasma, the polarizability (e-1) may be

expressed in terms of the plasma frequency a> and the col-

lision frequency v as

to
- 1 = " 2 1

w +v

to iv
+

w +vc

In order to find the magnitude and direction of the force on

the medium, we have to calculate the electric and magnetic

field strength as a function of the spatial co-ordinate r.

Furthermore we have to estimate the gradient of the pressure

on the medium in the absence of any external electric or

magnetic field. The equations for the propagation of elec-

tric or magnetic field in an inhomogeneous plasma can be

obtained from the Maxwell's equations

V«B = 0, V D =

V*H - || =

V*E + ff- = 0
dl

and using the fact that magnetic permeability n=l, the cur-

rent density J = aE where a is the conductivity and D = E'E.

The dielectric function e defined in Appendix B is related

to these quantities by e = e' + —— . Then the electric

7 )
and magnetic fields satisfy the following equations :



V2E - V(V»E) + U 2 E E = 0

and (15)

V2H + i Ve x (V x H) + w2eH = 0.

In obtaining these equations, it is assumed that both E and

H have a time dependence of e . These are the same set

of equations that have been studied for resonance absorption

in the case of inhomogeneous plasma. Some of the results

for resonance absorption have been summarized in section 5

in the particular case when the density gradient is linear

or the dielectric function e is given as -aZ-iv where a and

8 )
v are constants. Three separate cases can be distinguished.

a) Normal Incidence

The solution of eq. (15) for the electric field

components yields

= A? 1 / 2CJ 1 / 3(| C
3/2) + J_ 1 / 3(| ?

3/2>] ReC > 0 (16)

= A(-;)1/2{I_1/3[|(-?)
3/2] + I1/3[J(-S)

3/2]} Re? < 0

Ey = Ez = °

where C = (—) (-az-iv) and A is a constant that can be
ca

determined by using boundary conditions. Then the ponderomo-

tive force can be calculated using eq. (12). For the special

geometry of this example the ponderomotive force is
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where H = i ( c ^ ) 1 / 3 —21. The bars on E and H indicate that

time dependence has been taken out. Magnitude of cf/cjEn

versus % is plotted in Fig. 1. A positive force acts in the

direction of the incident beam and acts as a confining force

whereas the negative force tends to deconfine the plasma.

The force up to the point A pushes the plasma inwards, i.e.

towards right,while the oscillatory force to the right of A

would lead to striations in the plasma, i.e. alternate regions

tof high and low density. As far as the region close to the

point A is concerned, the force on both sides of it would

tends to steepen the density profile and the scale length

for spatial variation of density will decrease.

b) Oblique incidence with s-polarization

Defining aQ = sin9Q where 0 is the angle of

incidence, the solution for the electric vector in this case

is given by the same form as eq. (16) except that

(-az-iv-a0
2) (18)

t For s-polarized light, the electric vector of the incident radiation

is perpendicular to the plane of incidence,i.e. plane defined by the

wave-vector k and density gradient Vn.
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Fig. G.I. Plot of Fft » cf/[a>Ert ] versus the dimensionless parameter r, = (—

The density is changing linearly in the Z-direction. Positive values
of Z imply plasma region with n < n while negative values of Z are over-dense.
The critical surface is at C « 0. The region to the left of A has a force push-
ing it towards A while the negative force to the right of A indicates that the
material in that region has a deconfining force. These two forces have the net
effect that in the region of the surface there is a steepening of the density
profile.



The corresponding equation for the ponderomotive force

becomes

f
z
 = -fe^

2
The appearance of the factor a- ' in eq. (19) as compared

to eq. (17) indicates that the ponderomotive force at

oblique incidence with s-pplarization is always smaller than

that for normal incidence.

c) oblique incidence with p-polarization

9)

The magnitude of the electric field in the

z-direction is given in section (5). Since E is much larger

than E , a reasonable estimate for the ponderomotive force

can be obtained by only retaining this component. The

expression for f in this particular case is given as

f = W Sx ( e ! fzV + fe h ^ £ - l )E z
2 " E/ - Hx

2] (20)

and using the approximation that Ez >> E , H , we have

f =
e2

16TT2 P ( a 2 z 2 + v 2 ) 2

t For p-polarized light, the electric vector of the incident radia-

tion is in the plane of incidence.



where p = (jrg1) and

= 2T V ( T 2 )
V'

with V(T 2) r-yij- K1/3(2/3 T
3 ) ,

V ' ( T 2 ) = - T 2 (3TF)~1/2 K2/3(2/3 T 3 )

1/3
and x = <p sine_.

Here en is the angle of incidence'and K . and K«,_ are modi

fied Bessel functions. The force f has a maximum at

Z = v/(/3" a) with a value of

f = e e *, E 2 *2 e
m a x z 256*% v3 °

The maximum force density becomes larger as v is decreased,

i.e. since v is proportional to the collision frequency, v

becomes smaller for higher temperature plasma. In practice,

it is found that for small angles of incidence (̂  few degrees

4° - 5°) the ponderomotive force due to oblique incidence

with p-polarization becomes much larger than that for normal

incidence or oblique incidence with s-polarization.

The magnitude of |EZ| is shown schematically

Fig. 6.1b. The ponderomotive force is a derivative of this



,-._'. •. . -.••:'t!>V:

quantity. The form of |E | suggests that there will be a

strong confining force near the critical density. This

again has the effect of steepening the density gradient and

decreasing the scale.

In conclusion we find that in the case of

oblique incidence with p-polarization, there may be a large

increase in the ponder-omotive force which will tend to

decrease the density scale length, i.e. will steepen the

density profile near the critical surface. In addition,

there is an increased absorption for p-polarized radiation

as is indicated in Section 5. Some relationships of the

ponderomotive force to the generation of strong magnetic

fields , self-focussing and absorption of radiation

have also been established.
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