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Abstract

Evolutions of RFP equilibria due to dissipative effects are

studied theoretically. It is shown that the existence of stable

RFP equilibria satisfying ideal and nonideal MHO stability

criteria requires adequate hollow temperature profiles. If no

profile control is applied to these RFP equilibria, the suf-

ficient condition of stability for m = 1 modes is first violated

due to the disappearance of the toroidal current reversal near

the surface within a short time.

- 1 -



1. Introduction

The Reversed Field Pinch (RFP) has two essential features.

The first one is that the toroidal magnetic field is comparable

with the poloidal magnetic field, so that the safety factor q is

much less than unity. The second one is that the toroidal field

reverses in the outer regions. As a result, the RFP has high

shear so that a stable plasma confinement with relatively high

beta is possible.

The studies of the equilibrium and the MHD stability of RFP

configurations have been continued extensively. Stability

1 2)
criteria to ideal MHD current driven kink modes ' and pressure

driven modes ' ' have been obtained on the basis of the energy

principle. A criterion on axis to nonideal MHD tearing modes

has been analyzed by using WKB method. Also, the studies of RFP

equiliblia satisfying the above stability criteria have been per-

formed by assuming Bessel Function Model (BFM), Force Free

Paramagnetic Model (FFPM), and Pitch and Pressure Model etc. In

previous analyses, however, reasonable current density profiles

have been given only qualitatively near the plasma boundary.

Moreover, the evolution of the configuration due to the finite

resistivity of a plasma has not been taken into account. In Ref.

7, although dissipative effects are considered, the MHD stability-

is judged only from the configuration near the central region.

In this paper, the evolution of RFP equilibria due to the

dissipation mechanism is studied by taking account of the boun-

dary condition that the current density vanishes at the plasma
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boundary. This study may clarify the change of an equilibrium

from an initial stable configuration to an unstable one and the

properties of the long-lived stable equilibrium.

Our analysis is based on the diffusion equation of the cur-

rent density with the boundary condition that it vanishes at the

plasma boundary, and also on previously obtained ideal and

nonideal MHD stability criteria. In § 2, the diffusion equa-

tion is analyzed and representatives of slowly decaying plasma

currents and magnetic fields are introduced. In 5 3, the

stability of the RFP equilibria is examined on the basis of the

stability criteria. Section 4 is devoted to describe conclusions

and discussions.

2. Equilibria of Dissipative Plasmas

Since we consider the transition of stable static equilibria

which may not cause the large macroscopic motions of fluid ele-

ments, the equation of equilibrium VP = J x B and Ohm's law
->• ->•

J = OE are applicable. The time variations of the phenomena are

so slow that the displacement current can be ignored in Maxwell's

eqs. In the RFP configuration the large aspect ratio may be

feasibler and so we will consider a cylindrically symmetric plas-

ma, i.e., 3 /39 = 0, 3 /gz = 0. The boundary of a plasma is as-

sumed to be close to a perfectly conducting shell.

Then the following diffusion equation of the current density

with the diffusion coefficient D = l/(u o) iS derived from Ohm's
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law and Maxwell's eqs.,

— J - — fr —

(1)

Because the conductivity a of a stable quiescent plasma is

proportional to the 3/2 power of the electron temperature T (r),

the diffusion coefficient D is given by the form;

D(r) - — ( Tp(r)/T (0n"
3/2- (2)

P0o(0)
 e e

Since the plasma current vanishes at the boundary ( r = a ) , the

diffusion equation is accompanied with the following boundary

condition,

J(a) = 0. (3)

The diffusion equation (1) with the diffusion coefficient

(2) is separable of variables and has an exponentially decaying

solution for time variable. With respect to spatial variable,

under the boundary condition (3), we are able to formulate the

phenomena as an eigenvalue problem. The toroidal current density

is composed of the toroidal current density eigenfunctions U (x)

corresponding to eigenvalues A •

JT(x,t) = I anexp(-t/TTn)UTn(x), (4)
n=l

where x is the normalized minor radius r/a and T stands for the

decay time uncr(0)a /A . Similary, in the case of the poloidal
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current density, we have the following expression;

oo

JpCx.t) = I bnexP(-t/Tpn)Upn(x)J (S)

where xpn denotes vQa(0)a
2/Un. The quantity n is the eigen-

value corresponding to the nth eigenfunction U (x). The eigen-

functions of the corresponding magnetic field are derived from

Maxwell's eqs., and consequently the toroidal magnetic field B

and the poloidal magnetic field B are given as follows.

BT(x,t) = avQ( bQ + I bnexpf-t/Tpn)VTn(x) ),

Bp(x,t) = avQ I anexp(-t/TTn)Vpnfx),
n=l

(6)

X X
where VTn(x) = 1 - J Upn(x)dx, Vpn(x) = [ / xUTn(x)dx]/x.

Since the plasma is surrounded by a perfectly conducting shell,

the averaged toroidal magnetic field <B > is independent of time,

,1 T

where <B > = 2 JB_(x)xdx. Accordingly, we impose the condition
T 0 T 1

that the value of the integral / V (x)xdx is zero. Then the
0 T n

averaged toroidal magnetic field <B > takes the value aP-b...

In order to determine the eigenfunctions, it is necessary to

specify the temperature profile, and so we consider typical three

types of the temperature profile as shown in Fig. 1. The case

(I) represents monotonically decreasing one. The cases (II) and

(III) represent ones with a hollow. In each case, the ratio

T (a)/T (0) is assumed to be 0.1. Some eigc-nf unctions cor-

responding to these three temperature profiles are shown in Figs.

2-(a)^(d). The corresponding eigenvalues are shown in Table I.
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Because an eigenvalue increases monotonically with the mode

number n, the decay time becomes smaller the higher a cor-

respoding mode number is. As one of our purposes is finding out
- * •

the RFP equilibrium with a long life time, current density J and

magnetic field B are composed of the eigenfunctions with high

durability as follows,

J T ( x , t ) = a 1 e x p ( - t / i T 1 ) U T 1 ( x ) + a 2 e x p ( - t / T T 2 ) U T 7 ( x ) ,

J p ( x , t ) = b i e x p ( - t / T p i ) U p l ( x ) ,

(7)
B T ( x , t ) = anQ( bQ + b 1 e x p ( - t / T p l ) V T 1 ( x ) ) ,

B p ( x , t ) = apQ( a 1 e x p ( - t / T T 1 ) V p l ( x ) + a 2 e x p ( - t / T T 2 ) V p 2 ( x ) ) .

The pressure P satisfying the boundary condition that it vanishes

at the plasma boundary is calculated from the equation of

equilibrium;

P(x,t) = (B(l,t)2- B(x,t)2)/(2y0) - J Bp(x,t)
2/(uox)dx. (8]

The configuration given by eqs. (7) and (8) will be used for

judgements of the MHD stability in the next section on the basis

of ideal and nonideal MHD stability criteria.

3. Stable Equilibria and Their Evolution
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Some ideal and nonideal MHD stability criteria for the RFP

1 2 5)
equilibrium have been obtained mainly by Robinson ' ' and by

others. ' In order to express these criteria, following quan-

tities are introduced; q value q s erBT/(RBp) where e is 1 for

BT(0)JT(0) > 0 and e is -1 for BT(0)JT(0) < 0 ( R is the major
2

radius ) , the poloidal beta 8 p = <p>/(Bp(a) /
2y Q) , and the curva-

ture of the q value at the center y ~ (R /2)q(0)d2q(0)/dr .

The stability criteria to ideal and nonideal MHD modes are

as follows.

(1) For the stability of m - 1 internal kink modes, it is

necessary that the q value decreases monotonically away from the

axis, i.e. dq(r)/dr £ 0 .

(2) The necessary criterion concerning the total toroidal

magnetic flux * in the shell is the condition B (0)* > 0.

(3) For the stability on axis of m 2 1 internal kink modes,
2)

the criterion y < -4/9 is necessary.

(4) The necessary criterion to m = 1 pressure driven modes is

the condition 3 p < i.
1'

(5) For the stability of m = 0 pressure driven modes, it is

necessary that the condition 6 < 1/2 + 8(B = o) is

satisfied, where 6 is defined as the poloidal beta averaged

over in the region of positive B T and
 6(B T = 0) means the local

beta value at the point B = 0.

(6) As necessary condition to pressure driven modes, Suydam's

criterion has been derived. This criterion describes the

stability against localized modes, and so finite Larmor radius

(FLR) effects may tend to increase the marginal pressure gradient

of this criterion. Extending Stringer's analysis so as to
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include effects of the toroidicity, Suydara's criterion with FLR

effects is expressed as

(l-q2)dP/dr + x 2(rB 2/8%)(dq/dr/q) 2 > 0, where X 2 is the func-

tion of the variable ^g which is proportional to Larmor radius.

Using the averaged value of *g over the region where Suydam's

criterion is easy to violate, we are able to estimate the cor-
2

responding X from Fig. 2 in Ref. 4. As typical examples, we

consider the two cases shown in Table II; (A) the present experi-

ment (hydrogen plasma) and (B) future reactor operation (50:50

D-T plasma). In the respective cases, the values X are

estimated as 2.2 for the case (A) and 1.5 for the case (B). As

is obvious from the expansion of the l.h.s. of Suydam's criterion

at the center, for the stability the curvature of the pressure P"

should be positive at the center, provided that q(0) < 1 as RFP

configuration.

(7) A sufficient condition to m = 1 modes is written as

y()JT/(Bp/2r) < (l-q(r)/q(a)) . This condition is reduced to

the relation q(0)/q(a) < -1 or q(0)/q(a) £ 3 as r approaches to

zero and to the relation J_ £ 0 as r does to a.

(8) With respect to m M tearing modes, a necessary condi-

tion on axis 0 > Y > -4/5 has been obtained.

On the basis of the above-mentioned stability criteria, we

will examine the stability of RFP equilibrium expressed by eqs.

(7) and (8). For this purpose, we are able to specify the coef-

ficient b in eq. (7) to be positive definite without loss of

generality. When we introduce the parameter K, the coefficients

alf a2, b Q f and b± in eq. (7) have the following relations with

the familiar parameters of the toroidal field reversal ratio
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F s BT(a)/<BT> and the pinch parameter 6 = Bp(a)/<BT>,

F = 1 + (b1/b0)exp(-t/Tpi)VT1CD,

e = (a1/b0)exp(-t/TT1)Vpl(l) + (a2/b0)exp(-t/TT2)Vp2(l), C9)

K = (a2/a1)exp(-t/TT2 + t/r T 1).

Obtaining the values st^/b0, a2/bQ, and bj/bg in terms of F, 6r

and K and substituting them into eq. (7), we have following ex-

pressions;

<BT> UT1(x) + KUT?(x)
JT = — i 1-± - 9 ,
T yQa Vpl(l) + KVp2(l)

<B > U (x)
Jp = ! Li (F-1),

(10)

BT = <BT> (1 + -ii (F-1) ),

Vpi(x) * KVp2(x)

Vpi(l) + KVp2(l)

where the values F,e, and K have the dependence upon time. It is

found from eq. (10) that a set of values (F(t),©(t),K(t)) cor-

responds to an equilibrium of Reversed Field Pinch configura-

tions.

On the other hand, we may consider eq. (10) by ignoring time

variations as the correspondence of a point in a 3-dimensional

(F,e,K) space to an equilibrium. As an equilibrium develops with

time, the operating point (F(t),6(t),K(t)) transfers in this
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(F,9,K) space describing a certain trajectory. Criteria on

equilibria are expressed in (F,e,K) space as restraints on the

combination of F, 6, and K independently of the evolution of
- * • ->

equilibria. Indeed, if we substitute J, B, and P expressed in

terms of F, 6, and K into a stability criterion, we may find a

region in (F,9,K) space where the stability criterion is satis-

fied. Thus, we are able to judge the stability of an equilibrium

against a mode by determining if the operating point cor-

responding to the equilibrium is located in the stability region

for this mode. And we define the "stability domain" as the com-

mon region of all the stability regions.

Figures 3-(a)Mc) show a part of the F-0 diagram for each

temperature profile introduced in § 2, where F-6 diagram is

defined as the cross-section of (F,6,K) space at a constant K

plane. These figures are applied to both cases of (A) and (B) in

Table II. Hatched areas indicate the stability regions cor-

responding to respective stability criteria labeled by the atten-

dant number introduced in this section. The requirement P(r) > 0

is satisfied in the dotted region which is surrounded with the

curves P(0) = 0 and P"(a) = 0 , because both the pressure and the

pressure gradient vanish at the plasma boundary. It should be

noted that a part of the boundaries of Suydam's criterion is com-

posed of the curve P"(0) = 0 and the line q(0) = 1 because of the

requirement of its criterion near the center. Stability criteria

BmtO)* > 0 and B < 1 are always satisfied in the region of

F < 1.

The triangular region indicated by "stable" near

(F,e) = (-2,3) in Pig. 3-(b) is the stability domain. Such a
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stability domain appears only in the case (II) . Figure 3-{a)

shows that the region of P(r) > 0 fails to satisfy the stability

criterion (3), i.e. equilibria corresponding to the region are

unstable on axis against m > 1 internal kink modes. In this

case, the temperature decreases monotonically from the center to

the boundary and consequently the plasma current tends to focus

on the center. Accordingly, it is found that hollow temperature

profiles which tend to distribute the plasma current from the

center to the outer region are required so as to set up stable

RFP equilibria. Furthermore, we see in Fig. 3-(c) that it is un-

favorable for temperature profiles to be deeply hollow as in the

case (III) , where m 2 1 tearing mode instabilities may take place

on axis. Stability criterion on axis to m £ 1 tearing modes,

i.e. -4/5 < y < 0 requires that the profile of the toroidal cur-

rent near the center is relatively convex, particularly when

Suydam's criterion is satisfied there. Temperature profiles

which are deeply hollow, however, tend to flatten or moreover

concave the toroidal current profile near the center. Conse-

quently, it is required for the stable equilibria that the tem-

perature profiles are adequately hollow at the center. In our

model, the ratio of the maximum electron temperature T max to the

electron temperature at the center T (0) should take the value

between 1.1 and 1.35.

Now we will discuss the most adequate operating point in the

stability domain for the case (II) . It may be reasonable for fu-

sion plasmas to consider the time T^ and the fusion energy gain Q

as evaluation-functions. The time T^ is defined as the time

during which an operating point is located in the stability

\
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domain. The fusion energy gain Q is expressed in terms of the

plasma inductance L, the total toroidal current I , and the fu-

sion power P, as

(11)

3V<P>/2 t=

By maximizing the evaluation functions T. and Q, we see that the

optimized operating point with respect to time x is accordant

with optimized one with respect to energy gain Q. The maximum of

the time T^ is about 0.2 percent of the classical inductive time

L/R. The stability domain and the transition of the optimized

operating point are illustrated in Fig. 4. First the optimized

operating point should be in the stability domain. As time goes

by, this optimized point transfers in this stability domain and

finally goes out of this domain by violating the sufficient con-

dition (7). This violation is due to the disappearance of the

reversal component of the toroidal current near the surface.

Since the eigenmode producing the reversed toroidal current has

the shortest decay time in our model, the sufficient condition is

first violated. In this interval, the optimized operating point

(F(t),6(t),K(t)) changes from (-1.9, 3.2, 0.90) to (-1.7, 3.2,

0.83). The initial and the final profiles of g and B cor-

responding to this optimized point are shown in Fig. 5. It is

found that although the appreciable difference is hardly recog-

nised between the initial and the final profile, the sufficient

condition is violated.
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4. Conclusions and Discussions

We have studied dissipative effects on the stable RFP

equilibria. It is found that the existence of the stable RFP

equilibria against various ideal HHD modes requires a hollow tem-

perature profile. Furthermore, taking m > 1 tearing modes into

consideration, it is found that deeply hollow ones are un-

favorable and that the appropriate profiles of RFP equilibria

should have the value of Temax/Te(0) from 1.1 to 1.35 in our

model. The initially stable RFP equilibria come to finally

losing their stability through the violation of the sufficient

condition for m = 1 modes near the plasma surface. The optimized

time TJJ during which an equilibrium keeps its stable RFP con-

figuration is about 0.2 percent of the classical inductive time

L/K« This time is about 25 percent of the decay time of the next

higher U mode, so that this higher mode does not sufficiently

decay in this time interval. Even if this higher mode con-

tributes stability, however, the time T^ may increase at most to

the extent of the order of magnitude of this mode. Table II

shows that the time T£ is about 4.1 sec for a fusion plasma with

the electron temperature at the center of 10 keV and the minor

radius of 1 meter. Taking the above mentioned higher mode con-

tribution into consideration, it is found that the time T^ is

limited at most within the order of magnitude of a few tens

seconds.

Up to now, the flux conservation by a perfectly conducting

shell is assumed, so that <B > is put to be positive definite.
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This condition may be replaced by another external constraint

that BT(a) is negative definite by re-defining eigenfunctions.

Stability regions are identical in both cases. The trajectory of

the operating point changes due to the alteration of the external

constraint. The stability domain exists only in the case (II)

and the optimized operating point goes out of that domain by the

violation of the sufficient condition as well as previous case.

The optimized time T^ is shorter and about 3.3 sec for a fusion

plasma.

As the time T^ is limited to be relatively short in any

case, sustaining mechanisms such as a local heating or a profile

control are probably required. Although an experiment is

reported where temperature profile is hollow, it is necessary

to acertain experimentally the generality of hollow profile for

stable RFP equilibria and to know how to produce the appropriate

hollow profiles.

In the case of nonideal MHO modes, growth rates are
8)generally greater than the inverse of the diffusion time T

However, in the case of a fusion plasma, Lundquist number

S ( = diffusion time/ poloidal Alfven transit time ) may

generally become sufficiently large - in our case S ^ 10 -, so
8)that these modes become highly localized. And thus, kinetic

effects may be significant. Kinetic effects on nonideal HHD

modes as well as a profile control are remained important

problems.
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Figure captions

Fig. 1

Three types of electron temperature profile. These

profiles are represented by the formula

T
e(x)/Te(0) = ( 1 + Ax

2 )( 1 " Bx2 ). Case (I) with

A = Or B = 0.9 indicates monotonically decreasing one.

Both case (II) with A = 2.333, B = 0.97 and case (III)

with A = 3.0, B = 0.975 indicate ones with a hollow.

Fig. 2

Eigenfuctions for current and magnetic field cor-

responding to three temperature profiles. (a) 1st mode

of the toroidal current density U . and 2nd mode U™,, (b)

1st mode of the poloidal field Vpl and 2nd mode Vp2» (c)

1st mode of the poloidal current density U , and (d) 1st

mode of the toroidal field V_».

Fig. 3

F-f> diagrams corresponding to three temperature profiles,

(a) case (I) at K = 0.79, (b) case (II) at K = 0.85,

where the region indicated by "stable" is the stability

domain, and (c) case (III) at K = 0.87.

Fig. 4

The stability domain and the transition of the optimized

point in the case (II) . The twofold triangular shaped

- 17 -



stability domain is drawn with broad line. Two coupled

dushed lines indicate the trajectory of the optimized

point and an arrow attached to these lines does the

direction of the progress.

Fig. 5

The initial and the final profiles of the g value and the

magnetic field B in the optimized RFP equilibrium. The

magnetic field B is normalized with the time independent

averaged magnetic field <B >.
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Table I Eigenvalues for mode n = 1 and 2.

ft ; nth eigenvalue of poloidal current density ( toroidal field )

A ; nth eigenvalue of toroidal current density f poloidal field )

n = 2

82.39

48.79

45.57

28.08

39.78

24.82

Case

ft

An
Case

\

Case

"n
An

(I)

(ID

(HI)

n

23

7.

12

4.

10

4.

= 1

.48

771

.21

877

.44

320



Table II Plasma parameters.

(A) hydrogen plasma

given parameters

a

R
Te(0)=Ti(0)

m

m

keV

T

0.1

1

1

0.25

calculated parameters

T ^-0.45

keV M.2

m"3 -U.6 x 1020

L/R sec %0.56

Tn sec ^1.3 x 10

BT(a)

<T >*e
<ng>**

(B) 50:50 n-T plasma

- 3

1

10

10

1

VL2

-v2.6 x 1020

^1800

M.I

* : <T > = <P>/2<n > , ** : <n > = <P/2T >
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