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INTRODUCTION
The problem we will try to address to in this paper is how we can
derive an effective field theory for mesons starting from QCD 1)
The

International Atomic Energy Agency
and
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physical idea we will invoke is that low-energy hadron physics just might
2)
tie given by QCD in a non-trivial ground state
which we will identify as
tile background field.
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This means that hadrons areformed via the interactions

of gluons and quarks in

a non-trivial ground state.

The mathematical

machinery ve will use is the path-integral formulation and the background
decomposition of a field
The organization of this paper is as follows;

In Sec.II we discuss

the background field decomposition and the physical significance of the
background.
TOWABBS AH EFFECTIVE BILOCAL THEORY FROM QCD IN A BACKGROUND '

In Sec.Ill, we deal with the zero mode problem.

bilocals.

This guarantees that the bilocal theory (and by identification

the mesons) will respect the global symmetries.

J.A. Magpantay
International Centre for Theoretical Physics, Trieste, Italy.

We show how

to restore the global symmetries before we carry out the introduction of

In Sec.IV we carry out the

introduction of bilocals and derive the bilocal effective action.
we discuss the interesting limit of large

In Sec.V,

II. We conclude with some comments.

The appendix carries a discussion of the approximation used in the FaddeevPopov determinant.

ABSTBACT
II.
Using the path integral, we show how we can get background gauge
invariant bilocals (to be identified with mesons) from QCD in a nontrivial ground state.

We discuss in this paper mainly the formal

manipulations, especially how to deal with the zero modes.

THE QCD GROtfflD STATE ADD THE BACKGROUND FIELD DECOMPOSITION
We w i l l assume t h e f o l l o w i n g s c e n a r i o .

determine t h e QCD ground s t a t e .

Pure Yang-Mills t h e o r y w i l l

This ground s t a t e c h a r a c t e r i z e d by A (x)

is a solution of the classical field equation

We also

discuss the large K limit of QCD in a background.

- o

(l)

, A
We will then assume that the path integral is dominated by this classical
configuration.

The "gluon" is then a quantum or gaussian fluctuation

about this classical field

A .

MIRAMARE - THIESTE
In general the classical field

May 1982

A (x} will depend on some parameters

of the global symmetries of the pure Yang-Mills theory, i.e. A = A (x,w) and
*

To be submitted for publication.

w collectively represents the parameters.

In this case, we do have

zero modes to contend with because the classical solution
the symmetry corresponding to

w , i.e.

-2-

A (x,v) breaks

-. o.

When we fix the gauge, we want a gauge-fixing term that is covariant

(2)

under (5a) and {5b), the reason being that we want

to "be background
6 "* *

invariant.

This requirement is satisfied by the background gauge condition

These zero modes have to "be dealt with properly to restore the (broken) global
symmetries in the quantum theory.

It)

This is done "by the collective co-ordinate

(7)

method
Now, when we add the fermions, we will assume that the ground state
will not be perturbed at all.

The fermionfi and gluons will then evolve and

interact in the presence of this background.

The corresponding Faddeev-Popov determinantis evaluated by using the so-called
"quantum" gauge transformation (in infinitesimal form)

The result of this fermion-

gluon interaction in this background is hopefully the observed hadron physics

(8)

in low energy regime.
The above picture is the puysical scenario that we will assume for
QCD.

How let us look at the technical aspect of expanding about a background.

This means writing the full potential

A

The resulting Faddeev-Popov determinant is

as

(9)

V

(3)
which is invariant under (5a) and (5b). We will approximate this by

where we will identify the
formation of the full

a

as the gluon field.

Using the gauge trans-

A , i.e.

Af=

(10)

which is also invariant under (5a) and (5b). This approximation is discussed
in the appendix.
we find that we can assign the following transformations:

In the following sections.whenever we speak of gauge invariance, we
refer to invariance under background gauge transformations (5a) and (5b).

-^ fi A n" 1 - I h n > O*1
1

<v-->

(5a)

Also, we will not specify the background field keeping the discussion as
general as possible.

(5b)

As for the actual form of

A , it is hoped that the

resulting theory for mesons which critically depends on the background will
lead to the determination of

A .

This is the so-called background gauge transformations and i t s advantage l i e s
in the fact that when we make the expansion
III.

(6)

COLLECTIVE CO-ORDINATES AMD RESTORATION OF THE GLOBAL SYMMETRIES
We will start from the path-integral for QCD ( S U ( N ) with fermions in

the fundamental representation}
each term is separately invariant under (5a) and (5b).

-3-

Using the background decomposition (3) and keeping up to 0(a ) due to the
assumption of

A

being a dominant field configuration

(12)

(15)

where
where

det'

indicates aero eigenvalues excluded and

-[<*!*

(16 )

(13)
The Green function
the zero modes.

We already stated in Sec.II that if the classical solution breaks

-fab
G (x,y) is well-defined because it does not include

It satisfies the equation

any of the global symmetries of the pure Yang-Hills action, then there will
be a aero mode

aA/avi for each of the "broken symmetries.

However, in

evaluating (12), the relevant zero modes are those of the operator
by (13).

The zero modes of

8

6

defined

3

are actually given by
At this point, we may introduce bilocals
convert (15) into a bilocal expression.

*(x,y) —

iji{x) i(((y) and

However, there are problems that

(lfca)
we will meet in doing this.
and

A

First, we still have to restore the global

symmetries by doing the collective co-ordinates or else we will end up with

is solved by imposing

a bilocal theory that does not respect the global symmetries.

Once the

bilocals are introduced, the collective co-ordinate integrals will be
difficult to do because the collective co-ordinate

w {which appears in

A(x,w) and G } will be inside certain complicated terms.
This means that the relevant zero mode is Just

3A/3w

gauge rotated so as

to satisfy the background gauge condition.

We will assume for simplicity that the zero modes are square-integrable
in R . Even if they are not, we can always introduce cut-offs and recover
the infinite volume limit at the end.

Thus recoving

back the global symmetries will be very difficult.
To see this in detail, consider the eigenfunctions of the operator
it + gjl, i.e.

(18)

The zero modes in (12) are taken into account via collective coordinate technique.

The result is

In cases when the background has non-trivial topology, i . e . characterized
by integer number

-5-

-6-

where

(19)

i?+ eA have zero modes

we know that the operator

quartic term in terms of bilocal fields

(22)

We can express the

<f>(x,y), i.e.
Expanding (21) in powers of (ijjtp)n , we will get something like

V'

and ^ ( x , y }
the squares.

• • • '

/ ' I ' / * ,

P J- «.

j

(23J

is chosen such that we get the quartic term after completing
Substituting this in (15) and integrating out the fermions,

ordinates of terms containing

. we will get

w

where the K'a are "basically given by integrals over the collective coA (x,w)

and G

(x,y;w).

Eq. (23) will not "he useful if we cannot exponentiate it back to the

iu

form

^

(2U)
(20)

The reason we want the form ( 2 M is so that we can carry

out the

introduction of the bilocals, except that the fermions will see an
effective background field
The terms appearing in (20) are:
a non-zero mode of
in

I)(A).

f~

is a zero mode

of -B" (A),

One case when we can express (23) in the form given by (2!*) is

The collective co-ordinate parameters are implicit

fk ( x ) , f^(x) and Ji(x,y).

B (x).

f ^ M is

It is clear from (20) that the collective

when we have factorization in the collective co-ordinate integration.

co-ordinate integration or restoring the global symmetries cannot be carried
out in a way that will give us an effective bilocal action.

A.

What we propose to do then is carry out the collective co-ordinate

Factorization in the collective co-ordinate integration
Although this situation is highly improbable , we will discuss it

integration first to restore all the global symmetries in the non-local,

because of some interesting results.

four-Fermi theory given by (15).

ordinate averaged field

The zero mode

integration involves the following:

£;>,<!>
; V"
-T-

Let us define the collective co-

b (x)

V*' ' "c"fa$ "M) V ' *' = < V^>>u
where
(21)

C

is given by the

(iji|i) term, i.e.

(25a)

(25b)

We say that factorization exists if

(26)
We can formally txpand

provided

g

G

-. y

(£7)

(30)

The expansion is given by iteration, i.e.

(x,y) is determined consistently.

•cb

Now to order (?i(i) in (23) and (2l() we fina

(28)

Because of factorization, ve can prove that

(31)

Substituting (31) in (28), we will get

(£9)

To prove the first step in (29)t we go back to Eq. (IT) and expand

8

ab

However, we have the general consistency requirement

where

-9-

a. ,(x,y,o)

defined by

Equating (23) to (,2k), we find that

B^M

Ora ab
G
in terms of the Green function

-10-

which says that using the non-singular Green function is only consistent if
the source is orthogonal to the zero mode

'I

. Thus, we can forget about
(35a)

all the zero mode terms in (28). Doing the collective co-ordinate integration
now and using factorisation, we will Just substitute
in (31) and drop the zero modes.
g

structure of G

B

for every

A

Because of factorization

This proves the first part of (29). The

must then follow because Lorentz invarianoe is

(35b)

restored after doing the Lorentz collective co-ordinates.
_ 2
After establishing (29) in (<H/) , it follows from factorization that
-<*<•*).

(35=)

<&;
Thus, if A (x,w) has a non-trivial topology, then B^(x) cannot be zero
because n(B) = n(A) ^ 0,
(32)

On the other hand, if we usea an A'with trivial

topology, i.e. n(Tl = 0, then n{B) = 0 and by (35a) we can always do a
topology non-changing gauge transformation to have B
1

us the case given by (3 *).

This completes the consistency of equating (23) to (2!*).

Eq.(35ti) says

B

= 0.

This will give

itself is a classical solution.

There is an interesting trivial case where there is factorization

Absence of factorization in the collective co-ordinate Integration

B.

and that is when

If we do not have factorization, i . e . (26) is not satisfied, Eq.(23)
can be written as
'

This will give

0

G a ^(x,y; B = 0} =S

easily be arrived at by taking

a

(33)

•

a

*«, - if JA

C
g
1

(x,y;ce). The

structure can

Eq.(15) becomes

y-

j.
h
<3M

|x-y|~2.

When {3h) is expressed in terms of "bilocal fields, the resulting

meson physics vill not see at all the non-trivial ground state.

,

Equating (36) to (23), we determine
= .... =
a.
a
m
of E
. The order
and

y

where_a.(x-y) is Just the Coulomb potential in Euclidean four dimensions, i.e.

complicated.

a ... a
m
(x,y), (p
in terms
v
l •' • w m
will determine B n and g
g S

B (x), g
v

u

1 when
m we go to
However,

(36)

5

vv

and higher, the equations get more

For example

This does

not seem too promising.
So the relevant question is, can we have factorization in the

(37a)

collective co-ordinate integration and at the same time have a non-trivial
B (x)?

The answer lies in the following observations.

First, under gauge

transformation

^i A) ,
-11-

-12-

. -. "!-P>rrr.;»iv .Ui.-iC"'

(37b)

with zero modes of the operator

i$ + gj(. So our first and second requirement

for the background is no factorization and

a.

IfcTt*

(37c)

Ilote that in the limit of factorization, a l l the

a
(P

...a
-» 0

(39)

The third requirement on the background is that we can treat
a. ... a
pertur bat ively the terms proportional to <J> ^
"(x.,. . . , x n ) . With these
1 4' m
three assumptions, we can now carry out the introduction of Mlocals in (38).

(37b) gives
The quartic term Is explicitly gauge-invariant.

To prove this, we

the old result and we recover all the results in Sec.III.A.
note that since

-3

is covariant under (5), then 0 (x,y)

ia also covariant

We will assume that the order ( M O terms and higher in (36) can he
treated perturbatively.

This means we have the appropriate background so

as to render these terms perturbative corrections.

We will look at the

Uo)

following:
Using (5a),(35a)and(ltO) in (37b) we find that G (x,y) ia also covari&nt. Since
the fennions transform according to

iji(x) •* ^

j(x) Mx),
funa*

then we find that

the quartic term is explicitly invariant.
To extract the gauge invariant bilocals in this quartic term, we need
to do Pierz reordering

, i.e.

V

When we express (3&) in terms of the bilocals, we can guarantee that the
bilocal theory will respect the global symmetries.
We Just emphasize at this point that (3&) is the starting point for
both cases of with or without factorization.

The difference is that with

factorization (38) is exact while without factorization we have to consider
the ( W )

terms and higher given in (36) as perturbative corrections.

Secondly, with factorization, B (x) has non-trivial topology if A ^ U , * )
has non-trivial topology (see (35c)).

Furthermore, we need to rewrite

at
Gat
(x,y).

There are (H22l-l)
) ^^ terms

-si'h

in G .

We define

This does not have to be the case

when we do not have factorisation.

IV.

DERIVATION OF THE BILOCAL THEORY
We will carry out this process for the no factorization case and

with B (x) and G a b given by (37a) and (37b).

Eq.. (U2) solves for Q and B in terms of G a . There are N 2 terms in Q and
h
o
2
^
H terms in R i J M • There are only (N^-l) equations in (k2) because the
a
X 's are traceless. We will get then 2tr constraints, i.e.

We want the no factorization

case so that there is a possibility that even if A ^ U . w ) has non-trivial
topology, i.e. n(A) 4 0, we may have n(B) = 0.
-13-

-_

Then, we do not have to deal
-ik-

D

- 0
and we easily identify
This will give us N -1
more
unknowns than equations. This means we are
2
free to add N -1 more constraints (and we will impose them on the R's)

\iiL$_U,y)

=

We will substitute the above results in (38). Mow, we will have to
neglect for the moment the

provided the gauge transformation consistency of (1*2) is maintained.

) 1 ' 2 and

Q.j(x,y) =

R,

„ term by arguing that they are down by -rr

ijkJC.

The left-hand side of (^2) under background gauge transformation

«

anyway. This argument may look weak at this point but in the large N limit
(which we will discuss in the next section), this is a good approximation.

goes into

1

Introducing the biloeals given by (1*5), we can write (38), after

AIW 5

^ K,ft** -r" ) % > ('"'"' ^ ' A

integrating out like quarks as

(l*l*a)

Eq,. (1*2) is consistent if Q and R transform as tensors under the fundamental,
i.e.

• (47)

The bilocal effective action is then

7

^ -I

given by

2
<U3)

Thu3jthe gauge transformed fields will also satisfy (1*2) if Q and R transform
according to (l*l»b) and ( M e ) , respectively.

Once we have (1*7) or (1*8) we can carry1 out the standard procedure to derive

The reader may argue why express A. 1
1, , 5
5
(1*2).

in the form given by

The reason is because we can construct gauge-invar iant mesons by using

(Ul) and (1*2).

This is the

quantity

an effective field for the bilocals.
To end this section we reiterate the main steps that led to (1*7).
First, we assumed no factorization in the collective co-ordinate integration
a ... a
m
and n(B) = 0. Second, we assumed that the (P
dependent terms are
perturbative corrections.
treat the

This represents a quark and anti-quark at two points connected by a coloured
11

bilocal "string-like

object.

field and we note that the

The colour of Q is due to the background

net

colour at each end is zero.

reason for (1*2) is that in the limit

Gab =

Another

S a b G(x,y) (which will most

probably happen after the internal global symmetry Is restored) we find that

R.

«

Third, we used the

•

1/B behaviour to also

term perturbatively.

Of all the three assumptions, the third is the least .acceptable in
QCD because M = 3.

The first and second on the other hand can be used as

a constraint on the possible

A (x,w).

V.

The derivation of the bilocal theory starts from

THE LAEGE N LIMIT
7)
From the work of 't Hooft

o)
and as expounded by Witten

,

^

pertur'bative QCD is dominated by planar graphs with just one complete fermion
loop at the boundary ia the limit of large N.

In the 1+1 world, this set

of graph3 can Toe summed exactly to give the meson spectrum.

In four

dimensions, this is not the case because of the three and four gluon

it

couplings.
What we will do here is to carry out the programme discussed in
II to IV for large

N.

(51)

The first thing to do is to pinpoint the N dependence.

To agree with the perturbative expansion we rescale

g -*&—

. The field

Note that this is very much like (15), the only difference being the 1/U

equation thus becomes

factor that goes with

G

(x,y;A').

Integrating out the collective co-

ordinates, we will get an expression like (36). The coefficients of the
ii

terms are given by

(1*9)

It is erroneous to drop the non-linear terms in the limit

N—»rf.
(52a)

rescaling the fields

f\

A

(52b)

(50}

we vill get

%v
(52c)

The solution

of (1*9'), i.e. the

independent.

We note that (50) is precisely the form

A U , v ) will now be explicitly H
of instantons for

SU(K).

(52d)
We can repeat everything that was done in Sees.Ill and IV, only we
have to substitute

A ' U . w ) instead of

difference comes in the term
quartic term

gt|i)Ui •+ &—

A (x,w) in

e

(x), CJ

, etc.

The

and so on.

lity. This will induce the
What we have to do is to look for the H dependence of the quantities
given in (52a)

to" (52d).

Aside from the obvious 1/S that goes with every

^*&b
G , there v i l l be other N dependence. F i r s t l y , the collective co-ordinates
can be separated into space-time part (maximium of 15 parameters for the
eonformal group) and internal global symmetry (in t h i s case the subgroup of
SU(U) which does notleave the classical solution invariant). Thus, M(w)
-18-

given by (l6a) will have
c is a positive constant.

cN
an H dependence which will go like (H)
where

where

B(x)

and Q(x,y) no longer have colour indices.

This means that the background field

Secondly, the term

AyU,v) =

must

satisfy the following

(55a)
•}
i.e. the effective field seen by the fermion is colour diagonal.
will also have an H dependence.
find

As an example, for instantons in SU(IJ) we

trace (fl ) is zero, the only possibility is

Since

BJI( X ) = 0.

8)

ii)

Furthermore, Eq..(52b) must give

(55b)
iii)

The large N behaviour must yield

(53a)
Furthermore, after integrating out the internal global parameters, one
(55c)
finds that

9l

at least so that we can drop all these terms in (36)If we have all these requirements, we will get the effective action

r - Kij
(53b)

It is sufficient to say that the instanton example tells us that the H
behaviour of the quantities defined "by (52a) and (52d) is rather involved.
Thus, we cannot say ofthand if we can neglect the £P
p

terms.

Further

given by (5l»b) which guarantees that for large B, mesons are not interacting.

There is a trivial solution to (55a,b,c). This is when we have
a ... a
m
factorization and n(A') = 0. In this case ( P
is exactly zero
1" " m
and Q(x,y) is the square-root of the Coulomb field.

lV3

discussions about the instanton vill be left for the future.
In this paper we will use the "known" behaviour of mesons in the

VI.

DISCUSSION

limit of large H to serve as a guideline to determine the constraints on
the background field
interacting.

Ap.

Mesons in the large H limit are free and non-

This means that (51) and (52) must yield an effective bilocal

theory such that after taking the colour trace, we get the form

10)

In this paper we put forward the idea that low-energy hadron physics
might be given by QCD in a non-trivial ground state.

We discussed the

manipulations that vill lead to an effective theory for bilocals which
will be interpreted as mesons.

In particular, we discussed in detail the

method of dealing with zero modes which led us to a non-local four-Fermi
theory with all the original global symmetries of the theory restored.
-20-

-19-

The important point is that even without knowing the actual collective
co-ordinates, we can give the general result of the collective co-ordinate
integration just from the fermion structure.

APPEHDIX

Once we have the non-local

four-Fermi theory given by (38), we are able to introduce the bilocal
object

$>K (x,y) which is a quark and anti-quark connected by a "string"

S u p p o s e t h a t we do not make t h e a p p r o x i m a t i o n ( 1 0 ) f o r t h e F a d d e e v - P o p o v
determinant.

We t h e n have t o e v a l u a t e

which depends on the background.
The bilocal effective action (U8) can now be used as the starting
point in deriving the field theory for mesons
are the gauge covariant quantities

. The input from QCD

3(B) and Q(x,y).

],

However, we can see

that by expanding (^8) these quantities will always appear in a gauge
invariant manner, i.e. tr(SQ), tr(SQSQ).

Thus the resulting theory will

describe gauge invariant biloeals,

programme can then "be turned

This

around, i.e. by comparing with the observed meson physics, we will
determine the QCD ground state.

(A.2)
How, we have two equivalent options:
1} Expand' det(B\.(A) % { A + a ) ) in terms of ghosts.

However, we will not particularly see the

A M C X J W ) but the global symmetry restored quantities

B ^ x ) and

G a (x,y).

lead to a fermion ghost mixing.

However, this will

This is not deBirable because the

identification of biloeals ("mesons") will involve ghost fields.
Finally, we discussed the large H limit.
the classical solutions are of the form

First, we showed that

Ayt(x,w) =

itS A*(x,w).

showed that the actual K dependence of the quantites

B ^ and

complicated and will crucially depend on the background field.

ii)

Then we

G are
Instead, we

up to order

Or equivalently, we can expand det(D«(A) D j A + a ) ) consistently
a . This will have an advantage of not introducing fictitious

particles and the resulting theory can be expressed in terms of bilocals .

used the "known" behaviour of mesons In the limit of large N to determine
the constraints on the background field.

These constraints are given by

(A.3)

Eqs.(55a,b,c,).
We hope to report in the future the result of using this formalism
with a. particular background field.

All that thia entails is evaluating

where

the quantities given in (37a,b,o).

(A. It)

(A. 5)
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G. 't Hooft, Hucl. Phys. BJ2., *+6l (1971*); H5_, U6l (1971*).

8')

E. Witten, Hucl. Phys. Bl6o, 57 (1979).

9)

C. Bernard, Phys. Rev. Dig,, 3013 (1979).

10)

See for example E. Witten, Ref.7.

11)

Other works on this line are given by H. Kleinert, Phys. Letters 6gB,
h29 (1976);
V.H. Pervushin

(A.10)

(A.ll)

and

7)

G

Since

is defined by

IS ff (A)
e

the normalization.

is independent of * , we can factor it out and include in
We can now introduce bilocals in (A.9).

However, the

resulting meson bilocals are more complicated than those given in Sec.IV.
This is the reason we used (10) instead of (9) in Eq.(12).
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and . D. Ebert, Theor. Math. Phys. 36, 759 (1979).
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