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A3CTRACT

Recent works in application of the continuous slowing down theory to fast reactor

spectrum calculations have successfully demonstrated its usefulness, in the represen-

tation of fine spectra and in the extreme reduction of computation time. However, these

works are restricted to the space-independent neutron spectra. In this paper,, an ex-

tension to '.space-dependent problems has been attempted with the use of a new continuous

slowing down model typical of the Qreuling-Goertzel equation derived by authors.

The numerical -treatments, in space-dependent problems, consume surprisingly much time

to obtain the results corresponding to the fine or ultra fine group spectra. Therefore,

the analytical treatments have been carried out as follows. .

The continuous sloving-down equation is based on the one-dimensional diffusion

equation for multi-region reactors in plane geometry. This new equation is solved by .

applying the Laplace transformation on a space variable. As compared with the Age-

diffusion equation, the rigorous inversion of this Laplace txsnsfonaed equation is very

difficult to solve analytically in general. The authors here propose that the expres-

sion of this inversion could be described by means of an infinite number of Age-like

solutions, which use the age defined by the second moment on the space of the Greuling-

Goertzel diffusion equation. Thus, the analytical approach is easily realized. After

some manipulations, the continuous slowing-down equation is transformed into the integral

equation of the lethergy u for the unknown flux and current at the outermost boundaries

of a reactor. The flux and current in a region are determined with the aid of the

transfer matrix, as in the case of the Lie-series method.

The validity of the present method has been examined in comparison with 68 multi-

group diffusion calculation for simple examples of the infinite non-multiplying (Fe)

and fast multiplying systems vith the source of 6 (x) • 6 (u). The nuclear data used for

the calculations of the slowing down parameters £(u) and Y(u) are those smoothed by

quadratic fitting of the 68 multigroup cross sections. The calculations are performed

in lethergy steps of 0.01, which may correspond to 1,J600 oultigroup calculations

(1.1 eV < E ̂ . 10 MoV). The calculated spectra are in considerably good agreement with

the multigroup calculations for both systems. It may be concluded from the above

results that the present method provides the good representations for space-dependent

neutron spectra.

The spectrum calculations based on the present method have been compared with fast

neutron spectrum measurements in an iron assembly carried out using the KURRI Linac.

Microscopic features of the calculated spectrum are in good agreement with the measured

one in the intermediate energy region (30 KeV < E < 1 MeV).
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I Introduction
Fl 1-4" 111Many attempts L have been recently performed vith considerable interest to

apply the continuous sloving-davn theory to the energy spectrum calculations of fast

reactors. This tendency is derived from the fact that there are increasing needs of

nev methods vhich are able to calculate more rapidly and accurately a detailed flux

weighting spectrum for the generation of multigroup cross sections. As shown in the

previous paper , the'authors have successfully developed the nsv continuous slowing-

down model typical of the 6-0 equation to calculate detailed fait reactor spectra. It

takes account of inelastic scattering and fission source, and i* based on the fundamental

node approximations.

In the present paper, we introduce the space dependence into the nev nodel

mentioned above. By means of such an extension, an applicability of the nev model will

increase furthermore and so one can expect hopeful results unable to be obtained by the

conventional multigroup method in an analysis of fast neutron measurements and a

generation of the space dependent group constant.

The well known Age-diffusion equation could be readily solved with accuracy and

its solution is described by the analytical representation of Gaussian 'type. Ibis *

equation, however, can provide the valid results in the system with only the elastic

scattering and in the very small absorption limit. On the other hand, in the case of

the G-C diffusion equation which, is expected to provide better approximation, no analy-
Fl2Jtical solutions have been reported yet. There have been merely found some discussionsL

of the second moment of space variable defined by this equation, namely the neutron age.

Therefore, the authors will attach the first importance to seeking analytically

approximate solutions of the present new G-G equations. The main purpose of such an

approach, instead of numerical treatments with extremely much computation time, is to

make a good use of the merits of analytical method as shown in the previous paper, for

the space dependent problems.'

Ve, at first, formulate the nev G-G diffusion equation for a multi-region reactor

in plane geometry, and aolve it by applying the Laplace transformation on a space .

variable. However, the rigorous inversion of this Laplace transformed equation is

vary difficult to solve analytically in general. Ve here derive analytical expres-

sions of this inversion by means of an infinite number of Age-like solutions vith the

neutron age defined by the present equation. Then, using such expressions and after

some manipulations, the flux and current in a region are formally written down vith

the aid of the transfer matrix and the boundary values at the outermost boundaries of

a reactor. Such an approach is the same one as K. Kobayashi et »!.'• ' formulated in

the multigroup diffusion equation. Our approach leads to integral equations, while

theirs leads to a system ol linear equations.

The authors also refer to a comparison vith a measured fast neutron spectrum in
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an iron assembly and to the neutron age based on the present nev equation.

In this paper, all numerical calculations based on the present method were per-

formed for the simple problems of the infinite system. More interesting calculations

of multi-region problems and criticality problems are in progress.

II Formulation

The diffusion equation and the slowing-down density in the homogeneous slab

reactors are formulated by the use of the modified scattering kernel defined in our

previous paper (Appendix [l])

vhere

The suffix "j" indicates the isotope in the medium and j>(s,u) is the external neutron

source. All other notations have the usual meanings. Differentiating Eq. (2) and

using Eq. (1), ve have
i

OM. " dX. . ft

On the other hand, by means of the approximation introduced-in our previous paper

(Appendix [2]), the G-G equation is in the form

M). W
vhere £(u), T(u) are saen to be sloving-down parameters.

Then, let a reactor consist of N homogeneous regions and x. and x^n be respec-

tively the inner and outer boundary in the n-th region. Considering the flux 0n(x,u) ,

for the n-th region, ve make the assumption that 0 (x,u) holds for 0 - X Q ^ < x < e»
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and 0 (x,u) =,J)n(x,u) = 0 for x < x-. The Laplace transformation of Eqs. (3) and

(4) leads to

(6)

where

.w=r^c^

Eliminating q^s.u) in Eqs. (5) and (6), ve obtain the folloving differential equation

(8)

where

Hereafter, the suffix "n" and lethargy u in S (u), Z (u), B (u), M (u), ? (u)
s,n a,n n. n D

and Y&(u) vill be dropped for simplicity. The superscript! "•" and "•" stand for the

argument u' and u", respectively.

The differential aquation (8) is readily solved and, in the simple ease of

,u) - 6(u) ̂ n(>)> after son aanipulations, the flux 0a(s,u) is expressed as

I
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(9)

and then, the current J (s,u) can be obtained as

(10)

where

It is very difficult in general to apply rigorously the Laplace inversion to

Eqs. (9) and (10), especially to the equation F (3,11,12'). Using the neutron age

?o(u,u') defined afterwards, the integration in F (s,u,u') is rewritten as
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t fi

[ (Ua)

(lib)

where

and using the coefficient pi(u,u') derived from the relationship between Eq. (lla) and

Eq. (lib), f(s,u,u') is defined as

Ve here consider the case of f(s,u,u') ~ 1. In this case, Eq. (lib) is exact up

to the second moment and will be a good approximation even for the moments above the

fourth.

Then, the equation Fn(s,u,u') is represented approximately by Eq. (11) as

(12)

Using the following relation

where
ft*e

th« equation (12) reduces to
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(13)

vhere

*"«!
Consequently, it is dear that the inversions of Eq. (13) are expressed in a form

of Age-like solution typical of Gaussian, considering the case that the reactor is

symmetry. In the same way, the derivative of F (s,u,u') is approximately express id as

In the case where the higher terms of f(s,u,u') are considered, ve can readily obtain

the expression of Gaussian type (Appendix [3]).

Thus, using the inversions for Eqj. (13/ and (14), i.e.,

and

(15).

the Laplace inversions of the flux (Eq. (9)) and the current (Eq.. 10) in the n-th region

are approximated in the fora

<j>JX, U.)-

i W (16)

t [#Hjtf-WwO^£*fr*il]

and

r 184 -
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, //H I

where

(17)

Then, the matrix representations for Eqs. (16) and (17) can be written in the

following way '

where

(fa***) \

-t- i«U'H.fx'-XMVw/u
l;&t4

i
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Furthermore, if ve define

the equation (18) becomes

By the use of the

at the interface between n-tb

ve have

Using successively Eqs

region are described by

first region

(19)

tk&t boib. flux and currant are continuous

region

(20)

(21)

(jo) and (2l), the flux and current of the n-th

h^ flux and cUXTBbt on the outermost boundary of the

Kow, let's solve the

Setting n = N and x = x _ i

-the following boundary conditions

ve obtain
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Thus, from the boundary conditions above and Eq. (23), ve can find the N-tb order

integral equation for the unknown flux 0.(o,u). The flux and current in any region can

be obtained by the use of Eq. (22) and 0 (o,u).

Ill Calculations and discussions for infinite system problems

III-l Comparison with multigroup calculations

The validity of present method lias beea examined through comparison vith multi-

group calculations for the infinite Systems with the external source 6(x)* 6(u).

It vill be very explicitly shown in such simplified problems whether some approximations

introduced in the formulations are reasonable. The sloving-dovn density and flux

calculated, therefore, are given in the form

(24)

(25)

The systems chosen for calculations are an iron assembly, a lead assembly and a

fast reactor assembly'- . The nuclear data used are those smoothed by quadratic fit-

tin; of the 68 group cross sections in the HRG-code'- . The calculations of the

sloving-down parameters £(u) And y{u) are 'based on the method defined in the previous

paper. A lethargy step in the calculations is 0.01, vhich is considered to correspond

to 1600 energy groups. On the other hand, the 68 group diffusion calculations for

comparison vere made for the large system vith the plane source is the first group.

The calculated results are shown in Figs. 1, 2 and 3. In the case of iron

assembly, the present method gives results in good agreement vith those from multigroup

calculations. The other assemblies show that the agreements except for the high energy

region are good. Disagreements in the high energy region are considered to be caused

by neglecting higher order moments and elastic scattering near the source energy in the

calculations of sloving-dovn parameters'- . For instance, a good agreement in the

case of iron comes from the fact that the contribution of higher moments is not large

at the distance far from the source because of the large moderation. In the case of

lead, setting f(s,u,u') % 1 proves to be a poor approximation because of the small

moderation. The disagreement in fast reactor assembly is due to the neglecting of

higher moments and/or of elastic scattering near the source energy.

Ve also have calculated a "modified Age flux"'' , vhich is often used for th»
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. simple representation of fast neutron spectra, as follows:

-/here

(26)

This flux is only a first term of Eq.. (25). From Fig. 3, it is clearly shown that this

modified Age flux provides the invalid representation for neutron spectrum in the high

energy region. Such discrepancies vill result from the following*: the modified Age

flux is correct in the second moment of space but overestimates higher moments. In

addition, compared vith the present model, the neglecting of the term T(u) • D ( U ) S

of M(s,u,u') in Eqs. (9) and (10) seems to underestimate the diffusion effect of fast

neutron.

The sloving-dovn density in iron also is calculated and shown in Figs. 4 and 5.

As seen in these tvo figures, most of high energy neutrons above 2 MeV moderate in the

vicinity of source and neutrons belov 1 MeV show similar distributions at any spatial

points in the medium. It corresponds to tie fact that the neutron spectra at the

position of more than 40 cm apart from the source take the similar form.

III-2 Analysis of fast neutron spectrum measured is iron

The calculations based on the present model have been compared vith fast neutron

spectrum measurements in an iron system (90 X 90 X 100 cm ) carried out using the

KURRI LINAC . The neutron source generated from a lead target is placed at a center

position of assembly. The T.O.F. neutron spectrum compared vith the present calcula-

tions vere extracted from the reentrant hole, perpendicular to the direction of LINAC

electron beam and 22.5 cm apart from the center position.

Then, in the calculation model, the following assumptions are made for simplicity:

(i) a neutron source has a form of 6(x) • Jjj (u) without a spatial distribution,

but vith an energy distribution,

(ii) the target region (radius = 4 cm) is neglected,

(iii) this assembly is considered effectively as an infinite jnedium, but leakage

effect of finite system is approximated in terms of constant buckling.

The neutron flux vith the source energy distribution is given readily by means of

replacing O(x) -6(u) by 5(x) • J^(u). The neutron cross sections used are the

Karlsruhe data (KFK-750) and are smoothed by linear fitting in the calculations of

sloving-dovn parameters and neutron flux. The source energy distribution is

approximated by Maxvellians as follows:
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cxp (- .? > 4.0 MeV,

E < 4.0 MeV.

The comparison betveen measured and calculated spectra is shown in Fig. 6. The

normalization was made in the intermeaiot* aaergy region (30 KcV < £ < 1 MeV), as

microscopic features of the calculated spectrum is in good agreement vith the measured

one in this region. The significant disagreements, however, appear at high and lov

energies. These discrepancies might be caused by following factors: at high energy,

poor estimation of inelastic energy transfer probability and aniaotropic scattering,

and at low energy, overesti.ma.tioc of leakage effect and spectrum hardening due to the

above-mentioned inelastic probability, in addition, neglecting of spatial distribution

and anisotropy of neutron source. Most of their causes are difficult problesm commas

to other calculational methods, but further improvements of the present model should be

developed because it is greatly hopeful for the analysis of spectrum measurements.

From such a preliminary comparison, ve con emphasize, at least, the follovings. .

The present method based on the continuous sloving-dovn theory has the great possi-

bility of improvement of group constants by the use of the direct dependence of

neutron spectrum on detailed cross section data. It is also very useful in studying

the fast neutron behavior in medium through the insight into the role of basic reactor

parameters, such as neutron age and resonance escape probability.

Ve also have examined characteristics of. the neutron age represented by the new

G-G diffusion equation. The neutron age is defined by using the Laplace transformed

sloving-dovn density as follows:

=1
In the case of no absorption, it is the Fermi-age. Calculations are made vith the

Karlsruhe data set (KPK-750) and in Fig. 7 compared vith the age calculated by B.K.

Malaviya et al. •• •" using the same data. Their age is the modified Fermi age as ex-

pressed by Eg,. (26). These two ages shewn in Fig. 7 reflect the differences in the

definition of the neutron age, the derivation of the sloving-dovn parameters and the

energy transfer probability used, and no, in the space dependent problems, it is of

another importance to decide th* nevitroc age as precisely as possible.

The reason for the large steps in the age is discussed in detail by B.K. Halaviya

et al. Such a large difference between KFK-750 and ENLF/B-I is very interesting. It

is concluded that the neutron age of integral parameter may be a useful tool to evaluate

various cross section data files.
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IV Concluding remarks

The author* hare derived successfully the approximate solutions for the G-G
diffusion aquation based on the nev model which they have developed is the previous
paper, these solutions are expressed by mesas of an infinite number of Age-like
solutions with a neutron age defined strictly by the G-G diffusion equation. Moreover,
using thase results obtained, the formulation for a multi-region slab reactor has else
be«a made.

The calculations from the present method are in good agreement with 68 group
diffusion calculations in an iron asseably over the vbole energy and, in a lead
assembly and is a fast reactor core, except for a slight discrepancy at high energy.

The preliminary comparison vith a measured fast neutron spectrum in iron shows
good agreement of microscopic features in the intermediate energy region.

Consequently, ve can conclude that th» present method based on the continuous
sloving-dovn model provides a useful tool for analysis of measured fast neutron
spectra, assessment of cross section data files, generation of space dependent
weighting flux, rapid flux calculations and so forth.
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Appendix

[l]
The authors assume that the fission source is generated by fictitious inelastic

scattering from .the ooncenergetic source. Taking into account the conditions of

£ (u) c 0 and 2 . (u) m D at u = 0, modified scattering kernel is expressed as

(when u e 0)

(vhen u > 0)

vhere fictitious scattering cross section is defined as

(vhen u" = 0)

s 0 (vhen u' > 0)

[2]
Ve propose a nev approximation by introducing the Taylor expansion of a more

slowly varying quantity, vhicb is expected to be approximately the slowing down

density

Substituting the above equation into Eq. (2) and defining a nev parameter £(u) to

satisfy the relation

M

ve have
f f'life I>>J=' ;

fix. w) * |f *)Tt M 4(u*) -
vhere T(u) is defined as

Then, using the approximation

[1]



- 1 7 8 -

v* have Eq. (4)

[3]
If w» consider the general e u * of f(s,u,u'), the aquation (12) i« rcvrittts

f 0+f ft-

Consequently, tbo inradon of the aboY« equation proves to be expressed in th»

form of Gsuuian type.
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