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C H A P T E R 1

INTRODUCTION TO THE HYDRODYNAMICS OF HELIUM II

4
Helium as it is found in nature, mainly consists of He. Other • ~pes

o

are known as well, viz. the stable isotope He and the unstable ïsc^pes
6He and He, with half-life times of 0.81 s and 0.12 s respectively. The
combination of a small atomic mass with the electron configuration of the
noble gases, leads to an extremely interesting behaviour at very low temper-
atures, in which quantum phenomena are exhibited on a macroscopic scale. In
this thesis an investigation on some of the low-temperature properties of the
isotope He will be described.
Due to the unique combination of a large zero-point motion and a small mutual

4 3
attraction between the atoms, He (as well as He) does not solidify down to
zero absolute temperature unless the pressure is raised above 2.5 * 10 Pa.
Under atmospheric pressureit becomes liquid at 4.2 K, at which temperature it
still behaves likean ordinary liquid. The macroscopic quantum phenomena show up
below the so-called lambda temperature, which for a bath in equilibrium with
its vapour has the value T = 2.17 K. Below this temperature liquid He, often
called helium II, shows many remarkable properties. Well known are for instance
its extremely high thermal conductivity, its capability to flow through narrow
channels without any measurable friction and the occurrence of a great variety
of acoustic phenemona. Helium II is called a superfluid, its superfluidity has
been the subject of many investigations ever since it was discovered. For a
review of the many interesting phenomena one is referred to one of the several

f



good textbooks on the subject 11,6] .
This thesis is concerned with the flow properties of helium II in narrow
tubes. A systematic investigation of the influence of a heat current on the
mass-flow characteristics will be reported. In this introductory chapter the
reader will be acquainted with some of the concepts in common use for the
description of the hydrodynamic behaviour of helium II.

1. The two-fluid description of helium II.

On the hydrodynamic level the two-fluid model for helium II has been very
successful, it offers a natural description of many of the phenomena peculiar
to helium II.
The hydrodynamic behaviour of an ordinary liquid is governed by the balance
equations for mass, entropy and momentum. They constitute five scalar
equations that determine the five independent variables, viz. two thermodynamic
quantities (e.g. the mass-density p and the entropy density ps; the other
thermodynamic quantities are related to p and ps by the equations of state)
and the three components of the velocity field u(~r3t). It is generally believed
that also the flow in pipes obeys these equations, though this is difficult to
verify in the case of turbulent flow.

In the two-fluid model of helium II the liquid is considered as a "mixture"
of two components, a viscous normal-fluid component which carries all the
entropy, and a superfluid component with zero viscosity carrying no entropy.
Both components possess their own mass density (p respectively p ) and

•> -y n S

velocity field (u respectively u ) such that the total density

P = ps + prc (1)

and the total mass flux

PU = P3us + Pnun (2)

The relative density p / p is mainly determined by the temperature and varies
from zero at T = 2\ to one when absolute zero is approached. In addition, the

A

superfluid component is assumed to be irrotational
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^V"ö (3)

As a consequence of the additional velocity field there are eight independent

u variables that determine the hydrodynamic behaviour of helium II. Apart from

( the balance equations for mass, entropy and momentum an additional equation
! of motion for the superfluid is therefore required. The complete set, as it

is derived by Landau and Khalatnikov [2] reads as

— + V-pw = 0 (mass balance) (4)—

+ 7. (psun - — ; = I (entropy balance) (5)

- » • - > •

| § ^ + V- ($ + *) = -pVfi (momentum balance) (5)

^ u2

jT- + ̂ Cu + -jr + H + Si) = 0 (equation of motion for (7)

the superfluid aomponent)

->•
In these equations the pressure tensor ? is given by

-*• ->

P = pi + pa«fla + p Jt t >(8)

with t the unit tensor and p the pressure, n is the potential of the external

forces (usually only gravity), s the entropy per unit mass, and the gradient

in the chemical potential per unit mass y is related to the other variables by

%^%-SHT-^^-Z/ (9)

The quantities in the dissipative terms appearing in the equations are

related to the velocities as:

11
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^ n - f l V . p 5 ^ - V (12)

with the coefficients of the viscosity n» the thermal conductivity K and
second viscosity r,~. For the additional kinetic coefficients s-,, c, and ?«
the Onsager reciprocity relation requires ^ = ?*•
This set of equations gives a very direct description of the high thermal
conductivity, the frictionless flow and the variety of acoustic effects
observed in helium II and they can be considered to be founded by experiment
as firmly as the corresponding set is for ordinary liquids.
Nevertheless, with respect to turbulent flow in a pipe the situation is even
more complicated than in the case of ordinary liquids. As follows from eq.(7),
stationary superfluid flow between two large reservoirs is only compatible
with the condition A(y + fi) = 0, which seems to be in direct conflict with
experiment. This experimental finding originally inspired Gorter and Mellink
[3] to introduce the concept of mutual friction between the two components,
adding a friction force determined by the relative velocity u -un to the
equation of motion for the superfluid (7). Nowadays the faith in the original
equations (4) to (7) has been restored. It is now believed that the apparent
contradiction is caused by the motion of quantized superfluid vortices across
the flow path, i.e. of singular lines around which the circulation of the
superfluid velocity is quantized in units h/m (Planck's constant divided
by the mass of a He atom.) Their presence does not disturb the steadiness of
the flow but leads to an effective dissipative interaction between the two
components in the tube. Regular arrays of such vortices have actually been
observed in rotating-bucket experiments.

12



2. Some previous experiments on the flow in a pipe.

Since the discovery of superfluidity in He quite a number of flow experi-

ments have been carried out in tubes with inner diameters in the range of
-5 -2

10 - 10 m. Different types of flow have been studied, of which gravitation-

al flow and particularly thermal counterflow have received by far the most

attention.

In gravitational flow the mass-flow rate in a tube connecting two open

reservoirs is measured as a function of the difference in the level heights.

In thermal counterflow one usually measures the steady temperature drop

along the tube (and sometimes also the chemical-potential drop or the pressure

drop) as a function of the heat flux through the tube, while the net mass-flow

rate in the tube is kept zero. According to the two-fluid model the heat flow

is largely carried by the normal fluid, and leads to a counterflow of super-

fluid in accordance with eq.(2).

Systematic measurements on the flow of superfluid helium with independently

adjustable mass and heat transport are rather scarce in the literature. Only

during the last decade such studies have been reported, first by Van der Heyden

et al. (thesis: Leiden 1972) and by De Haas et al. (thesis: Leiden 1975).

Both groups measured the differences in temperature AT and chemical potential

Ay along tubes with circular cross-section,varying the transport velocities
v and v for the superfluid and the normal fluid independently.
s yt

Only for some types of flow A(y+fi) appears to be equal to zero under station-

ary conditions, in direct agreement with the hydrodynamic equations.(From here

on the trivial hydrostatic effect will be omitted for clarity taking n = 0 in

all further equations.) Perhaps the best example is provided by thermal counter-

flow, where it is found that up to considerable values of the heat flux, the

decrease in the pressure and temperature along the tube obey nicely

dp _ dT _ 32x\

with vn the transport velocity of the normal fluid, averaged over the

circular cross section (with diameter d) of the tube.

According to the Landau-Khalatnikov equations this result, which strongly

resembles the well-known "Poiseuille flow" found for ordinary liquids,

corresponds to laminar flow of the normal fluid, u having a "parabolic profile"

across the cross section so that vn = jH"M
maa?|. with « n

m a x the local velocity

13

t



on the axis of the tube and un = 0 at the wall (non-slip condition). For

the larger heat fluxes this Poiseuille flow becomes metastable and a transition

to a flow state for which Ap differs from zero takes place. The several attempts

that have been made in the past to account for the observed behaviour in terms

of the occurrence of quantised superfluid vortices will be summarised very

briefly in the next sections.

3. Phenomenological description of the flow.

In the usual flow experiment the quantities that can be determined

experimentally are the drops in temperature LT and chemical potential Ap

(or the pressure Ap) along the tube, together with the net transport rates

for mass m and heat Q. From the latter quantities the corresponding transport

velocities can be obtained immediately, i.e.v=vaa = 'm/pAQ , v = Q/psTA

and y = (pv -p vj/p*.These transport velocities are the averages of the
S QCCp 71 Yl S

local velocities u, u and u over the cross-sectional area A of the flow
n s cap

tube (capillary).

For a description of the experimental results the following set of phenome-

nological equations is often used [4]:

It is clearly based on the original idea of Gorter and Mellink, but it uses

the transport velocities u and v instead of the local velocities u and u .

These equations define an effective mutual-friction force per unit volume

between the normal-fluid and the superfluid component, F , and a frictional

force density Fn exerted on the normal fluid . For a stationary state F

*J For the calculation of the velocities, the temperature will be taken equal to

the bath temperature TQ in this thesis so that strictly speaking the veloc-

ities at the outlet of the capillary will be obtained.
**)

A somewhat different choice of phenomenological equations can also be found

in the literature [5], a frictional force d<

while in eq. (5) F is replaced by 32r\v /d .

in the literature [5], a frictional force density F is added to eq.(14)3

14



1

and F can be obtained from the measurements, since according to eqs.(14)
and (15):

Fn ~ ~ I ~ IFn

Consequently the measured value of An can be directly identified with the
mutual-friction force density F , and Ap with F . For those flow states for

2 sn n

which Ap = Ap . = -32T)IV /d , which often proves to be the case, the differ-

I
ence between A27 and AT . , defined by eq.(13), can be written as:

•pois ^ N '
F I

A2" i LT-LT . = -22- (18)
s

The flow measurements can thus be represented by plots of F and Fn as function
of v and u for different tubes and temperatures. Attempts are often made to
interprete these plots in terms of the vortex processes taking place in the
flow path.

4. The Hall-Vinen-Bekarevich-Khalatnikov theory.

An attempt to incorporate the effects of quantised vortices into the
equations has been carried out by Hall, Vinen, Bekarevich and Khalatnikov [6] ,
[abbreviated: HVBK]. They considered the case of a regular array of straight
vortex lines of vorticity Z. The local variables in the HVBK theory, which
will be written here by primed quantities, are averages over regions which
contain many line vortices, so that the curl of the superfluid velocity
v x u ' = w = uti no longer needs to be zero. The structure of the Landau-
Khalatnikov equations is maintained on the larger scale of averaging used
in the HVBK theory; only an additional force f' per unit mass is added to
the right-hand side of the equation of motion for the superfluid (eq.(7)).

Bp * S'p

Ï = ~ W » x tw * (un ' us)]- IT" * (Un ~ us}

15



1

and an additional contribution to the entropy production arises

AE = ^ 2 Bul(u>- u')2 - ((u' - u'J'%)2} (20)

The kinetic coefficients B and B' are functions of temperature. They have
been determined experimentally by Lucas [7], who measured the absorption and
dispersion of (second) sound in rotating buckets filled with helium II, the
type of experiment for which the HVBK theory was originally designed. The
force ^f clearly has the character of a mutual-friction force; the presence of
vorticity provides a mechanism for the transmission of momentum between the
two components.

In a recent paper Geurst [8] applied the HVBK theory to capillary flow of
helium II. Exact solutions are obtained for the case of unidirectional
incompressible flow of both components. The gradient in the pressure is then
found to obey Poiseuilie's law. Two classes of solutions for the gradient in
the chemical potential have been worked out in detail: one corresponds to the
case in which vorticity is created at the wall of the tube and is destroyed
on the axis, the other in which this situation is reversed. It is shown by Geurst
[8] that the results for both cases show a promising agreement with the sur-
vey of results obtained by De Haas et al. at T = 1.326 K for moderate

values of the heat flux and v f 0. The solutions obviously do not describe
aap J

the behaviour at large values of v , where laminar flow of the normal fluid
presumably no longer prevails.
For the case of thermal counterflow at large v other theories on mutual
friction have been reported, which will be briefly discussed in the next
section.

5. Mutual friction and thermal counterflow (vQ = 0).

It is already mentioned that counterflow (vQ = 0) is one of the most
extensively studied flow experiments with helium II. It is in fact
a heat-conduction experiment in which the steady temperature difference, ay,
(and sometimes also the pressure difference Ap, or the chemical-potential
difference An) that arises along the flow tube is measured as a function of
the rate of heat input Q = P B M » , that is supplied at one end of the tube.

16



At low values of the heat input, LT (cind Ap) is founJ to be proportional to

v in such a way that:

|AT| = |AT . I = ̂ | v = M _ y^ ("Poieeuille flow", LM = 0) ,

(21)

but for high values of v , this "laminar" state becomes metastable. In the

stable states both \ttf\ and-Ay are then found to be roughly proportional

to v '6 , in such a way that the deviation of Ap (= pAu + OSAT) from (32r\l/d2)v_

remains small as compared to the magnitude of pshT [9].

In terms of the phenomenological equations (14) and (15) the empirical ex-

pressions suggested by Gorter and Mel link | 3] read as:

Fsn =

With the Gorter-Mellink constant A being of order 500 sm/kg (slightly depending
on the temperature), these expressions give a fair fit to the data at large v
obtained with various flow tubes. Notice that, suggestive of the idea of mutual
friction, F is expressed in the relative velocity v - v , though this choice
is somewhat arbitrary since for counterflow v and v are strictly coupled

K = -(pn/ps)Vn]-
An attempt to relate this mutual-friction force density for counterflow,

to the turbulence in the superfluid has been made in the (phenomenological)

theory of Vinen [10]. In this theory Vinen assumed the turbulence to be present

in the form of a homogeneous tangle of quantized vortex lines, characterized by

a parameter L (the vortex-line density, i.e. the total length of vortex line per

unit volume). He calculated the steady-state vortex-line density L as a functior

of the relative velocity, from an equation for dL/dt which contains essentially twc

independent terms (corresponding to the supposed growth and annihilation of vor-

ticity respectively) that were obtained using dimensional arguments. These terms

contain the factors Xj respectively x2 that have to be determined by experiment.

In Vinen's theory Ln is directly related to F (through vortex dynamics), so

that Ay (and also hT , omitting the deviations of the pressure difference from

"Poiseuille's" law) can be calculated from LQ, according to eqs.(17) and (18).

17



1

The form of the expression for di/dt given by Vinen is also obtained in the

recent theory of Schwarz [11], but now without empirical parameters. The physical

picture given by Schwarz is quite different from the picture of Vinen. Schwarz

succeeded to solve the complicated problem of the dynamics of the vortex tangle

in statistical terms for the case of an unbounded fluid. The density of the

vortex lines is calculated from a differential equation which involves the time

development of line elements under the combined effects of normal-fluid scatter-

ing, local self-induced motion and the velocity fields arising from other ele-

ments in the neighbourhood.

It must be emphasized that the theory of Schwarz cannot account for a possible

influence of the tube wall. Since the non-slip condition for the normal fluid is

likely to remain fulfilled also during turbulent flow, the flow will not be uniform

over the cross-section of the flow tube and such an influence can certainly be

expect A. This is confirmed by experiment.

During the past decade an extensive investigation on thermal counterflow in

various flow tubes has been carried out by Tough and coworkers (see e.g. refs.

[9], [12] and [13]). In ref.[12] Childers and Tough point out that for tubes with

circular cross-sections and inner diameter in the range of 0.1 mm, three differ-

ent regions can generally be distinguished (these regions are also shown by the

data of fig. 9 of chapter 3 and of figs. 18 and 19 in chapter 4 of this thesis).

In the first region (0 < u < vn ) stable (non-turbulent) laminar flow (AT =

AT . , Ay = 0) is found. The first critical normal-fluid velocity v„ usual -
POT'S Cl

ly has an order of magnitude of a few cm/s, depending on the tube and on the
temperature (e.g. in fig. 9 of chapter 3, page 77, y =2.5 cm/s).

nol
In the second region (v„ < v < u„ ) the stable flow state corresponds to

nQl. n no2 ,

turbulent flow, in which [A2*j > \AT . \ and Ay > 0 in such a way that the de-

viation of Ap from Poiseuille's law is small. In terms of the vortex-line dens-

ity Ln appearing in the theory, it can be said that in this velocity region the
—P

calculated mean separation between the vortex lines in the flow path, LQ
 s, is

somewhat smaller than, but comparable in magnitude with, the inner diameter of

the flow tube.

Near vn \AT\ and Ay increase sharply to reach the third region (vn > vn )

where a fair agreement is usually found with the theory of Schwarz for the un-

bounded liquid (see e.g. the data for vn > 8 cm/s in fig. 9 of chapter 3).

It is strongly suggested that also in the intermediate (second) velocity region

the picture of the vortex tangle is still basically correct but that the obser-

ved deviations reflect the influence of the wall. In ref.[12] Childers and Tough

18



show that their data, obtained with various flow tubes of circular cross-section,
can be analysed succesfully in terms of the Vinen model, if one considers the
two temperature independent coefficients (a and Xj) that appear in the growth
term of óL/dt , as adjustable parameters for each tube. Moreover the value of a
then turns out to be not much different from one.
Ladner and Tough [13] recently carried out extensive counterflow measurements
in tubes with rectangular cross-section. These measurements show only one tur-
bulent region (no observation of vn ) and are compared with previous data cor-
responding to tubes with circular cross-section. By reanalysis of the latter
data Ladner and Tough concluded that the experimental results for both types of
tubes are consistent with one simple phenomenological expression for the vortex-
line density Lfl (which has only one adjustable parameter) and that the Vinen
parameter ratio Xj/x2 ™ this expression is a well-defined, though geometry de-
pendent, function of temperature which scales with the flow tube hydraulic
diameter.

6. Flow at arbitrary combinations of heat and mass transport.

Thermal counterflow, as is discussed in the previous paragraph is the particular
type of flow in which the transport velocities are strictly coupled according to
v = -(p /p ) v and v = 0. It can therefore not be representative for the
s n s n aap

general flow behaviour of helium I I , since two independent transport velocities

w i l l determine the hydrodynamic processes in the flow path.

Systematic measurements on the flow properties at independently adjusted trans-

portrates for mass and heat are rather scarce in l i terature (we mention here in

particular the work of van der Heyden [5] and de Haas [ 4 ] , and also the work of

Oijhoek [14] , Ysselstein [15] and Johnson and Jones [16] who studied different

aspects of the flow using different devices).

The results so far have shown that the measured quantities are well-defined and

reproducible though steeply varying functions of both transport velocities. Pro-

nounced variations particularly show up in the region where 0 < v < v , in

which a negative mass-flow resistance appears, corresponding to a

drag on the superfluid by the normal f l u id . For certain velocity combinations

in this region no steady flow could be obtained [17] but regular oscillations

19
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1

in the measured values of AT and Ap occurred instead.

Other flow experiments reported in the literature concern particular types of

flow, such as isothermal flow (AT = 0), Staas-Taconis flow (Au = 0) etc.. They

can be considered to correspond to certain "cross sections" of the general flow

investigations.

The survey of results corresponding to the general flow behaviour is still

rather incomplete and the investigations described in chapter 2 of this thesis,

are particularly intended to extend the previous studies to higher temperatures.

In chapter 3 an experiment on thermally driven flow in a closed circuit formed

by two coupled capillaries is described. Without the measurement of the mass-

flow rate in the closed circuit the measured temperature differences across

the flow tubes can be explained in terms of the flow characteristics of the

individual capillaries. The role of the principle of conservation of super-

fluid circulation in the closed flow circuit is also discussed.

An extension of the study in chapter 2 is presented in chapter 4, using a new

device which has two important differences as compared to the device in

chapter 2. Firstly the transport velocities of heat and mass can again be

adjusted independently but the mass flow is rigidly imposed by means of a

*bellows which drives the flow"'. The chemical-potential difference along the

flow tube is now measured with a pressure transducer.

Secondly the homogeneity of the flow along the capillary, during steady flow

as well as during transitions between different flow states, is studied by

means of some thermometers which are placed along the flow tube.

The measurements are carried out with both a glass and a stainless-steel capil-

lary, having approximately the same length and diameter (length: 8.5 cm, inner

diameter: 216 pm and 206 ym respectively).

This first difference is comparable to a change from voltage-biassing to

current-biassing in electronic circuits.
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C H A P T E R 2

THE INFLUENCE OF A HEAT CURRENT ON THE GRAVITATIONAL FLOW
OF HELIUM II THROUGH A GLASS CAPILLARY

1. Introduction.

In this chapter experimental data on capillary flow of He II are reported.
Earlier experiments of de Haas et al. [1] at 1.05 and 1.33 K are extended to
higher bath temperatures (1.40, 1.60 and 1.80 K) using essentially the same
apparatus*' and special emphasis is given to the non-steady flow behaviour.
The temperature difference AT and chemical-potential difference An along a
glass capillary are measured as a function of the independently adjustable
steady-state normal-fluid velocity v and steady-state mass transport velocity
v . At some combinations of v>n and v no stable flow states can be found
and oscillations occur. These oscillations are now observed at all temperatures
investigated between 1.05 and 1.80 K. Even two different types of oscillations
can occur, as is demonstrated by data at 1.40 K.

The interpretation by de Haas et al. of the oscillations at 1.05 K in terms of
the steady flow behaviour outside the unstable region is shown to be also

An identical capillary is used> but now with a length of 8.5 am instead of
8.8 cm.

r
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quantitatively correct within the measuring accuracy.
It will further be shown that the flow during the transitions at constant

heat input between any two different flow states occurs quasi steadily. This
provides a quick way to derive the ipfiJ J and hT(v ) curves from non-steady
flow measurements, as will be demonstrated in section 3.

2. Experimental set-up.

A schematic drawing of the apparatus, used for the experiments discussed in
this chapter, is shown in fig. 1. A flow circuit consisting of a glass capillary
C (length: 8.5 cm; inner diameter: 0.216 mm) in series with a superleak S is
mounted between two brass cylinders (i.d.: 1.8 cm) partly filled with liquid
helium. The superleak is a thin-walled stainless-steel tube (i.d.: 2.5 mm;
o.d.: 3.2 mm; length: 2.5 cm) filled with compressed jewellers rouge.
The steady-state mass flow is adjusted by a set of two identical plungers
(length: 25 cm; diameter: 1.20 cm) driven by a motor from outside the cryostat
and moving with equal velocity in opposite directions. Film flow between the
reservoirs and the He bath is not only symmetric but is kept also very small as
the tops of the brass cylinders are closed except for a 1 mm-diameter hole. The
copper bellows B improve the thermal contact between the liquid in the reser-
voirs and the surrounding He bath which is kept at a constant temperature by
means of an electronic temperature control, which keeps fluctuations in the
bath temperature much less than 1 mK.

The flow circuit is surrounded by a vacuum can and the heat, transport through
the capillary is adjusted by a d.c. current through the heater H between the
superleak and the capillary. Heat leaks to the bath through other ways (e.g.
via the superleak) can be neglected.
The temperature difference along the capiliary, A21 = I^-IT-, is measured by
means of two carbon thermometers (Allen-Bradley 100 ü 1/10 W resistors) using
a.c.-bridge techniques. The temperature itself is determined by means of a
calibrated germanium resistance thermometer type CR1000, and is additionally
checked by means of the vapour pressure above the He bath.
The uncertainty in the bath temperature with respect to the T 58 temperature
scale is less than 2 mK (all temperatures and temperature dependent thermody-
namic quantities will be referred to the T 58 scale).
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to motor»
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glass
Tplatinum
l[4°l?pep

thermometer»
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I

Fig. 1 Sahematia drawing of the apparatus. C: glass capillary

(I = 8.5 cm; i.e.: 216 m); S: superleak; B: bellows;

H: heater; 1: carbon thermometer; ?: plunger. The inset shows

the thermometer - and heater mounting.
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The level difference As = ^ 2 ~
z i between tne levels in the two glass standpipes

(which are connected parallel to the reservoirs) is read by means of a catheto-

meter. The hydrostatic pressure difference pgbz is proportional to the chemical-

potential difference Ay along the capillary when there is no temperature

difference between the helium in both reservoirs, yielding Ay = ghz (the

chemical-potential drop along the super!eak is zero as the superfluid mass

flow through the superleak is always subcritical during the measurements). As

the heat input Q can only be transported by the normal fluid it follows that in

the steady state Q is directly proportional to the steady-state normal-fluid

velocity v :

In the non-stationary state one has to account for the heat capacity C of the

helium in *he reservoir at T2 {c = 0.13 J/K at T = 1.40 K [1]):

« s C 4t Tl + *sTAcapvn = ~ C e t tT + *sTAcapVn <2>

The steady-state mass-flow velocity vQ is directly related to the speed u

of the plungers:

v = -£- v (3)
cap Aaap P

(A is the crosssectional area of the plungers which is 1.13 +_ 0.02 cm ;

A /A n = (3.1 + 0.1)x 10 .) In a non-stationary state, when the level differ-

ence is a function of time, the instantaneous value of VQ can be calculated

from the observed rate of change in As using the continuity equation:

where A is the area of the open liquid surface in the reservoirs and 2A /A =
-A e&P

(5.1 + 0.2)x 10 4.

The uncertainty in the velocity v is less than 1% (the speed of the motor

driving the plunger system is electronicly controlled).

The uncertainties in x>n and x>Q are estimated to be 3%.
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3. Experimental results.

Experimental data of Ar and As as a function of the mass-flow velocity at
various heat inputs are obtained at bath temperatures of 1.40, 1.60 and 1.80 K.
In the first part of this section the measurements at TQ = 1.40 K and
vn = 10.6 cm/s will be described and the nature of the observed oscillations
will be discussed. Subsequently it will be demonstrated that discrete flow
paths are followed during the transition to any final state. It appears to be
possible to derive the steady-flow behaviour from Az(t) and AT(t) measurements.

3.1 Flow measurements at ?„ = 1.40 K and v =10.6 cm/s.

The measurements in this section [3] form an extension of the measure-
ments of the temperature difference AT and level difference As during steady
flow as functions of v and ü , carried out by de Haas et al. [1] at 1.05 and

ccup ft

1.33 K. De Haas found that, when 0 < v < v , As remains positive so that
the superfluid experiences a drag from the normal fluid. At the lower of the
two bath temperatures investigated no steady flow could be obtained in a part
of this velocity region. In this part, where 10 cm/s < vn < 20 cm/s and
v < 5 cm/s, regular periodic oscillations of As and AT were observed instead.
The occurrence of instabilities in the flow could be explained from the obser-
vation that the drag on the superfluid has increased after passing the oscil-
latory velocity region at increasing v and fixed v . The nature of the resul-
ting oscillations could be well understood in terms of the steady-flow behav-
iour outside the unstable region. It seemed, at least qualitatively, that
during the oscillations the correspondence between the measured quantities As
and AT and the transport velocities v and vn (as derived from Az(t) and
AT(t)) are in good agreement with the relations kz(vQa , vn) and AT(v , v>n)
outside the unstable region. During the oscillations the flow thus seems to be
quasi-steady. It will be clear that such a quasi-steady flow behaviour can
occur only if the intrinsic times, connected with the hydrodynamic processes
in the flow path, are small as compared to the response times of the apparatus.
In the open flow system a considerable transport of mass through the narrow
capillary has to take place in order to establish a change in the level differ-
ence between the wide reservoirs. This leads to a long response time of the
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-AT+ATp'

300 s t ime

Fig. 2a Type-I oscillations at TQ = 1.40 K, V = 2.0 cm s-1

v = 10.6 cm s-1
and

As and A37 measurements as a function of time.

The As measurements are represented by the dashed line, which is

drawn smoothly through the individual measuring points.

-AT+ATp ; c»

300 s time

è Type-II oscillations at TQ = 1.40 Kt v = 7.0 cm s~ and

v._ = 10.6 cm s . A s and AT measurements as a function of time.
n

The A3 measurements are represented by the dashed linet which is drawn

smoothly through the individual measuring points.
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system when a change in As is involved. The thermal response time of the system
is shown to be much smaller [1] , a change in AT at constant As can be completed
in a couple of seconds.
In the present section the continuation of the investigations is reported now
with special emphasis on the non-steady flow behaviour. In particular the
following questions will be dealt with:
(i) Why did the oscillations not seem to appear at the higher bath temper-

ature of 1.33 K in reference [1]?
(ii) Is the explanation of the nature of the oscillations, as given in ref.[l],

also in quantitative agreement with the steady-flow behaviour outside the
unstable region?

(iii) Does the flow follow the steady-flow paths also during the transition
from an arbitrary state to another?

With respect to the first question we searched for oscillations at bath temper-
atures of 1.10 K, 1.25 K, 1.30 K, 1.35 K, 1.40 K, 1.60 K and 1.80 K. At all
these bath temperatures the oscillations were found though in some cases
(particularly at Tn = 1.30, 1.35 and 1.40 K and small values of v :
1 < v < 2.5 cm/s) they only started after a "knock" was given against the
cryostat. This latter behaviour can be attributed to a greater stability of the
meta-stable "Poiseuille" *' state at positive values of v . The reason that
the oscillations were not found in de Haas' experiments at T = 1.33 K appears
to be that the variation in vn was restricted to too low a value (v < 5 cm/s).
At this bath temperature the oscillations start to occur only for v ^ 8.5 cm/s.
At the higher bath temperatures even two types of oscillations can be found at
a given value of v , occurring in separate regions of v .An example of both

Yl GCCp
types is given in fig. 2 for vn = 10.6 cm/s and TQ = 1.40 K.

Type-I oscillations, which correspond to the oscillations observed by
de Haas at Tn = 1.05 K [1] and earlier by Van der Heyden et al. [2] at- 1Tn = 1.20 K, occur when v, « 2 c m s and are shown in fig. 2a. Fig. 2bu vap i
shows a type-II oscillation at a value of v = 7.0 cm s" . Type-II oscilla-
tions occur in the region 6 < x>ca < 8 era s"

1. Apart from the clear difference
in the shape of the hT(t) curves, the most striking feature is perhaps that for
the type-II oscillations As and -AT + hT . never reach the value zero. The
occurrence of two types of oscillations can again be understood in terms of the

* Flow state in which Ap = psAT = - ̂ ^- v (An = 0).
on

29

t



steady-flow behaviour outside the unstable regions. Fig. 3 shows this behav-
iour as it is observed at TQ = 1.40 K and v>n =• 10.6 cm s" , as plots of As and
A? as a function of vQa . The full curves are drawn smoothly through the
individual measuring points. Fig. 3a is simply an enlargement of a section of
fig. 3b. In the two regions of v where the oscillations do appear

i GaV _ i

(v «* 2 cm s and 6 < v < 8 cm s ) an increase of the drag on the super-
fluid does indeed occur, so that the flow is unstable, which leads to the
observed regular oscillations.
Hence, during the type-II oscillations As is expected to pass through the loop
CDEFC and AT is expected to follow the corresponding loop CfD'E"E'F'C"C'
indicated by a double arrow in fig. 3a. The different positions can indeed be
recognized in fig. 2b. The loops ABCDEGHA for As and the corresponding loop
A1B"BIC'D'E"EIG1HIA1 for LT should be followed during the type-I oscillation
(single arrows). Again such a path can be recognized from fig. 2a.

As for the second question posed in this section concerning the quantita-
tive comparison of the oscillations with the steady-flow behaviour, it was
already mentioned that one can expect agreement only if the intrinsic time
constants, connected with the hydrodynamic processes taking place in the flow
path, are small as compared to the time scale of the oscillations. In the
apparatus, this time scale is largely determined by the time it takes the mass
flow through the narrow capillary to establish a change of the level heights
in the wide reservoirs. This leads to the observed periods of several minutes.
The thermal response time of the apparatus is much smaller than this: as has
been reported earlier [1] it is of the order of some seconds. One can therefore
expect a fair quantitative agreement with the steady-flow behaviour found at
constant v . This expectation is indeed confirmed by the analysis of As(t) and
hT(t) during the oscillations.

Firstly the extreme values of As and AT are in good agreement with their
steady values, as was also found by de Haas at TQ = 1.05 K. It should be
noted, however, that the maximum value of As during a type-I oscillation is
not fully reproducible though As is always somewhat larger than its highest
value beyond the unstable region. Consider e.g. Tn = 1.40 K, where As is

ü max
always found to be larger than hzr « 2 ran. This irreproducibility in hz can

G max
be understood from the meta-stable character of the branch GI in fig. 3b. A
similar irreproducibility in the maximum As is observed for the type-II
oscillations.

t
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Secondly the values of vc during the oscillations were determined from
Lz(t), using the relation (4).
Due to the spread in the As data the detailed variation in v cannot
always be obtained very accurately, but it appears that in those regions where
A21 does not change too rapidly with time, the general agreement with the steady-
flow behaviour is good. During the steep changes in ttt(t) u _ differs system-

c&ip

atically from its corresponding steady value. The difference may be accounted
for by the thermal response time of the apparatus; when A27 is changing eq.(2)
shows that vn is somewhat different from its mean value x>n imposed by the
constant heat input. From this analysis it follows that the intrinsic time in
the flow is indeed comparatively small. Direct evidence for this latter
conclusion follows also from the abrupt changes in the slope of hz(t) , corre-
sponding with the sudden cross-over from one steady-flow state to another,
taking place at almost constant As and AT (paths AB, DE and GH for the type-I
oscillations, and paths FC and DE for type-II). It should be remarked that at
TQ = 1.40 K and negative v only steady flow with As > 6 cm has been observed
(region KL in fig. 3b). This is contrary to the findings at TQ = 1.05 K where
in the region of v in which the oscillations were observed, steady flow at
low values of As was found [1], also for negative values of v . Such a high

GCLlu

stable value of As for negative values of v (as well as for stable counter-
flow) clearly does not prevent the occurrence of the oscillations. From the
analysis of the data on type-I oscillations at the lowest bath temperature
{T- = 1.05 K), it appears that when v < 15 cm s" the part of the loop corre-
sponding to HA in fig. 3a is situated at small negative v , while at
TQ = 1.40 K v remains slightly positive (̂  0.7 cm s" ). This difference can
be attributed to the fact that if ü < 15 cm s~ at Tn = 1.05 K As remains

n "XJ 0 1

always zero during pure counterflow ( Ü _ _ = 0). However, when v = 18.6 cm s
and TQ = 1.05 K, stable counterflow occurs at a small positive value of As
(fig. 4) and one can expect that the part of the loop corresponding to HA in
fig. 3a (broken curve in fig. 4) will cross the v = 0 axis at positive As.
The values of v calculated from the negative slope of the oscillations
shown in fig. 5, do not contradict this possibility. Note that it is suggested
by the measured flow behaviour given in fig. 4 that at Tn = 1.05 K and
- -1
vn = 18.6 c m s type-II oscillations will probably not occur.

With respect to the third question posed in this section» it will now be
demonstrated that the discrete flow paths given in fig. 3 are indeed also
followed during the transition to any final state. For instance the steady
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2 v,'cap. 10 cm/s

Fig. 4 The steady-flow behav-

iour at Tn = 1.05 K and
- -1
v = 18.6 am s .

mm

4

-AT
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mK

time. 300 s

Fig. 5 Oscillations at TQ = 1.05 K3 x>n = 18.6 am s and

v = 2.5 am s .As and AT measurements as a function of time. The

AJS oscillation is represented by the full curvet drawn smoothly

through the individual measuring points.
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Fig. 6a and 6b Measurements of Az and AT as a function of time at

TQ - 1.40 K3 vn = 10.6 cm s~ and v^ = 0 with Lz(0) = -1.6 am and

&T(0) = 1.1 mK.



state for pure heat conduction at v = 10.6 cm s (and v = 0) corresponds
to either As = 0 and AT = ATnpo. e m » (laminar flow) or to As = 6.5 cm and
AT = -5 mK (turbulent flow). In order to reach the latter high value of As from
a state of small As, a considerable mass transport through the capillary has to
take place, the steady state is only reached after a period of several hours.
From the analysis of kz(t) and LT(t) during such a transition, the path through
the diagram in fig. 3 can be derived. Starting e.g. from the state of laminar
flow (0,0') (fig. 3b) the path OBDEG is followed. At G As continues to increase
to some irreproducible point I from where it jumps spontaneously to J on the
steep vertical branch where v =0.7 + 0.2 cm s (HA in fig. 3a), also

6CC]p **—used during the type-I oscillations. In some cases this branch is reached
directly along OAJ. From J, As increases at almost constant u up to * 6 cm
(point K in fig. 3b) from where it flattens off in order to reach the steady
value at As = 6.5 cm. Fig. 6 shows As ft; and AT(t) observed during a part of
such a transition with y = 0, but now with the initial conditions given by
Az(0) = -1.6 cm (= AzQ in fig. 3b and fig. 6) and AT(0) = 1.1 mK before the
heat input was switched on. The level difference As follows the path QBDEGIJK
until the steady state is reached. The temperature difference changes rapidly
from its initial value AT(0) (see fig. 3b) to ATQ, from where it then follows
the path corresponding to that of As. It should be remarked that along the
path QD the slope of &z(t) at the crossing with As = 0 corresponds to voa *=9.5
+ 1 cm s" (according to eq.(4)), which agrees with the corresponding steady
value of about 9.7 cm s from fig. 3a.

The steep branch AK in fig. 3b is not only followed in the direction of
increasing A2. When, starting from a state S of steady turbulent flow somewhere
on the branch KL in fig. 3b, the plunger speed is suddenly changed to some
value corresponding to v" _ > 1 cm s~ , As decreases all the way to zero along

GQjp
the path SKA, from where it reaches its final state via point B of fig. 3.
During the fall KA the constant slope of tz(t) is found to correspond to
v = 0.7 + 0.2 cm s~ in all cases.
cap —

t
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3.2 The flow behaviour at TQ = 1.40 K and different heat-inputs.

In this sub-section the flow measurements of § 3.1 are extended to other
values of v (up to v = 1 7 cm/s).
The results shown by the solid curves in fig. 3a of the previous section re-
present steady-flow measurements. At each stationary measuring point the
plunger speed v was adjusted to the desired value at fixed heat input and the
resulting level and temperature differences were determined after the stationary
state was reached. This method is often very time-consuming, particularly when
a large level difference has to be built up (or be broken down).
A much more efficient method is the use of simultaneous hz(t) and LT(t)
measurements during a (quasi-steady) transition between different flow states
to determine the hT(x> ) and Asfvca ; curves at fixed heat input.
This possibility has in fact already been pointed out in section 3.1 and is
now used in the following way:

During a measuring run, which takes place at constant heat input and plunger
speed, the temperature difference &T(t) is continuously monitored by means of
a strip chart recorder and As is measured with small time intervals (usually
15 s, 30 s or 60 s depending on the rate of change in As) with a cathetometer.
The time derivative of As, ihz(t)/dt , is calculated by differentiating a
polynomial which is drawn through the individual As measuring points using
the least-square method. Subsequently v (t) can be calculated using eq.(4).

CCCjp

Combining hz(t) with v (t) yields As(v ) and combining LT(t) with vQa (t)
yields )
Because of the time dependent behaviour of hT during a transition the actual
value of the normal-fluid velocity will differ somewhat from the steady state
value according to eq.(2). This difference however is negligible as long as
\dhT/dt | < 0.01 mK/s at T = 1.40 K.
i i r\j

Some more examples from transitions between different flow states, out of the
large number of measuring runs which have been carried out, are shown in
figures 7 and 8 where As and -hT are plotted as functions of time at constant
heat input (Q = 120 yW : x>n = 12.0 cm/s) and constant plunger speed. In fig. 7
where u = 2.17 x 10 cm/s (and consequently t J , = 6.7 cm/s according toP jP

eq.(3)) As decreases with almost constant slope (thus constant v , being
0.9 cm/s according to eq.(4)) from 4 cm to 0 cm and \&T\ decreases to its
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Poiseuilie value. Then a sudden change in dAs/dt and dAT/dt is observed
followed by type-II oscillations. These oscillations and the preceding behav-
iour of Lz(t) and LT(t) can again be very well interpreted in terms of the
steady-flow behaviour outside the unstable regions, in a similar way as the
transition in fig. 6 of the previous section.

v c a p = 6 - 7 c m / s

500 1000
time (s)

1500 2000

Fig. 7 A transition between different flow states at fixed heat input
(v = 12.0 om/s) and fixed plunger speed (v = 6.7 am/s). The figure

fï OCCy

shows measurements at T' = 1.40 K of level difference (circles) and temper-
ature difference (solid line) along the glass capillary (I = 8.5 cmj
i.d.: 216 \xm) as a function of time. &T-axis on the left and hz-axis on the
right (note: -AT = Tj-Tj. The transition is followed by type-II
oscillations.

Fig. 8 shows another run, now with increasing As and |AT| as a function of
-3 —time (u = 2.61 x 10 cm/s : v = 8.1 cm/s), &z(t) increases with decreasing

jp GCCip

dtz(t)/dt (and consequently decreasing «„„„) to its maximum value of 0.26 cm
after which type-II oscillations occur.
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500 1000
time (s)

1500 2000

Fig. 8 A transition between different flow states at fixed heat input

(v = 12.0 om/s) and fixed plunger speed (v =8.1 am/s). The figure shows

measurements at TQ = 1.40 K of level difference (circles) and temperature

difference (solid line) along the glass capillary (I = 8.5 am; i.d.:

216 urn) as a function of time. LT-axis on the left and Lz-axis on the right

(note; -A21 = T--TJ. The transition is followed by type-II oscillations.

A survey of the flow behaviour at TQ = 1.40 K for positive values of the mass-

-flow velocity is shown in fig. 9. The measured level difference As and temper-

ature difference along the capillary AT are plotted as a function of the

mass-flow velocity at different values of ü„ (at this temperature the ratio
3between Q and x>n is given by: Q/vn - 1.00
3

10 J/m according to eq.(l}).
Each curve is the result of several quasi-stationary measuring runs Az(t),

(like the ones shown in figs. 6,7 and 8) with additional check by means

of some stationary flow measurements. The errors in As, AT and u are

generally less than 6%, though at low values of the mass transport the un-

certainty in v can be about 0.5 cm/s.

The flow behaviour as presented in fig. 9 shows some remarkable features:

A steep curve at small positive values of v„m is not only found for v„ = 10.6

cm/s (branch AK in fig. 3) but also for all other values of vn in the interval

7 ;< v < 17 cm/s (these branches are omitted for clarity in figs. 9a and 9b,

except for v = 12 cm/s in fig. 9b). A direct connection between the stable

counterflow states on the v = 0 axis and the stable flow states at larger
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10 15
VCQp (cm/s)

20

Fig. 9a The steady flow behaviour at T~ = 1.40 K and positive values of

the mass-flow velocity v . The level difference and temperature differ-

ence along the glass capillary (I = 8.5 cm, i.d.: 216 vm) are plotted as

a function of u for different heat inputs. The steep branches at small

v are omitted in this figure.
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Fig. 9b Some curves of fig. 9a extended to higher values of Az and |AT|

for 5 = 12.Oj 14.5; 15.5 and 17.0 am/s. The steep curve at small v
71 i

is only shown for v =12.0 cm/s.
aap

positive values of v has not been found in our measurements. The general
features of the flow at v>n = 12 cm/s in fig. 9 do not differ very much from
those at v = 10.6 cm/s. Three different branches can again be distinguished
which are separated by areas where no stable flow states can be found and
oscillations occur instead: type-I oscillations now in the interval
1 < v < 3 cm/s and type-II oscillations in the region 6 < ü < 9 cm/s
(see e.g. fig. 8). The type-I oscillations at x>n - 12 cm/s, however, have a
very long period. In fact at v = 2.14 cm/s one period of a type-I oscillation
has been observed, it lasted about 170 minutes and was followed by metastable
"Poiseuille" flow when the level difference had become zero (but then the
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type-I oscillations usually start again spontaneously, sometimes only after a

mechanical shock against the cryostat was given). The maximum value of As

during this oscillation appeared to be 2.9 cm indicating the unstable character

of the branch at vQap*3 cm/s in fig. 9 at higher values of As (sometimes

values of As up to 5.2 cm could be reached on this branch).

The values of As and -A27 corresponding to stable counterflow (v = 0) at
_ cap '

y„ = 12.0 cm/s are (10 + 0.1 cm resp. (8.0 + 0.2) mK, of course much higher

than the corresponding values at x>n = 10.6 cm/s in fig. 3b. A separate treat-

ment of counterflow measurements is given in chapters 1 and 4.

The counterflow states at the higher values of v in fig. 9b could not be

measured with the plunger device, since this was not constructed to measure

the large values of As which then arise.

The steep curves at small positive values of v (not shown in fig. 9a)

however, were also observed at the higher heat inputs. This is shown in fig. 10

where the values of v which correspond to the locations of the steep curves

are plotted as a function of vn. These data, calculated by means of eq.(4) from

the time-dependent behaviour of As in the region 0 < As < 2 cm, are usually

obtained at zero plunger speed during a spontaneous transition from metastable

Poiseuille flow (As = 0) to higher values of As for the case that no shock was

given against the cryostat. Then a path similar to the path OAJ in fig. 3b is

followed in the ^-vQap plane (in case of a mechanical shock the transition

takes place in a different way, namely along OBDEG, see also fig. 12 in ref.15).

15

Fig. 10 The location of the steep

branches at small v (Tn = 1.40 K)cap 0
of which an example is shown in fig.

9b at vn = 12.0 cm/s. The solid line

shows the calculated values of x> in
cap

case of vs = 0 flow: vQap
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The type-I oscillations, which are closely related with the steep branches
from fig. 10, are expected to occur at values of v which are at least
larger than the values of the mass-flow velocity indicated in that figure.
I.e. the "type-I" oscillatory region shifts to larger values of vQ at in-
creasing v . As the period of these oscillations appears to increase at
increasing v no efforts were made to observe these oscillations at values of
v above 12 cm/s. This would have taken too much time, considering that the
period at v = 1 2 cm/s (and v =2.14 cm/s) already appeared to be 170
minutes.
Turning to the behaviour at lower values of the heat input it can be remarked
that instabilities were observed at ü =7.0 cm/s as well. The amplitude of
the corresponding variations in AT and As however was small. The behaviour was
quite irregular in the open region around 1 cm/s in fig. 9a while at vQa = 5.5
cm/s type-II like variations in tr were observed at almost constant As (As = 0).
As de Haas and van Beelen [1] did not observe any oscillations with the
present capillary at values of v up to 5 cm/s at 1.326 K it seems likely
that also at 1.40 K the instabilities will no longer be present at these low
values of y .

The curve for pure superfluid flow (y = 0 ) , partly shown in fig. 9a, shows
the smooth, continuous character also observed by de Haas et al. [1] at the
lower temperatures. It is also well described by a cubic dependence of til on
the mass-flow velocity.
The type-II oscillations at TQ = 1.40 K are observed at values of v in the
region 7.0 < x>n < 15.3 cm/s if the plunger speed is adjusted to values of
v in the open regions in fig. 9 situated around v -7.5 cm/s. These
oscillatory areas are similar to the open region between D and F in fig. 3,
though they now shift to somewhat higher values of vQ at increasing vn as
is clear from fig. 9. The behaviour of hz(t) and hT(t) during the oscillations
could usually be very well interpreted in a similar way as discussed in the
previous sub-section. The slight variation in the maximum and minimum values of
As (and A T ) sometimes observed during the oscillations is likely to be
caused by a somewhat metastable character of the most upper resp. lower part
of the branches boundering the oscillatory region.

A remarkable change in the flow behaviour is observed when the normal-fluid
velocity is increased from 15.0 to 15.5 cm/s in fig. 9. The type-II oscilla-
tions are no longer observed and the two separate branches boundering the
oscillatory region have now joined so that a continuous &T(vQa ; and Asfy^ ;
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behaviour is observed in this mass-flow-velocity region, both at u^=15.5 cm/s

and y = 17.0 cm/s (it can be remarked that at v = 15.3 cm/s and v =8.1 cm/s

the type-II oscillations were still observed). These continuous curves extend

to high values of As and |A2"| as can be seen in fig. 9b where the measurements

from fig. 9a are extended to higher values of As and |AT| at several heat

inputs. The curves at x>n = 14.5, 15.5 and 17 cm/s in fig. 9b are drawn up to

the maximum values of As (and |AT|) at which measurements were performed.

From the data on As and hT the pressure difference Ap can be derived [1,2].

Unfortunately the measurements generally do not allow a very accurate deter-

mination of Ap, particularly at high values of |AS|. It is reminded that (in

good approximation):

Ap - pAy + psAT = pgkz + psLT (5)

This implies that the uncertainty in Ap is much larger than the errors in p#As

and ps&T when these two terms have both different sign and only slightly differ-

ent magnitude, which is often the case. Yet it seems worth trying to determine

the behaviour of Ap along the branches that are shown in fig. 9 (and fig. 10).

One way of doing this is by plotting As versus AT at constant vn (these plots

can easily be derived from the measuring runs as given in figs. 7 and 8). It

is clear from eq.(5) that if the pressure difference is constant (i.e. inde-

pendent of As and AT along a flow branch at fixed vn), As plotted versus AT

will be a straight line with slope s/g and an interception with the A21 axis

given by Ap/ps.

Data obtained at some representative values of vn (vn = 12.0, 15.0 and 17.0

cm/s) are shown in figs. 11, 12 and 13 respectively.

In fig. 11 the Az(t), tT(t) measurements from several measuring runs (as well

as some stationary measurements) at fixed heat input (vn =12.0 cm/s) are

plotted as As versus -A37 (It is reminded that t\T = T2-T2). The measurements

corresponding to the branches I and II (see inset fig. 11) now appear to show

a common behaviour within our measuring accuracy. A nice fit through these

points is a straight line with slope (1.34 + 0.03) x 103 cm/K (solid line in

fig. 11). The value of the entropy calculated from this slope, 132 ^ 3 J/kg K,

agrees very well with the values at 1.40 K given in the literature (see e.g.

references 4, 5, 6). Along branch III a variation in Ap can be noticed.

Fig. 12 shows data at v»n = 15.0 cm/s. Different from the results in fig. 11,

now three separate branches can be distinguished in the (AS, A T ) plane. The
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-1

f

Fig. 11 As plotted versus -&T at fixed heat input (v =12.0 om/s) and

TQ = 1.40 K. The inset shows the hz(v ) behaviour from fig. 9 with

identification of the separate branches by I, II3 III (t±I(v
omitted in the inset).

d measuring points corresponding to branch III
O » a a a 'i n

A " " n a a j[

solid line: see text.

) is

left one (marked I) corresponds to the steep branch at small (and almost con-

stant) v in the (AS, V ) plane, which now does no longer coincide with

branch II. This means that the pressure difference along flow branch I is

clearly different from the pressure difference along branch II, the slopes of

the two separate lines which can be drawn through the measurements (solid lines

in fig. 12) are, just as for v = 12.0 cm/s in fig. 11, (1.34 + 0.03) x 103 cm/K.
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-AT (mK)

Fig. 12 As plotted versus -AT at fixed heat input (v = IS.O cm/s) and

TQ = 1.40 K. The identification of the measurements CD _, O and A^ is

analogous to the identification in fig. 11. Solid lines: see text. The

dashed line is an extrapolation to higher values of Az.

Along branch III the pressure difference clearly is not a constant, which is
not surprising regarding the change in the mass-flow velocity along this branch
(see fig. 9).
In fig. 13 data at x>n = 17.0 cm/s are shown (these data again correspond to
several measuring runs, taken at different plunger speeds, both for increasing
and decreasing As,and include also some stationary flow measurements). The branch
on the left in the figure (measurements indicated by: A) corresponds to flow
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Fig. IS As plotted versus -AT at fixed heat input (v = 17.0 em/s) and

TQ - 1.40 K. The identification of the measurements is analogous to the

identification in fig. 11. Solid line: see text.

along the steep branch in the hz(v ) and A2Yv ) plane at vQa = 2.2 cm/s

(see fig. 10). The slope of the solid line which can be drawn through these

measurements is again equal to the slope of the solid lines in the previous two

figures. The branch on the right in fig. 13 (which now, contrary to figs. 11

and 12, does not have a bounded range) corresponds to the dot-dot-dashed

curves in fig. 9. In the region along this branch where the slope d As/d A27

(and thus Ap) changes rapidly, a considerable change in the mass-flow velocity

takes place (see fig. 9).
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From the systematic behaviour shown in figs. 11-13 a fair determination of the
pressure differences as a function of the transport velocities seems possible.
Such a determination is of particular interest since there is only a limited
number of pressure-rdifference measurements reported in literature.
Direct measurements of Ap mainly concerned data obtained for isothermal flow
(first carried out by Allen and Misener [16])» counterflow (by Childers and
Tough [7])and Ap = 0 flow (first carried out by Staas et al. [10]), though
recently Johnson and Jones reported some more general results [13] .
A large number of data, calculated by equation(5) from the present measurements
at TQ = 1.40 K, are collected in fig. 14 where -Ap + Ap . is plotted as a
function of v for different values of ü . The values of Ap ^ are obtained
from counterflow measurements (y = 0) of AT VS. x>n in the linear region,
which correspond to a value of n = 15 pP.
A plot of Ap versus v has also been made (not shown here), but shows some-
what larger differences for the measurements at different x>n, particularly at
low values of the mass transport (this is obvious, since at zero massflow Ap
depends on v e.g. by Poiseuilie's law).The uncertainty of the data in fig. 14
amounts up to 2 Pa.

Fig. 14 indicates that for the measurements with x>n > 8 cm/s the quantity
-Ap + Ap . does not seem to depend on v within the measuring accuracy (this
also includes the measuring points at ü =14.5 cm/s which are not shown for
clarity).
Although a description in terms of a phenomenological relation may turn out to
be misleading, for practical reasons only, i.e. to enable a comparison with
other data (see following sections) it may be convenient to have an analytical
expression which reasonably fits the measuring points from fig. 14.
Both -Ap + Ap_.- = 1.54 v ("Blasius like" power dependence of v )

pu 1S S rt S

and -Ap + A p n f . = 0.77 v 2 ( c o m p a r e : -Ap + Ap _.c = 0.34 u o b t a i n e d in
po 1S S pOl 5 S

l ) l i

p p

ref. 1 for low values of w ) give a reasonable fit to our data at Tn = 1.40 K
and 8 < vn < 17 cm/s (the coefficients in the preceding equations correspond
to cgs units).

f
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t

Vs (cm/s)

Fig. 14 Collection of the pressure differences obtained at T- = 1.40 K

with the glass capillary (I = 8.5 cm3 i.d.: 216 ]im). The data are plotted

as a function of v . after subtraction of the calculated pressure drop

for laminar flow of the normal fluid. -Ap + Ap . = -pg'As -psAT - (8r\iv l

symbol

ï>n(cm/s)

•
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7.0
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+
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3.3 Measurements at TQ = 1.60 K and 1.798 K.

A similar presentation as given in the previous section for the measure-

ments at TQ = 1.40 K, will now be given for the higher bath temperatures:

1.60 K and 1.798 K.

At 1.60 K the dependence of A21 and As on VQ has mainly been determined for

two normal fluid velocities" y = 15.1 cm/s (Q = 369 pW) and v = 19.1 cm/s
ft rt

(Q = 467 yW). The results are shown in fig. 15 where,as in fig. 9a, the level

difference and temperature difference along the glass capillary {I = 8.5 cm;

i.d.: 216 ym) are plotted as a function of mass-flow velocity. These curves

(as well as the curves for TQ = 1.798 K in fig. 18) are obtained from several

quasi-stationary measuring runs {Az(t), AT(t)) during the transitions between

several flow states at fixed heat input and plunger speed. This method has

already been explained in section 3.2 and appears to be successful at 1.60 K

and 1.798 K as well. Apart from these measuring runs also some stationary flow

measurements have been carried out, showing the expected good agreement with

the results obtained from non-stationary flow. Of course, no stationary flow

data could be obtained on the steep branches at small v , due to the very

large value of ld As/d v I, but this causes no difficulties owing to the

application of the quasi-stationary method.

It appears that these steep branches are not only found at 1.40 K, but also

at 1.60 K and 1.798 K for values of « n in the range 5 < x>n < 20 cm/s. Just like

at 1.40 K, the value of vQ corresponding to these branches clearly increases

as a function of vn, as is shown in fig. 16 (compare fig. 10).

The data in fig. 16 at the higher values of vn are derived from measurements

of Az(t) in the region 0 < As < 2 cm when usually no, or only a small, change

in v was observed. At the lower values of x>n the value of |d As/d vQ j is

no longer so large and a decrease in v at increasing As was observed. E.g.

for y =5.1 cm/s : v = 0.34 cm/s at As = 1 mm, and y =0.18 cm/s at
n aap aap

As = 2 mm. The data in fig. 16'for x>n < 10 cm/s all correspond to small values

of As. An example of a measuring run is shown in fig. 17 where As and AT are

measured as a function of time at fixed heat input {Q = 172 pW, v =7.0 cm/s)

and zero plunger speed. When the heat input is switched on at t = tQ, |AT|

increases from zero to its (metastable) Poiseuille value and As remains zero.

After a short time, at t = *,, As and |Ar| both start to increase spontaneously

and a transition takes place from metastable to stable counterflow following

t
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Fig. 15 The steady flow behaviour at TQ = 1.60 K for x>n = 15.1 om/s

and v =19.1 om/s. The level difference and temperature difference

across the glass capillary (I = 8.5 cm^ i.d.: 216 vm) are plotted as a

function of the mass-f low velocity.

the steep branch at small v in the As, voap plane, in a similar way as

pointed out in section 3.1 of this chapter (often the time interval *3~*0
was much smaller than shown in fig. 17a, implying that the rapid increase from

&T(t) to its Poiseuille value was immediately followed by the transition to

its stable value).

Fig. 17b shows as plotted versus &T as derived from fig. 17a. The slope of

the solid line through the measurements is (2.74 + 0.1) * 10 cm/K. According

to eq.(5) this slope is equal to s/g (if Lp is constant) yielding:
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Fig. 16 The flow behaviour in the small-

velocity region as a function of the

normal-fluid velocity at T^ = 1.60 K.

The indicated mass-flow velocities

(circles) correspond to the location of

the steep branches Az(v ) and &T(VQ )

like shown in the left of fig. IS.

Solid line: v = (Pn/p)vn correspond-

ing to v = 0 flow.

\

Fig. 17 Transition from laminar
to non-laminar counterflow at
T = 1.60 Ka vn= 7.0 am/s and
zero plunger speed along branch
I in the (hs3v ) and (kT>v

oap
}

plane. Fig. 17a shows temperature
difference (solid line3 hT-axis
on the left) and level difference
(circles* hz-axis on the right).
Fig. 17b shows As plotted versus
-&T (solid line: see text).

0.1 O.2 0.3
-AT (mK)

0.4

(a) (b)
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s - 270 + 10 0 kg"1!*"1, which is slightly lower than the values given in the

literature (about 285 J kg K ). The interception of the solid line with the

As = 0 axis corresponds to Ap = 5.5 +_ 0.3 Pa which agrees nicely with the

calculated value at vn = 7.0 cm/s from Poiseuille's law (5.4 Pa with n= 13.2 pp).

The qualitative behaviour of hz(v ) and LT(v ) in fig. 15 looks

rather similar to the results at TQ = 1.40 K, though the type-II oscillations

are now also observed at values of vn above 15.3 cm/s.

The type-II oscillations at vM = 15.1 cm/s (observed at i5 = 8.9, 10, 10.9
fit CrCLP

and 12.8 cm/s) and x>n = 19.1 cm/s (observed at v^nn = 14.3, 15.0 and 15.4 cm/s)
all occur in the corresponding "open" regions in fig. 15 where no stable flow

was found. The interpretation of As(t) and LT(t) during the oscillations in

terms of the steady-flow behaviour outside the unstable region as pointed out

in section 1 of this chapter appears to be succesful at 1.60 K as well.

Measurements indicate that the type-II oscillatory region disappears when x>n
exceeds 20 cm/s.

No efforts were made to observe the type-I oscillations at the values of v

shown in fig. 15, for the same reasons as already emphasized in the previous

section for the measurements at higher vn and TQ = 1.40 K.

A similar but somewhat more extensive series of measurements has been

carried out at TQ = 1.798 K. Fig. 18 shows the steady-flow behaviour as a

function of v for several values of v . Now the relation between the heatGaP •- -1 n

input and lin is given by: Qvn~ =5.23 J/m, according to eq.(l).

Although the overall results look very similar to those obtained at the lower

temperatures one can notice a small but remarkable difference, i.e. the middle

branches at the larger values of v extend down to negative values of As. This

may indicate the influence of a "fountain pressure" difference psA2", corre-

sponding to a small temperature difference A T ' induced by the flow between the

liquid in the two standpipes (see fig. 1). The amount of heat left behind per

unit time in the reservoir above the super!eak, by the outgoing flow of super-

fluid, will be equal to psTA v , while the heat "input" in the other

reservoir is equal to psTA„„_/u - v n ) .

K h ddIt appears that at TQ = 1.798 K the additional heat in the reservoirs is

mainly removed by the evaporation of the liquid, despite the presence of the

narrow opening at the top of the reservoirs and of the bellows. The fountain

correction on the measured level difference can be estimated from the calcu-

lated flow resistance of these openings which leads to a dependence on the

flow velocities given by:
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Fig. 18 The steady flow behaviour at TQ = 1.798 K and positive values of

the mass-f low velocity v . The level difference and temperature differ-

ence along the glass capillary (I = 8.5 cm; i.d.: 216 \m) are plotted as

a function of v for different values of v which are indicated in the

figure.

* 0.007 (2voap-vn) cm (6)

"I
According to this result the maximum correction for the data in fig. 18 is

hz' - 1.4 mm; in the region of negative As on the middle branches shown in

the figure it does not exceed 0.5 mm.
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The influence of this correction is particularly of interest for the measure-
ments where type-II oscillations occur at negative values of hz, as is observed
at vn = 15.1 cm/s (see fig. 20) and x>n = 17.1 cm/s (see fig. 21). Applying the
correction to the measurements will cause a positive shift in the As values,
big enough for the type-II oscillatory regions to be characterized by (small)
positive values of hz. If, on the other hand, the true correction is signifi-
cantly smaller than stated above, An does attain negative values during the
oscillations. As was stated already in section 1, this would not contradict
the occurrence of the oscillations, since this requires only an increase of
Ap at increasing v , irrespective of the sign of An itself.
Turning back to the steady-flow behaviour, it is observed that at the higher
values of v (v = 15.1 cm/s, 17.1 cm/s and 19.1 cm/s) three branches can again
be distinguished, which are separated by "open" regions. One branch is located
at small values of ti and is omitted in fig. 18 for clarity, but its location
is plotted in fig. 19 as a function of vn. In the open region between this
branch and the steep middle branch type-I oscillations will presumably occur,
but they have not been studied in view of the expected prohibitively long
periods at TQ = 1.798 K (see the discussion of the results at TQ = 1.40 K).
In the open regions on the right in fig. 18, type-II oscillations are observed
(see e.g. figs. 20 and 21), but they can cease to exist when vn exceeds 20 cm/s.

5 _ 10
Vn (cm/s)

Fig, 19 The flow behaviour in the small
velocity region as a function of the normal
fluid velocity at TQ = 1.798 K. The in-
dicated mass-flow velocities (circles)
correspond to the location of the steep
branches v„) and A2Yy ; whichcap cap
are omitted in fig. 18. The solid line
shows the calculated values of v
in case of v = 0 flow: v

aap

cap
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time 500 s

Fig. 20 A transition between different flow states at fixed heat input

(v = 1S.1 am/s) and fixed plunger speed (v = 14.0 cm/s). The figure
cap

shows measurements at TQ = 1.798 K of level difference (circles ) and

temperature difference (solid line) along the glass capillary (I = 8.5 cnt;

i.d.: 216 \im) as a function of time. LT-axis on the left and Lz-axis

on the right (note: -AT = T^T^). The transition is followed by

type-II oscillations.

0.4

0.3

^ 0.2
I

0.1

O
O
O

°

o
oo

o
o
o
o
o

o
ooo

o
o

- o o
oo 0)

= 1.798 K
=17.1 cm/s

14.0 cm / s

0.1

> N

-0.1

Fig. 21 An example of type-II
oscillations at T = 1.798 #,
x>n = 17.1 cm/s and v = 14.0
cm/s. The level difference
(circles, hz-axis on the right)
and temperature difference (solid
line3 LT-axis on the left) are
plotted as a function of time.

time 500 s
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Also when vn becomes smaller than 15.1 cm/s they apparently disappear and a
continuous As vs. v curve is observed instead, though in AT vs. v

deep _ *P

region of slight instabilities remains (see the curve for x>n = 13.1 cm/s in the
small region around VQ = 12.5 cm/s). This unstable character of the flow in
this region is obviously also responsible for the irregular periods of the
type-II oscillations at v>n = 15.1 cm/s shown in fig. 20. For still smaller
values of x>n the second steep branch shifts rapidly to smaller values of
v , at v = 10.8 cm/s (not shown in fig. 18) it is located at vQa = 5.1 cm/s,
and at y =7.1 cm/s it has disappeared altogether, presumably because it has
shifted passed the first one. No data are available in the small region of
v between 1.5 cm/s and 2.0 cm/s for v =7.1 cm/s, so it cannot be decided
@@JP ft

whether type-I oscillations do occur. Finally, the curve obtained for vn = 0,
not shown in the figure, is similar to that for pure superfluid flow at
TQ = 1.40 K (fig. 9a).

Again the pressure difference along the capillary can be deduced from the
measuring runs following the same method as was used at TQ = 1.40 K. The
qualitative behaviour of the As vs. -A21 plots (see fig. 22) looks very similar
to the corresponding results at TQ = 1.40 K; the same identification of the
measuring points is used (see e.g. caption of fig. 11).
The mass-flow velocities which correspond to each point As, AT can be read
from fig. 18 (and 19).
Like in all previous figures of this section no correction due to a possible
temperature difference between the helium in the reservoirs has been applied
to the data from fig. 22.
The measuring points in fig. 22 indicated by the symbol A correspond to the
steep branches in the Az3 VQ plane at small vQ (see fig. 19). The slope of
the solid lines which can be drawn through these measurements is equal to
(5.4 + 0.2) x io3 cm/K from which an entropy value of s = 530 +_ 20 J/kg K can
be calculated (value of s in literature: 550 +_ 10 J/kg K, somewhat depending
on the source).
The interceptions of the lines with the As = 0 axis are directly related to
the value of Ap which corresponds to the measurements on each line and appear
to have good agreement with the calculated values from Poiseuilie's law
(-AT = (Sr]lvn)/(psr^)) within the measuring accuracy using n = 13 yP.

56



I I

Vn = 19.1cm/s

13 0 0.1 0.2^.3 rf 0.5 0 0.1 0.2 0.3 0.4
-AT (mK)^ -AT (mK)

CD

To = 1.798 K

f

Fig. 22 As plotted versus -AT at different values of the heat input

(v = 13.1, 17.1 and 19.1 cm/s) and TQ = 1.798 K. The identification of the

measurements is similar to the identification as e.g. used in fig. 11.

Solid lines: see text.

The pressure difference Ap corresponding to the measurements indicated by O
and D in fig. 22 (i.e. on the branches II and III in the As, v and A27, vv

in

plane) can be seen to depend both on v and on v
ft p

The Ap data (as calculated from eq.(5)) are presented here in two ways:
(a) a plot of -Ap + Ap .„ versus w in fig. 23 (similar to the plot at

pui S S

TQ = 1.40 K, now with analytical fits given by -Ap + Ap . = 0.67 w
case one considers a quadratic dependence on u , and -Ap + Ap„._ =

1 75 pois

1.33 u in case one should assume a "Blasius" like power dependence
Son vB. Both coefficients, 0.67 resp. 1.33 (cgs units), are somewhat lowers

than the corresponding ones at 1.40 K).
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23 Collection of the pressure differences obtained at TQ = 1.798 K

with the glass capillary (I = 8.5 cm, i.d.: 216 pm). A series of stationary

measuring points for isothermal flow (&T = 0)3 indicated by triangles, is

included. The data are plotted as a function of v , after subtraction of

the calculated pressure drop for laminar flow of the normal fluid.
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Fig. 24 Pressure differences along the capillary at TQ = 1.60 K and
T0 = 1%798 K' The duba obtained for several values of the heat input aveplotted
together as function of the mass-flow velocity. (No correction for a
possible fountain effect has been applied.) The identification of the
measuring points at TQ = 1.798 K is the same as in fig. 23. The full
symbols correspond to data at TQ = 1.60 K ( • : v = 16.1 am/s;
< • vn = 19.1 cm/s). The solid line represents Blasius flow as observed
in ordinary liquids.
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(b) a plot of Ap versus v in fig. 24. The solid line in this figure is
calculated from the empirical Blasius formula which is often used to
describe the bp(v) behaviour of turbulent classical fluids in smooth tubes
with circular cross -section [8]:

j b
 n v1'75 (ogs units)

and (7)

062100 < Re=^< 10
n

(for the calculation of the curve in fig. 24: v = v , I = 8.5 cm,
o cap

n = 13 PP, p = 0.1454 g/cm , d = 0.0216 cm)
It is remarkable that the measurements can be well described with this
formula when v > 10 cm/s (note that (py

cap
d)/n = 2.4 x io at

vaap = 1 0 C m / S )*

4. Concluding remarks

The present measurements in a glass capillary provide detailed information
on the structure of the flow at parallel normal-fluid velocity and mass
transport velocity.
The investigations confirm the earlier conclusion [1,3] that only a limited
number of well defined flow states is possible in the flow of He II. This
conclusion should be independent of the particular dimensions of the apparatus
in which the flow is observed. For instance the steady-flow behaviour in the
case of pure heat conduction in the open flow system does not essentially
differ from the results obtained in the usual system being closed at Ofie end
as will be discussed in chapter 4.
Particularly of interest are the velocity regions in which oscillations in the
flow occur, which are now observed at temperatures between 1.05 [1] and 1.80 K
in the glass capillary, and also at several temperatures in stainless-steel
capillaries [2,9]. At 1.40 K even two different types have now been observed
[3,15], as was pointed out in section 1.
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The measurements of As are directly related to the mutual-friction force i?
or*

between the normal fluid and the superfluid according to the phenomenological
equations of motion as given in the previous chapter. As the occurrence of the
instabilities can be explained in terms of an increase in the mutual-friction
force \F I on passing the oscillatory region at increasing v and constant
v , the question arises whether F is a well-defined function of the
n sn

transport velocities in this region. The answer to this question cannot be
solved with the experiments in devices such as the present one, where the mass
flow cannot be rigidly imposed. A further discussion on this subject will
therefore be given in chapter 4 where measurements are discussed in a flow
system in which the mass flow can be rigidly imposed by means of a bellows.
The general flow behaviour as given in the previous sections at TQ = 1.40 K,

1.60 K and 1.798 K provides the possibility to predict results from other
flow experiments with similar capillaries; not only e.g. isothermal flow [2]
(A2"= 0) and Staas-Taconis flow[10,1] (Ay = 0) are covered by this general flow
behaviour but also the flow in e.g. two coupled capillaries as is demonstrated
in the next chapter.
Even the qualitative behaviour of the flow measured by Van Alphen et al. [14]
in a capillary of 82 urn i.d. can be well explained in terms of the present
general flow behaviour. It can further be remarked that data on pure normal
fluid flow in glass capillaries can be expected to show rather large scatter,
in view of the steep branches which occur at small v in the immediate
neighbourhood of u = 0 .
The dependence of the measured quantities on the relative velocity v -v
(i.e. v - v ), of importance for a comparison with recent theories of Geurst

S HI

[11] and Schwarz [12], will be presented in chapter 4. A few remarks will
now already be made on the relation between v and vn for Ay = 0 flow and
A27 = 0 flow at the different temperatures, first noticed by v.d. Heyden et al.
[2] . It seems that this relation (for these types of flow) is not very
sensitive to the bath temperature in the region 1.20 < T < 1.80 K as is clear
from fig. 25 where our data are plotted as well as data from v.d. Heyden et al.
[2] (solid lines) and from Johnson and Jones [13] . It is noted that the
measuring points in fig. 25 corresponding to 1.798 K are plotted after applying
a correction to the As measurements given by eq.(6).
The data from v.d. Heyden et al. correspond to a stainless-steel capillary of
length 14.6 cm and i.d. 294 urn. Among the experimental data given in ref. 13
(corresponding to a capillary of length 60 cm and i.d. 1.15 mm) no measurements
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with Au = 0 are found, there are however some data at T = 1.394 K with very
small An (|pAy/i| < 15 Pa/m) which are plotted as diamonds in f i g . 25. The
agreement with the other data is very good and i t may be concluded that at
least for Ay = 0 flow the relation between mass transport velocity and normal-
f lu id velocity is not wery much influenced by the diameter of the flow tube in
the region 0 . 2 m m < d < l m m . I t is further noted that states with Aji = 0
corresponding to (meta)stable "Poiseuille" flow are omitted in f i g . 25.

The accuracy of the present measurements does not allow any firm conclusions
on the behaviour of the pressure difference along the capillary as a function
of temperature and transport velocit ies. Yet i t seems that the higher the

value of y the smaller the influence from the normal f l u id velocity on the
cap

behaviour of Apfv ) becomes, which is consistent with the measurements of

Johnson and Jones [13] in their wide capillary. These authors made a fit for

their data given by:

(ƒ: factor which somewhat depends on temperature). They noted that no simple

fit could be given for the lower velocity data*'. It is, however, interesting

to note that for their measurements in the velocity region 12 cm/s < u <
'v cap *\»

20 cm/s, both at 1.919 K and 1.650 K, the relation (8) almost coincides with

a description given by equation (7) , which gave a rather good f i t for our data

as wel l .

The pressure differences measured by Staas [10]and by de Haas [1] for the

particular case of Ap = 0 flow also coincide with the present general results.

These authors described their data in terms of &pB(v>n), which should not be

very different from eq.(7) in view of the small relative difference between

v and vn for this type of flow particularly at higher velocit ies.

I t should f ina l l y be remarked that in none of the above results a correction

for possible end-effects or for differences in the roughness of the walls of

the various capi l lar ies, has been applied. The magnitude of such corrections

is s t i l l very uncertain in the case of He I I .

* It is obvious that eq.(8) cannot hold when v = 03 for then Lp is not zero

but depends on v roughly by Poiseuille's law.

\
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5 _ 10
Vn (cm/s)

Fig. 25 Mass-flow velocity as a function of normal-fluid velocity for

Ay = 0 flow (open symbols) and isothermal, AT = 0, flow (full symbols).

circles:

triangles:

squares:

diamonds: data from ref. 13 (see also text)

The solid line and the dot-dashed line correspond to the direct measurements

of AT = 0 flow3 resp. &\i = 0 flow in reference 2.

(In both ref. 2 and ref. 13 metal capillaries are used.)

measurements at Tn = 1.798 K

" at TQ = 1.600 K

" at TQ = 1.400 K

63



REFERENCES

[1] W. de Haas and H. van Beelen, Physica 836(1976)129.
W. de Haas, Thesis (Leiden, 1975).
W. de Haas and H. van Beelen, Proc. XlV-th Int. Conf. Low Temp. Phys.,
Otaniemi, Finland 1(1975)215.

[2] G. van der Heyden, Thesis (Leiden, 1972).
G. van der Heyden, A.G.M. van der Boog and H.C. Kramers,
Physica 77(1974)487.

[3] R.P. Slegtenhorst and H. van Beelen, Physica 90B(1977)245.
[4] R.J. Donnelly, Experimental Superfluidity, The University of

Chicago press (1967).
[5] J. Maynard, Phys. Rev. B14(1976)3868.
[6] M. Durieux, Kamerlingh Onnes Lab. Leiden, private communication.
[7] R.K. Childers and J.T. Tough, Phys. Rev. Letters 35(1975)527.
[8] R.B. Bird, W.E. Stewart and E.N. Lightfoot, Transport Phenomena,

John Wiley (1960).
[9] R.R. IJsselstein, M.P. de Goeje and H.C. Kramers, Physica 96B(1979)312.
[10] F.A. Staas, K.W. Taconis and W.M. van Alphen, Physica 27(1961)893.
[11] J.A. Geurst, Physics Letters 71A(1979)78.
[12] K.W. Schwarz, Phys. Rev. B18(1978)245.
[13] W.W. Johnson and M.C. Jones, NBS Technical Note 1002, U.S. Government

Printing Office, Washington (1978).
[14] W.M. van Alphen, Thesis (Leiden, 1969),chapter IV.
[15] H. van Beelen, Nederlands Tijdschrift voor Natuurkunde A44(3) (1978)104.
[16] J.F. Allen and A.D. Misener, Proceedings Royal Society of London

172(1939)467.

64



C H A P T E R 3

ANALYSIS OF AN EXPERIMENT ON THERMALLY DRIVEN FLOW OF

HELIUM II IN TWO COUPLED CAPILLARIES

An experiment on capillary flow of He II is described [1] • A closed cir-

cuit is formed by two identical glass capillaries of i.d. 250 \im3 connected

by a superleak, contained in a vacuum can. The circuit is closed through the

bath. The flow is driven by heaters. It is demonstrated that the results of

such an experiment can be predicted from the flow characteristics of the

individual capillaries, determined in a separate experiment. It is also shown

that the principle of conservation of superfluid circulation presents no real

constraint on the flow in such capillaries3 at least at the larger velocities

used in this experiment.

1. Experimental set-up.

Two identical glass capillaries C^ and Cg (inner diameter d = 250 um,

length I = 8.35 cm) are connected in series via a superleak (length: 2.5 cm,

i.d.: 2.5 mm), see fig. 1. The capillaries, together with the superleak, are

mounted inside a vacuum chamber. The flow path is closed through the sur-

rounding He-bath which is kept at a constant temperature by means of an

electronic temperature control. At both sides of the superleak a heater (the

500 Q, metal-film resistors H^ resp. Hg) is mounted.

f
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vacuum

D
super leak

I Schematic drawing of the

apparatus Ci, Cp glass capillaries

(length 8.35 cm; i.d. 250 \m)i H,, H«

heaters; T«, T-,, T~ carbon thermometers.

Since the heat flow over the superleak will be negligibly small, the normal
transport velocities in both capillaries can be adjusted independently. The
resulting temperature differences AT^ = TQ - T^ and A2"2 -

 TQ ~ T2 can be

measured simultaneously be means of the carbon resistors Tj and Tg and two
carbon resistors in the bath (Allen-Bradley 100 a, 0.1 W resistors), using
a.c.-bridge techniques.

In order to analyse the data for A27, and A31,,, it should be realized that
the flow states, established in the two capillaries will be strongly coupled
to each other. Not only the mass-flow velocities u'J[ and -u'z' are of course

cap cap
equal (the negative sign corresponds to a flow direction pointing towards the
superleak), but also the drops in the chemical potentials must be the same,
since along the closed circuit £vy.dt = 0 and Ay = 0 over superleak and bath
connection. If, at a given value of un, the flow state in a capillary is
indeed well determined by the value of i ? _ , these two equalities are suffi-

GCtlp

cient to determine both flow states. They can be read directly from a survey
of the curves ip(» . vn) such as is given in fig. 9 of the previous chapter
with an extension to negative values of v (see fig. 2).
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measurements at T„ = 1.40 K and
negative values of v 3 obtained with the
plung'er device and the 216 \im i.d. capillary.
A: V = 0 cm/s
B: v =6 cm/s

-The corresponding temperature drops LT1 and &T2 then follow from the set of
curves AT(v , v ) and can be compared with their values measured in the
present experiment.

2. Experimental results

Typical examples of the measured temperature differences AIZ^ and A T 2 are
shown in figs. 3, 4 and 5. All these results are obtained at a bath temperature
TQ = 1.40 K, by variation of vn2 at fixed values of vnl (being 0 cm/s, 6.0 cm/s
and 10.6 cm/s, respectively). As is indicated by the different symbols used to
plot the data, different flow states can be observed at a given combination of
v 7 and y 9. For instance the linear increase of Arp, given by the drawn lines'nl n2
in the figures, is found when, after v 2 is adjusted to the required value,
vng is slowly increased from zero. It should be noticed that the slope of the
straight lines is found to be the same for the three values of v 2, while
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O Vn, 5 10 15 20 cm Is

Fig. 3 Temperature difference along both capillaries as a function of v „ at

(T = 1.40 K). The solid line represents the behaviourconstant v , = 0 cms

of AT» in the linear region (least-squares fit), the corresponding constant

value of ATj = 0 is omitted in the figure. It is reminded that the temperature

differences are negative following from the definitions given in the text and

that the circles do not correspond to flow states in the linear region.

Fig. 4 Temperature difference

along both capillaries as a

function of v _ at constant

V * =6.0 cm/s. An enlargement

is shown in the upper half,

where the squares correspond

to measurements of AT» and

ATj in the linear region. The

solid line through the open

squares is a least-squares fit3

and the horizontal line corre-

sponding to AT^ indicates that

no change in this temperature

difference was observed when

v * was increased.

20 cm/s 25
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To=l.40K
Vni=10.6cmls

voo A T2
» • • AT,

•
o

•
o

0 10 15 20 cmls

Fig. 5 Temperature difference across both capillaries as a function of v o at
n2

constant vnl = 10.6 cm/s. Values of LT2 in the linear region were only found

occasionally and are therefore represented by a broken line. The diamonds are

some examples of the temperature differences across the capillaries when the

values of v - and u „ are interchanged.

moreover the value of KF1 remains totally unaffected by the increase in v p.

These constant values of tzr1 are found to be equal to LT2 at v „ = u 1 (see

the upper half of fig. 4) and are omitted in fig. 3 (AT = 0) and fig. 5

( A ^ = -0.32 mK) for clarity. At the higher values of vn£ this "linear" flow

state appears to become metastable, as at an unpredictable high value of u

a sudden change in T8, accompanied by a similar change in TJt to a much higher

value occurs, indicated by the triangles in figs. 3 and 4. In fig. 5 circles

are used instead, for reasons that will be explained in the next section. This

transition can also be initiated at smaller values of v „, by the application of

a mechanical shock. Once the transition has occurred a return to the linear

flow state does not occur when vn2 is subsequently varied. It should be re-

marked that at the larger values of v n 2, M ^ and LT2 do not remain fully stable,
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but fluctuations in their values which can be as large as about 10%, are

sometimes observed which cannot be accounted for by fluctuations in the

electronic measuring system. On reducing vngJ T2 and T1 decrease along their

higher branch. In the region close to vn2 = vnl the flow state indicated by

the triangles is never observed, but a transition to the state indicated by

the circles takes place in figs. 3 and 4, which state is then maintained until

v 2 reaches zero. By a subsequent slow increase of vn2 the circles in figs. 3

and 4 can also be obtained at values of vn2 larger than vnl. Finally, for low

values of v „, the triangles can be produced by gently knocking against the

cryostat

A somewhat different measuring run is shown in fig. 6. During this run T2
and T2 are measured differentially in an a.c.-bridge. Unfortunately the results

had to be corrected for the small difference in sensitivity of the thermometers

Tj and T2. Since the chemical-potential difference along the superleak will be

zero, the pressure drop along the superleak, and therefore also the difference

mK

0.5
To =1.40 K

- Vn|=6.0cm/s

0 -

To-T,

-0.5
0 10 15 cmls 20

Fig. 6 Temperature difference along the superleak as a function of v „ at

constant v 7 = 6.0 cm/s. Open symbols: direct measurement of T^-Tj. Full

symbols: subtraction of the data for AT* and AT„ given by triangles in fig. 4.

Again the identification of the data by circles and triangles corresponds to

the classification of the different flow states given in fig. ?. The solid

line corresponds to the behaviour of T^-T-^ in the linear region (see fig. 4)3
according to eq.(2).
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in the pressure drops along the two capillaries, is directly determined in this
way, somewhat more accurately than by subtraction of LT^ and LT2 in figs. 3-5.
Moreover, the fluctuations in LT^ and A2"„ observed at large values of vn2>
are strongly reduced in T^-T-, in accordance with the observation that the
fluctuations in the flow of Cj and Cg usually occur in phase. Fig. 6 shows a
run at a fixed value of v -. = 6.0 cm/s and variable v „. At each measuring
point the most stable flowstate was established by gently knocking against the
cryostat.

Before closing this section giving the general description of the experimen-
tal results, a few remarks can be made. Firstly it should be noticed that when-
ever vnl = vn2 it is always found that also A2\, = AT2. This fact shows that the
capillaries Cj and C 2 are really closely identical. It is therefore rather
surprising that upon interchanging the role of v , and v „ in regions where
|y 2~vn2^ ^ °' differences in the temperature drops of up to 15% can be found.
(This follows e.g. from a careful comparison of corresponding points in figs.
3-5, but is more clearly demonstrated by some additional data given in fig. 5).
This observation indicates that small asymmetries in the construction, probably
in the endpieces of the capillaries, only cause significant deviations when
there is a net circulation of mass in the system. This conclusion is supported
by the fact that on the linear branch no asymmetry is ever observed. In the

next section it will be shown that on this branch v is zero.
cap

3. Analysis of the results.

As was already stated in section 1, the two conditions by which the flow
in the two capillaries are coupled, are sufficient to determine the expected
values for AJ^ and tT2 at a given combination of v^ and v 2. The method by
which these predictions can be obtained from the survey of results given in
fig. 9 of the previous chapter and in fig. 2, is demonstrated in fig. 7. In
this figure the data for v =10.6 cm/s given in fig. 3 from the previous
chapter, are plotted again, and can be considered to belong to capillary C,.
The broken curves in fig. 7 represent the mirror image with respect to the
v = 0 axis, of the curves at negative vQ , for x>n = 0 cm/s and vn = 6.0
cm/s of fig. 2. These broken curves can be considered to belong to capillary C,.

I
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cm

Fig. 7 Method to derive bTj and AT2 graphically from the results shown

in fig. 2 and in the previous chapter. Two examples are given: v „ =• 0

and vn2 = 6.0 om/s at fixed u ^ = 10.6 cm/s (compare fig. 5). In the

upper half of the figure the velocity through both capillaries, v , is

determined by the intersections of the curves for Z-, and C?. Following the

dotted line the corresponding values of A27. (black symbol) and AT„ (open

symbol) can be found in the lower half of the figure. The temperature differ-

ences at "Poiseuille flow" (v = 03 which is always a possible solution)

are omitted for clarity.

At the intersections in the upper half of the figure, the conditions Au, =
fll (2) *

Ay2 (ASJ = As2) and v
K
oo^ = - y ^ are fulfilled. The corresponding flow states

are therefore possible flow states in the present device and the two temper-
ature differences AZ^ and A2"2, belonging to each intersection, can be read
from the lower half of the figure as indicated. In those cases that AT vs v

c
is very steep, the values of A37 are obtained in practice from the plot of As

cap
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vs AT at a fixed value of v (see for instance figs. 11-13 of the previous
chapter). As will be clear from fig. 7, in general three different flow states
can indeed be distinguished at a given combination of vnl and vn2. The first,
lowest lying state, corresponds to flow with As = 0 and v = 0 in both

GGip
capillaries, located at the origin of the plot of As vs voa and indicated
by Ü . As is well known, this state, which exists for all values of v in the
velocity region considered, corresponds to pure counterflow as in an ordinary
heat-conduction experiment; the normal component being in laminar flow. The
slope of the straight lines in figs. 3, 4 and 5, as well as the corresponding
constant value of AT^, obey indeed the Poiseuille law:

n
(1)

The intersections in fig. 7, indicated by circles respectively triangles, give
rise to the other two observed flow states. It will be clear that when
vnl = vn2 on^y tw0 states can be expected, both situated at the v = 0 axis,
the laminar one and the one corresponding to "turbulent" counterflow.

Fig. 8 shows the possible values of AT^ and AT* for the case that u , = 0
and v 2 variable, as constructed from the results with the plunger device.
Comparison with the measured results in fig. 3 shows good qualitative agree-
ment. Even the quantitative agreement is not bad, considering that for the
construction, data obtained in a 216 um i.d. capillary were used, while in
the present device C, and C« have an i.d. of 250 pm. Results for higher values
of vn2 could not be constructed, since they require extrapolation of the data
to higher values. Such an extrapolation causes also some uncertainty in the
identification by circles or triangles at high values of vn2> particularly
in fig. 5.

Finally, some comments can be made concerning the data presented in fig. 6,
where the temperature difference T2~

T1* measured directly along the superleak
during non-laminar flow in the two capillaries, is given. Again different
symbols (circles and triangles) are used to plot the data, according to the
classification procedure described above. The drawn line in fig. 6 represents
Poiseuille's law, giving

SjL (Vnl - Vn2> (2)

f
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15 cm / s 20

Fig 8 Temperature differences along both capillaries, at v 1 = 0 cm/s3
as derived with the method shown in fig. 7. Even at the largest values of

v „ shown in this figure, the flow states indicated by the circles can

hardly be distinguished from the Poiseuille states on the scale of this

figure (see e.g. v 0 = 16.5 cm/s). This is in accordance with the result

shown in fig. S. The solid line represents the measurements in the linear

region. It is reminded that all data in this figure apply to a capillary

with a length of I = 8.5 am and i.d. = 216 pm.

Comparison with the data shows that only at the larger values of v „ significant

deviations do occur. The deviations are most likely due to an increase in the

pressure drop along capillary Cg, and not to a decrease in Ap^, but this can of

course not be decided from the present experiment alone. That Ap2 remains

constant and at its Poiseuille value throughout the measurements of fig. 6 finds

support in the earlier results; the data of curves B in fig. 2, plotted as As

versus A27, show a linear character with slope s/g and interception with the

AT-axis at A21 = A2"D0^s» though unfortunately these data have only been obtained

up to a temperature difference of 1.5 mK, much smaller than the individual

drops l&Tjl and \&T2\ corresponding to the data of fig. 6. Moreover, attributing

the deviations from the Poiseuille values in fig. 6 to Ap2 alone is in fair

agreement with the empirical results for &p(v 3 v ) as obtained in the previous

chapter (see fig. 14 in the previous chapter), though again the application of

the constructional method of fig. 7 for the determination of u in the cir-
cap

cuit requires extrapolation of the data of fig. 7 (and of fig. 9 in the

previous chapter) outside the range covered by the measurements.

\
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4. Discussion of the results

Now that it has been shown that the results obtained in the present experi-
ment can indeed be explained from the flow characteristics of a single capil-
lary, some additional comments can be made.

For instance, one could wonder whether the laminar flow states observed
in the present experiment have correctly been identified as the states for
which Ay = 0 and v = 0 in both capillaries. If so, the steady flow states

Gap

in the two capillaries would be fully independent of each other and are not
related by the principle of conservation of circulation in the closed loop.
If circulation were rigidly conserved no pure counterflow would be established
in the capillaries, but the superfluid velocities would be given by*'

instead

si

and the

of by

pn
= y ,

Ps nl

mass flow

pn (v +

s

> Vs2

velocities by

p

~s
Vn2 (4)

v(l) =_v(2) Jn(v (5)
cap cap 2p nl n2 v '

Partial counterflow, with Ay = 0 and AT = AT . has sometimes been observed
in the earlier experiments, but only for small positive values of v (see
ref. 1, fig. 5b). It cannot be expected to occur in the present experiment,
since in one of the two capillaries v would be negative, and reach an appre-
ciable value. For instance in fig. 4 the mass flow velocity in C-, would be as
large as v' » -0.67 cm/s at the highest value of v 0 = 24 cm/s at which the
Poiseuille state could be observed. At such values of v (with u =6.0 cm/s)

cap * n '
Ay and A27 are always found to be considerably different from their Poiseuille

Ignoring the small contributions to the superfluid circulation in the super-

leak and bath connection.

\
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values, when measured with the plunger device (see curve B in fig. 2). Similar-
ly, the highest laminar point found with vn2 = 0, being at a value of
v 7 = 37 cm/s not shown in fig. 3, would require a critical velocity for pure

CDsuperfluid flow of at least v = -1.4 cm/s, which seems again unlikely in
GCLfp

view of the results with the plunger device [2,3]. It can therefore be con-
cluded that on the laminar branches found in the present experiments, pure
independent counterflows are indeed established in the two capillaries, at
least at the higher values of v . During the approach to the steady state a
"mutual-friction force" must have been operating, in order to change the
amount of circulation in the circuit.

The fact that the principle of conservation of circulation does not
present a very rigid constraint in the case of capillary flow, has its conse-
quences also for the analysis of other capillary-flow experiments in which a
closed flow path is used. For instance for the type of flow first studied by
Staas and Taconis [4] in a device very similar to ours, but now with the capil-
lary Ci connected directly to the bath by the superleak, instead of via capil-
lary C« in our device. The observed laminar flow state at large v in their
device presumably also corresponds to pure counterflow in the capillary, and
not with partial counterflow as would be the case if circulation were conserved
(see ref. 1, section 4.4).

In a recent experiment [5] Guenin and Hess actually measured the mass
transport in a flow system which principally consists of a superleak which is
shunted across a particle-packed flow tube (Ay = 0 flow). They found that
there is no measurable mass flow through the superleak as long as the normal-
-fluid velocity in the flow tube remains subcritical. Unfortunately the mass
transport through the superleak in case of conservation of circulation in this
experiment is so small that it cannot be decided whether or not conservation
of superfluid circulation was fulfilled. It can be remarked that the zero
mass transport in reference [5] did not occur when vn was reduced from a
value above the critical velocity (when there is a mass transport through the
system) to subcritical flow. In that case a small mass flow remained, even
down to v>n = 0 with a superfluid velocity given by about 3 mm/s.
This value is in nice agreement with the values found earlier by Kidder and
Fairbank [6] and with the persistent flow data, obtained by Hartoog et al. [7]
in an extremely long glass tube.

In a recent paper Gamtsemlidze and Mirzoyeva [8] reported the observation
of the "thermomechanical circulation effect" in a flow system with particle-
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-packed flow paths and at very low transport velocities, using a device sus-

pended from a torsion wire.

Whether in our device the principle of conservation of superfluid circulation

may have played an important role for very small velocities cannot be decided

from the present measurements.

A second comment can be made, which concerns the data for the cases that

v , = v o B v on the nonlaminar branch. Since it is found that A31, = &T0 = AT

it follows that v = 0 in this symmetric situation, and that AT should cor-
aap

..respond to the value measured in an ordinary heat-conduction experiment. Such

data have been studied extensively by Childers and Tough [9] and by Ladner

et al. [10,11] who showed that they could be well described by a somewhat

modified Vinen theory [12]. Also the theory, recently developed by Schwarz

[13], gives a good description of the result for non-laminar pure counterflow

at larger values of v . In fig. 9 our data is plotted as AT vs v , together

with the theoretical predictions from the modified Vinen theory, as well as

from the Schwarz theory in which no adjustable parameters are used. The agree-
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Fig. 9 Temperature differences along

both capillaries at equal values of v -

and v 2 at TQ = 1.40 K. The dashed line

represents the linear region, and the

dot-dashed line its extrapolation to

higher values of v . The solid line is

calculated from the Vinen theory; for

v < 7.0 am/s the method of Childers and

Tough as discussed in ref. 9 is used with

Xj = 0.16 and o = 1.06. For V > 7.0 cm/s

the solid curve is calculated by the

method of Ladner et al. [10] using vQ =

1.21 cm/s. The dotted line is calculated

from the values of F given by the

Schaarz theory [13].
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ment is fair, showing that pure heat-conduction experiments can also be per-

formed in our closed circuit.

The third comment concerns the stability of the different flow states

observed in the present device.

From the above analysis it appears that all the observed non-laminar flow

states in the present device correspond to stable flow states also found with

the plunger device, i.e. no new states were found. This is not really surprising.

the states with values of v in regions where oscillations are observed in
cap

the previous experiments [2,14,15] will also be unstable to fluctuations here.

Since also in the present experiment v is not an imposed parameter, the

system will always be driven to flow states outside the oscillatory region,

as a result of fluctuations in the velocities.

Furthermore, the possibility of two different non-laminar solutions in

figs. 3-5 (circles and triangles) is recalled. It should be noticed that one

state is more stable than the other which is e.g. shown by the observation

that a mechanical shock applied to the system always results in one particular

solution, and also by the fact that the circles in fig. 4 at large values of

vn2 could only be produced by very careful handling of the system. The two

flow states are always situated on either side of an oscillatory region

(see for instance fig. 7). Their degree of stability will depend firstly on

their distance from this region and secondly on the properties of the flow

in this range of velocities. These two factors together will determine whether

or not fluctuations in the velocities can drive the flow far enough into

these regions. A more detailed answer to this interesting problem requires

more knowledge of the flow properties in these regions.

\
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C H A P T E R 4

MEASUREMENTS ON FORCED FLOW OF HELIUM II

1. Introduction

After the measurements described in the previous chapters were completed,
we extended our study of capillary flow of helium II by the construction of a
new device. Two major modifications as compared to the plunger device were
made. In the new device the mass flow is rigidly imposed (a change comparable
to a change from voltage-biassing to current-biassing in electronic circuits).
This is accomplished by means of a bellows to drive the flow; the chemical-
potential difference along the flow tube is measured with a pressure trans-
ducer. Secondly a number of thermometers is mounted along the flow tube, so
that the homogeneity of the flow states can be investigated, both during steady
flow as well as during transitions between different flow states. In this
chapter extensive sets of data obtained with this device mainly at bath temper-
atures of 1.40 K and 1.25 K will be reported. Similar measurements are carried
out with a glass capillary (the same capillary as was used in the plunger
device) and with a stainless-steel tube of approximately the same length and
diameter, so that a direct comparison between the two sets of data can be made.

It will first be demonstrated that the present forced-flow data coincide
nicely with those obtained before in the plunger device. It will also be shown
that in some cases the expected negative value of the differential mass-flow
resistance is indeed responsible for the instability of the flow in the plunger
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Fig. 1 Schematic drawing of the apparatus.

T«,T2,T,,T7 : carbon thermometers

H ; heater

P : pressure transducer

B ; bellows

G : glass standpipe with a small heater in the top to loosen the

liquid level from the top of the standpipe when necessary.

S .• super leak

C : capillary (glass or stainless steel, see text)„ I = 8.5 cm.
(In the figure the stainless-steel tube Z~is drawn3 having a
"sharp" inlet and a smooth outlet; the glass tube C, has a smooth
inlet and outlet. In the circuit with Cp T. is mounted in a
similar way as shown in fig, 1 of chapter 2).
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device (leading to type-1 or type-11 oscillations), in other cases the flow

appears to be intrinsically unstable.

In general the flow is found to be homogeneous along the flow tube. In some

velocity regions, however, interesting non-linear temperature profiles are

found during steady flow. During transitions from laminar flow to turbulent

. flow the propagation of turbulence fronts, previously observed by others for

i the case of counter flow , is now observed also in the presence of a mass flow.

The behaviour of the flow in metal tubes appears to be rather similar to

that in glass tubes. Nevertheless some important differences are found. Part

of these differences are attributed to the roughness of the tube wall, but it

is also shown that the shape of the inlet of the flow tube can play an important

role in the observed flow behaviour in some velocity regions. For instance in

the metal tube (sharp inlet) the turbulence fronts are found to move preferably

down stream, contrary to their motion in the glass tube (smooth inlet). It will

be shown that this difference in behaviour can explain some of the qualitative

differences found during steady flow.

2. Experimental set-up.

Fig. 1 shows a schematic drawing of the apparatus used for the experiments

discussed in this chapter. A flow circuit, consisting of a capillary C in

series with a superleak S, is mounted in a vacuum chamber (the pumping tube is

omitted in fig. 1). The superleak is a thin-walled stainless-steel tube

(i.d.: 0.25 cm, o.d.: 0.30 cm, length: 5.0 cm) filled with compressed jewellers

rouge. Wide tubes connect C to the bath and S to the bellows B (Calorstat,

stainless-steel type 228.511-0) outside tie vacuum can. A brass shield (with

large openings aside) prevents the bellows from bending. As the apparatus is

completely immersed in the He bath, the hydrostatic pressure from the bath

will drive the liquid through the capillary into the bellows (T<T..), whenever

the flow system is not fully filled with liquid helium, e.g. before the start

of the measurements; the level in the bellows can then be monitored in the

glass standpipe G.

During the measurements the mechanical valve V (which is described in ref. 1)

is always closed, but it is opened when the device has to be warmed up so that

the helium can escape out of the circuit above the superleak. The mass-flow
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rate through the closed valve is negligible, this is regularly checked by

means of a helium gas detector that is connected to the valve by a narrow

tube as indicated in fig. 1.

When the flow system is completely filled with liquid helium the mass-flow

velocity through the flow tube can be rigidly imposed by pushing in (or pulling

out) the bellows B. The mass-flow velocity is given by the velocity vB of the

bellows as:

2

where AQ is the effective surface area of the bellows {AQ = 3.2 + 0.1 cm ).

The bellows is driven by a unit outside the cryostat, essentially consisting

of a synchronous motor in combination with a small gear box. By changing the

electronicly-controiled frequency of the a.c. voltage supplying the motor and

by choosing the right gear any desired mass-flow velocity in a wide range can

be adjusted.

The heat transport through the capillary is adjusted by a d.c. current

through the heater H (a 500 n metal-film resistor) between the superleak and

the capillary. Heat leaks to the bath through other ways can be neglected*'

so that the heat input Q can only be transported by the normal fluid.

In the steady state Q is directly proportional to the steady-state normal-fluid

velocity v :

In the non-stationary state one has to account for the heat capacity c of the
reservoir at T.:

d £ (3)

The temperature difference along the whole capillary, hT = Tj-T.3 is

measured directly by means of two carbon resistors (Allen-Bradley 100 ü 0.1 W

* By measuring the temperature rise near H without helium in the flow system

it is determined that the heat leak is less than 3 \iW/K at Tn = 1.40 K.
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resistors) in an a.c. bridge, so that possible fluctuations in the bath temper-
ature do not show up in A2^. Note that T1 is equal to the bath temperature TQt
so that LT4 = TQ-T4.

Additional information is obtained from two thermometers (also Allen and
Bradley resistors: T 2 and T,) which are placed at equal distances (2.83 +_ 0.1
cm) along the flow tube C (see fig. 1). These thermometers are attached to the
capillary by small copper strips. The electrical leads to the thermometers are
thin (50 pm) superconducting wires, having a low thermal conductance. For the
steel tube C 2 the thermometer T^ is directly immersed in the helium (see fig. 1).
In order to be able to carry out simultaneous measurements of the temperature
at different places along the flow path two separate bridges were used so
that two different temperature differences could be monitored at the same time
(Ar2 and Ar^.ATg and Ay.jOrAZU and A2

1 ). For this purpose two carbon thermometers
are placed at the top of the flow tube, both referred to as Tj (only one of
them is shown in fig. 1).
The temperature of the bath, TQ> is determined by means of a calibrated
germanium thermometer type CR250 and is additionally checked by means of the
vapour pressure above the He bath. The uncertainty in the bath temperature
with respect to the T 58 temperature scale is less than 2 mK (all temperatures
and temperature dependent quantities will be referred to the T 58 scale).
An electronic temperature control keeps fluctuations in the bath temperature
much less than 1 mK.

Two different flow tubes (Cj and C2) are used in the experiments with the
present device (V is the volume of the reservoir near T.):

c l
c2

material
glass

stainless-steel

length

8.5

8.5

(cm) i.d.

216

206

(win) v (cm3)

0.60

0.97

The uncertainty in the inner diameter of these flow tubes is less than 2%.
The chemical-potential difference along the capillary, Ay, is derived from

the changes in the capacitance C. of a pressure transducer (P in fig. 1) which
is mounted between the volume in the bellows and the He bath. It is important
to emphasize that the level of the He bath has no direct influence on the
measurements of ACt , i.e. Ay, as long as the flow system is completely
filled with liquid helium. The volume above the superleak will not be emptied
as long as the hydrostatic pressure from the liquid above the bellows is larger
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than pAy. For this reason the level of the bath is always kept more than 10 cm
above the measuring device. The transducer is analogous to the transducer used
by Hartoog [1] , though in the present one a slightly thinner spacer is used
(19 pm) and nylon screws instead of brass screws. At low temperatures (between
1 K and 2 K) the capacitance of our device appears to be about 16 pF and the
sensitivity about 3 x 10" pF/Pa. These quantities are not very much temper-
ature dependent below Tx though changes in the sensitivity up to 15% were
observed after cycling to room temperature.
For the detection of the changes in CV , a General Radio Assembly 1620A in
combination with a lock-in amplifier (PAR model HR8 or 126) was used, usually
operated at a frequency of 5 kHz (rms value of the voltage applied to the
capacitance bridge: 30 V).

Because of the changes in the sensitivity ACtr/Ap of the pressure trans-
ducer after cycling to room temperature, it was necessary to have an easy way to
calibrate the transducer at each measuring day. This can be done with the known
hydrostatic pressure difference across the transducer, obtained by quickly pul-
ling out the bellows. This causes an "open" volume in the top of the bellows and
thus a liquid level s Q inthe glass standpipeG. The subtraction of z^ from the
level of the He bath (both levels are read with a cathetometer) yields ACtr/Aptr.

A separate experiment has been carried out to check both the linearity of
the transducer and the operation of the bellows. This is done by replacing the
superleak with capillary by a wide connection so that the bellows is directly
connected with the tube above Tj leading to the He bath. Besides, a wide glass
standpipe (i.d. 13 mm) is mounted on the top of this tube in which the rate of
change of the liquid level z* is measured with a cathetometer when the bellows
is pushed in (or pulled out) at a constant (adjustable) velocity Vn. In this
way the value of A* could be verified from the values of ds^/dt, combined with
the known values of Vg and the inner diameter of the wide standpipe (13 mm),
using the continuity equation.
At the same time the operation of the transducer could be checked by
simultaneously measuring C^(t) (with a strip chart recorder) and z^t) -z^(t)
(with a cathetometer), sb being the level of the He bath. It is found that the
uncertainty in the linearity of the transducer and in the value of A„ is less
than 5%.
Turning back to the operation of the device during the capillary-flow measure-
ments, it should be noted that the data obtained with the transducer should in
principle be corrected for the fountain pressure. A temperature difference
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between the ̂ He bath and the liquid in the bellows will arise in principle
whenever there is a mass flow through the superleak, due to the finite heat-

2exchanging surface area of the bellows of about 180 cm. An estimate of the
resulting fountain-pressure difference, Ap', yields:
Ap' « 0.15 v (cgs units) at T = 1.40 K. At this temperature, Ap' can usually

GCtJp

be ignored regarding the magnitude of the measured values of pAu (note that
AC. is proportional to -pAp + Ap 1).
At higher temperatures the correction becomes more important as the magnitude
of Ap1 is approximately proportional to T asfollows from the temperature de-

2
pendence of S T divided by the temperature dependence of the Kapitza conductance
from the bellows.
Finally it is mentioned that the sensitivity of the pressure transducer can
also be derived in an easy way from the "turbulent" counterflow measurements
using the "rule of Allen and Reekie". This rule states that the pressure
difference across the capillary obeys Poiseuilie's law, also when vn > vHc2.
Although this is not entirely true (see ref. 2), the deviations from Poiseuille's
law are rather smal1 compared to the magnitude of psAT, so that ACtr/pAu can be
calculated from AT-AT . with an uncertainty of less than 6%.

3. General results for the glass capillary Cĵ  at TQ = 1.399 K.

In this section results obtained with the glass flow tube in the "forced-
flow" device will be presented. They will be compared with the previous measure-
ments discussed in chapter 2, carried out with the plunger device in which the
mass flow could not be rigidly imposed. A discussion on the flow in the stain-
less-steel tube C 2 will be given in a subsequent section. At TQ = 1.399 K
measuring runs at fixed vn but variable v have been carried out for v = 10.6,

. Gap ft

12.0, 14.5 and 17.0 cm/s*J. In fig. 2 the chemical-potential difference Ay
(times p) and the temperature difference along the whole length of the capil-
lary, TQ-T4, are plotted as functions of the mass-flow velocity vQ , in the
region of higher values of u parallel to v (notice that in fig. 2 the
temperature difference is plotted as TQ-T4, and not as T4-TQ).

\

*) • - • -
At TQ = 1.399 K the relation between Q and v for C, is given by Q/v =
10.0 *1CT4 J/m.
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-15

t

Fig. 2a Fig. 2b

Fig. 2 Behaviour of the chemical-potential difference (times pj, pAy, and

temperature difference TQ-T4 = -(T4~TQ) along the glass capillary as a

function of the mass-f low velocity at different values of the heat input and

TQ - 2.399 K (vn = 10.6, 12.0, 14.5 and 17.0 cm/a).

pAji axis on the left, bT axis on the right.

(Measurements marked by 1 are carried out with a feedback coupling between

Ay and v .) The squares in fig. 2d correspond to the values of 3 x (Tn~TJ.

The solid lines correspond to measurements carried out with the plunger device

(see chapter 2). • : TQ-T4 (hT-axis on the right) ;

o ; pAy (axis on the left).
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The measurements with Cj in the plunger device are represented by the drawn

lines and a fair agreement is observed in the regions where steady flow could

be obtained in both devices.

In fig. 3 the observed temperature distributions along the capillary are shown.

The measured values of T2~
To* T 3 ~ T o and T 4 ~ T o are P l o t t e d versus -x, the

positions of the thermometers along the flow tube {x = 0 at T = TQ = 2^, at
the top of the capillary in fig. 1). The bars in figs. 2 and 3 indicate the
magnitude of the fluctuations in A27 and ACtr> which were always observed in
certain regions of the (*>. v ) plane.

As is indicated in fig. 3a, linear temperature profiles are always found in

the region of high mass-flow velocities (v > vn). During the large, but slow

irregular fluctuations (with periods of the order of 1 minute) A!T2, A2
7,, AT.

and AC. are changing simultaneously (within the measuring accuracy, i.e.

within 0.3 s) in such a way that always LT4 = 1.5 ts3 = 3 AT^. The cause of

these fluctuations is not quite clear but small variations in the speed of the

bellows may be involved, since large fluctuations are only found in regions

where A27 and An change rather steeply as a function of v
p

The velocity region around v =7.5 cm/s is of particular interest since it

formed the immediate cause for the design of the present bellows device. In

the plunger device of chapter 2, with its open reservoirs, no steady flow

could here be obtained when 7 < v>n < 15.5 cm/s, but so-called type-II oscill-

ations were observed instead. The results of fig. 2a, b and c show, that this

unstable character is indeed caused by a positive slope of the Ay vs v

curves. Also in this velocity region linear temperature profiles are found (see

e.g. fig. 3b), on which slow and irregular fluctuations are superimposed,

perhaps also caused by irregularities in the driving system of the bellows.

When the value of the mass-flow velocity is decreased below 6 cm/s in figs. 2a

and 2b, a velocity region is found in which A37 and Ay are stable while the

temperature still decreases linearly (within the experimental error) along the

flow tube. In fact non-linear temperature profiles are only found for
voap £ 2'5 Cm/S in fiQ' 2a' Voap £ 4 cm/s in fig' 2b' vaap S 7 cm/s 1n fig' 2c

and v < 11 cm/s in fig. 2d.

Moreover, in these regions where Ay and A21 change steeply with v , rapid
GCtpp

oscillations (with periods of order 1 second, somewhat depending on v ) and

with relatively small amplitude show up in &T2 and AJ^, but are apparently

absent in Ay and A2^.

r
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Fig. 3

The temperature as a function of the
position x along the glass capil-
lary (I = 8.5 cm, i.d.: 216 \im) at
vn = 10.6 cm/s (fig, 3a) and x>n =
12.0 cm/s (fig. 3b) for different
values of v . TQ = 1.Z99 K.
x = 0 at T = TQ = Ty.
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As an illustration of the inhomogeneity of the flow along the tube, three times
A T 9 is also plotted in fig. 2d, together with AT,. In a homogeneous flow state
3 &T2 = LT4 [7] ; fig. 2d shows that a steeper gradient in the temperature
arises near the cold end of the tube.
Fig. 4 and fig. 7a,b show an extension of resp. fig. 2a and fig. 2c to smaller
values of v and to larger values of

cap

Non-homogeneous phenomena are observed at 1 < v

and T4-TQ.
< 2.5 cm/s in fig. 4

(vn = 10.6 cm/s) and at 2 < VQ < 7 cm/s in fig. 7b (vn = 14.5 cm/s).

150

o

100 o

50

f

To=1.399 K
Vn=10.6 cm/s

- 2 OVcopfcm/s) 5

~ ° moo o o

-5

o
o

o

-10

Fig. 4 Extension of fig. 2a to larger
values of pAp and \T~-TA.

TQ = 1.399 K, v = 10.6 cm/s.

In the region where previously type-I oscillations occurred (2 < v < 3 cm/s
in fig. 7b and 1 < v < 2 cm/s in fig. 4) no positive slope of Av(vQ ) is
found, but the flow is found to be mainly laminar, interrupted by the occurrence
of sudden bursts of turbulence (indicated by the bars in the figure) located in
a part of the capillary (usually near the cold end).
A further discussion on inhomogeneous effects, including a discussion on the
steady measurements on the steep branch at v

eap
1.7 cm/s, indicated by the

squares in fig. 7b, will be given in the subsequent section.
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When the mass flow is adjusted to values below « 0.8 cm/s in fig. 4 and below

«1.5 cm/s in fig. 7b stable homogeneous flow states are found down to negative

values of v .

As a consequence of the construction of the device, measurements at large

negative values of v could not be carried out*S but yet an interesting

survey of data with vs < 0 (i.e. v < (pn/p)vn) could be obtained as is

shown in fig. 5. In this figure a large number of steady-flow data with »

vs < 0 and several values of v are collected. |tsT4-t^4 ^ \ is plotted as a J

function of the relative velocity v -v (note that v -v = P /P[V - V S ) ) . '

The corresponding Ap data are measured as well but are omitted in the figure.

The accuracy of the measurements does not allow an accurate determination of

Ap = pAp + ps(TQ-TJ = pAjj - psfT.-TJ. The difference between the magnitude

of pAp and of ps(A2\-AT, . J(i.e. the deviation of the pressure from 8nlv /r)

is always less than 7% for the data in fig. 5.

It can be concluded from fig. 5 that for vn-
v
oap £ 9 cm/s (and vs < 0) the

results are mainly determined by the relative velocity vn~v . Even between

pure superfluid flow (v = 0) and counterflow (v = 0) a fair agreement is

found. The solid line in fig. 5 is calculated from the theory of Schwarz [5]

for pure counterflow. Although there are quantitative differences between this :

line and the measurements it can be concluded that Schwarz' theory gives a

reasonable description for all our measurements with v < 0 and v -v > 9 cm/s.

The behaviour of the flow for v -v < 9 cm/s and v < 0 is, according to

the present measurements, not a universal function of vn~vQ . For instance,

the second critical velocity vn o near v = 8 cm/s at u = 0 (v -v =
"•CO n _ cap ^ n _ cap

8 cm/s) does not show up in the Ay versus v -v curves for e.g. v = 5 cm/s
_ ' r n cap J n

and vn = 2.5 cm/s.

The measurements of AT and An for v = 0 fairly well obey a third-power dependence

on vnm (i.e. on y g ) , in agreement with earlier publications as will be discus-
sed in section 8. The homogeneity of the flow along the capillary for the

measurements in fig. 5 is demonstrated by the data in fig. 6. In this figure

the behaviour of the temperature along the capillary (as obtained from T„, T,

and T4) is plotted for several representative velocity combinations v , v

(Note that the corresponding values of T4-TQ can also be found in fig. 5 when

subtracting |AT 4 -s | = (8r\lvn)/psr from the data in fig. 6.) A linear de-

* The height of the level of the bath above the top of the bellows determines

the maximum value of Aw at which measurements can be done.
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t

Vn-M=op (cm/s)
15

Fig. 5 Steady measurements of T.-Tn - v j plotted as a function of
_ ps

v -v . (Glass capillary C,, Tn = 1.399 K.) The data are derived from

measuring runs at constant v and from a measuring run with v = 0

(counter f low). Only data with v < 0 are shown. The solid line is calculated

from the theory of Schwarz.
It is recalled that at the larger mass-flow rates fluctuations (up to 20% in
magnitude) are observed, which are not indicated in the figure.
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Fig. 6 Examples of the dependence
of the temperature on the position
x along the flow path for a
number of data shown in fig. 5.
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crease of the temperature along the flow path is found. At higher |A21 j
deviations can be expected because of the temperature dependence of the thermo-
dynamic quantities (and of the mutual-friction force) along the flow path.

4. Inhomogeneous flow phenomena in the glass capillary C^ at TQ = 1.399 K.

In the previous section a few remarks have already been made on the in-
homogeneous flow states observed in particular velocity regions. In this
section these inhomogeneous effects will be discussed in more detail, using the
data for ü =14.5 cm/s presented in fig. 7 as a representative example. At
this value of v a non-linear decrease of the temperature along the capillary
is observed in the mass-flow-velocity region 1.5 < v < 6 cm/s.
Just above v =1.5 cm/s a sharp decrease in Ay and in T4~TQ as a function
of v is observed. These measurements (indicated by the squares in fig. 7)
could be carried out using a feedback coupling between the pressure-transducer
circuit and the driving system of the bellows (the frequency of the a.c. voltage,
supplying the synchronous motor in the driving system of the bellows, is
regulated by the d.c. output of the lock-in amplifier in the transducer
circuit; the feedback operates in such a way that the time average of pAy is
kept constant at a chosen value).

The behaviour of the temperature along the flow path (the position of the ther-
mometers being given by x; x = 0 at T = 2\) is shown in fig. 7c for several
values of pAu (i.e. u ). The smaller pAu and T.-Tn the higher v . At

v = 0 (circles) and v = 1.5 cm/s (full circles) a (almost) constant
temperature-gradient along the flow path is observed, but at lower pAy and
T4~T0 (1>e- at slightly higher v ) steady non-linear temperature profiles
are found (squares in fig. 7c, the corresponding values of v can be found
from fig. 7b) and two adjoining regions of different flow properties can be
distinguished in the capillary [11]. In the first region, located near the
warm end of the flow tube (near T.) the temperature gradient nicely agrees

2

with 8r\vn/psr (solid lines in fig. 7c) and laminar flow appears to be realised.
In the second region, in the part of the tube near T,, a much larger temper-
ature gradient is measured (dotted line in fig. 7c), corresponding to turbulent
flow. The location of the apparently sharp boundary between both regions de-
pends on the selected value of PAJJ (i.e on v ) and shifts from -x = 0 to
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Fig. 7 The drops in chemical potential (fig. 7a) and temperature (fig. 7b)
along the glass flow tube (I = 8.5 cm; i.d.: 216 \xm), as functions of the
mass-flow velocity at fixed heat input (v = 14.5 cm/s) and at a bath temper-
ature T'0 = 1.399 K. The squares correspond to measurements carried out with
the feed-back couplinq between Au and v

Fig. 7c shows the temperature as a function of the position x along the
flow path for several values of v at v =14.5 cm/s.
(o: v = 0; m: v =1.5 cm/s; D : see fig. 7b). The slope of the solid
lines corresponds to laminar flows the slope of the dot-dashed and dotted
lines to turbulent flow.
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-x = 8.5 cm, thus from the "cold" end to the "warm" end of the flow tube, when

is increased from 0 to 200 Pa (i.e. when v decreases from about 2.0 cm/s
to 1.5 cm/s). The coordinate of the boundary between the turbulent and the
laminar region can be derived from the interception of the dotted line and the
solid lines in fig. 7c. At e.g. T.~TQ = 2.1 mK in fig. 7c the mass-flow
velocity is 1.9 cm/s and the flow is laminar in almost the entire capillary,
i.e. for 1 < -x < 8.5 cm.

In the mass-flow velocity region between about 2 and 3 cm/s in fig. 7 no stable

flow could be achieved, as already mentioned in the previous section. At u
r aap

close to 2 cm/s, at a value just above the steep change in A\i(v J, the flow is

found to be mostly laminar, interrupted by the occurrence of sudden bursts

of turbulence in a part of the capillary (usually near the cold end).

t
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The temperature as a function of the position x along the glass flow tube C,

(I = 8.5 cm; i.d.: 216 pm) at fixed x>n = 14.5 cm/s and TQ = 1.399 K.

(Any fluctuations on T„ and T- are omitted in the figure.) The dotted lines

are a guide to the eye. A; y = 5.0 +_0.3 cm/s; o : v = 5.25 + 0.05 cm/s

+ •* 58 01 /= 5.8 ±0.1 cm/s; *: VQap = 5.8 ±0.1 cm/s; v
cap = 6.2 ±0.1 cm/s
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In the mass-flow velocity region between « 3 and «6.5 cm/s the temperature
profiles are always non-linear and the observed temperature gradients are
everywhere larger than {8r\vn)/psr . Fig. 8 shows an example of these tempera-
ture profiles in the velocity region around u =5.5 cm/s (for these measure-
ments the feedback coupling between pAp and v was again used).
The mean temperature gradient in the region between the thermometers Tj and T2

is much larger than the gradient in the part of the capillary between T 3 and T^.
The behaviour of the boundary between both regions for varying v is not
quite clear from the data in fig. 8.
Similar inhomogeneous phenomena are also observed at e.g. x>n = 17.0 cm/s,as is
shown in fig. 9 where the behaviour of the temperature along the capillary is
plotted for several positive values of the mass-flow velocity at constant heat
input and TQ = 1.399 K. At the larger values of vQap (voap > 11 cm/s) the
temperature gradient is constant within the measuring accuracy, as was already
shown in the previous section (see e.g. fig. 2d).

It seems worthwhile to mention that during the measurements of fig. 8, and
during the measurements of fig. 9 with 6 < v < 8 cm/s, rapid fluctuations
with a small amplitude (too small to be shown by bars in the figure) are
observed to be superimposed on T2 and T^. Although the frequency spectrum of
these oscillations could not be determined with our measuring equipment, the
strip-chart recorder trace showed that the period of the main frequency compo-
nent is of the order of 1 s, somewhat depending on v>n. Considering the effect
at vn = 14.5 cm/s it can be remarked that the magnitude of the oscillations is

not constant in time and that it also depends on v . For T„ it is e.g. 0.1 mK
cccp 2 a

(top-top value) at v = 5.25 cm/s and increases for increasing v to reach
about 0.25 mK (top-top value) at v =5.8 cm/s. On T3 the effect is much
smaller (less than 0.1 mK), and within the measuring accuracy it does not
show up on T4 at al1.
Although the processes taking place in the flow tube may be quite complicated,
the above observations seem to indicate that these rapid fluctuations are due
to a variable thermal resistance of the helium in the cold end of the tube
between T2 and Tj. Because of the rather large heat capacity of the helium in
the volume V near thermometer T 4 (7 = 0.60 cm

3) the fluctuations in T4 (and in
T3) will be much smaller than those in T2. An estimate of the amplitudes for
this simple model shows, that the amplitude at T4 should indeed remain zero
within the measuring accuracy (i.e. should remain smaller than 0.03 mK).

f
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Squares: vn - 17.0 cm/s3 circles: V - 14.5 cm/s. TQ - 1.399 K.

The solid line is calculated from the theory of Schwarz [5] for pure

counterflow. The dashed line corresponds to the v = 0 measurements

shown in fig. 5.

The measured values of T2~TQ (fluctuations being indicated by bars) for a

number of positive values of vQa (in fact positive values of v ) at vn = 17.0

cm/s and x>n - 14.5 cm/s are collected in fig. 10. The data are plotted in such

a way that they can be easily compared with the results in fig. 5 where only

data with vg < 0 are shown. The purpose of the present figure is to compare

the (time-averaged value of the) temperature gradient in the "coldest" part of

the capillary (after subtraction of 8nüw/psz>
2) with the measurements presented

in fig. 5. It can be seen that this temperature gradient increases with
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increasing ü . implying that it is not merely a function of ü -u
Since the transducer only shows the overall value of pAp, the corresponding
gradient in the chemical potential cannot be determined in those velocity
regions where inhomogeneous temperature profiles occur.
It can be expected from the discussion given in section 3.2 of chapter 2 that
a significant deviation of Ap from Poiseuille's law will occur, implying that
|pVy| f |ps(72'-V2' • )|, particularly at the higher values of v .

5. General results for the stainless-steel capillary C2 at TQ = 1.407 K.

In order to be able to make an extensive comparison between the flow
properties in steel and glass capillaries of similar dimensions, the most
detailed investigation of the flow in the stainless-steel tube C, is also
carried out at a bath temperature close to 1.40 K.

Different from the results for C^ discussed in par. 3 and 4, it is found that
for the large majority of measurements with C« homogeneous flow states are
found; i.e. the temperature along C2 is found to decrease linearly within the
measuring accuracy [7]. A detailed comparison between the total differences
Ay and KE4 found with C, and C2 is therefore less meaningful, and in fig. 11
a survey of results for A T O = Tn-T„ is given instead, in plots of ATO versus
the mass-flow velocity for several values of v *' (v = 0, 6.0, 9.0, 11.5,
14.0 and 17.0 cm/s). The overall agreement with A?2 for the glass tube C,,
represented by the curves in fig. 11, appears to be fairly good, which
demonstrates the strong resemblance between the flow states in C2 and the
type of flow occurring near the down stream end of tube Cj. The small
quantitative differences between the curves for C, at y =14.5 cm/s and
12.0 cm/s and the data for C2 at vn = 14.0 cm/s and 11.5 cm/s can presumably
even be mainly accounted for by the small differences in the values of v .

\

*) ' -
At T„ = 1.407 K the relation between Q and v for C« is given by:
Q/Vn = 9.3 x ld~4 j/m.
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1

Fig. 11 Measurements of Tn~T^ along the stainless-steel capillary Cp versus
the mass-flow velocity at several values of the heat input and TQ = 1.407 K.
o vn = 0 cm/s A u = 9.0 am/s O 5 =14.0 am/s
Uv = 6.0 am/s 7 y = 11.5 cm/s > y = 17.0 am/s

fl ft Yl

The lines correspond to measurements of T'_ - Ts carried out with the glass

capillary C-^ at TQ = 1.399 K. Dashed line: vn = 03 dot-dot-dashed line:

vn = 12.0 cm/s3 dot-dashed line: vn = 14.5 om/s3 solid line: v = 17.0 cm/s.
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The differences between the two sets of data for pure superfluid flow (vn = 0)
is more significant; though the curves for Cj and C2 are both well described
by a cubic dependence on v , the proportionality factor in the steel tube is
definitely somewhat larger. Pure superfluid flow will be discussed in somewhat
more detail in par. 8.

The error bars in fig. 11 indicate the observation of fluctuations in AT2
of C9. Slow fluctuations are found at the larger values of t>,, where f
(d&Tjdv )-, » 0. Within the measuring accuracy (i.e. within 0.3 s), ATO, \

a cap ft " '•

AT3, hT4 and Ap are found to fluctuate simultaneously, in such a way that a
linear temperature profile is maintained. These irregular fluctuations, having
typical periods of « 1 minute, seem to be similar to those observed in Cĵ  in
the same velocity regions, which have been discussed in the first part of par. 3.

At the higher values of v fluctuations of a clearly different nature are
observed for mass-flow velocities such that the relative velocity
vn~vQ ss 8.5 cm/s (i.e. near v = 3 cm/s at ü = 11.5 cm/s, near
u — ™ = 5.5 cm/s at v = 14.5 cm/s and near -onrm = 8.5 cm/s at Ü M = 17.0 cm/s).
Large oscillations in AT0 (their amplitude being indicated by the length of

*)the bars in the figure), with periods of the order of 1 s ' are observed. They
also show up in &T3, though with an amplitude smaller by about a factor of 2,
but cannot be seen in AT4 nor in Ap within the measuring accuracy. This
behaviour also resembles strongly that observed with C, at about the same
value of the relative velocity (i.e. vn~va «8.5 cm/s, see par. 4).

It can further be noticed in fig. 11 that at the relative velocity of
ss 8.5 cm/s where the fast oscillations do occur, a remarkably steep change in
KT2 takes place in both capillaries. This change, which also shows up in the
other quantities AT3> AT4 and Ap, persists at the same value of vn~v down
to smaller values of v , untill v «8.5 cm/s where it coincides with counter-
flow v = 0. At still smaller values of v it does no longer show up.

cap n J r

Different from Cj, the steep change in AT2 and the fast oscillations still
occur when v has increased to 17.0 cm/s. There are other differences between
the flow properties in C, and C9. The most striking one is perhaps the absence

Although an accurate frequency spectrum could not be determined^ it appears
from the recorder traces that the period of the main frequency component in
the oscillations decreases from 2 s at v = 11.5 cm/s to 0.7 s at v = 17.0
cm/s.
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of the steep drop in Ap and |AT| near v = 0 in tube C9. In the glass tube

this drop, (indicated by the arrows in fig. 11) was found to correspond to

inhomogeneous flow states (see e.g. squares in fig. 7 of par. 4 ) , the turbulent

flow being located near the cold end of the tube. In the stainless-steel

capillary these flow states can clearly not be realised and homogeneous

turbulent flow is found instead. In fact, contrary to our findings with C,,

non-homogeneous flow states in Cg are only found in a velocity region below a

relative velocity of 8.5 cm/s, as is demonstrated in fig. 13. When, at

v = 11.5 cm/ss y is lowered from 9.0 cm/s down to 3.0 cm/s, a region of

increased turbulence develops near the hot end of the tube. In the glass tube

linear temperature profiles are found in this velocity region (see e.g. fig.

3b). Lowering of v slightly below v = 3.0 cm/s gives rise to the
OQijp OCCp

oscillations in A T 0 and A3
7- discussed above (an analogous behaviour is

observed for ü = 17.0 cm/s and v = 14.5 cm/s)*'. In this respect it seems

worthwhile to mention that at counterflow (u = 0 ) and 6 < v < 9 cm/s, a

steep temperature gradient is found to be located near the hot end of the

tube, while the flow in the rest of Cg remains laminar. A separate treatment

of these counterflow data will be given in a subsequent section.

The development of the extra turbulence near the hot end of the tube C 2

may prevent the occurrence of type-II oscillations in case Cp were mounted

in the plunger device of chapter 2. In fig. 12 data for pAp and T -T. at

some representative values of v are shown. Although the qualitative behaviour

of LT4 looks rather similar for both capillaries the behaviour of pAp differs

in one important aspect, namely that it does not show a positive slope

(3Au/3v nm.)vy, in the case of C9, and type-11 oscillations can therefore not be

expected to occur '.

Although we did not use the feedback coupling to study the temperature

distribution on the steep changes in Ap in more detail, it is shown by

the time averaged values of the AT. that during the oscillations the

mean temperature profile is usually linear.

A positive slope in Ap is observed for v =9.0 cm/s near VQ =2.0 cm/s.
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Fig. 12 Measurements of TQ - T^ and pAp corresponding to C, and Cp, plotted

versus v at different values of v .

Triangles and circles correspond to measurements with Co at v =11.5 cm/s

and 14.0 cm/s respectively; T~ = 1.407 K.

The drawn lines correspond to measurements with at T» = 1.399 K.
dot-dot-dashed line: v =12.0 cm/s

dot-dashed line: v = 14,5 cm/s

To conclude this paragraph, some remarks will be made on the behaviour of

the pressure drop Ap along the flow tube. It can be determined from the data

using the relation Ap = psAT + pAp (A21 = TQ-T4).

The calculated values for vn = 11.5, 14.0 and 17.0 cm/s at the larger values of

vg are collected in fig. 14. They are plotted as -Ap + Ap . (= ps(T4-TJ

-pAw - 8j)ivn/r ) versus yg, and can directly be compared with the corresponding

results for the glass tube Cj at TQ = 1.40 K, represented by the solid line in

fig. 14 (see also fig. 14 of chapter 2). Again there seems to be little
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Fig. IS The temperature as a function of the position x along the stainless-

steel capillary Cp at TQ - 1.407 K and v =11.5 am/s for different values of

vvcap
V Vcap i Dvcap " 5'° am/s> ° vcap = ?'° om/s> A Vcap " 9'° m/s'

influence of the heat input at these larger values of vn. The overall pressure

drops Ap, however, are significantly larger (by about a factor 1.4 +_ 0.1) than

the corresponding drops found for C p It is unlikely that the small difference

in bath temperature or in inner diameter of the tubes is responsible for this

effect. It is. therefore tentatively concluded that the larger pressure drops

in Cp are caused by a greater roughness of the tube wall. Such an influence of

the roughness of the wall has been demonstrated unambiguously for strongly

turbulent flow in classical liquids [15] .
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Fig. 14 -Ap + Ap . along the stainless-steel capillary C, (l = 8.5 cm,
pO<*o £p

i.d. 206 m ) plotted versus the superfluid transport velocity v at v =
S Yl

11.5 cm/s (V), V = 14.0 cm/s (O), and V =17.0 cm/s (> ) for . - 1.407 K.

The solid line corresponds to data for the glass tube C, (I = 8.t crr.j i.d.

216 \im) at TQ = 1.40 K (fig. 14, chapter 2).

- (8r)l/r2)vn.

6. Stationary flow in capillary C 2 at TQ = 1.247 K.

Some measurements on the flow in the steel tube C2 have also been carried
out at the lowest temperature attainable with the present set-up, TQ = 1.247 K.
Also at this lower bath temperature linear temperature profiles along the
capillary are found for nearly all velocity combinations investigated, and the
results can therefore largely be presented as data for the total differences
pAy and A2\. In fig. 15 these quantities are given as functions of v for
different values of x>n {t>n = 9,0 cm/s, 11.0 cm/s and 13.0 cm/s)*^*

*) At TQ = 1.247 K the relation between Q and V for C? is given by

Q/ 406 10~4 J/= 4.06 x 10~4 J/m.
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v= 9.0 cm/s (triangles), v = 11.0 om/s (circles) and v = 13.0 cm/s
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(squares). TQ = 1.247 K.
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Data obtained for counterflow (y = 0) are presented in section 7,data for pure

superf luidf low(vn=0) insection 8. Many of the features, characteristic for

the flow at TQ = 1.40 K, can also be recognized in f i g . 15. Slow fluctuations,

indicated by the bars in the f igure, are again observed at the larger values of

v where f3A2^/3i> Jy >> 0. Fast oscil lations in A2"2 and AT^, which do not

show up in hT4 nor in pAy, again appear, now at the particular value of the

relative velocity v -v * 11.5 cm/s*'.
ft GCCO

As is shown by the curves for x>n = 13.0 cm/s and 11.0 cm/s, pAy and ur4 exhibit
a steep change near this relative velocity. This change also occurs as a
function of v for pure counterflow (see section 7 ) , wherein a region in which
y < 11.5 cm/s a turbulent region again develops near the hot end of the tube.
Somewhat different from the results at TQ = 1.40 K, non-linear temperature
profiles have not been found in the same region of relative velocities when a
net mass flow is present (v „ > 0), as is demonstrated by the temperature
distributions for v = 11.0 cm/s shown in fig. 17.
The results can also be compared with those obtained by others in both glass
and metal capillaries. For instance, the values of v and v at which
hT4 = 0 (isothermal flow) and at which Ay = 0 (Staas-Taconis flow [14]) agree
very will with the collection of data shown in fig. 25 of chapter 2. The values
of Ap = pskT for this latter type of flow are again found to be larger (by
about 40%) than the corresponding values for the glass tube Cj, a property of
metal tubes also found by Van der Heijden et al. [8] . It can presumably again
be attributed to a greater roughness of the walls of stainless-steel
capillaries.

The data in fig. 15 give perhaps the nicest demonstration of the possibility
of stable stationary flow in regions where (8Ay/3y fc > 0, using the bellows_ £ n
device. The results for pAp at vn = 9.0 cm/s and at vn = 11.0 cm/s are shown on

an extended scale in f i g . 16. Clearly, oscil lations can be expected to occur

at these values of x>n in the region where 0 < y < 4 cm/s i f capillary C2

were mounted in a device with open reservoirs. Since f i g . 15 shows that

(3Ay/3y )- < 0 throughout the whole range of y when x>n is increased to

The magnitude of the observed thermal oscillations seems significantly
smaller than observed at TQ = 1.40 K. For instance for the data point in
fig. 15 at V = 13.0 cm/s and v =2.0 cm/s, To -To « 0.1 mK.

n Qap max min
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13.0 cm/s, these oscillations will cease to exist for ü somewhere between
11.0 and 13.0 cm/s. These findings are in remarkable agreement with the
results of reference [8] , where oscillations were found in a metal capillary
at TQ = 1.25 K, when 4 < vn < 10.5 cm/s and 0 < vQa < 3 cm/s.

7. Stationary counterflow measurements.

Counterflow, as it occurs in simple heat-conduction experiments in helium
II, is definitely the type of flow investigated the most extensively in the
past. Many measurements of the temperature drop along various flow tubes
have been carried out as a function of the heat transported through the tube,
while in a number also the chemical-potential difference or the pressure drop
has been measured. Since in counterflow there is only one independent transport
velocity, a phenomenological description of the data seems relatively simple.
In general it is thereby tacitly assumed, however, that the flow along the
tube is homogeneous. It seems rather surprising that so little attention has
been paid in literature to verify this assumption by measuring the steady-
state temperature distribution along the tube. In this paragraph the results of
such measurements will be presented, using the three thermometers placed at
equal distances along the tube. It will turn out that the assumption of
homogeneous flow along the flow path is not always fulfilled.

In the introduction given in chapter 1 it is pointed out that in counter-
flow three different velocity regions can generally be distinguished. In the
region of small normal-fluid velocities (0 < v < vn 2) it is found that
Ay = 0 and Ap = psAT = Ap • , in accordance with the Landau-Khalatnikow
equations for laminar flow of the normal component and uniform flow of the
superfluid. When v > vnQl this laminar flow state becomes metastable and a
transition to a stable flow state in which Ap t 0 and \LT\ > [AT . | can be
initiated by a mechanical shock against the cryostat. It is generally accepted
that in these states the superfluid has become turbulent, the gradient in the
chemical potential being governed by the motion of quantized superfluid
vorti ces.
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The dashed line is calculated according to ref. 33 using a = 0.98 and
X2 = 0.14.
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With respect to these turbulent states two velocity regions can often still be
distinguished. At large values of v the measured gradients are found to be
largely independent of the particular flow tube used in the experiment. It is
for this velocity region that Gorter and Mellink [4]introduced the concept of
mutual friction between the superfluid and normal component; a satisfactory
phenomenological description of the counterflow data could be given by
supplementing the equations of motion with a universal mutual-friction force
density proportional to the third power of the relative velocity v -v

In the region of intermediate velocities the behaviour is found to be less
universal. Extensive counterflow measurements by Tough and coworkers have lead
these authors to the conclusion that counterflow in metal tubes cannot be
dealt with in a systematic way [20] but that for glass tubes the Vinen picture
can lead to an adequate description (see e.g. refs. [3] and [20]). In this
picture the mutual friction arises from the presence of a tangled mass of
quantized superfluid vortices in the flow path. The dynamics of such a tangle

in a flow with uniform relative velocity v -v has more recently been calcu-
Yl S

lated by Schwarz (see also chapter 1).
The chemical-potential difference, measured during stable counterflow along
the capillaries Cj and C2, is shown in fig. 18 for two bath temperatures,
TQ = 1.40 K and TQ = 1.25 K. The three velocity regions mentioned above can
clearly be distinguished. At small velocities (vn < 3 cm/s at TQ = 1.40 K;
u < 4 cm/s at IQ = 1.247 K) Ay remains zero and the corresponding temperature
drops obey

• _ I _ 8t\L IA\

Linear temperature distributions are found in this region of laminar flow
(see figs. 19 and 20) with values for the viscosity n well within the range
given in literature:
At TQ = 1.40 K, n = (15.0 +_ 0.5) yP for Cj, and n = (15.1 +_ 0.5) yP for Cg;
at TQ ••• 1.247 K, n = (17.8 + 0.6) yP for C p and n = (18.3 + 0.8) yP for Cg.

The way in which turbulence builds up in the intermediate velocity region
is clearly different in the two capillaries. In the glass tube Ay gradually
increases with increasing v , while the temperature profiles remain linear,

Ï
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as is demonstrated by fig. 19. The broken curves in figs. 18 and 19 are calcu-
lated according to the method described in ref. [3] (with the adjustable
parameters Xj = 0.14 and a = 0.98). The different behaviour of the metal tube
C2 is demonstrated more clearly in fig. 20 [6]. The flow remains laminar along
the whole length of the tube, until for v = 6 cm/s (at TQ = 1.40 K) turbulence
starts to develop near the warm end. gradually filling the tube upon increasing
u . This effect could be demonstrated unambiguously (for instance near
v = 7.0 ctn/s in fig. 20) by monitoring the change in T4 and Aji simultaneously
with T3 (or T2) which remained unaltered during an induced transition from
fully laminar flow to the stable flow state. Similar effects are also observed
at TQ - 1.247 K, where these non-linear temperature profiles are found for
9.0 <~v < 11.5 cm/s. The occurrence of these inhomogeneous flow states can be
held responsible for at least part of the complex phenomena previously obtained
with metal tubes [22,23] .
Finally at velocities above x>n « 9.0 cm/s and TQ = 1.40 K (and above 11.5 cm/s
for TQ = 1.247 K) the results for the two tubes again coincide and linear
temperature distributions are always observed [7] . Moreover, the agreement
with the theory of Schwarz, which contains no adjustable parameters, is not
bad in this region as is shown by the solid lines in the figure.
A discussion of the interesting dynamic processes by which turbulence appears
to enter both tubes, will be postponed to par. 10.

8. Pure superfluid flow (Q = 0).

In previous paragraphs data obtained for pure superfluid flow (v = 0)
have already been presented. Analysis shows that in both capillaries the
measured temperature gradient is constant along the tube and that AT/dx is

•2 7

nicely proportional to v (or to vs ), the proportionality factor being
somewhat larger for the steel tube Cp than for Cj, especially at the lower
bath temperature. Furthermore, the difference between |pAp| and \psAT\ is
found to be quite small, so that only a sme.ll pressure drop appears to be
generated during superfluid flow.
Similar results have also been obtained by other authors and this paragraph
will be devoted to a comparison of the data. Moreover, because of the cubic
dependence together with the small pressure drops, it is suggested that a
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description in terms of the Gorter-Mellink mutual-friction force density might
be possible, so that in fact a comparison with counterflow data at the same
values of the relative velocity can be made.
In references [9] and [12] the third-power dependence of AT on v has also
been reported by De Haas et al. for several metal capillaries [9] as well as
for a glass tube [12] (essentially the same tube as the present capillary Cj).
The small pressure drop across the glass tube could be well described by

p

\&p\ = 0.04 Iv (cgs units), largely independent of temperature; for metal
s

tubes jApj is usually found to be somewhat larger. The observed increase with
decreasing diameter of the tube*^ may again be connected with the greater
roughness of the walls of metal tubes.
De Haas also determined the Gorter-Mellink constant A from his data. He found
that for his metal tubes of 1 mm inner diameter A agreed very well with the
values usually found for counterflow; for a stainless-steel tube of 340 urn i.d.,
however, A turned out to be much higher and showed a rather strong temperature,
dependence [9]. The values of A determined for the glass tube were found to be
about 25% higher than for the 1 mm metal tubes [12].
In a recent paper Ashton, Opatowsky and Tough [10] made a similar comparison,
using the Vinen model rather than the Gorter-Mellink force as a tool. According
to this model [16] , they relate the mutual-friction force density F to the
vortex-line density LQ of the vortex tangle as:

Fsn Tp {b)

(S: mutual f r i c t ion parameter [17] , tabulated as a function of temperature in

[ 3 ] ; K is the quantum of circulat ion).

Neglecting the small pressure difference when v = 0, i t follows from the

phenomenological equations of motion (see chapter 1) that for steady flow

Po^U P-
Fsn=-Y~ " " V

so that according to eqs.(5) and (6) the vortex line density LQ follows from
the measured t\T as

For instance it was found by Van der Heyden et at. [19] that |Ap| « 0.07 Iv

for a stainless-steel tube of i.d. = 294 ym, while Up I s» 0.3 Iv for
s

i.d. = 95 um.
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T(K)

Fig. 21 A comparison between measurements in metal capillaries and glass

capillaries for pure superfluid flow (v = 0). The coefficient y (see text)

for the different tubes is plotted versus the temperature in a similar way as

in ref. [10],

glass capillaries:

130 m

216 pra

solid line: Ashton et al. [10] 3 i.d.

• .- De Haas et al.[12], i.d.

tube C1 i.d. : 216 pm

metal capillaries (stainless-steel):

A

V

o

D

O

v.d. Heyden et al. [19] 3 i.d.

" [19], i.d.

Kramers {18}» i.d.

De Haas et al. [ 9}3 i.d.

" [9], i.d.

IJsselstein et al. [13]^ i.d.

tube Co . i.d.

95 pra

294 pm

290 pm

340 pm

1 mm (stainless-steel and copper)

620 pm

206 pm'2
The dashed line corresponds to the calculated values of y in the theory of
Schwarz for pure counterflow [5] .
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The experimental finding that AT % v corresponds to
o

lo
h=\v>e\ . (8)

a re lat ion very close to that given by the theory of Schwarz [ 5 ] , where

L0= l^ y n" y
S -Vl • ^

with Y depending on the temperature and v a small constant.
Substitution of eq.(8) into (7) leads to

* , p p UBy

' J L £ops 3p s

s

by which the value of y can be determined from the experiment.

A simple calculation shows that Y is directly related to the Gorter-Mellink

constant A as

In fig. 21 a collection of data is given in a plot of Y versus 2", together with
the values of Y calculated from the theory of Schwarz. This plot is the same
as given in ref. [10] , only the new data for C, and Cp are added while the data
derived from second-sound measurements have been omitted.
The data for Cj in fig. 21 support the conclusion from the authors in ref. [10]
that the results for glass tubes coincide rather closely with the Schwarz
prediction for y. Although there are clear (and unresolved) differences between
the measurements of metal and glass tubes, fig. 21 does not, however, confirm
that the results for metal tubes are ambiguous.

Firstly the data for Y of tube Cg are found to be hardly temperature dependent,
in agreement with measurements of De Haas et al. (340 pm tube) [9], and of
IJsselstein et al. [13] , Kramers [18]and v.d. Heyden et al. [19] , all corre-
sponding to stainless-steel tubes. Secondly the values of Y for metal tubes
are not merely scattered, but show a systematic behaviour upon changing the
diameter of the tubes (the larger d, the smaller Y ) -
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Whether also any diameter dependence exists in results with glass tubes has
to be resolved by measurements in tubes with larger crosssections. It is not
yet clear whether the relatively low values for A (i.e. for y) at 1.27, 1.33
and 1.44 K reported by Peshkov and Stryukov [21] and obtained from the
attenuation of second sound in a 3.85 mm i.d. glass capillary, can be
attributed to a diameter dependence of superfiuid flow in glass capillaries.
In this respect it is noted that the present values for y in the 0.216 mm i.d.
glass tube Cj are all slightly lower than the data for y in ref. [10].

9. Flow measurements in the stainless-steel capillary C~ with the heat
current generated by a heater placed halfway the flow tube.

In the preceeding sections it is demonstrated that in general a fair,
qualitative (and for some velocity combinations even an excellent quantitative)
agreement is found between the flow properties in a glass capillary (C^) and
in a stainless-steel capillary (C 2). Nevertheless, as is shown particularly in
section 5, some important differences can be noticed. Part of these differences
can probably be attributed to the greater roughness of the walls of metal tubes.
In this section it is argued that another cause of differences might be
closely related to an extra source of vorticity located near the inlet of
capillary C2 due to its sharp edge (see fig. 1) as compared to the smooth inlet
of C,. In order to investigate this effect a second heater H~*' is placed
along the capillary C2» halfway between the thermometers Tp and T 3 (i.e. at
-x = 4.25 cm).
A comparison between measurements of A2"2 carried out with the first heater
(H in fig. 1) and with the second heater, Hg, has particularly been carried
out at TQ = 1.407 K. During the measurements with Hp, the heater H is always
out of use so that the normal-fluid velocity (in a stationary state) is zero
in the first part of the tube and non-zero in the part of the capillary between

The heater FL is a 500 n metal-film resistor which is attached to the
capillary Cp by a small copper strip.

j
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H2 and T^, i.e. at -4.2 < a < 0 cm. In this second part of the capillary
the relation between the heat input Q„ (due to Hg) and v is given by equations
in section 2,i.e. by the relation:

The value of v is (apart from the effects as noted in [7]) independent of x
except near x = -4.25 cm where the heater is attached to the capillary. It is
estimated that du^/da; only differs significantly from zero in a region ex-
tending less than 1 mm from Hp, so that a reliable comparison can be made
between measurements of TC)-Tn carried out with the heater H, and measurements

of ?2~To c a r ri e c' out witn H2 at the same va^ues °f tne neat i nP u t- For a

direct comparison of the measured values of pAy in both cases, one has to
consider that the transducer only measures the overall value of Ay, so that
a correction for the contribution from the superfluid flow in the first part
of the tube must be applied at the use of Hg. Because of the fluctuations in
the drop of the chemical potential found for pure superfluid flow at the
larger values of v , the drop of y in the second part of the flow tube can

OCCjp

usually only be determined with sufficient accuracy at low values of vQa .
Fig. 22 shows a comparison of measurements of TQ-T2 carried out with H and
H2 for vn = 11.5 cm/s (fig. 22a), 14.0 cm/s (fig. 22b), and 17.0 cm/s (fig.
22c). A very good agreement between the measurements carried out with the two
heaters is observed at the larger values of v and at values of u such

3 aap oap
that vs < 0 (see fig. 22).
Interesting differences are observed at (small) positive values of v

s

0 < vg< vn -9 cm/s). In fig. 22a, but also in figs. 22b and 22c, a very sharp
change in hTg (and in Ay, which is not shown) is observed at small VQ in the
measurements with Ho. These steep branches (indicated by the dashed lines in
fig. 22) are not observed at all in the measurements with H, but it is reminded
that such branches clearly do occur in the corresponding velocity regions with
the glass capillary C,. In that case they were found to correspond to stable
inhomogeneous flow along the tube. Whether this is also the case for Cg (with
H2) could not be verified with the single thermometer Tg. It can be remarked,
however, that the location of these branches in the v ,v plane is somewhat
different in both cases; for v =11.5 cm/s, 14.0 cm/s and 17.0 cm/s the
corresponding values of v in fig. 22 are about 0.7, 0.9, 1.4 cm/s respec-
tively, while for Cj 1.2, 1.7 and 2.2 cm/s respectively is found.
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1

Considering fig. 22a in particular it is further noticed that the data for
hT2 at vQa = 0.8 cm/s and v = 2.0 cm/s using H2 well agree with the
observed values of LT for laminar "poiseuille flow". Besides, a mechanical
shock against the cryostat did not cause any change in Ar2 at e.g. v =0.8
cm/s, thus suggesting stable "poiseuille flow". The values of tfl2 using the
heater H (circles in fig. 22a) in this velocity region correspond on the
contrary to highly turbulent flow, which is homogeneous along the whole flow L
path (i.e. VT independent of cc) as is discussed in section 5. The oscillations I
and the steep change in LT2 at the relative velocity vn~vca =8.5 cm/s for
measurements with H are not observed at all with Hg.

A similar, though somewhat different, pattern is observed at v = 14.0 cm/s
(fig. 22b). For values of v between 1 and 5 cm/s stable highly turbulent
flow states are found with the heater H, but clearly different states with H2-
Around v = 1.5 cm/s the laminar flow value for A T O is found, but from time

cap c

to time it is interrupted by sudden temporary and irregular increases in (Ar2|
which are not shown in the figure.
For higher values of v up to 5 cm/s highly unstable flow is observed with
large oscillations on A2"2, indicated by the bars in fig. 22b. The period of
the oscillations is of the order of 1 second, somewhat depending on VQ . The
magnitude of the oscillations did not quite reproduce for each measuring run,
but for example at a given measuring run at v = 3.0 cm/s it was found that
T2imax~

T2imin ~ °-65 mK (w1th \LT2^min only sl19"*ly higher than the value
corresponding to laminar flow). In this situation it is interesting to see
that, in accordance with the relatively large heat capacity of the volume near
T.s the magnitude of the fluctuations in r, and r. appears to be reduced to
about 0.2 mK and 0.04 mK respectively.
At t>n = 17.0 cm/s (fig. 22c) again highly unstable flow and oscillatory
effects are observed in the measurements with Hg just above v = 0 . Between
v = 3 and 8 cm/s a fair agreement between the data of H and l-L is now
observed, however. At v * 8.5 cm/s ( v „ - y

c a p *
 8-5 cm/s) a rather sharp

change in A2\, and oscillatory effects on A2V are observed (both for H and Hp).
A further discussion on the thermal oscillations will be given in section 10.

The main conclusion of this section is that the shape of the inlet of the
flow tube seems to have an important influence on the flow, not only near the
inlet but in the whole capillary. The relatively sharp inlet apparently acts
as an important source for stable and homogeneous turbulent flow along the
tube at velocities where 0 < vg < vn -9 cm/s, when both a heat flow and a mass
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flow are passing the entrance of the capillary.
The non-homogeneous effects demonstrated in fig. 13, which might have been
responsible for the absence of a positive slope (SAM/3U )y in C, (see fig.
12), are not expected to occur when the heat input takes place beyond the
inlet of the tube. Unfortunately it could not be verified whether this positive
slope, which is observed with the glass tube C, (see also fig. 12), has now
reappeared, because of the uncertainty in the determination of Au for the t
majority of the measurements with H2 shown in fig. 22. I

Finally, it may be of interest to note that for the unstable and laminar
flow observed with H9 in fig. 22 above v «= 0, the vorticity in the first
part of the capillary (due to the pure superfluid flow) apparently does not
necessarily act as a source of turbulence for the second part of the tube.

10. Experimental data on transitions between different flow states.

In the previous sections of this chapter extensive measurements on the
steady-flow behaviour in the capillaries C-̂  and C2 are discussed. In this
section special attention will be given to experimental data on a number of
non-stationary phenomena which are observed during transitions between differ-
ent flow states in the present forced-flow device (using the heater H). The
transitions in this device take place in quite a different way from the
transitions in a device with open reservoirs. In chapter 2 it is shown that
in the case of large free surface areas the transitions between different
flow states take place in a well-defined quasi-stationary way. This quasi-
steady behaviour is fully attributed to the geometry of the flow device, i.e.
it is due to the fact that in a device with large open reservoirs only
relatively slow changes in the level difference between both reservoirs are
possible. The values of vQa and AT during a transition are fully determined
by the momentaneous value of the level difference and the value of the heat
input, by means of the steady-flow characteristics of the capillary.

In the present forced-flow device the value of v is rigidly imposed,
so that transitions between different flow states have to take place at
constant v , which is quite different from the situation in chapter 2. The
time scale is no longer set by the chemical-potential difference and the
transitions can therefore be made faster.
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It is important to recall that in a non-stationary state the actual value of
y in the flow tube can now significantly differ from vn, according to equa-
tion (3) in section 2 , which can by substitution of (2) in (3), be written as:

r é 4aap

(c is the heat capacity of the reservoir near T4 which is in good approximation
equal to the heat capacity of the helium in the volume v around T4.) r
By measuring inT4(t)tv can easily be calculated using eq.(13). \
Any correction to the mass flow through the capillary due to the thermal
expansion of the liquid in V is negligible.
During the non-stationary flow measurements &v(t), LT^it), LT^(t)t b.T4(t) were
usually monitored, using strip-chart recorders (two of the three temperature
differences and L\i(t) could be registered simultaneously).

10.1 Transitions at u = 0 by means of turbulence fronts.
aap

In this section the transition from metastable laminar flow to stable
turbulent flow, for the case of pure counterflow, will be discussed.
In the present experiments with the capillaries C, and C~ a monotonous increase
of Av(t) and \&T (t)\ during such-a transition at v = 0 was observed, but
by means of the thermometers along the capillary it was found that the transi-
tions took place by means of turbulence fronts. Observations of such fronts
are reported earlier by Mendelssohn and Steele [24] and other authors, see
e.g. [25,26,27,28,29] , authors who used generally long capillaries with inner
diameters > 0.4 mm.

An illustrative example of bl^t), hTJt), bT^(t) and &v(t) during a transi-
tion to turbulent counterflow is shown in fig. 23 (glass capillary C,, v = 0,
k = 145 pW and consequently vn = 14.5 cm/s, TQ = 1,399 K). For t < t^ Q = 0
and all temperature differences, as well as Ap, are zero. Near t = t~ the
heater is switched on and a sharp increase in all measured quantities is
observed, in such a way that almost immediately T2 = T3 = T4 (= 0.55 mK/s)
(T4 = 4T4/dt etc.). A turbulent front from the "cold" part of the tube (i.e.
near Tj) is apparently propagating oppositely to v and reaches the thermo-
meter T2 at t = t2 and the inlet of the tube at t = t4. At t = t4 the helium
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in the flow path is completely turbulent and a linear temperature profile is
restored, but v is not yet equal to its steady value v and the time deriva-
tives of T2a T3 and T4 now develop like in an ordinary heat-conduction
experiment {tT4 = 1.5 A2"s = 3A2"2 [7]) until the final state is reached.
It is emphasized that at all times during the transition, the flow is found to
by quasi-steady within the measuring accuracy, i.e. the gradient in the temper-
ature in the turbulent region corresponds at all times to its steady value for
turbulent flow at the instantaneous value of v . During the time that a
turbulence front is propagating through the capillary (t < t4 in fig. 23) the
value of dhTjdt is fairly well a constant and consequently v as well,
according to eq.(13) (in fig. 23 | dA2ydt| = 0.55 mK/s so that vn = 10.7 cm/s
for t < t4). The velocity u„ of the front is determined from the time inter-
vals t4~t3 and t3~t8 (with the known distances between the thermometers:
2.83 cm) and appears to be a constant during the propagation, within the
measuring accuracy (i.e. within 10%); vf = -0.74 cm/s for the example shown in
fig. 23 (the minus sign is introduced because v„ is directed oppositely to u ).
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Fig. 23 Transition to turbulent aounterflow in tube C-. at Tn = 1.399 K. I
145 \iW Co =14.5 am/s) and v = 0. The temperature differences T0-Tni*• cap & o
T^-TQ and T4~TQ (solid lines), and pAy (dashed line, axis on the right)
are plotted as a function of time.
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1

The measurements of v„ were carried out for a large number of different heat
inputs and the fronts in Cj were always directed oppositely to un> In order to
calculate the actual value of v from AhT./At at a given value of the heat
input, using eq.(13), it is necessary to have a reliable value for c, i.e. for
the volume V near T . As the value of v in the flow circuit with Cj was not
known, the value of v had to be determined in an indirect way, using the
measurements of t&4 = d^T^/dt and v„. This method will now briefly be dis-
cussed.
It is easy to see that once the flow is indeed quasi-stationary and at
constant v :

The left-hand side of eq.(14) follows directly from the measurements. The
value of vn corresponding to the temperature gradients in the right-hand side
of eq.(14) can then be read from a plot of the previously measured stationary
values of A2\ - A21. versus v (see fig. 24). In this way a value of v is

* spois n "pois
determined at each value of b.T4 (i.e. at each value of the heat input; the
relation between the value of A2\ during the propagation of a front, and the
value of the heat input is not shown). The corresponding plot of vn - vn

nversus A27. is shown in fig. 25, yielding C/psTA = 6.9 + 0.3 cm/mK (according
to eq.(13)) and consequently V = 0.60 +_ 0.03 cm3. A similar plot in fig. 25
for the non-stationary counterflow measurements with the tube C9, which are3not yet discussed, yields V - 0.96 + 0.03 cm . This latter value is in very

~ 3
good agreement with the known value for this volume of 0.97 cm . It is re-
marked that the rather large difference for V using Cj and C? respectively is
due to a different construction of the volume near T. in both cases.
Of course v can also be determined from the quasi-stationary values of Ar9

(or A T 5 ) for t3 < t < t4 in fig. 23, using a plot of the stationary flow
measurements of VT versus v .

From fig. 25 it is clear that particularly at the higher values of I A T J

(i.e. at the higher values of Q), there is a considerable difference between
v and v . E.g. when ü =24.1 cm/s for C, it is observed that I A J J = 1.53 mK/s,

fir fi ft- X o

yielding vn = 13.5 cm/s (y„ = -1.15 cm/s).
A plot of |yJ versus vn (f vn) for measurements at v = 0 with Cj is

shown by means of the squares in fig. 26. The values of vf appear to be
roughly equal to ug (dashed line in fig. 26), in agreement with measurements

127



20

15

Ö
O.

D q (T0=1.399K)
• C2 (T0 = 1.407K)

o

10 12 _ 14 —» 16
Vn (cm/s)

t

lmK|s'

Fig. 24 Fig. 25

Fig. 24 Steady aounterflow measurements of T.-T- - (8r\lv /r ) versus v at
larger values of the heat input. Squares: measurements with C, (Tn = 1.399 K)s

circles: measurements with C« (TQ = 1.407 K).

Fig. 25 Data for \v„-v \ versus \h%A = T. during the propagation of
ft ft tf tf

turbulence fronts (v = 0). Squares: measurements with C, (Tn = 1.399 K).
cap i u

circles: measurements with Z~ (TQ = 1.407 K)^

The drawn lines are a fit through the measuring points. The slopes of the lines

are 11.9 cm/mK and 6.9 cm/mK which correspond to C/psTA

respectively.

for Co and C-,
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= 03 plotted versus V for
ft

(squares, TQ = 1.399 K) and for C2 (circles, TQ = 1.40? K).

Fig. 26 Velocity of the turbulence fronts at V

the capillary

Full symbols: fronts moving oppositely to v

Open symbols: fronts moving parallel to v .

The dashed line shows the dependence of \v J on V in case that v „ = v =
j n j- s

v .

Note that vv v (see text).

at T > 1.40 K of Gopal et al. [28]. These authors carried out measurements in

long tubes {I as 150 cm) of in particular 499 ym and 774 urn i.d. at temperatures

between 1.25 K and 1.65 K. Turning back to fig. 26 it is remarkable that the

transition from the "intermediate region" to the "Schwarz region" in the steady

counterflow behaviour of AT (vn) and L\x(v ) near vn « 8 cm/s (see figs. 5 and

18), does not seem to show up at all in the observed behaviour of vJv ) for

c
The lowest value of x>nxn v ) at which fronts were observed is 6 cm/s. Below

this value the fronts may still occur down to vnol, but they could not be
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detected.
The circles in fig. 26 correspond to the velocities of turbulence fronts

which are observed with the stainless-steel capillary C? at v = 0. Contrary
£ Gup

to the findings with Cj, the fronts in Z~ were generally moving parallel to
y (open circles). Only occasionally a front moving oppositely to y is
observed, as e.g. at v = 9.7 cm/s where both types of fronts were observed.
The value of the velocity of the front moving oppositely to v (full circle
in fig. 26) coincides very well with the measured values corresponding to C^
(full squares), suggesting that the nature of the tube wall (stainless-steel
or glass) may have little or no influence on the front velocity at y ^ = 0.

Gap

This is in nice agreement with the conclusion of Dziwornooh and Mendelssohn
[29], who observed that their measured front velocities in a german silver
tube and in a glass tube were the same.
An illustrative example of the behaviour of hT2(t)3 bT^(t)3 bïjt) during and
before the propagation of a front (moving parallel to v ) in Cg» is shown in
fig. 27 (y = 0). The heat input is switched on at t = tQ and (metastable)
laminar flow occurs; at * = tj, a small mechanical shock is given and a
turbulence front apparently starts at the (sharp) inlet of the tube and
moves parallel to v . The resulting increase of the temperature in the
reservoir near T. causes a decrease of the normal-fluid velocity in the
capillary, according to eq.(13). Consequently the temperature gradient in the
laminar-flow part of the capillary will decrease by a factor vn/x>n according
to Poiseuille's law. This decrease in T^-T and ^2-TQ is very clear in fig.
27 at t = t2, and the values of A7 2 and &Tg in the time interval t- < t < t2
correspond very well to the calculated value for v from A2\, using eq.(13).
At t = t2 the front passes T, and at t = t the front passes T«. Finally at
t = t. the flow has become turbulent in the entire flow tube and the temper-
ature subsequently changes in a similar way as shown in fig. 23 (with a
constant temperature gradient like in an ordinary heat-conduction experiment)
until the final state is reached.
Fig. 27 is a representative example from a large number of measuring runs that
were carried out at several heat inputs. For the circuit with C? the value
bü4 during the propagation of the fronts appeared to depend on the heat input
in a linear way: -LT4 = (0.073 x>n -0.66) mK/s {x>n > 9 cm/s) yielding by
substitution of this relation into eq.(13): v = (0.124 v + 7.88) cm/s
(y > 9 cm/s) (C/psTA ^ = 12.0 cm/mK at T. = 1.407 K for C 9 ) . This relation
demonstrates the large difference between vn and vn during the propagation of
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time ( s)

Fig. 27 Transition to turbulent counterflow in capillary C« at TQ = 1.407 K.

Q = 108 \iW (v = 11.5 cm/s), VQ = 0.

The temperature differences 2\, - TQS T~ - TQ and T. - TQ are plotted as a function

of time. The heat input is switched on at t = t~ = 0.

At t = tj a turbulence front (moving parallel to v ) sets in near the (sharp)

inlet of the flow tube.

a front at the higher values of the heat input. Fig. 26 shows that vf for the

"warm" fronts (open circles) extrapolates to zero at v as 9 cm/s. For

v < 9 cm/s no fronts are observed in C9, and steady non-linear temperature
TV £

profiles are established (see fig. 20).

"Warm" fronts {v„ parallel to u ) are not only observed in C« during a

transition from laminar flow to turbulent flow at fixed value of the heat

input, but also when e.g. the heat input is suddenly increased from a value of
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v below 9 cm/s to a value well above 9 cm/s. The transitions which occur when
v is adjusted to a value just above 9 cm/s are somewhat different; the
increase of |AT | during such a transition is accompanied by oscillatory
effects on bT2 and AT3, as will be further discussed in par. 10.2.
It is further noted that the values of vf for the "warm" fronts shown in fig.
26 (open circles) are rather high as compared to the velocities measured by
other authors in capillaries with larger inner diameters (> 0.4 mm). This
suggests a dependence on the diameter of the tube, contrary to the speed of
"cold" fronts, which are found to move roughly with ug (when T > 1.4 K), as
is discussed above. Fig. 26 also shows that the "warm" fronts move faster
than the "cold" ones (at least as soon as vn > 9.5 cm/s) but, as is found by
others [28], at higher bath temperatures this situation is reversed.
It should perhaps finally be remarked that the propagation of turbulence
fronts is clearly a different phenomenon to the propagation of vorticity as
observed by Ashton and Northby [30]. These authors measured the steady-state
drift velocity vL of the vorticity in uniform turbulent oounterflow in a flow path
with 0.5 x l.o cm rectangular cross section, which was found to be directed par-
allel to the normal-fluid velocity v and, at T = 1.40 K, to be roughly given by
vL = 0.25 u (the factor 0.25 increases with temperature). These drift veloci-
ties are clearly larger than the velocities of the fronts moving parallel to
vn given in fig. 26.

10.2 Transitions for v f 0; turbulence fronts and related phenomena.
GCCp

In par. 10.1 it is shown how at u = 0 transitions from laminar flow
CCtJp

to turbulent flow take place by means of turbulence fronts. In this section
it will be shown that such fronts can also be observed in the presence of a
small mass flow, their speed of propagation depending on the value of u
In the experiments on transitions with u ?« 0, the mass flow is usuallyjp

established before the heat input is switched on, so that any complicating
effects, associated with starting the driving system of the bellows, are
avoided. Before the transition takes place the type of flow in the tube is
consequently pure superfluid flow. When subsequently the heat input is switched
on the transition to the turbulent state sets in. At small positive values of
vnnn the transition is sometimes preceded by the occurrence of a metastable

132

r



laminar flow state before the onset of a turbulence front is observed. In
neither flow tube (Cj nor C2) turbulence fronts have even been observed when
v < 7I cm/s, turbulence is found to develop simultaneously throughout the
whole tube. This observation suggests that the turbulence belonging to the
pure superfluid flow already present before the transition takes place,
facilitates further growth. This seems to be the case no longer at small mass-
flow velocities. In the region -0.5 < vaa < 0 cm/s turbulence fronts are
observed, always moving from the cold towards the warm end of the tube,not
only in Cj but also in Cg. Their speeds of propagation are significantly
larger than the corresponding values at v = 0 .J r a aap
At small positive values of v tubes C, and C~ behave differently. In Cj the
fronts are still found to be formed at the cold end of the tube, but in C 2 only
"warm" fronts are observed in this velocity region. The change in Cp clearly
takes place at v = 0 .

aaP
In fig. 28a, b a survey is given of the data obtained for Cj at ü =10.6 cm/s.
{Q = 106 yW) and v = 14.5 cm/s {Q = 145 uW) at the bath temperature
TQ = 1.399 K. It is clear from the plots that the front velocity decreases
for increasing v . It is particularly interesting to note that for both
values of v the front velocity extrapolates to zero at the value of v
where the steep drop in the steady-flow behaviour of Agfy ) and LT(v ) is
observed (see fig. 4 and particularly fig. 7; v «0.7 cm/s for v =10.6 cm/s

Gap itand v « 1 . 7 cm/s for v =14.5 cm/s). This could explain the s tab i l i t y of
GGLip 1%

the inhomogeneous flow states that are associated with the steep drop (see f i g .

7c) and is consistent with the observed instabi l i ty of the flow in the mass-

flow region just beyond i t ( i . e . near v = 2.5 cm/s in f i g . 7a, b and near
v =1.5 cm/s in fig. 4). At the same time it would explain the absence of
such drops in tube C9, where the fronts move parallel to v and u_ does not

C Gup J

become zero.
As is shown by f i g . 28, the sh i f t in vf due to VQ is roughly equal to v ,

but these plots are somewhat misleading since the actual values of v d i f fer

from point to point. These values, as they are calculated from the measured

values of T4 by means of eq.(13), are also given in the figures. In f i g . 29

the influence of v at constant y is shown, as a plot of
&vf = " / V U V ~ V V u c a p = 0) ve rsus vaap' (vf(vn>v

Oap = 0) i s read frOm

f i g . 26), confirming that 5v„ « V
OCCD- Nevertheless, one must be careful by

drawing a definite conclusion, since f i g . 30 shows that also in the presence

of a mass flow the front velocity remains roughly equal to the superfluid

transport velocity v . At the bath temperature TQ = 1.4 K the rat io p /p is
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Fig. 28 Influence of a mass flow on the velocity of turbulence fronts in the
capillary C, at TQ = 1.399 K; dT^/dt during the propagation of a front and v„
are plotted as a function of v for Q = 106 W (v = 10.6 cm/s3 fig. 28a)

GCtp Yl

and Q = 145 yW (v>n = 14.5 cm/s3 fig. 28b).
The numbers nsar the data for u „ correspond to the value of v 3 as derived from
dT./dt3 at each data point (units: cm/s). Error in v„: less than 15%.
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squares: v =14.5 am/sa triangles: v =10.6 cm/s.

The value of v at each value of v can be read from fig. 28.
Svf "= W )

close to one, so that the measuring accuracy does not allow to make a definite
choice between the two possibilities.
Turning our attention now to the behaviour of the "warm" fronts as they are
observed in the stainless-steel capillary C2 at small positive values of v
We will illustrate their behaviour choosing the fixed value of the heat input
Q = 107 uW (vn = 11.5 cm/s), for which the steady-flow behaviour is shown in
fig. 11 [6].
The propagation speed of "warm" fronts is found to increase with v at a rate
öy_ < v . A detailed quantitative analysis is difficult to give, since well-
defined fronts, behaving similarly to what is shown in fig. 27, are only
observed in the small region for which 0 < v < 0.5 cm/s. When at

- cap —
v > 0.5 cm/s the heat input is switched on, fronts can no longer be sharply
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Fig. 30 Velocity of turbulence fronts moving oppositely to v 3 plotted versus

V for v =10.6 cm/s (full symbols) and V =14.5 am/s (open symbols).

Measurements in tube C-, (Tn = 1.399 K) :

Symbol

o

D

O and •

vcap(om/s)

1.3

1.0

0.5

Symbol

V

A

A

v (am/s)cap
0.3

0

0

Symbol Vaap(cm/S)

-0.3

-0.5

-0.5

Measurements in tube C~ (TQ = 1.407 K):

* y =11.5 am/s

+ v =14.0 am/s

V =8.7 am/s V = -0.5 am/s
n cap

v =9.1 am/s v = -0.5 am/s
n cap
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100 time t (s)

Fig. 31 The increase of the temperatures (solid lines) and of the chemical-

potential difference Ap (dashed line) for a transition in tube C? at fixed

u = 2.0 cm/Sj where at t = 5 s Q is suddenly increased from zero to 107 \iW

(vn =11.5 cm/s), ("Ay is proportional to -&C.: C. axis on the right;

-LCtr/ph\i = (3.3 + 0.2) x 1O~
6 pF/Pa). TQ = 1.407 K.
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distinguished, oscillating effects on &T2 and bTz appear during the transition
(see e.g. fig. 31), while for vQa > 3 cm/s no turbulence fronts are observed
at all, the three thermometers along the tube rise monotonously to their steady
values upon switching on the heat input, maintaining a linear temperature dis-
tribution during the transition within the measuring accuracy. As is shown by
fig. 31, the time dependent behaviour of the thermometers T 2 and 1"3 at positive
values of v (0.5<y < 3 cm/s) is quite different from that shown in

cap v % cap ' n

fig. 27 and also quite different from the behaviour of A2"4 and Ay. While | A T J
and Ap are monotonously increasing to their steady values, AT2 and &T3 show
systematically oscillations before they reach their steady values. The character
of the oscillations depends on the value of v , the example of fig. 31 is
given for v = 2.0 cm/s.
3 cap
A frequency spectrum of the fluctuations has not been determined, but the period
of the main frequency component in fig. 31, is about 2.4 s. During the first
part of the transition the minimum value of T -TQ approaches very closely the
laminar-flow value.
The value of v during the oscillations in fig. 31, as it follows from the
time derivative of T4~TQ,\s equalto about 10.8 cm/s. This yields a relative
velocity v -v of 8.8 cm/s, remarkably close to the value of 8.5 cm/s

ft OCCJp

mentioned in par. 5, at which a sharp drop accompanied by fluctuations in
jA2"2j is observed (see fig. 11). Moreover, the value of T2~

Tn "" *'̂  mK at

t = 65 s just beyond the oscillatory region in fig. 31, is very close to the
lowest value of T2~

Tn ™ ^^' ^ for w'"c'1 steady flow is observed at
y =11.5 cm/s (̂  v a* 3 cm/s).
When the transition is studied at v = 2.5 cm/s (instead of 2.0 cm/s) the
oscillations in LT2 and bTs last much longer (in some runs more than 10
minutes) and are more regular than the fluctuations shown in fig. 31, while at
u = 0.5 cm/s oscillations can hardly be resolved.
The amplitude of the oscillations in A2"2 is always found to be 1.5 to 2 times
larger than in hTs. The oscillations in AT, and AT, are not exactly of the
same form and are generally not in phase (T„ usually lags behind T , e.g. by
» 0.4 s for v = 2.5 cm/s where the period of the oscillations is about
2.3 s). As is demonstrated in fig. 31 the oscillations usually do not show up
at all in the recorder traces of Ap and A2\. The absence in &T. implies,
according to eq.(13), that any fluctuations in vn will be extremely small.
Consequently the fluctuations in Ap will be very small (assuming that Ap still
depends uniquely on the transport velocities vn and v ) so that the observa-
tion that Apr*; and LT4(t) during all transitions behave in a similar way,
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is then obvious.
The measurements mentioned above were all performed by first starting the mass
flow to the desired value (getting pure superfluid flow) and then switching on
the heat input after which the behaviour of the thermometers and the pressure
transducer is observed. In the case of first switching on the heat input till
the steady (turbulent counterflow) state is reached and then applying a
positive mass flow, fluctuations during the transition are observed as well, L
but only if v > 3 cm/s (when v =11.5 cm/s), as is demonstrated in fig. 32. ]
The period of the oscillations, however, now depends strongly on v and

P
decreases at increasing v (from about 2 s (ƒ = 0.5 Hz) when v _ = 3 cm/s

J aap v w aap
to ^ 0.5 s when v = 1 1 cm/s). Also the length of the time interval during
which the oscillations on A!TO and AT, are observed depends on v . A t

2 3 r aap

vQ = 3.0 cm/s e.g. they were lasting for a very long time (more than 7 min-
utes). Again the fluctuations in &TO and AT„ are not exactly of the same form
and differ by a factor 1.5 to 2 in magnitude. Moreover T2 usually lags behind
T3, though not with a constant phase difference (which is e.g. of the order of
0.4 s for y = 3.0 cm/s).
It is remarkable that during the oscillations the relative velocity v -v ,

3 * n aap
as derived from dr^/dt, is again always rather close to 8.5 cm/s (8.5 + 0.5 cm/s)
which is the particular value already mentioned at which a sharp drop in the
steady-flow behaviour of \AT2\ occurs (see fig. 11) and for which no steady
value for AT2 (and AT.) is observed. E.g. in fig. 32 at t = 33 s, dr^/dt »
-0.1 mK/s and consequently v is equal to 12.7 cm/s, according to eq.(l),
(note that vn > x>n because öT4/dt < 0) so that v -v = 8.7 cm/s. Further-
more, the values of T^-T^ and T~-Tn at t = 19 s, just before the start of

a U O U

the oscillations in fig. 32, are very close to the lowest values for which
steady flow can be expected according to fig. 11.
The phenomenon of the oscillations is not yet fully understood, but the measure-
ments indicate strongly that the effect occurs as soon as a transition takes
place at v > 0 from a state for which vn~vQa > 8.5 cm/s to a state for
which v - t » , < 8.5 cm/s and vice versa. It is suggested that the process

jP

which takes place in the flow tube during the oscillations may be associated
with "plugs" of turbulence, formed beyond the inlet of the tube that are
subsequently passing through the flow tube. The large heat capacity of the
volume near T^ will reduce any fluctuations on AIZ^, depending on the frequency
of the fluctuations and the effective thermal conductivity of the liquid in
the flow tube (for laminar flow the thermal time constant of the circuit with
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Fig. 32 The decrease of the temperature differences T4~TQ, T3~TQt ^2~
T0

(solid lines) and of pAy (dashed line) for a transition in tube Cp at

Q = 107 uW (v =11.5 cm/s) when a mass flow of v = 4.0 cm/s is suddenly

initiated near t = 0. Note that T. - T~ and T, - Tn have a common axis which is

shifted with respect to the axis for T_ - T_. (Ay axis on the right).

TQ = 1.407 K. As Tpj 2
1,,, T. and pAy could not all be measured simultaneously,

the data of T ~ and T- are measured during one run, and those corresponding to

T. and pAp during a subsequent, identical, run.
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C2 is 0.6 s at TQ = 1.4 K and 1.3 s at TQ = 1.25 K).
Perhaps the best example to show the temperature oscillations is observed at
TQ = 1.247 K for the case that ü is reduced from a high value down to 11.6
cm/s {Q = 47 MW, tube C2) while v = 0 (see fig. 33). In fig. 33 T2-TQ
and T„-To are plotted as a function of time. The minimum value of T„-To is
equal to the value corresponding to laminar flow, whereas the minimum value
of T3-TQ is somewhat higher than during laminar flow. At each cycle of the
oscillations (having a period of about 18 s) first an increase in T3 is observed,
about 6 s later followed by an increase of Z1,, after which T2 and ̂ decrease simulta-
neously. The oscillations do now also showupinAT (and Ap) though with very small
amplitude (T. -T, & 0.05 mK). The value of T.-Tn during the time inter-^max 4m-jn 4 0
val shown in fig. 33 varies between 1.86 + 0.025 mK. The present oscillations
in fig. 33 could only be obtained when the heat input is reduced to 47 »iW,
from a state which is fully turbulent. Before the time interval shown in
fig. 33 a clear decrease in T.-TQ (and LM) is observed after the moment(that
the heat input is reduced, but the rate of decrease reduces very rapidly and

-4is less than 10 mK/s during the oscillations shown in fig. 33. As after %.
several minutes no decay in the oscillations on T„ and Ts is observed, it
seems likely that this phenomenon will persist for a long time. The fact that
the amplitude of the oscillations on A2\ is so small, cannot be merely caused
by the large heat capacity of the helium in the volume near 1. since the
thermal time constant of the circuit is much smaller than the period of the
oscillations. It therefore seems that the total amount of turbulence in the
flow tube hardly changes as a function of time, suggesting a process in which,
when the front of a turbulence plug leaves the "cold" end of the tube (i.e.
when Tg and T3 decrease simultaneously, as shown in fig. 33), a rapid but small
decrease in T4 occurs, which immediately causes a (small) increase in u . When
v has increased sufficiently, another plug is produced beyond the inlet of
the flow tube and the cycle recommences (it is reminded that Au and &T change
very sharply as a function of x>n near v>n = 11.6 cm/s, as is shown in fig. 18,
par. 7). The turbulent plug is apparently renewed at the same phase in esch
cycle and u n pulsates slightly with a well-defined period.
This process seems to be very analogous to the observation of turbulent plugs
in the tubular flow of classical fluids when the pressure difference is held
constant [31]. The phenomenon is then observed over a limited Reynolds-number
range which depends on the length/diameter ratio of the tube. It must be
noted, however, that for the classical fluids the propagation velocities of
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Fig. 33 Oscillations in T„-TQ and T,-TQ observed after Q is reduced to

47 \iW (x>n = 11.6 cm/s) at Vaa = 0 and TQ = 1.247 K (tube C^.

the turbulent plugs are of the order of the mean mass-flow speed, while in the
present experiment the propagation velocity is much smaller than vn while
vQ = 0. It is further noted that in a classical fluid the turbulence has a
very large influence on the local pressure gradient, whereas in the present
case of superfluid helium, the turbulence mainly influences the (local) temper-
ature gradient and only influences slightly the pressure gradient.

It is already mentioned in par. 10.1 that oscillatory effects on &T2 and
A21, during counterflow are also observed at Tn = 1.407 K, when tï is increased
to a value just above 9 cm/s. In this case the oscillations only last a
limited time (about 6 minutes) and are superimposed on a slow increase of the
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time-averaged values of T2-TQ and T3-TQ in a similar way as shown in fig. 31.
The period of the fluctuations is about 17 s, which is approximately the same
as the period of the oscillations shown in fig. 33. Again the oscillations show
up in LT4 and Ap with very small amplitude. Although the shape of the fluctua-
tions in A ? 2 and tT3 is (just as in fig. 31) less well defined than in fig. 33,
they can probably also be attributed to the propagation of turbulence plugs
through the flow tube.

Finally we mention the oscillations reported by Childers and Tough [23] in
the total temperature difference along stainless-steel tubes of 112 ytn inner
diameter. These oscillations may be governed by the same processes as the
oscillations reported here. As the authors did not measure the temperature
along the flow tube, it can of course not be verified now whether turbulence
plugs were responsible.

11. Concluding remarks

In this thesis a large variety of systematic measurements on the inter-
esting flow behaviour of helium II in narrow tubes, is described. Nevertheless,
some miscellaneous effects, encountered during the course of the investigations,
have not yet been mentioned. One, for instance, is connected with the long
term memory of the liquid for the previous history and shows up in the case
of thermal counterflow. As has also been observed by others, one usually cannot
reproduce the metastable laminar flow state once the flow has been turbulent,
even if one waits for a considerable period before the heater is switched on
again. In the bellows device of chapter 4 and using the metal tube, it appeared
to be possible to wipe out this memory by a quick push to the bellows. By this
action the helium in the flow tube is of course replaced by liquid replenished
through the superleak.

Another remarkable effect which can be mentioned briefly is observed when, with
'Q = 0, the bellows is suddenly made to move at a high speed. In the steady
state that will finally be reached a considerable cooling will be obtained [32],
but it is observed that T2 and Tg first clearly rise before they start to
decrease (the temperature of the helium near T. decreases immediately). This
apparently "acoustic" signal that passes the tube was not investigated system-
atically, as it clearly falls beyond the scope of this thesis.
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From a comparison of the flow properties described in this chapter with a
variety of flow data reported in the literature it can be concluded that the
present results, obtained in the velocity region up to 20 cm/s, are represent-
ative, at least in a qualitative way, for capillary flow at inner diameters in
the range of 0.1 - 1.0 mm.
It seems worthwhile to conclude this chapter with a brief summary of some of
the important aspects of these results.
- For all velocity combinations the flow behaviour is well-defined and repro-
ducible.
- A negative flow resistance shows up in the velocity region where 0 < v <
vn, i.e. the superfluid experiences a drag from the normal fluid. In part of
this region the drag is even found to increase for increasing v (i.e.
3(-Ay)/3uea < 0). This negative differential flow resistance leads to oscil-
lations in devices in which the mass flow is not rigidly imposed (see chapter
2). (A similar phenomenon can be found in electronics where a negative differ-
ential resistance d7/dl shows up in the V-I characteristics of e.g. a tunnel
diode).

- Though generally a good agreement is found between the flow data of the
glass and of the stainless-steel capillary, small quantitative differences are
obtained in some velocity regions. They must be attributed to the different
nature of the tube walls and to the different shapes of the inlets of both
tubes.
- Two different flow regimes, adjoining each other at a particular value of
the relative velocity (vn - v «s 8.5 cm/s at TQ = 1.4 K; v - v » 11.5
cm/s at TQ = 1.25 K) can be distinguished (see e.g. fig. 11), at least in cases
that v is larger than this "critical" value.
- For larger relative velocities and u < 0 the data are fairly well determined
by the relative velocity v - v according to the theory of Schwarz [5] (see

Yt Gap

fig. 5), suggesting the presence of a vortex tangle. For smaller relative
velocities an interpretation in terms of the theory developed by Geurst [33J
seems more promising.
- In the stainless-steel capillary transitions (at constant heat input) between
different flow states on either side of the above mentioned "critical" relative
velocity are accompanied by oscillatory effects on T2 and T3 which may be
associated with turbulence plugs propagating through the flow tube (see par.
10.2).

r
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- Transitions at v = 0 from laminar flow to fully turbulent flow in the
"forced-flow" device take place by means of turbulence fronts, moving either
oppositely (glass tube) or parallel to vn (in the steel tube which has a sharp
inlet, usually parallel to t>n). In connection with the phenomenon mentioned at
the beginning of this section it can be remarked that also when during a
turbulent counterflow state suddenly a high mass-flow rate is applied during a
short period, the turbulent counterflow state is restored by means of turbu-
lence fronts.
- The propagation velocity vf of the turbulence fronts is clearly influenced
by the mass-flow velocity. For the fronts which are moving oppositely to v
(as found in the glass capillary) v„ decreases for increasing v } (at constant
heat input). Near the value of v where the velocity of these fronts extra-
polates to zero, voa (vf = 0), stable inhomogeneous flow states are observed
(using feedback coupling between Ay and v ). The location of the boundary
between the observed different flow regimes in the tube (laminar flow and
turbulent flow) is determined by the chosen value for Ay (see fig. 7).

- In a mass-flow velocity region above v (v„= 0) no stable flow could be
aap f

achieved in the glass capillary, neither in the present "forced-flow" device
nor in the plunger device of chapter 2. In the latter device type-I oscilla-
tions were observed instead.
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Samenvatting

Met de in dit proefschrift beschreven experimenten is beoogd een overzicht te
verkrijgen van de invloed die een warmtestroom heeft op de stromingseigen-
schappen van helium II (d.w.z. van vloeibaar He in de superfluïde fase) in
nauwe buizen. In de twee-fluTda beschrijving van helium II wordt zo'n warmte-
stroom uitsluitend door de "normale" component getransporteerd en kan onafhan-
kelijk van de massastroom worden ingesteld.
Bij de metingen werd voor het opwekken van de massastroom van twee methoden
gebruik gemaakt. In het toestel dat beschreven is in hoofdstuk 2 wordt de
stroom gedreven door verdringers, in dat van hoofdstuk 4 door een balg. Het
verschil tussen beide methoden komt ongeveer overeen met dat tussen spannings-
sturing en stroomsturing in elektronische circuits.

Het stromingsgedrag werd onderzocht in een glazen zowel als in een roestvrij-
stalen capillair, beide met een inwendige diameter van ca. 200 ym en een lengte
van 8,5 cm. Door vergelijking van de resultaten onderling, alsmede met gege-
vens uit de literatuur verkregen met verschillende capillairen, kan worden ge-
concludeerd dat het waargenomen gedrag kwalitatief representatief is voor
capillaire stroming bij diameters in het gebied van 0,1 - 1 mm; kwantitatief
treden enige verschillen op, die niet alleen bepaald worden door de afmetingen
van de buis, maar ook door de aard van de wand en de vorm van in- en uitgang
van het capillair.

Zoals met het in hoofdstuk 3 beschreven stromingsexperiment wordt gedemon-
streerd, kan m.b.v. het verkregen overzicht de uitkomst van nieuwe stromingsex-
perimenten worden voorspeld. Het beschikken over een zo volledig mogelijk over-
zicht is dus niet alleen van belang om theoretische beschrijvingen van de
stroming te toetsen, maar kan ook van direct nut zijn voor het ontwerpen van
stromingstoestellen voor specifieke doeleinden.

Het verkregen overzicht laat zich op de volgende wijze zeer summier samenvatten.
Bij alle combinaties van warmte- en massastromen is het gedrag i.h.a. goed
gedefinieerd en reproduceerbaar. Het inschakelen van een warmtestroom parallel
aan de massastroom leidt in alle gevallen tot een verlaging van de stromings-
weerstand. Wordt de transportsnel heid voor warmte (dit is de snelheid van de
normale component) groter dan die voor de massa, dan wordt de stromingsweer-
stand zelfs negatief. In dit gebied van negatieve weerstand traden een aantal
bijzondere verschijnselen op zoals o.a.:
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- Bij zekere massasnel heden wordt ook de differentiële stromingsweerstand
negatief. In het toestel waarin de massastroom niet rigide wordt opgelegd
("spanningssturing") is hier geen stationaire stroming mogelijk, en leidt dit
tot een periodiek gedrag van de gemeten grootheden (type-II oscillaties, zie
hoofdstuk 2). Bij analyse blijkt de stroming quasi-stationair een aaneenscha-
keling van stabiele stromingstoestanden periodiek te doorlopen.
- Bij kleine waarden van het massatransport en voldoend grote waarden van het
warmtetransport blijkt naast de stabiele turbulente stromingstoestand ook een
metastabiele laminaire stromingstoèstand op te treden. De overgang van lami-
naire naar turbulente stroming bij constante massatransportsnel heid ("stroom-
sturing") vindt plaats d.m.v. een turbulentiefront dat zich met constante
snelheid vf (van de orde van 1 cm/s) vanaf de uitgang (glazen buis met gestroom-
lijnde ingang) of de ingang (metalen buis met "scherpe" ingang) door het
capillair uitbreidt. Deze snelheid laat zich door de massatransportsnelheid

y beïnvloeden.
aap
- In het glazen capillair neemt v„ door opvoeren van het massatransport naar
nul af. Bij die waarde van vQ waar v~ naar nul extrapoleert worden stabiele,
inhomogene stromingstoestanden in het glazen capillair waargenomen, bestaande
uit een laminair en een turbulent gedeelte. M.b.v. een terugkoppelingssysteem
tussen het chemisch potentiaalverschil over het capillair en het massatrans-
port kan de plaats van de scherpe overgang tussen beide gebieden overal in
het capillair worden ingesteld.
- Het optreden van de bovengenoemde inhomogene stromingstoestanden in het
glazen capillair leidt tot één van de twee in hoofdstuk 2 beschreven oscilla-
ties (type I). In het snelheidsgebied waarin deze oscillaties optreden, worden
ook met het in hoofdstuk 4 beschreven apparaat geen stabiele stromingstoestanden
waargenomen.
- De gemeten grootheden bij stromingstoestanden waarbij de superfluïde trans-
portsnel hei d v en de warmtetransportsnelheid u tegengestelde richting hebben

S ft

blijken vanaf een zekere waarde van v -v redelijk beschreven te kunnen
worden als functie van deze relatieve snelheid overeenkomstig de theorie van
Schwarz.
- Bij grotere waarden van het warmtetransport blijkt er bij een zekere
"kritische" waarde van het massatransport (z.d.d. y „ - " c * 8.5 cm/s bij
1,4 K) een zeer sterke verandering van de gemeten grootheden als functie van
de transportsnel heden op te treden die verschillende typen stroming scheidt.

i
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Tijdens overgangen tussen stromingstoestanden in het metalen capiliair aan
weerszijden van de hier genoemde "kritische" snelheid blijken duidelijke
oscillaties op te treden in de, op enkele plaatsen langs het capillair gemeten,
temperatuur. Deze oscillaties kunnen mogelijk in verband worden gebracht met
"proppen" turbulentie die zich door het capillair voortplanten, analoog aan
verschijnselen die in klassieke vloeistoffen worden waargenomen.
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STELLINGEN

1. Een bekend verschijnsel uit de physica bij lage temperaturen wordt veelal aan-
geduid met de "warmtegeleiding van de He film". Daar deze aanduiding geheel
verkeerde suggesties oproept met betrekking tot het bij dit verschijnsel op-
tredende warmtetransportmechanisme, kan deze beter worden vermeden.

2. Bij kernordeningsexperimenten in Ca(0H)2 zijn digitale technieken noodzakelijk
om de demagnetisatie in het roterende stelsel met voldoende grote nauwkeurig-
heid te kunnen uitvoeren.

3. De conclusies van O'Driscoll over het gedrag van de beëindigingsconstante bij
vrije-radicaal polymerisatie als functie van de ketenlengte zijn onjuist en
strijdig met zijn uitgangspunt.

K.F. O'Drisooll, Pure & Appl. Chem. 63(1981)617.

4. Bij de interpretatie van de in 3-methyl-pyridine met inelastische neutronen-
verstrooiing waargenomen absorptie met een energie-opname van 8,9 meV is de
fonon-rotor interactie onvoldoende in beschouwing genomen.

W. Müller-Warmuthy R. Schuier, M. Pr&ger en A. Kollmav, J. Chem. Phys.
69(1978)2382.

H. den Adel> H.B. Brom> Z. Dokoupil en W.J. Huiskamp, Physiaa B to be

published.

5. Het is mogelijk een metaal verbinding te maken met een zodanige samenstelling,
dat een lange-afstands anti-ferromagnetische ordening gepaard gaat met een
positieve Curie-Weiss temperatuur.

6. De bewering van Kawamoto dat bij het bestuderen van oppervlaktegolven in
helium II de verdampings- en condensatieprocessen aan het oppervlak kunnen
worden geëlimineerd door de dikte van de damplaag voldoende klein te kiezen
is onjuist.

H. Kawamoto, Prog. Theor. Physios 63(1980)1793.

7. De veronderstelling, dat de chorioid-klier in het oog van veel vissen als een
erectiel orgaan betrokken zou zijn bij het focusseren van de retina, wordt
door Barnett op niet overtuigende gronden van de hand gewezen en is waarschijn-
lijk toch juis t .

C.H. Baxmett* J. Anat.t London 85(1951)113.
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8. In tegenstelling tot wat Barbara et a l . beweren is de magneetveld-afhankeiijk-

heid van hun squid-magnetisatie-metingen aan het spinglas CuMn niet in tegen-

spraak met de door Mulder et a l . gemeten magneetveld-afhankelijke wisselstroom-

susceptibi l i tei t .

B. Barbara, A.P. Malozemoff and Y. Imry, Physica 1088(1981)1289.

C.A.M. Mulder, A.J. van Duyneveldt and J.A. Mydosh, Phys. Rev. B25(1981)

1384.

9. Bij de interpretatie van meetgegevens die betrekking hebben op de stroming van

helium II in capillairen dient er rekening mee te worden gehouden dat bij

bepaalde combinaties van massatransport en warmtetransport niet-homogene stro-

mingstoestanden in het capillair kunnen optreden.

Hoofdstuk 4 van dit proefschrift.

10. De berekeningsmethoden van eigenfrequenties en bijbehorende trillingsvormen

van mechanische systemen kunnen i.h.a. in twee soorten worden opgesplitst:

discrete en continue methoden. Elk van deze methoden heeft bepaalde voor- en

nadelen, maar in vele gevallen blijken ze aan elkaar complementair te zijn.

11. Mede in verband met het vaststellen van een temperatuurschaal gebaseerd op de

dé
4L

dampspanning van He is het gewenst nieuwe metingen van de dampspanning p van

He dichtbij de kritische temperatuur T uit te voeren, teneinde een discre-

pantie van één procent in de waarde van d(logp)/dr bij T , die bestaat

tussen de metingen van Kierstead en van Rusby en Swenson, op te lossen.

H.A. Kierstead, Phys. Rev. A3(19?l)329.

R.L. Rusby and CA. Swenson, Metrologia 16(1980)73.

12. Het verdient aanbeveling het contact tussen de groepen die zich met technische
4

toepassingen van het stromingsgedrag van superfluTde He bezighouden, en de
meer op fundamenteel onderzoek gerichte groepen werkzaam in dit vakgebied, te

intensiveren.

R.P. Slegtenhorst Leiden, 7 oktober 1981.
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