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ABSTRACT

It is shown that the application of a particular kind of point trans-

formation onto the plane wave members of the determinant trial function lea.dE

to a local density formulation of on approach which proved to be an extension

of the usual Thomas-Fermi theory. The new approach reveals possibilities in

the fields, where the Hartree-Fock theory can hardly be used.
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I. INTRODUCTION

The simplicity and practical convenience of the Thomas-Fermi

method is very attractive for investigating ground state properties of finite

Fermi systems. A considerable development of the TF method has teen achieved

in many applications, in vhlch the general characteristics of atoms have been

calculated. This success, to * certain extent, indueed some attempts to

extend the TF theory to the atomic nuclei. They all proved, however, to be

unsatisfactory (Bethe 1968; Siemens 1970).

Nowadays, the Haxtree-Foek (HF) method with forces dependent on

nuclear density is the only reliable method for calculating. ground state

properties of nuclei. The elaboration of the TF type theory could prove to be

very useful especially in such fields as heavy ion physics, superheaty nuclei,

neutron stars etc., where the KF method practically cannot be used. Such a

theory oould serve as a basis for the energy density formalism (Brueckner

1968,19691 Lombard 19T3) and also for other phenomenologies-

In this paper an attempt is undertaken to propose an approach which

is a generalization of the well-known TF method with Its inherent simplicity

and convenience. At the same time, it preserves the characteristic features

and peculiarities of the KF method. The main point of the approach consists

in choosing the determinant many-particle wave function based on modified

one-particle functions. The last circumstance allows one to relate our

approach to the TH method. In essence we actually apply the usual varlational

HF procedure on special class trial one-particle functions. The latter are

expressed by a single unknown function, which determines the total energy of

the system in a variational sense. It proves to be connected with the local

particle density. Thus the energy and other quantities become functionals

of the local density.

In Sec.II we describe the general formulation of the method. The

effective one-particle wave functions used are generated from plane waves by

means of the point transformation t •* ̂  f(r). A relation between the density

p(r). and a new function f(r) is established. Then the Dirac matrix

p(r,r') is readily expressed as a functional of its diagonal (p(r,r) = p(r))

elements•

An expression of the kinetic energy of an arbitrary finite Fermi

system is obtained in Sec.III. In the constant density limit this formula

reduces to the kinetic energy of the free Fermi gas model.
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In Sec.IV the total energy as a functional of the density is considered.

Two expressions of the energy for nucleons in atomic nuclei and atomic electrons

are analysed. The relation between our approach, . TP and HF theories is

emphasised.

An equation for the density p(r) is obtained in Sec.V by means of

a variational procedure. The Lagrange parameter accounting for normalisation

of the density is an eigenvalue of the equation to he solved for usual

boundary conditions. The asymptotic of p(r) and its behaviour at r •* 0

are ai«o examined.

In the last section the results obtained and the further development

of the suggested approach are briefly discussed.

I I . FORMULATION OP THE METHOD

Generally, in a variational aspect, the energy of a Fermi system of

A particles is a functional of a many-body function ?,,...,5,)

f2.l)

where H is the Hamiltonian of the system. The HF method corresponds to the
determinant t r ia l function

L-4*

The one-particle functions in (a.2) satisfy the conditions

We have for the HF energy E , where E

(2.2)

(2.3)

is the exact minimum of the

E[f] i.e.when T is a solution of the equation W = E^V.

The ground-state energy of the system can easily be obtained if the

particle functions ^. (?) are expressed lay only one unknown function f(r)

obtainable in a variational manner. Then the minimum of Eq.(2.1) will give

the energy L and
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E
HT

(2.I

will hold.

The effective one-particle states we use are based on the plane waves

_</e

for which

( 2 . 5 )

(2.6)

We modify (2.5) by means of the unknown function f(r) as follows:

(2.T)

This form of ̂ » (r|f) satisfies the conditions (2.3):

(2.8)

The second part of Eq.(2.8) is Eq.(S.6) at f(0) = 0. At t{r) 3- r Eg..(2.7)

reproduces the plane waves (2.5). Therefore the effective functions ^ » R ( | )

can be considered as an extension of the free Fermi gas wave functions.

In our approach the Dirac density matrix P(?,?') can readily be

obtained. By definition

. ( £. 9 )

,rAlf) determined by Eqs.(2.2)Substituting in (2.9) the trial function • (?1,.

and (2.7). we get

The momentum K In (2.7) plays the role of a 'quantum number labelling the

effective particle states ^.(rlf). If the last occupied state is denoted
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by f— (rlf), then the mixed density 'becomes

vhere , K accounts for spin and isospin degeneration;

= 1 for electrons and K = 2 for nucleons; j,(x) is the Bessel function.

The diagonal elements of P (r ,r"') are given by the local particle

density

p(r) = p(r,r' » r) (£.12)

dv-

One can easily see that the normalization of the density

Therefore Eqs.(2.1l) and (2.12) supply us with a relation between f(r) ana

p(r)

(2.13)

(2.HO

(2.15)

- A
results in the relation between Po, A, 8 f

po = a^

vhich gives the effective volume Gf entering (2.7).

Eq.(2.13) must be considered as a non-holonomic constraint in the

rariational search for f(r). We proceed, however, to solve Eq.(2.13) with

respect to f(r) at the boundary condition f(0) = 0. The result is

[• S
To (2.16)

Dow we can use Eq.(2.l6) as a definition of the function f(r) but

as an unknown function we use the local density p(r). In this way we closely

approach the usual TF method.

Since the density p(r) is normalized to A, Eq.(2.l6) automatically

ensures the validity of Eq.(2.15). Thus we can write both the trial particle

functions and the Dirac density matrix in terms of p(r).'
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1/3

(2.17)

where ve set

3/1*

C2-18)

In the case of a constant density p(r) = p^, Eq.(2.l8) coincides with the

free Fermi gas mixed density

(2.19)

Thus we have succeeded to represent the one-particle Dirac density matrix

for a finite Fermi system as a functional of i t s diagonal elements. The only

unknown function - the local density p(r) - should be obtained by e.

variational procedure taking into account the additional normalization

condition (2.1U).

III. KINETIC ENERGY

The kinetic energy of the system can be expressed by the density matrix

(3.1)

The main point of the TF method is the assumption of a slow variation of the

local density p(r) resulting in

TT., = (3.2)
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The approximation (3.2) essentially distorts the role that the kinetic energy

oust play in the variational equation for P(r}. When considering atomic

electrons the equation for p(r) is treated together with the Poisson equation.

The latter determines the differential pattern of the problem and in this way

the TF method is realized. When the approximation (3.2) is applied to the

atomic nucleus, it cannot give a correct solution for the density.

By means of the density matrix (2.18) introduced we obtain a density

functional expression for the kinetic energy:

r<?i

The first term exactly coincides with the Weizsacker kinetic energy correction.

The second term has a more complicated integral structure. The usual TF term

can be revealed in the case of a slowly varying local density

Keeping the first term in (3.*0 i.e. in the limit Vp + 0 , the kinetic

energy (3.3) transforms into Eq.(3.2). This fact shows that the suggested

approach generalize the TF method in a rigorous way. We should mention,

however, that the expression (3.3) is obtained without any preliminary

limitations on the density. Moreover, it is clear that this form of the

kinetic energy will essentially determine the very pattern of the variational

equation for p(r).

IV. TOTAL ENERGY

For the system described by the Hamiltonian

where T. is the particle kinetic energy operator, U(r.-r ) is the inter-
t>i th ^

n
t>i

action between the i n and J particles, the total HF energy is of the form:
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(k.2)

Here

The new density matrix p f r , r ' | p ) transforms the energy
functional

into a density

The kinetic energy expression is given by (3.3) . We now specify B.[p] for

two important Fermi systems: atomic nuclei and atoms.

A. Atomic nucleus

The energy of a nucleus with the density dependent forces betveen

nucleons can be written as follows (see Bethe (19T1); Begele (19T0) for

details):

fr-^i [KM* W*')] I

where

1 ifir-FOlKF,?)?)!2- ,



The last term in Ct.U) contains the density matrix p{f ,r ' |p)and therefore i t

also becomes a functional of the local density p ( r ) . One can shov that in

the limit Vp •+ 0, Eq.(U.It) resul ts in

E[p] W(p) P t .5)

where W(p) (including also the TF kinetic energy)is a saturation curve of

nuclear matter theory. The minimum value of W(p)iB.-l6 MeV at the density

PQ = 0.2 f
3.

The energy functional used in the energy density formalism (Brueckner

1968, 1969; Lorfbard 1973) can he recognized In (U.I*), if one performs a

gradient expansion of the local density and keeps the terms up to order

(Vp)2.

B. Atoms

The Electrons of an atom interact with the nucleus and between them-

selves by Coulomb forces.. Therefore the structure of the energy functional

is less complicated

+ -=-(
\r-V'l

We remark that there are no free parameters in (I*.6). Hence i t can serve

as a rigorous t e s t for the theory.

In the limit Vp •+ 0 the following expression is obtained:

where C
ex \ [|] = 0.T386
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The last exchange Coulomb term in (fc.T) indicates that E[p] is the
loiown Thomas-Fermi-Dirae energy expression.

V. DIFFERENTIAL EQUATION

The stationary energy condition

S~EU1 _ STL?3 S-EMT[?J
(5.1)

r e s u l t s in t h e following equation of p ( r ) :

n

** & " * *

(5.2)

(5.3)

(5-M

The Lagrange parameter t^ < 0 accounts for the normalization of p ( r ) . I t

is a Fermi energy of the system £ = E | p^ .

Eil.(5.2) i s e. complicated integro-dlfferential equation of the local

density which must be solved at usual tioundary conditions. I t can be shown

that at r —no the solution of Eq.(5.2) is of the form

Generally th is is a correct exponential t a l l of the density. We note, for

comparison, that- the HF density is

(5.6)
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,The index i runs the states up to the last occupied state with energy

fcj = £p . The radial part of the particle functions at r -̂ .00 gives

1/2.

(5.7)

Actually the tail of (5.6) is given by

(5.8)

which ia the same as (5.5).

Consequently, the asymptotic of the density p(r) obtained as a solution

of Eq.(5.2) is practically that of the HP method. Undoubtedly, this result

demonstrates some advantage over the usual TF method,in which there are

principle difficulties to get correct asymptotic behaviour of the density.

The Weizsacker correction Twfp] of the kinetic energy (Weizsacker 1935)

causes the exponential density tail. We should mention however that the

widely accepted opinion is that the correction must be reduced by a factor g •

A numerical analysis OT Eq.(5.2) and especially an estimation of the exchange

potential energy term of Ct.U), (k.6) are necessary to throw light on this

important subject. The analysis of Eq.(5.2) at r-»0 shows that the

conditions

for atoms and

for nuclei are admissible.

[p(r)].

p(0)

const

P'(O) = 0 (5.10)

The parameter p as well as £_ will be obtained as an eigenvalue
when solving the differential Eq.(5.2). Thus the last unknown quantity IC,

is completely determined (see Eq.(2 .11)).

The valuable property of our approach i s that the TF theory results
as a f i rs t approximation, when the gradient density expansion is performed.
The limit Vp •+ 0 transforms Eq.(5.2) into the well-known result in the case
of atoms

-11-

(5-11)

In a similar way an equation can be obtained in the case of nuclear system

(5.12)

An appropriate choice of the effective interaction parameters confined in

W(p) fixes the value of the general nuclear matter quantities.

VT. CONCLUSION

The approach described here may be considered as a generalization of

the TF method. It facilitates to examine the bulk ground state properties

of the finite Fermi systems starting from the given forces between particles.

Moreover, no additional assumptions and approximations must be introduced.

We should note that the method is not specifically constrained to the plane

waves used here. Another known one-particle set of functions can be

successfully used for density fonnulation of the theory.

One can hope that the generalized TF method will be useful in the

fields where the HF method cannot be applied. These are superheavy nuclei,

and nuclei far' from the stability line, heavy ion physics and neutron stars

etc. A special interest which arose recently from the study of the inclusive

reactions are the high momentum components of the particle momentum distri-

bution. TF momentum distribution substantially differs from that in our

approach. Actually, the momentum distribution of the present approach will

be affected essentially by the ahort-distance scale behaviour of the local

density as the last completely determines the non-diagonal terms of the Dirac

density matrix.
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