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INTRODUCTION

Relations among the masses of neighboring nuclei provide a
convenient and reasonably accurate method for the estimation of
unknown masses. A set of such relations is presented. Each member
of this set gives a prediction of roughly equal statistical accuracy
for the unknown mass of a given nuclide. The average and disper-
sion of the set give a "most probable" mass value and a measure of
its uncertainty. The structure of these relations (considered as
partial difference equations) lead to another set of difference
equations the solutions of which can be ordered such that each suc-
cessive member is expected to be a more nearly accurate representa-
tion of ground-state energies as functions of N and Z. The
reliability of such solutions for extrapolation far from the region
of known nuclei is discussed.

A SET OF MASS RELATIONS

One approach1 to the prediction of nuclear ground-state energies
is based on relations of the form

I a M(N+i,Z+j) « 0 (1)

where M(N+i,Z+j) is the mass, or mass excess, of the nuclide with N+i
neutrons and Z+j protons. The coefficients a ^ in Eq. (1) are to be
chosen such that all interactions between nucleons cancel to first
order. The minimum condition is clearly that the numbers of neutron-
neutron, proton-proton, and neutron-proton interactions must cancel
in Eq. (1).



To Investigate the structure of equations of the form (1) it
is convenient to introduce the displacement operators EA and Ei where

Z ) i M(N+i,Z) , (2a)

Z) = M(N,Z+i) . (2b)

Here i is a positive or negative integer. Equation (1) can be
written as a polynomial in these operators acting on the function
M(N,Z), i.e.,

I a±jM(N+i,Z+j) = P(EN,EZ)M(N,Z) « 0 , (3)

where

P(EN,EZ) = £ . yKJ4 . (4)

The minimum condition that the numbers of nucleon-nucleon inter-
actions cancel in Eq. (3) now takes the form

P(EN,EZ)N
2 = P(EN,E2)Z

2 = P(EN,EZ)NZ = 0 . (5)

Conditions (5) are satisfied if, and only if, the polynomial
contains a factor of the form

with a+3+Y > 3. Here a, 8, and y are non-negative integers; i, and m
are arbitrary integers.

The simplest mass equations, i.e. those which refer to the
fewest nuclei, are obtained by choosing the polynomial PCEj^Eg) to
be equal to the factor (6) with the smallest admissible value of
a+g+y. This leads to the mass relations

(E^Em-l)Y(Ez-l)
B(EN-l)

aM(N,Z) « 0 , (7)

with a+B+Y = 3. For fixed values of 2, and m there are ten distinct
mass relations defined by Eqs. (7). These were evaluated over the
known masses for a range of values of £ and m and the relations (7)
with <x=(3=Y=l and SL+m an even integer were found to have values
considerably closer to zero than any of the others. The resulting
set of mass relations, namely

OtmM(N,Z) H (EJEJ-1)(E 2-1)(E N-1)M(N,Z) « 0 , (8)

1+ra - even, has been discussed in Refs. 2 and 3.



An investigation of the distribution of the values of Eqs. (8)
over the known masses was carried out as follows. For fixed I, m
and N > 10, Z > 10 the quantity OtolW(N,Z) was calculated for all com-
binations of mass excesses that are listed with an accuracy of 100 keV
or better in the 1975 Wapstra-Bos compilation.4 No odd-odd N = Z
nuclei were included and, for J#m, only nuclei with N > Z were con-
sidered. Let R. denote the average of these results, i.e.,

J6m

R«™ " 7 I OAmM(N,Z) , (9)
to n (N,Z)

where n is the number of terms in the sum, and let W measure the
dispersion:

* L " i I (OAlDM<N,Z)-R. ) 2 . (10)
lm n (N,Z) * m

Values of R. and Wo are listed in Table I for a few values of I
, Urn XM

and m.

From the results shown in Table I (and from the more extensive
calculations described in Ref. 2) it follows that, for all practical
purposes, > :ia quantities 0AmM-(H,Z) are distributed over the known
masses wit i :ero mean (Rj>m = 0) and equal width (Wjjm = W) for a range
of values of % and m. Further, over the same range, the correlation
coefficients

J I [ 0 t o < N f Z ) ] [ 0 M ( N f Z ) ] (11)
Wn (N,Z)

are very nearly independent of Z, m and A1, m' (p(J!,,m;A',m')=p).

Consider now the case where there is one unknown excess, say
M(N,Z), contained in the relations 0£mM(N,Z) = 0 and let Mto(N,Z)
denote the estimates of this excess obtained as solutions of these
relations, i.e.

M£m(N>Z) - t E X ( V 1 ) ( V 1 } " Vz + *B + EZ ] M ( N' Z ) ' <12)

The excesses on the right-hand side of Eqs. (12) are assumed to be
known with negligible uncertainty. (For values of N and Z far from
the region of known masses this assumption cannot be satisfied. The
use of relations (8) to estimate mass excesses in such cases is
described in Ref. 2.) From the discussion given in the previous para-
graph it follows that the M^ (N,Z) are distributed about the "true"
value of M(N,Z) with dispersion and correlation roughly independent
of Jl and m. From the theory of generalized least squares it then



Table I. The mean R. and width W of the distribution
of OAtnM(N,ZT over the known masses.

1 m hm(keV) WJtm(keV) n

1 1 8 198 632
-1 1 -17 211 518
2 0 -7 196 545
0 2 26 214 451
2 2 17 218 595
3 1 7 227 554
4 2 15 229 573
4 0 -4 229 391
6 2 12 226 463

follows that the least squares estimate ff(N,Z) of the excess M(N,Z) is

M(N,Z) = i I M, (N,Z) , £+m = even, (13)
K (Jim) * m

where K is the number of terms in the sum. Table II contains some
predictions M(N,Z) of the mass excess of the nuclide with N neutrons
and Z protons obtained in this manner. Relations (8) with 0 < I < 6,
-4 < m < 6 were used to obtain these results. Also shown in Table II
are the error estimates ± E, where

E 2 4 I [M.(N,Z) -M(N,Z)]2 . (14)

It is possible to obtain another estimate of the overall accuracy
of the least-squares estimates_M(N,Z). Since Eq. (13) is linear in
the M. (N,Z), the variance of M(N,Z) can be written as

var{M}=-^ I var{M } + - ^ H cov{M M , ,}, (15)
K2 * m *m * *

where the arguments (N,Z) have been omitted. As noted previously,
var{M. } = W2 and cov{M0 ,M., ,} = pW

2 so that Eq. (15) becomes
Km &m i n
var{M} « [p+(l-p)/K]W2 . (16)

Preliminary calculations indicate that p is approximately 0.5 and from
Table I, W - 220 keV, so that for large values of K

- ± 156 keV.

This is indeed about the average of the estimates ± E shown in
Table II.



Table II. Predictions for the mass excess of a few nuclides.

Nuclide (N,Z)

26Ne (16,10)
4 8K (29,19)
76Ga (45,31)
86Zr (46,40)

109Sn (59,50)
153Nd (93,60)
179Yb (109,70)
189Hg (109,80)
207Hg (127,80)
21ItAc (125,89)
232Ac (143,89)
21f6Es (147,99)
255Es (156,99)

K
(number of relations used)

12
23
31
36
30
27
26
3
28
18
24
13
15

M(N,Z)
(excess in keV)

-318±299
-32517±229
-66439+227
-77933±180
-82698±98
-67356+163
-46744±116
-29508+123
-161331177

6144±82
39301±102
67943±46
839101144

An empirical observation5 that underlies the set of mass rela-
tions (8) involves the so-called residual n-p interaction energy5

In (N+1,Z+1), where

Inp(N+l,Z+l) E (EZ-1)(EN-1)M(N,Z). (17)

These quantities are generally small and, more importantly, they are
strongly correlated separately for neighboring even-A and odd-A
nuclei. Thus, for A+m an even integer,

OAmM(N,Z) = I (N+J>+l,Z+m+l) - I (N+l.Z+1) = 0 (18)
np np

is the difference between small quantities of comparable magnitude.

Equation (18) is in a form that is convenient for numerical cal-
culations. The quantities In_, Eq. (17), refer to four adjacent
nuclei (N+1,Z+1), (N+I.Z), (N.Z+1) and (N,Z). Suppose (N,Z) is the
nuclide whose excess is to be estimated and choose InD(N+l,Z+l) such
that it contains (N,Z) and three other nuclei whose excesses are
known. Then I (N+l.Z+1) is of the form

Inp(N+l,Z+l) = M(N,Z) + c , (19)

where c is determined from the three known excesses, i.e.,

' c » M(N+1,Z+1) - M(N+1,Z) - M(N,Z+1) . (20)

The value of In_(N+JM-l,Z+m+l), Jl+m = even, is then calculated in terms
of four known excesses for a range of values of £ and m. A set of



estimates M^m(N,Z) for the excess M(N,Z) is then obtained from
Eq. (18) as

M£m(N,Z) = Inp(N+Jl+l,Z-hirt-l) -c . (21)

The set of mass relations (8) exhausts all mass relations of the
form of Eq. (1), which satisfy the condition that the numbers of
n-n, p-p, and n-p interactions cancel, in the following sense. All
such relations (1) give predictions that are linear combinations of
those obtained from the set (8). We have shown that the polynomial
P(EJJ,EZ), Eq. (4), must contain the operator 0^m as a factor so that

m- ( 2 2 )

From the definition (8) of the operator 0 m it is easily shown that,
for i+j = even,

>*i*i- Oij)M(N,Z) , (23a)

and, for i+j = odd,

. (23b)

from Eqs. (23) it follows that the right-hand side of Eq. (22) is a
linear combination of the 0 £ m operating on M(N,Z), M(N+1,Z), or
M(N,Z+1). All of these possibilities are contained in the set of
relations (8).

This result implies that there is small likelihood that a mass
relation of the forra of Eq. (1) exists which is distributed over the
known excesses with dispersion significantly less than W, the disper-
sion associated with each of the relations (8).

A SET OF MASS EQUATIONS

Mass relations, of the type discussed above, are partial dif-
ference equations, the solutions of which are mass equations. For
example, relation (8) with £ = -m = 1 is the partial difference
equation

(ENE2
1-D(EZ-1)(EN-1)M(N,Z) - 0 , (24)

and the general solution is the mass equation

M(N,Z) - MQ + fL(N) + f2(Z) + f3(N+Z) . (25)



Here the f^ are arbitrary functions of their arguments and M is a
constant independent of N and Z.

To make use of a mass equation of this kind, the point functions
f^ are evaluated by a least-squares fit of the equation to the known
mass excesses. The resulting equation is then used to evaluate the
excesses of nuclei that are not included in the fit. The global
nature of the least-squares fit reduces the accuracy of a mass equa-
tion compared with that of the set of mass relations (8); however, the
calculational convenience of such equations makes it worthwhile to
consider their limitations and possible extensions.

Mass equations that arise as solutions of several of the rela-
tions (8) were discussed briefly in Ref. 2. However, the members of
Eq. (8) are very nearly equivalent statistically and there is no a_
priori reason to believe that the more complex solutions of the
higher-order difference equations are significantly more accurate
than the lowest-order ones {I = ±m = 1) considered originally by
Garvey et al.1 In Ref. 3 is described an attempt to formulate a set
of mass equations that can be ordered such that each successive member
gives a more nearly accurate representation of nuclear ground-state
energies as functions of N and Z. This work was based on an observa-
tion by JSnecke and Behrens5 that there is a smooth long-range depen-
dence of Inp, Eq. (17), on A = H+Z and/or T z = %(N-Z). The resulting
mass equation is

k-1 s-1
M(N,Z) = Mn+h1(N)+h9(Z) + I f (A)E

K + £ g (E)A° . (26)
U X l

 K-0
 K o=0 a

Here h^, fK, and go are arbitrary functions of their arguments, M- is
a constant independent of N and Z, and E = N-Z. If the set of equa-
tions (26) are ordered according to the value of (k,s), the successive
members are expected to be more nearly accurate representations of the
excesses as functions of N and Z. The first two equations,
(k,s) » (0,1) and (1,0), are those considered in Ref. 1.

Some insight into the extrapolation properties of Eqs. (26) can
be obtained by consideration of the first three members of these
equations, namely

M(N,Z) = M0+gl(N)+g2(Z)+g3(E), (27a)

M(N,Z) * MQ+f1(N)+f2(Z)+f3(A), (27b)

M(N,Z) - MQ+h1(N)+h2(Z)+h3(E)+h4(A) , (27c)

where the notation for the point functions has been changed. In
addition, consiier the mass equations

M(N,Z) - M0+qi(N)+q2(Z)+q3(E)/A , (27d)



M(N,Z) - M()+p1(N)+p2(Z)+p3(A)+p4(E)/A , (27e)

which take into account the long-range dependence of the symmetry
energy. Least-squares values for the point functions were obtained
by fitting the known excesses to each of these equations and the
quantity o was calculated, where

a2 = I [m(N,Z) - M(N,Z)]2/(n-t) . (28)
(N,Z)

Here m(N,Z) is a known excess, n is the number of terms in the sum,
and t is the number of free parameters in the mass equation M(N,Z).
The results are shown in Table III. Note that Eq. (27c) does not fit
the known excesses any better than does Eq. (27b). This would seem
to imply that the set of equations (26) is of little or no interest
since the expectation was that successive members of this set would be
more accurate representations of the excesses as functions of N and Z.
However, the value of a mass equation is its usefulness as an extra-
polation formula and it is far from clear that the statistic a is a
valid measure of this property.7

With the exception of the (1,0) member all of the mass equations
(26) probably fit the known excesses with about the same accuracy so
that additional criteria are necessary to judge their relative reli-
ability as extrapolation formulas. One such criterion is the follow-
ing. Except for small Coulomb contributions, the charge symmetry of
nuclear forces implies that the n-p interaction energy is invariant
under interchange of N and Z, i.e.,

(EZ-1)(EN-1)M(N,Z) = (EZ-1)(EN-1)M(Z,N). (29)

The mass equations (27) satisfy this condition provided that the point
functions of E are symmetric about E = 0, i.e., if

f(E) = f(-E) . (30)

Table III. A comparison of the fits of Eqs. (27) to the
known excesses.

n t a(MeV)

0.658
0.180
0.187
0.371
0.186

Eq.
Eq.
Eq.
Eq.
Eq.

(27a)
(27b)
(27c)
(27d)
(27e)

1251
1199
1251
1251
1251

300
476
535
300
535



Table IV. The fitted values in MeV of the function of
E * N-Z that occurs in each of Eqs. (27a),

(27c, (27d) and (27e).

E

0
1

- 1
2

-2
3

- 3
4

-4

Eq.(27a)
g3(E)

0
2.800
2.379
5.652
5.697
9.920
9.963

14.537
14.790

Eq.(27c)
h3(E)

0
40.899
40.800
3.044
3.008

44.416
44.410
7.082
7.128

Eq.(27d)
q3(E)

0
66.0
62.3

148.1
140.0
277.2
263.6
421.5
405.9

Sq.(27e)
P4(E)

0
2737.8
2737.7
-73.1
-73.4

2507.7
2507.7
-459.4
-458.5

In Table IV are listed the values of the functions of E that are
obtained in the least-squares fits of Eqs. (27) to the known excesses.
It is obvious from these results that Eqs. (27c) and (27e) satisfy the
symmetry condition (30) to a better approximation than do Eqs. (27a)
and (27d). Consequently, it seems reasonable to expect that
Eqs. (27c) and (27e) are more reliable extrapolation formulas.

A tabulation of the point functions obtained by fitting Eq. (27e)
to the known masses is given in Ref. 3.
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