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ABSTRACT

Finite groups with tvo independent generators attracted the attention

of mathematicians during 19^0-1959. These groups are subgroups of SU(r>) and

an interest is notf being shown in these groups by particle physicists. In

this note we give a brief history of these groups and announce some of the

computations done by using a computer.
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A pioneer is this field is the Italian mathematician G. Zappa
2)

1)

(Palermo 191*0). Later on, J. Douglas (USA, 1951) discussed the structure. oT

a finite group G with two independent generators a and b with given orders

m and n. It was shown by Douglas that a complete determination of all such

groups is equivalent in some sense to a complete determination of some permutations

(called substitutions by Douglas) on the two sets of numbers

{1, 2 m} {1, 2,..., n} '

In 1950-1953,Yaeoub (Egypt) started the problem of determining

all such groups G when n (the order of one of the two generators) is

numerically given. During this period also.Yacoub paid special attention

to two cases: the first ' n=p . and the second n=2p (unpublished).

Later on, Yaeoub continued paying attention to sans other esses for exarple n=p ',

n=pq, where p and q are distinct odd primes (unpuMi shed).

In fact the defining relations of Q were expressed in terms of

some simple parameters satisfying certain congruence relations taken

modulo m and modulo n. It has been realized that when n is odd, these

congruence relations are simple and In general each congruence relation

contains just one parameter; but for even n, the situation is no longer

so simple. The congruence relations contain more than one parameter.

However, the simplest of all ,̂ »j«a is n=2, where one type of

group exists. Denoting this group by G(a,b; r ) , we have

G(a, b;r ) = {a, b; a"1 = b = e, ab = bar },

where r is any parameter such that

= 1 (mod m).

It is easily shown that the two groups of this type, say

(1)

G(a, b; r) G(a\ b'; r1 !

having the same order 2m are isomorphic iff r' =r (mod m).

Then the problem of a complete determination of all groups in this

case is equivalent to the problem of determining all the possible solutions

of the congruence relation
r = 1 (mod m)
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For all•'•ffl, two obvious solutions of this: congruence exists, namely r'=Vl ^

(mod m) and r ;-l (mod m). For r E+1 (mod m ) , the corresponding group

G(a, b; +1) is an Abelian Group which is actually the direct product of the

two cyclic groups {a) and ib } .

But for r = -Krnod m) , or equivalently r = m - 1, the cor-

responding group

G(a, b, rn-1) = (a, b; a"1 = b = e, ab = ba"1" I

is evidently the Dihedral group D .
m

Moreover, if n=p where p is an odd prime, then two main types

of groups exist,, namely

G ( a , t a ; r ) = ( a , b ; a = b = e , ab = ba ) .

r = 1 (mod m) j

(a, b; \) = (a, b; a" - bP = e , ab =

where 1 e (2, .... p-1} and

(2)

5 1 (mod p)
(3)

Evidently when p=2, the second type does not exist, but the first

type exists and in fact

G(a, b; r) = G (a, b; r) with n = 2.

However, for an odd prime p, it is evident that a complete

determination of groups with two generators one being of order p is

equivalent to golving the two congruence relations (2) and (3)-

For this purpose, two programmes werewritten and run using the

GOULD computer at the International Centre for Theoretical Physics in Trieste.
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However one of these programmes also applies to p = 2.

A separate classification of groups for n = 2 (or p - 2) has been

done for 2 < m < 5 0 .

But for n=p where p is an odd prime with 3^n^l9, two different

classifications for correspondinggroups have also been done for 2^ m 550

according to the suggestion of Yacoub. On the whole, wehave three tables

for these classifications. These programmes can also apply for a wider range

of m.
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Table I The complete list of non-isomorphic abstract groups

G(A,B,Y) = fA.B : Affl - B? = 1, AB = BA Y},

2 x m -5 50, Y = 1 (BIO1* m).

Table II The complete list of non-isomorphic abstract groups

G ^ A . B . Y ) = IA..B : A m = B P = 1, AB = BAY}

where Y P 1 1 (mod m ) , Y = l,...,m, m = 2,...,50,

Table I I I The complete l i s t of non-isomorphic groups

G2(A,B,X) = (A,B : Am

where X & (2 , . . . ,

B2 - 1 , AB = BXA},

and Xm = 1 (mod p) .

These t ab l e s are computer data output and are not a v a i l a b l e .
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