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Abstract 

Modified macroscopic-microscopic calcu
lations of the potential energy of nuclei in 
the Ra-Th region are performed. A stable 
octupole deformation of the nuclei is obtain
ed. The lowest K* t=0- states are interpreted 
as being associated with this deformation. 

1. Introduction 

There is a long discussion on the natu
re of the lowest-lying collective Ktrc=0-
states of even-even nuclei in the Ra-Th re
gion. The energies of the states come down 
to about 200 keV ( 2 2 4Ra, 2 2 6 T h ) . Three dif
ferent interpretations have been proposed. 
In one of them, the states are treated as 
octupole vibrations 1 . No stable octupole 
deformation is assumed. This treatment al
lows one to reproduce octupole energies of 
many nuclei in different regions rather well. 
It faces, however, difficulties in reproduc
ing the lowest energies, discussed here, and 
their systematics (i.e. their dependence on 
the neutron number N ) . In the second inter
pretation, a stable octupole deformation is 
assumed. With such assumption, the potential 
energy V, treated as a function of the octu
pole deformation £ 3 , would look as in fig.l. 

V 

Fig.l. Potential energy V as a function 
of the octupole deformation S 3 in the case 
of a stable octupole deformation. 

In such a case, the ground-state rotational 
band Kot=0+ 9 Icrc = 0+, 2 + , 4+,. . . and the exci
ted band K J C = 0 - , lot. = 1-,3- , 5- ,. . . would be 
displaced with respect to each other by the 

energy AE which strongly depends on the octu
pole barrier height Eg (fig.l). With increas
ing Eç, the displacement AE tends to zero. 
The situation is similar to that for the 
ammonium molecule. In the third interpreta
tion, the states K T C = 0 - are associated with 
the second minimum in the potential energy, 
obtained at oblate shapes 2^. The barrier Eg 
is, however, very low (around 100 keV) in 
this case, what is not enough to explain 
the observed AE. Also the barrier between 
oblate and prolate shapes, obtained in 
ref. 2), is rather small (about 1 MeV) and ex
pected to be still reduced by including the 
non-axial (y-deformed) shapes, not consider
ed in that reference. In addition, the mo
ments of inertia calculated for this second 
minimum are few times lower than those ob
served in experiment for the K^c=0- band. 

The main objection to the second inter
pretation, which assumes a stable octupole 
deformation of the ground state of a nucleus 
and which also seems to be favoured by ex
perimental d a t a 3 ) , is that such deformation 
has not been obtained in the theoretical 
calculations 2'^ . The calculations predict 
the reflection-symmetric shapes. 

In the present paper, we notice that 
the stable octupole deformations for nuclei 
in the Ra-Th region can be obtained in a ra
ther natural way. One needs only to improve 
the traditional macroscopic-microscopic me
thod of the calculation of the potential e-
nergy. The improvement consists in an addi
tion of a simple consistency condition be
tween the macroscopic and microscopic parts 
of the energy. The improvement was proposed 
in ref.5) and applied to a study of the qua
drupole and hexadecapole shapes. Here, we 
apply it to the study of the octupole shapes. 

2. Description of the calculations 

2.1. Potential energy 

As mentioned in the Introduction, the 
potential energy is calculated in the pre
sent paper by a macroscopic-microscopic me
thod improved by a consistency condition. 
The condition requires that the deformation 
of the liquid drop or droplet, describing 
the macroscopic part, should be the same as 
the deformation of the density of matter ge
nerated by the potential, describing the mi
croscopic part, and not as the deformation 
of the potential itself, as traditionally 
done (cf. e.g. ref. 6)). In the mathematical 
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form, it reads 
gmacr = Qmicr ? ( 1 ) 

where Q<x is the moment of the density of 
multipolarity X. We include all multipolari-
ties from X = 0 up to 'X = 6 . Practically, for 
each deformation of the potential, the mo
ments Q ^ 1 0 are immediately calculated and 
then the deformation of the liquid drop or 
droplet is taken such as to get QÇacr equal 
to Q^icr. ^ 

In the numerical calculations, the drop
let model of r e f . h a s been taken to descri
be the macroscopic part of the energy. The 
microscopic part is the Strutinski shell 
correction obtained with the Nilsson single-
particle levels corresponding to the para
meters "A=242 f l (cf. ref. 6)). 

2 . 2 . Mass parameters 

The mass parameters are calculated by 
the cranking method (cf. e.g. ref.8)). 

2.3. Energy displacement AE 

The energy displacement (between the 
heads of the ground-state and the lowest 
KTC=0- rotational bands) is estimated in the 
quasiclassical approximation and under the 
assumption that the problem is one-dimension
al. 

We are only interested in V ( £.3) for 
£ 3 > 0 , as the potential is symmetric with 
respect to the octupole deformation £ 3 : 
V ( - & 3 ) = V ( £ 3 ) . Approximating V ( £ 3 ) by two 
parabolas(one inverted with respect to the 
other) which are smoothly joined (continous 
function and first derivative), we get the 
formula 

+ 
0 0.2 0.4 £24 0.6 

where E g is the height of the (octupole) bar
rier (fig.l), En is the energy of the level 
which is split (due to the interaction through 
the barrier) into two, displaced by the ener
gy A E . The quantities f i w are the curvature 
parameters of the parabolas: at the equili
brium point H i l o q ) and at the top of the 
barrier CficOg). These quantities are calcu
lated as 

fuco = ^ / 0 f c 3 t ï / ï H t î , 

where C g , ^ ^ is the curvature of the poten
tial and B ^ t ^ is the mass parameter with 
respect to the déformâtion £ 3, calculated at 
respective point £ 3 . The curvature C is cal
culated directly from the microscopic energy 
V ( £ 3 ) and the mass parameter B is calculat
ed by the cranking method, as mentioned in 
subsect. 2.2. For E q , we take the zero-point 
energy of the octupole vibration in the 
equilibrium point 

E 0 = ~ ^ c ü 0 • ( 1 4 ) 

The approximation of the microscopic V ( £ 3 ) 
by two parabolas is usually very good. 

3. Results and discussion 

In the modified (improved) calculations 
of the potential energy, the macroscopic part 
of the energy appears, as a rule, softer to 
deformation than in the traditional calcula
tions. It is only a little softer to the 
quadrupole deformation, but much softer to 
deformations of a higher multipolarity. As a 
result, after an addition of the shell cor
rection, a stable octupole deformation is ob
tained for nuclei in the Ra-Th region. This 
is directly illustrated in fig.2, where the 
potential energy of 2 2 6 x h is calculated tra
ditionally (a) and in the modified way (b). 
We can see that in the traditional calcula-

0 0.2 0.4 zu 0.6 

(a) (b) 

Fig.2. Contour map of the potential energy V calculated traditionally (a) and in the 
modified way (b), as a function of the quadrupole (plus hexadecapole), & 2 4 ' a n < ^ octupole 
(plus multipolarity 5 ) , £ 3 5 , deformations. 
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tion no stable octupole deformation, £§=0, 
is obtained, exactly as in ref. However, 
in the modified calculation, the minimum of 
the potential energy is obtained at fc, § ^ 
0.15 and is quite deep. The deformation 
energy 

Edef = V(0,0) - V( £ 3 } ( 5 ) 

is about 1.8 MeV and the height of the octu
pole barrier Eg (cf. fig.l) is around 1.9 
MeV. Similar results are obtained for other 
isotopes of Th. The quadrupole and octupole 
equilibrium deformations, £j) a n < 3 £ § 5 de
formation energy E ¿ e ^ and the octupole bar
rier Eg, calculated in the modified way for 
Th isotopes are given in table 1. One can 

Table 1 

Quadrupole £^ a n d octupole £§ equili
brium deformations, deformation energy E¿ ef 
and octupole barrier height Eg calculated 
for Th isotopes, as functions of the neutron 
number N. 

N o o N def E B 
- — — MeV MeV 

132 0.05 0. 12 1.0 1.2 
134 0. 04 0.14 1.5 1.7 
136 0.02 0.15 1.8 1.9 
138 0.00 0.15 1.8 1 . 8 
140 0.18 0.17 2.2 1 . 8 
142 0.20 0. 16 3 . 0 1.1 
144 0. 23 0.16 3 . 8 1.2 
146 0. 23 0.14 4.8 0.8 

see an interplay between the quadrupole and 
octupole deformations, expected^) for nuclei 
just after 208pk. The stable octupole defor
mation appears first and only after that, 
for heavier isotopes, the quadrupole defor

mation comes into sight. A stable octupole 
deformation is also obtained for isotopes 
of elements neighbouring Th, like Rn, Pa, U 
and Pu. 

It is interesting to notice a clear 
correlation between the height of the octu
pole barrier Eg and the experimental energy 
E]__ of the lowest Krrt=0-, lit = 1- state. The 
highest barrier, Eg«1.9 MeV, is obtained 
for the isotope (N=136), just for which E^_ 
(=230 keV) is lowest. The correlation is il
lustrated in fig.3 for all isotopes, for 
which the experimental value of E]__ is known. 
In fact, higher the barrier lower the energy 
E]__. We think that this correlation is a 
significant support for the interpretation 
of the lowest K ^ L = 0 - states in the Ra-Th re
gion as associated with the stable octupole 
deformation. 

We have calculated the energy displace
ment AE for Th isotopes, by the simple for
mula (2). The results appear by about one 
order smaller than the experimental values 
deduced from the K^ c=0- levels. One should 
stress, however, that a one order discre
pancy in AE is not so much as one might think 
at the first moment. The calculations show 
that AE is an extremely subtle and sensitive 
quantity. For example, a 0.5 MeV change in 
the octupole barrier height Eg changes AE 
by about 1.0-1.5 orders. Thus, e.g. the dy
namical treatment (cf. e.g. ref.-^') of the 
penetration of the octupole barrier may re
move such discrepancy by itself. Having this 
in mind, we should not expect and intend to 
accurately reproduce the K:n:=0- energies, 
related to A E , without subtle refits and 
improvements of the calculations. Instead, 
we should rather treat these energies as 
supplying a chance for extremely subtle and 
sensitive tests for a number of theoretical 
quantities, in particular the potential e-
nergy, for nuclei in the Ra-Th region. The 
only similar tests are supplied by the third 
minimum Th data 1!) and (for the quadrupole 
deformation and for slightly heavier nuclei) 
by the fission-isomer datait). 
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Fig.3. Correlation between the height of the octupole barrier Eg and the 
experimental energy E^_ of the lowest K j c = 0 - , lit=1- state, for isotopes of Th. 
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M-. Conclusions 

The following conclusions may be drawn 
from our study: 

g (i) A stable octupole deformation, 
^ 3 ^ 0 , with a large octupole barrier Eg 
(fig.l) is obtained in the calculations for 
nuclei in a rather wide region around Ra 
and Th. BesCides P.a and Th isotopes, it ap
pears also for the isotopes of Rn, U and Pu. 
The largest barrier is obtained for isotopes 
with the neutron number N around 136. 

(ii) A clear correlation between the 
experimental energy E-]__ and the barrier 
height E B supplies a support for the inter
pretation of the lowest KT^=0- states as be
ing associated with the stable octupole de
formation. 

(iii) Assuming this interpretation, 
the energy of the lowest K T C = 0 - states is a 
very sensitive function of the barrier 
height Eß as well as of the inertia of a nu
cleus against the octupole deformation ^ 3 . 
Thus, this energy supplies a subtle test for 
both these quantities. 

(iv) The obtained results show the 
importance of the consistency condition be
tween the macroscopic and microscopic parts 
of the potential energy, which was disregard
ed in previous calculations. Account for 
this condition is particularly important for 
the deformations of multipolarity ' X higher 
than two. 

We are grateful to Professor J.Zylicz 
for drawing our attention to the problem 
and to him and Dr. W.Kurcewicz for helpful 
discussions. 
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DISCUSSION 

J. ZyHoz: From the experimental da ta , Kurcewicz 
est imated the he ights o f b a r r i e r to be roughly h a l f 
o f your va lues . Can you comment on t h i s d i f f e rence? 

A. Sobiozewski: In the est imate of Kurcewicz, i t 
i s assumed that the energy d isplacement AE may be 
exac t l y reproduced us ing a one-dimensional (on ly 
octupole) and very schematic b a r r i e r . I do not 
th ink one may cons ider such s imple model as a very 
r e a l i s t i c one; i t may on ly be useful to look a t 
some general tendenc ies . 
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