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Abstract 
The emergence, as well as the evolution, of he most 

typical patterns observed In the angular distribute s of 
elastic scattering and surface transfer between heavy-nuclei. 
Is discussed. 

Starting from the seral-classical approximation. Thorn's 
classification theorem is evoked to further illuminate the 
connection between these patterns and the collision par aneters. 
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1• Introduction 
One of the roost striking qualitative features of the 

angular distributions of heavy-ion collisions, is the sys
tematic emergence of a few typical patterns. Each of these 
typical forms, is intimately related to a particular domain 
of the collision parameters ; scattering angle, bombarding 
energy, mass range of the two colliding nuclei, etc ... The 
most familiar examples of these qualitative features, arise 
in the elastic scattering channel. The correspondinçr angular 
distributions can be roughly classified as : 

i) structureless- like patterns ; incident energies 
below and near the coulomb barrier, 

ii) Airy-like patterns ; energies above the coulomb bar
rier, 

iii) double Airy patterns ; light nrojectiles-He3 ,a , Li 6-
enerçiienwell above the coulomb barrier. 

The most simple way to illuminate the relation between 
these patterns and the collision parameters, is obtained 
through the "short wave-length" or semi classical approxima
tion [ 3] . 

In the semi classical frame, the above patterns can be 
interpreted as beinn the signature of the topological beha
viour of the "semi classical phases" which writes, in an ob
vious notation [ see below for details] , 

<p + = 2o(t) * £0 ± ir/4 

Thus, to th<j occurence in *P , considered as a function 
of the continous variable £, of various extrema or of degene
rate critical points, we readily associate respectively, an 
oscillatory interference pattern and an Airy-like pattern. 

Furthermore the above remarks are not restricted to 
the elastic channel. Other processes and particularly those 

in which the reaction mechanism slightly modifies the initial 
projectile trajectory, give rise to angular distributions 
patterns which can be analysed on the same lines. 
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The connection between patterns and topological types 
becomes a useful tool of qualitative analysis of the angular distributions, 
since ue are not» able, through "Chora's theorem [ 91, to classify all 
topological types arising (in a locally stable way) in a few-
-parameters familly of smooth functions . 

Thus, the aim of the present paper is twofold : 
i) to further illuminate, through Thorn's topological 

results, the connection between the angular distri
bution patterns and the physical parameters gover
ning the collision process, and 

ii) to furnish a synthetized view on a variety of expe*-
rimental situations, going from heavy to light 
(He3, o, Li) projectile collisions. 

Two collision channels, about which an important amount 
of experimental data is now available, will be analysed on 
these lines : elastic scattering and quasi-elastic surface 
transfer reactions. 

2. Outline of the method 
Since the surface transfer- may be considered as an 

approximately elastic process, we shall describe these reac
tions as well as elastic scattering from a formally equiva
lent expression [1,2], namely, the partial wave expansion, 

f(0,E) = (*/2i)£ (2*+l)n, expUio^p,,(cosO) (D 
1=0 

where <£ is the real part of the nuclear plus coulomb 
phase shift andn is the intensity ofthe collision process 
in the channel of angular momentum quantum number *•. 

Each of the two mechanisnstelastic and transfer) should 
be described through an appropriate choice for the £ -depen
dence of n,-

In the next step we take the usual set of approxima
tions which converts (1) in the "semi-classical expression" 
of the scattering amplitude! 3 ], Therefore we replace the 
Legendre polynomials by their asymptotic form, valid for 
£ >>1 and Q>4"'and assuming that the contributing 1-values 



- 4 -

a re la rne , we replace suirmatirns by i n t e g r a l s , to obtain [31 : 

f (0,E) ~-SC(2irsin 0 ) - , / j l f + (0,E) - f.(0,E)l (2) 

f ± (0,E) =J!.1/2T\Wexpl iv> + U,0, E)1 du, M-I/2..II (3) 

¥>t= 2<jU,E)± S.Q i V4 (4) 

As it is apparent from expression (3), for a given 
choice of n U ) , the particular pattern we obtain for da/dn =lf|2 

should depend on the topological behaviour of •? in the i-
-domain which most contributes to the integral. In fact the 
integrand in (3) is a rapid oscillatory function of i and 
therefore constructive interferences occur only near the I -

-values where t exhibits extrema or degenerate critical points 
(i.e., those points where at least two extrema coalesce). The 
most common degenerate critical points encountered,arise in f 
when the scattering angle reaches a stationary value ("rainbow" 
131 ) of the "deflection function", 

f U) = 2 doU)/dt (5) 
In such a case the two following equations 

<?+(«) = ¥(£}± 0= 0 ( 6 ) 

¥>;(*) = v'U) = o 
hold simultaneously and the integral (3) diverges in the sta
tionary phase approximation [3,16]. 

In the pure classical picture (real potentials) this 
corresponds to the situation where two trajectories nearly 
coincide. 

The occurence of stationary points in »(1) is a very 
common situation and results from all surface transparent op
tical potentials [4,5,6,17] (i.e. potentials that are stron
gly absorbing in the nuclear interior but nearly transparent 
at the surface). 

The emergence in ¥(H) of these stationary points occurs 
when the incident energy reaches a certain value E = E 0, 
generally well above the coulomb barrier. For this particular 
value E = Eo, there is an angle 6=0ofor which equations (6) 
hold simultaneously with an additional one, 1"(H) = 0, and 
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the integral (3) diverges again in the stationary phase appro
ximation (classically this corresponds to three nearly coin
cident trajectories [7,8]). 

Therefore the particular pattern we obtain for |f| 2, 
from each of these "accidents", will depend on the manner in 
which the stationary points of tf coalesce, that is on their 
topological type. To go further we shall evoke Thornls theorem 
[ 9] in order to classify ehxaustively the topological types 
arising in ^ when we move in the (E,S) space parameter. We 
first assume that, 

i) <p is smooth ; its derivatives of arbitrary order, 
both exist and are continuous, 

ii) <P is generic or structuraly stable [ 9] ; its local 
topological behaviour remains unchanged under small 
perturbatious of the physical parameters. 

Thorn's theorem then states that as long as two parameters 
are involved, f (S.) is equivalent (in the topological sense) 
around any point, to one of the following standard or cano
nical forms, 

x, ± x 2, x 3/3 + ax, ±(x*/4 + ax 2/2 + bx) (7) 
where (x,a,b) and (1,9,E) are related by smooth reversible transformations 
(dif fecmorphism) ; x = x{i; 0 ,E) and a = a(9,E), b = b(0,E). fln important 
remark must now be made. The last form, the "cusp catastrophe polynomial", 
exhibits the most complicated topological behaviour aris ing, 
in a stable way, in a two-parameter family of smooth functions. 

But as we have said above, this statement i s only l o 
cal ly true. Nevertheless we shall assume that the behaviour 
of •e in the (E,9) domain we are interested in , i s not only l o 
cal ly but globally described by a "cusp polynomial". 

Before converting (3) , in the l ight of Thorn's resul t , 
into a canonical integral , we shall summarize, qual i tat ively , 
early results on semi-classical analysis of heavy-ion scat te 
ring and transfer, by considering successively the three f i r s t 

The theorem extends to four parameters. See section 4. 



standard forms in (7). 
i) the first form,x (non critical) has been extensi
vely used as the simplest approximation for </> in 
transfer reactions analysis (2,4,13) . It gives rise 
to a structureless pattern (bell shaped) for Ifpcom
monly observed at incident energies close or below the 
coulomb barrier. 
ii) the second one , ±x 2 (non degenerate critical) is 
the implicit assumption of the stationary phase appro
ximation [3,16]. When inserted in ( 3) , converts |f|! 

in the classical elastic scattering cross-section, 
iii) the third forra, x 3/3 + ax (the "fold catastrophe 
polynomial") has a degenerate critical point at a = 0 
(0 = e rainbow) and gives rise to the well-known Airy 
pattern in heavy-ion elastic scattering at intermediate 
energies [3,10]. 

We shall now consider in soue detail the pattern evolution 
resulting from the last form, + (x*/4 + ax 2/2 + bx) , when we 
move in the (a,b) -or equivalentely in the (E,0>- space. This 
form contains, locally, the three first canonical polynomials. 

As our purpose is to caracterize the morphology of 
the angular distributions, we parametrize "}'(«.) simply as 

* (t) = Y(Si> + BCi-l,)- |a[0t-fc>3 (8) 
where 1 0, o and B are functions of E for a given pair 

of colliding nuclei. The minus sign in front of the cubic 
term, ensures that the "coulomb rainbow" (maximum of VH) ) 
occurs at an î-value larger than that of the "nuclear rain
bow" (minimum of y (J.)). Inserting (8) in (5), we obtain for 
V • 

t>+ =[*(tii)±e) (*-««) + 8 U - M /2-|a| OL-W 74 + * ± (9) 
VJhere $j is independent of &. To proceed further, we 

must now specify the particular form of n(l) which describes 
each of the two collision channels. 

i) For elastic scattering we take the common wood-
-saxon shape of width A [14,15], 
nU) = l-jl+exp [ U - W A e ) } - 1 <10> 



ii) Transfer reactions. On account of the peripheral 

nature of the collision, it has been shown [2,11,13] 

that n U ) is well described by a gaussian shape. 

nU) « exp{-[U-* g)/A tl
2} (11) 

where s. (the angular momentum of the grazing trajectory) c l o 
sely approximates the i-value i of the trajectory, deviated 
through the coulomb rainbow angle ï ( l c ) . From y'tf ! = 0, we 
have 

l c - l, + ( B / 3 | a | > , / 2 ~ lg (12) 

Finally we assume that the width A i s large enough to 
sat is fy the condition for quasi c las s i ca l motion, i . e . 
n t T ( t c > » 1 [2,4] . 

Returning to the expresssion of f (@,E) (3) and making 
the transformation 

* =«,+ X/Jccl1/*, - f}/ |a| l / 2 =A, - [ ïdt f te l / [ a | ' A = B+ 

(13) 
we obtain 

f ± < e , E > ~ | a f , A * ±

, / 2 e " i G(A,B±>
 ( 1 4 > 

where f is a phase independent of X, and 

G(A,B±) = y F(X) exp fi* +(X,A,B +)J dx (15) 
••00 ~ ** 

t ± = -(XV*+*XV2+B ±X), P(X) = nU„ + X/'|aj,A> ( 1 6 > 

Two further assumptions have been made : 
i) the slowly varying t ' 2 teno has been taken from under the integral 
at the point wfctxe the integrand most contributes : £ ± = I (E,±9). 
i i ) small values of X gives n e g l i g i b l e contributions to the 
integral and therefore i t s lower l imit has been extended to 
minus in f in i t e . 

For 0>Jt~ we may ignore the angle dependence from the 
-1/2 

slowly varying (siii a) ' term in (2) and write, 
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l*|2«|*+e G(A,B +) +£_e 1 G(A rB_)! 2 (17) 
Putting F(X)=1 in (15), the integral G(A.,B) reduces to 

the Pearcey [12] or generalized Airy function I see also ref. 
[ 7,28,29]] . 

Figure 1 shows the cusped surface given by 

*'(X,A,B) = 0, for -6^A^2 and - I F ^ B ^ I S (18) 

The intersection of this surface with a plane A = cte, 
gives the curve B (X) , obtained l.y solving (18) for B, i.e. 
the "canonical deflection function". When A goes from posi
tive values to negative ones-or equivalentely when the inci
dent energy increases from low to high energies- B.(X) 
changes from monotone to a double "rainbow" shape. The "rain
bows" -nuclear (n) and coulomb (c)- are iocated at 

Xc = ±(-A/3) 1 / 2, A< 0 ( 1 9 ) 

The singularity in the projection of the surface (18) 
in the plane (A,B) gives the "caustic" or "catastrophe" set 
obtained by eliminating X between $' = 0 and *" = 0. We rea
dily obtain for the equation of the "caustic" : 4A +27B =0, 
which is a semicubical parabola. The "caustic" is represented 
by the cusped curve in the (A,B) plane, figure 1. Alona the 
two diverging lines ("fold" lines) far from the point A=B=0 
("cusp" point) we have well separated "rainbows" and the Airy 
approximation works. 
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3. Angular distributions. Pattern evolution 
We shall now apply the method outlined in the preceding 

section to some typical situations. To start with, we rewrite 
P(X) , accounting for the transformation (13). We obtain, 

i) elastic scattering (10), 
P(X) = l - [ l+exp(X/S e f ' , « e = à e | a | / " (20) 

i i ) t ransfe r react ions (11), (12), (19) ] 

F(X) = exp{-[ (X-X c ) /S t l 2 | , 6 t » i t | a | A (21) 

The choice of the reduced widths 6^ and 6,. should be made 
e t 

according to full optical model and D.W.B.A. numerical analy
sis. From optical model calculations, we know that the frac
tion of the incident flux removed from the entrance channel at 
H = I (X = x o ) , is very small, a few percent. Taking S =X /4= 
•'(-A/3)/'! , gives F(X ) < 2/100. For surface transfer we can 
also relate 5. and A by notir" [5,6,17] that the 1/e width 
of the n U) distribution COVKT S an a-domain slightly larger 
than that between the two "rainbows". Therefore we have taken 
5. = X c 4/3. However, it is well known that the results obtai
ned, remain qualitatively unchanged, under even not too small 
variations of the various parameters which enter in (10) and 
(11). To start with numerical applications, we first consider 
the most common situation in which the f+(0,E) term in (3) has 
negligible small contributions in the "physical region" 
(0<O <TT), and concentrate on the general shapes emerging 
from | f|2«)s(A,B_) | 2. The contribution from the first term in 
(2) -or (17)- will be discussed later. Figure 2 shows the pat
tern evolution obtained from |G(A,BJ 2, A = 2, -2, -4 for three 
different physical situations : 

i) scattering from a completely transparent nucleus , 
F(x) = 1, second column. 
ii) scattering from a surface transparent nucleus, F(X) 
given by (20), third column. 
iii) quasi elastic surface transfer, F(X) given by (21) 
last column. 
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First column shows the graph of the "canonical deflec

tion function" B a (X) . The physical parameter which convenien-

tely characterizes the sequences of figures in each column, is 

the ratio y o' the incident energy E to the height of the cou

lomb barrier. In these terms, we have roughly y < 1 (A = 2), 

Y Ï 1 (A = -2) and Y » 1 (A = -A) . 

For A = 2 (no "rainbows") we have kept for the widths 

& and a. the same value as for A = -2. In addition, the gaus-e t 
sian distribution (21) has been centered at X = O, which is 

the point where the two "rainbows" merge. 

We shall now consider in some detail the sequences of 

figures in each column of figure 2. 

Quasi elastic surface transfer. The first figure (A =* 2) is 

the bell-shaped pattern commonly observed in nucléon transfer 

at low energies. The corresponding "deflection function" has 

no extrema and therefore there are no oscillations in the 

angular distribution. For A = -2, -4, the two "rainbow" 

shape of BA(x) gives rise to an Airy-like pattern in the an

gular distribution. 

This kind of oscillations are hard to detect eirerimentally 

(two or even three, orders of magnitude irrespective to the 

maximum) but they are present in the full O.w.B.A. calculations 

(see for example ref.118,19,20] ) . 

Each of the figures displayed in this column can be 

'viewed as a kind of "elementary pattern" . In fact there are par

ticular conditions for which the measured angular distribution 

is the result of a particular combination of two elementary 

patterns, through the contribution of the two symétrie terms 

GfArB^.), in (17). Such a situation occurs in the transfer 

between medium light projectiles (C, N, O, ...) and not too 

heavy targets at energies above the coulomb barrier. Then the 

two "rainbows" in B A(X) are not far removed from 0 = 0 and 

therefore the contribution of the G(A,B) term is no long 

negligible , particularly in the small angle region. This 

gives rise to a more complicated oscillatory pattern already 

present in early analysis I 2,21] and extensively discussed 

more recentely | 11,6,22] . f'e shall discuss in rore 
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detail the contribution of the G(A,B ) term in connection 
with the scattering by a transparent nucleus. 
Scattering from a surface transparent nucleus. The thira co
lumn deals with a domain where the experimental data is par
ticularly abundant. He can easily recognize the well known 
evolution of the angular distributions from Y*l to y>>lr 

characteristic of all but the lightest projectiles like He 3, 
a and Li 6 (see below). 

As in the preceding situation, the G(A,B+) term could 
also give additional oscillations. These oscillations, how
ever, cannot be observed at small angles (in contrast with 
the transfer case) due to Rutherford scattering, but can at 
large ones I 23] , (B » 0) , where the G(A,B_) term has fallen 
to very small values. 

Scattering from a transparent nucleus. Intermediate energy 
light projectile scattering. Although a heavy nucleus is ne
ver totally transparent, no matter the mass and energy of the 
projectile, the situation depicted in the second column of 
figure 2, for A<0, exhibits qualitatively the main feature 
observed in the angular distributions of scattering of light 
projectiles (He3 [ 271 ,a( 24,26] , Li5[ 25] ! by not too heavy 
targets (A <100) . It has been pointed out [ 21] that the o-

-nucleus scattering (the same analysis holds for He and Li ) 
at intermediate energies, have significant contributions from 
partial waves deeply penetrating the targets nucleus. In this 
case, the G(A,B) term becomes not only important but even 
the dominant contribution to the scattering cross-section at 
large angles. This is so because here, the nuclear " rainbow" 
lies at large negative angles [24]. For qualitative purposes, 
consider the situation depicted in figure 3 where the line 
B = 4 divides the physical (B > 4) from the unphysical (B < 4) 
scattering region. In order to appreciate the contribution of 
each of the two terms in (17) to the total scattering cross-

-section, we have plotted in figure 4 their square modulus ; 

|G(A,B_)| 2 = |Ç(A,B)|2 , |G(A,B+)|2 - |G(A,8-B)|2 , A -.-6, B>4. 
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The contribution from the unphysical region (broken 
line) exhibits at large angles, near the "nuclear rainbow" 
B = B , a pronounced bump which is the main characteristic fea
ture of the angular distributions of light projectile scatte
ring at intermediate energies. 

To conclude, we will make a comment on figure 3. in 
the a-nucleus scattering, the deflection function remains in 
the physical region for large values of t -due to the repulsive 
coulomb potential- in contrast with the crude situation depic
ted in figure 3. 

Therefore our schematic model contains some additional 
interference contributions due to the branch of B(X) showed in 
dots in figure 3. 

These contributions are responsible for the oscillatory 
structure beyond the"nuclear rainbow" .In the same scattering 
angle region, the a-nucleus scattering cross-section shows 
simply an approximately exponential decrease, which is almost 
structureless. 
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4. Concluding remarks 
As previously noted (see sect.2), the results summa

rized in figure 2 have been obtained through the assumption 
that the topological behaviour of the phases V is entirely 
determined by a single cusp polynomial. 

However, as Thorn's classification theorem leaves the 
global topology of t> completely unspecified, we can consider 
the possibility of a "caustic" set containing, in addition to 
the cusp of figure 1, other "fold" lines or even another 
"cusp" point. There are in fact some examples of optical poten
tials [ 4,5,30] giving rise to a "deflection function" which 
exhibits, in a particular domain of E, more than the two "rain
bows" emerging from a single "cusp" point. The appearence of 
suplementary "rainbows" could reflect the fact that the phases 
<p contain singularities of an order higher than that of the 
cusp polynomial. (For real potentials this signifies the possi
bility that more than three trajectories nearly coincide). To 
exhibit, in a stable way, these higher-order singularities we 
must consider the topological behaviour of the phases <p when 
more than two parameters are varied. This can be achieved by 
keeping the energy of the projectile constant and varying the 
neutron or the charge number of the target. 

The extension of Thorn's classification theorem to three 
and four parameter families of smooth generic functions, tell 
us that two supplementary polynomials should be added to the 
list (7) : they are respectively the "swallowtail" and the 
"butterfly" catastrophe polynomials, 

x5/5+ax3/3+bx2/2+cx, ± (x6/6+axVl+bxV3+cx2/2+dx) 

The elementary patterns we obtain form each of these 
canonical forms are far more complicated than those 
of figure 2, as they contain respectively one and two additio
nal "rainbows". However, the effect of these supplementary 
"rainbows" cannot be observed in collisions involving projec
tiles heavier than Li, due to the strong absorption effect at 
small internuclear distances. But it is not unreasonable to 
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believe that such an effect could be detected in the angular 
distributions of the light projectile-nucleus scattering at 
intermediate energies. If so, this type of qualitative analysis, 
can be used in a predictive way to suggest the different man
ners in which the angular distribution patterns develop, when 
the incident energy or the number of protons (neutrons) of the 
target varies. 
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Figure captions 

Fig. 1 The cusped surface given by equation (18). The curve in the 
(A,B) plane is the "caustic" or "catastrophe" set. 

Fig. 2 First column shows the graph of the "canonical deflection 
function" B^X) for A = 2, -2, -4. The other columns show, 
for the same values o£ A, the pattern evolution obtained 
from |G(A,B)| 2 for three typical situations : scattering 
from a transparent nucleus 'second column), scattering 
from a surface transparent nucleus (third column ), sur
face transfer (last column). 

Fig. 3 The "canonical deflection function" Bft(X) for A = -6, used 
to discuss qualitatively the a-nucleus scattering at inter
mediate energies. The B = 4 line separates the physical 
(B >4) from the unphyslcal (B<4) scattering regions. 
Beyond X , B(X) does not behave correctly (dotted line) , 
see text. 

Fig. 4 Double Airy pattern obtained with the"canonical deflection 
function"of figure 3. Only the squars modulus of G(A,B+) 
and G(A,B_) are plotted. 
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