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Staple apparatus is described which 
demonstrates wave propagation in an infinitely 
long periodic structure. The structure 
consists of a toroidal transmission line with 
periodic variation of the wave phase velocity 
around the line. Results are presented to 
illustrate the effect of the periodic 
perturbation on the resonant frequencies of 
the system. 

INTRODUCTION 

Wave propagation in periodic structures is of interest primarily in 
relation to the behavior of electrons in a crystal, but there are many other 
examples of interest involving acoustic and electromagnetic waves. In 
general, such structures may be continuously periodic or there may be 
discontinuous but periodic perturbations such as a regular series of ridges 
or flanges in a waveguide. All such structures have the property that wave 
propagation is possible only in certain pass bands and that these bands are 
separated by stop bands in which wave propagation is evanescent. In a 
crystal, the stop bands correspond to forbidden energy gaps. Both the upper 
and lower frequency limits of a given stop band are determined by the 
condition that standing waves are formed with an integer number of 
wavelengths within the periodic length, d, of the structure. An exception 
is the first or lowest frequency stop band where the fundamental wavelength 
of the standing waves is 2d. 
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Wave propagation in a periodic structure is described analytically by 
the llathieu equation. This equation arises in any oscillating system with 
an elliptic boundary or with a parameter that is periodic either in space or 
time. In this paper we consider only periodic spatial variations, but 
systems with periodic time variations are closely analogous and of equal 
importance. In a system with a parameter varying periodically in time, the 
llathieu equation yields either stable solutions (corresponding to the pass 
bands described above) or unstable solutions (corresponding to the stop 
bands). A simple example is the self excited oscillator containing a 
capacitor or inductor which varies periodically (step-wise or continuously) 
at a frequency close to twice the natural resonance frequency. Another 
example is a pendulum whose pivot point oscillates vertically. If the pivot 
oscillates at a frequency close to twice the natural frequency of 
oscillation, then a pendulum hanging down (normally stable) can be made 
unstable, while an inverted pendulum (normally unstable) can be stabilized. 
A child on a swing uses the first effect, raising the center of mass t ice 
in each period of oscillation. 

The purpose of this paper is to describe a simple demonstration of the 
formation of standing waves in a periodic structure in which the phase 
velocity varies continuously along the structure. The motivation for this 
work was to examine a model of Alfven wave propagation along the closed 
magnetic field lines of a toroidal plasma. Alfven waves propagate along 
magnetic field lines as if the field lines were under tension and loaded by 
the mass of the plasma. Consequently, closed magnetic field lines support 
standing waves, like waves on a stretched string. In a toroidal current 
carrying plasma, the magnetic field strength varies periodically along 
closed helical field lines, so the Alfven speed varies periodically, by a 
factor typically about two. In order to examine the effect of the periodic 
variation of phase speed, a toroidal transmission line was constructed with 
components chosen so that the phase velocity varied periodically around the 
line. Although this may appear to be a specialized problem, the apparatus 
provided a nice demonstration of wave propagation in a periodic structure, 
and is therefore of more general interest. 
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MATHIEU'S EQUATION 

One dimensional wave propagation in a medium where the phase velocity 
varies continuously and periodically can be modelled by the matbieu equation 

< & + S! y - & + w 2 [ A - 2B cos * = ] y = 0 (1) 
3x 2 v 2 3x 2 d 

where u is the wave frequency and v is the phase velocity which is a locally 
varying function of x with period d. The medium is defined by the two 
constant coefficients A and B. If we let z = nx/d, then Eq. (1) reduces to 
the form 

^ + (a - 2q cos 2z) y = 0 (2) 
3z 2 

where a = u d A/n and q = u drB/n . For certain values of a and q, 
depending on the wave frequency, one can obtain solutions of Eq. (2) which 
are periodic in z, with period n or Zn. These are standing wave solutions. 
In this paper we are primarily interested in the lowest order solutions with 
q < 1. These are 

y « se. » sin z - * sin 3z + 0(q 2) (3) 
* 8 

when a = bj = 1 - q + 0(q ) 

y = ce. = cos z - £ cos 3z + 0(q ) (4) 
* 8 

2 when a = B j * l + q + 0(q ) 



y = se 2 = sin 2z - •£; sin 4z + 0(q 2) (5) 12 

when a = b 2 = 4 - ^ - + 0(q4) 

y = ce 2 = cos 2z - } [§ cos 4z - 2] + 0(q2) (6) 
c 8 3 

when a = a 2 = 4 + - ^ q 2 + 0(q4) 12 

Plots of q vs a for these and higher order solutions are given in 
Fig. '. Higher order tents in the series expansions are included in the 
solutions shown in Fig. 1. The standing wave solutions plotted in Fig. 1 
font the boundaries between pass and stop bands. For a given variation of 
phase velocity, specified by the coefficients A and B, unique solutions are 
obtained from the intercept of the straight line q = (B/A)a with the curves 
in Fig. 1. 

The intercepts with the curves labelled aj and bj define standing waves 
with a fundamental wavelength X = 2d. These modes are degenerate in the 
limit B = 0, corresponding to uniform phase velocity. The effect of finite 
B is to yield two solutions with > * 2d, a high frequency solution where the 
wave fields are maximized in the high velocity region z *= 0 and a lower 
frequency solution where the wave fields are a maximum in the low velocity 
region z « n. 

The intercepts with the curves labelled a 2 and b 2 define standing waves 
with a fundamental wavelength \ = A. In this case, the high frequency 
solution is obtained with wave fields which are maximized in the high 
velocity region and the lower frequency solution is obtained with wave 
fields which are maximized, not in the low velocity region, but in the 
medium velocity regions. The lower frequency solution occurs at a frequency 
which is very close to that in the unperturbed (B • 0) medium. 
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At higher wave frequencies, where nX = d and n = 2,3 ... the upper 
and lower frequency limits of each stop band are so closely spaced that they 
were not clearly resolved in the apparatus described below However, a 
feature of interest, which was readily observable, was that the nodes were 
more closely spaced in the low velocity region, as one would expect 
intuitively from a WKB analysis of the problem. 

PERIODIC TRANSMISSION LINE 

The Mathieu equation describes a medium which is infinite in extent and 
which is therefore difficult to model physically without special precautions 
to avoid wave reflections at the boundaries of a finite length structure. 
This problem is avoided in a toroidal periodic structure since the structure 
is effectively infinitely long. Such a structure was constructed as a 
lumped transmission line of twenty sections joined end to end in a 
continuous loop. Each section consisted of an 850/41 inductor and a 
capacitor to ground as shown in Fig 2. The capacitors were chosen, in the 
range 310 pF to 930 pF. to simulate the variation in phase velocity 
described by Eq. (l) with B/A = 0 2 5 . The velocity along a uniform 
transmission line is proportional to 1/VEc where L and C are the inductance 
and capacitance respectively of each section of the line. The phase 
velocity was adjusted in the toroidal line to vary periodically with period 
d equal to the toroidal circumference and with a ratio if maximum to minimum 
velocity equal to /3~ or 1.63. A similar line wound on a tingle, toroidal, 
ferrite core was found to give similar results but quantitative agreement 
with theory was not as good due to mutual coupling between adjacent coils. 

Note that, from Eq (1), thr ratio of maximum to minimum velocity is 
[(A + 2B)/(A - 2 B ) ] 1 / 2 = ST when B/A = 025. This value of B/A was chosen 
arbitrarily, but lower values of B/A would result in a more uniform 
transmission line and higher values of B/A would require more line sections 
to simulate the continuous variation of phase velocity given by Eq. (1). 
The twenty capacitors were chosen according to the relation 
C = [ 1 - 0.5 cos(nn/10)] x 620 pF with n = 1,2,3, ... 20 corresponding to 
the line section number. High quality capacitors and inductors were used to 
minimize line losses. 
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The toroidal line was driven by a signal generator and the voltage 
across each capacitor was measured in turn to deteraine the voltage 
distribution around the line at each of the observed resonance frequencies 
The resonance frequencies were checked by driving the line at different 
points to ensure that none of the resonances were missed by being driven at 
a node. 

A surprising feature of the results, consistent with Eqs. (3) and (4), 
is that the fundamental or lowest frequency resonance occurs not when there 
is one wavelength in the circumference but when there is half a wavelength 
in the circumference. This result is surprising, since waves launched at 
the generator arrive back at the ger^rator. after one toroidal trip. 18G 
degrees out of phase with the input signal. Ideally, one would expect zero 
resultant signal at the generator and no power should be coupled from the 
generator to the line. In practice, the generator acted as a constant 
voltage source (with 500 output impedance) since line losses ensured that 
the input impedance of the line remained high (about 1000) at the 
fundamental resonance. This situation is analogous to the fundamental 
resonance of a circular metal loop clamped at one point on the circumference 
with an ant mode at the diametrically opposite point. The expected 
fundamental resorance, with one wavelength in the circumference, was 
observed when the output resistance, R. of the generator was artificially 
increased to 100 kO so that the generator acted as a constant current 
source. 

The natural resonance frequencies of the structure were also observed 
by driving the line with a series of short pulses and observing damped 
oscillations at the end of each pulse. When the line was fed from a 500 
source, the oscillations decayed exponentially in time with a quality factor 
Q ~ 3. With 100 kO in series with the generator, the quality factor of the 
damped oscillations increased to 25. Since there are two closely spaced 
resonance frequencies when X - 2d or when > = d, there is some ambiguity as 
to which of the two modes may be excited when driven by a pulse. This was 
clearly resolved by driving the line at a node of one of the two natural 
nodes, in which case the other mode was excited since the two modes are 
orthogonal. When driven from a 500 source, the Iwo X = 2d natural modes 
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could be excited separately. When driven from a 100 k() source, the two 
X = d natural nodes could also be excited separately. 

EXPERIMENTAL RESULTS 

With a source resistance R = 500, resonances with d = 0.5X X, 1.5X, ... 
were readily observed. Results with d = 0.5X ar* shown in Fig. 3. These 
results are described by Eqs. (3) and (4), with q/a = B/A = 0.25, in which 
case the ratio of the two resonance frequencies is theoretically 1 28. 
Experimentally, the ratio was 1.29 * 0.01. 

Results with R = lOOkf) at X = d are given in Fig. 4. This case is 
described by Eqs. (5) and (6) with q/a = 0 25 The ratio of the two 
resonance frequencies is 1.05 theoretically and 1 04 * 0.01 experimentally. 
Note that in Figs. (3) and (4) the amplitude of the voltage around the line 
has been plotted without regard to phase angle. Ideally, the phase changes 
discontinuously by 180 degrees at a node, but experimentally, the phase 
changes continuously around the line due to the effects of wave damping. 
Nevertheless, there was clear evidence of a phase difference of 160 degrees 
between the two antinodes at diametrically opposite points on tbe line for 
the results shown in Fig. (4) and a phase difference of 90 degrees between 
diametrically opposite points in Fig. (3). The qualitative shapes of the 
curves shown in Figs. (3) and (4) are in excellent agreement with the shapes 
predicted by Eqs. (3) to (6). except near the immediate vicinity of the 
drive points in Fig. 3. 

CONCLUSION 

It has been shown that a toroidal transmission line provides a simple 
and elegant demonstration of the formation of standing waves in a periodic 
structure. With further modification to this line it should also be 
possible to demonstrate the effects of localized periodic perturbations to 
simulate wave propagation in structures such as crystals, particle 
accelerators, loaded waveguides, diffraction gratings, etc This latter 
case is nr\n\yzrA thoroughly in Ref. 1 
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F1GURE CAPTIONS 

Fig. 1. Standing wave solutions of the llathieu equation. The resonance 
frequencies are determined by the intercepts of the q vs. a curves with the 
straight line q = 0.25 a. 

Fig. 2. Toroidal transnission line with twenty sections and with capacitors 
chosen in the range Cj = 310 pF to CJJ = 930 pF so that B/A = 0.25. Value 
of R was 500 or lOOkO. 

Fig. 3. Voltage distribution around the toroidal line, using R = 500 source 
resistance, at resonance. In case (a), f = 34.2 kHz, the line is driven at 
Section 1 and the solid curve is Eq. (3) normalized to 8.8v. In (b). 
f =44.3 kHz, the line is driven at Section 11 and the solid curve is the 
voltage amplitude predicted by Eq. (4) normalized to 9.4 v. In both cases, 
the drive voltage was fixed at 1.0 volt. 

Fig. 4. Voltage distribution around the toroidal line, withR= 100 kO 
source resistance, at the two X = d resonance frequencies. In case (a), 
f = 82.3 kHz, the line is driven at Section 7 and the solid line is the 
voltage amplitude predicted by Eq. (5) normalized to 1.0 v. In (b), 
f = 85.5 kHz, the line is driven at Section 1 and the solid curve is the 
amplitude predicted by Eq. (6) normalized to 1.0 v. 

i 
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Fig. 1. Standing wave solutions of the Mathieu equation. The resonance frequencies are determined by the 
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Fig. 2. Toroidal transmission line with twenty sections and with 

capacitors chosen in the range Cj - 310 pF to C.. » 930 pF so that 

B/A = 0.25. Value of R was 50 ft or 100 kft. 
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Fig. 3. Voltage distribution around the toioidal line using 
R • 50 fi source resistance, at resonance. In case (a), 
f • 34.2 kHz, the line is driven at section 1 and the solid curve 
is Eq. (3) normalized to 8.8 v. In (b), f * 44.3 kHz, the line 
is driven at section 11 and the solid curve is the voltage 
amplitude predicted by Eq. (4) normalised to 9.4 v. In both cases, 
the drive voltage was fixed at 1.0 volt. 
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Fig. A. Voltage distribution around the toroidal line, with R = 100 kT; 
source resistance, at the two X ° d resonance frequencies. In case (a), 
f •= 82.3 kHz, the line is driven at section 7 and the solid line is the 
voltage amplitude predicted by Eq. (5) normalised to 1.0 v. In (b), 
f E 85.5 kHz, the line is driven at section 1 and the solid curve is 
the amplitude predicted by Eq. (6) normalised to 1.0 v. 
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