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It was pointed out long ago by Titchnm.rsh(1958)'that

a

hydrogen atom in the

presence of an electric field has no discrete energy eigenvalues. However, the
perturbation series is useful if considered as an approximation to a pole of the
perturbed Green's function. The poles are interpreted as resonances. The Borel
summabjlity of the perturbation series for the resonances of the Stark effect was
shown by Graffi and Grecchi (1978) and by Herbst and'Simon (1978).
Graffi et al. (1979) showed that the convergence of the diagonal

VARIABLE SCALING METHOD AND STARK EFFECT IN HYDROGEN ATOM

Pade

approximants sequence. The method employed by Hioe and Yoo is essentially that of
finding the inverse of elliptic integral functions. This method is rather difficult

R.K. Roy Choudhury«»

and cumbersome

and for strong field one needs many terms.
the
In this note we relate the problem ofyjStark effect to that of spherical

International Centre for Theoretical Physics, Trieste, Italy
anharmonic

oscillator and use the 0(2,1) algebra technique after Armstrong (1971)
s
for finding the matrix elements of r taken between the three-dimensional harmonic

and

oscillator radial functions. We then use the variable scaling method to find the
Barnana Ghosh

energy eigenvalues. This method gives simple algebraic equations involving the eigen-
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values from which energy eigenvalues are numerically evaluated. Numerically our
results agree with those of Hioe and Yoo for weak fields but differ from their
results for strong fields, particularly in the case when n ^ l -

Bu

^ our results are

consistent with those of Lanczos.

ABSTRACT
By relating the Stark effect problem in hydrogen-like atoms to that of
the spherical anharmonic oscillator we have found simple formulas for energy eigen-

II.

MATHEMATICAL METHODS
The Stark problem can be reduced to that of quartic anharmonic oscillator

values for .the Stark effect.
Matrix elements have been calculated using 0(2,1) algebra technique after
the
Armstrong and then/variable scaling method has been used to find optimal solutions.

on quantum

Our numerical results are compared with those of

steps. The Schrodinger equation for the hydrogen atom in

Hioe

and Yoo and also with the

by the standard method using

parabolic coordinates as described in any textbook

mechanics (For example see Fock (197r8)« We

electric field directed along the a axis is

results obtained by Lanczos.
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reproduce here the essential
i n the presence of an

In

writing

( 1 ) w e h f i v e !:;".,•<! a t o m i c

units,

j n thi;j u u L t

Lhe olertric

fLtel

intensity is the field produced by a proton at a distance equal to the radius of
the first Bohr orbit

of hydrogen, viz

(9)

(2)

where
(10)

Hence even in very strong field of 10

or 10

v/cm, G will still be small.

Now to solve (1), parabolic coordinates can be used in the following way."

To solve {9) we use as trial wave functions, spherical harmonic oscillator wave
functions of a certain frequency C*> and angular momentum £ given byj? - m - 1/2,

2 - A, -~£
where s

2

= x

2

2
+ y , x,y,z being the Cartesian

Then putting

\ = u , fj
fj = v

,

O)

Now equation (9) can be written as

coordinates.

(11)

and assuming a solution of (l) in the form
where

y^

(4)

equation (l) reduces to two separate equations, viz

(12)

(5)

The trial wave functions

x

sav

satisfies the Schrddinger

equation given by the

and
(6)

e

7- =

(13)

where
with

the condition

=. O

(7)

We consider equations (5) and (6) as perturbation problems and use variational

(14)

then

+m+l)
1^,1

analysis to tackle these equations. We describe the procedure for equation(5)
and equation (6) can be treated in a similar manner. Using the change of variables

(15)

U,

=

(8)

(the factor £ appears in equation (5) because of our definition for H Q (§quation
(14)). For a variational analysis of the energy K, given in (11), we calculate

where t o

= V -2E

( 5 ) can Toe w r i t t e n

as
{ x* H x

- 3-

dT

and minimize this quantity, subject to .the condition J x * x dx = 1,

- 4 -

value of the diagonal elements of H,
with respect toco

(Epstein (1974), Moshinsky (196 9)). Some time ago Armstrong

(1971) calculated the matrix elements of r

taken between eigenstates of spherical
—

anharsnonic oscillator. Armstrong used the results of 0(2,1) algebra to calculate
these matrix elements. Using the same technique the matrix elements \ x* H x <3T, ca
be calculated easily.
The general result is given by

(18)

Co is determined by the condition that K n

-

m ahould

be minimum, viz.

oo
(19)

(19) with (18) give

o>3-

-t i

(20)

A similar analysis can be done for equation (6). Here we just give the results.

(17)

where the selection rules are such that when \ n -n \ and s are both odd integers

(2-1)

and if a + 2 > 0 , n2-n^>, s
where to

satisfies the equation

' / •

or if
(22)

then the integral must be set equal to zero. Using (17) we get, taking

- 5 -

K

as the

Equations(18) to (22), together with the condition K n , m +
2
simultaneous equations forc*_>,uy and co
For small £

K

n 2 , m - 0, give three
2
^

Solving them we get to

and hence t .

where c n ,.m and Kn 5 >m

are

given by equations (18) and (21), can easily be calculated

using the technique of 0(2,1) algebra (Armstrong (1971)). For the particular case,
n

= n

= 0 , 1 3 = 0, the energy equation up to

second order is given by

, these equations can be solved by the following procedure. For the

sake of simplicity, let us consider the case, n

= n

= 0. Then (18) to (22) reduce

+

to

= O

•=.

(23)

(24)

O

-=. o
(29)

and
IV.

- o

Assume,to= 1 + G , w

= 1 -£,OJ = x

(25)

then it can be easily seen that x

RESULTS AND DISCUSSIONS

Instead of giving the values of E directly we compute the quantity
2
- 2(E-E )/€ , for the case n = n = 0 , and (E-Eo)/£ otherwise,
2
In Table 1 we compare our values of -2{E-E )/£
with those obtained by
Hioe and Yoo for n

satisfies the equation

=n

= ns = 0. It is seen that for € 2> 16 x 10

our results

differ from those of Hioe et al. It seems that the fourth-order corrections are
(26)

-X. -

not negligible for such values of electric field intensity. To see the fourth order
effect, we assume

Equation (26) can be solved numerically for ex using

Newton-Raphson's method, for a

III.

(30)

- 2.

given €. .

and compute s from the approximate formula given by Lanczos (1931). Though Lanczos1

SECOND ORDER CORRECTION
The second order correction to i^, , m and K ^ ,m

results are very

denoted by

accurate only for n_^l, we use this formula to guess the order of

magnitude of the fourth order corrections. We give the numerical results obtained

(27)

from formula (30). Considering the fact that for n

= it = 0, Lanczos' result would

underestimate s, our results are not inconsistent with his results. In Table • 2.
we compare the values of {E-E )/&. Column (2) e l v e s the results of Hioe et al.
gives
Columns/those obtained from 3rd order formulas (Bethe and Salpeter (19S7)).
the
Column(4)gives the results ofjpresent work. Lastly^column (5) gives the results

and

(28)

•" 7

—

computed from Lanczos1 fourth order formula (Lancaos (1931), equation (66)).

- 8 -

It seems that: for n

- 10, n^ = 0, fourth order effect is significant

even for rcoderate field gLreugth of the order of 10

v/cm.

Thus our results agree with those of H.ioe et al. for weak fields and
where fourth order effects are significant our results are consistent with those of
Lanczos.
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TABLE 1

- 2(E -

A(Hloe e t a l . )

£i (present)

A(Lanczos)

.oie

4.25

.032

4.25

4.27

4.26

.048

4.25

4.29

4.27

4.44

4.29

_

.06

4.25

4.25

TABLE 2

(E - E Q ) / 6 .

^ (BZS)
6.4 x 10"

6

8

x 10"

16

156.3

156.6

159.1+

156.6

6

154.3

155.2

157.0

155.0

x 1O~

145.9

151.7

11+5.8

150.0

^
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