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1. In this paper various approaches towards the study of sym
metry properties of nonlinear equations as well as possible
ways of their computer inplementation using the language of
systems of analytical computations are discussed. A detailed
investigation on the problems met in this paper may be found
£ /1-3/_ j
section we deal with the possibilities of
automation of routine calculations, connected with the study
of symmetry properties of nonlinear field theory equations.
Special attention is paid to the method of pseudopotential in
vestigation of formal integrability and isovector method for
the equations of balance.
2. The method of quasipotentials has been proposed by Wahlquist and Estabrook'*'. It allows one to write down for a non
linear evolution equation a finite or infinite set of conserva
tion laws as well as to find the Backlund transformation and
the equations of associated linear scattering problem, by using
the tools of outer differential forms. In order to illustrate
the approach, consider the following' -' nonlinear 2nd order
equation
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A column vector is said to be a quasipotential if it satisfies
the following overdetermined system of the 1st order differen
tial equations
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In this case the consistency conditions for the system (2.2),i.e.,
%
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are equivalent with the original equation (2.1).
Hence, the problem is reduced to that one of writing down
equations (2.2) for a given equation (2.1) (i.e., to_find F*
and С ) and, subsequently, of solving them relative to y (f,>?).
The essence ot the method consists of replacement of (2.1) by
a closed Ffaffian system of differential forms which together
with prolongation forms 0" form a differential ideal.
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leads to a family of commutation relations between vectorfields'. On the next step, it is necessary to find the vectorfields y** in the explicit form of their commutation relations
for components of vector-fields, and thereby also the functions
F and G^.The algorithm of finding quasipotentials requires
cumbersome calculations. In order to automatize such calculations
one can employ a system of analytical computations (say,
REDUCE ^ ) . In ref.
the algorithm is described and the text
of program is given on the language of REDUCE for performing
the basic operations with outer differential forms. Our experi
ence shown that the program works rather slowly. Therefore the
author jointly with I.G.Resnikov and V.L.Topunov created a prog
ram on the language of a system of analytical calculations,
which carries over the following steps on a computer: 1) repla
ces the original equation by a system of outer differential
forms, 2) tests the Frobenius condition for a given equation,
and 3) writes down the system of equations for the purpose of
finding isovectors ГЧ and simplifies that system when possible.
Consequently, the most part of routine work is carried out by
a computer. In ref./*' a description is given to the programs
in REDUCE which construct prolongation structures for nonlinear
equations. Unfortunately, we have no possibility of becoming
familiar with that paper. In
REDUCE-programs
are descri
bed for the study of Lie symmetries of differential equations.
p
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3. Л somewhat different, nevertheless conceptually close
to WE'*' approach towards the study of symmetry properties for
nonlinear equations is given i n / W ^ / l n particular, in
P.Kepsten's paper'' /the formalism of local jets /12/is employed.
Similarly to the WE approach, the original equation is replaced
by a family of outer differential forms. For the nonlinear
Dirac equation
11

3

л

а

-

the class of generators of the local symmetry group is construc
ted i n ' Using contact forms the ideal I of differential Iforras, connected with (3.1), is constructed. The infinite
simal synnetries of the closed ideal I in the n-dimensional
space formed by the class of differential forms e (I) ,...,a(n) are
determined by vector-fields
/ n

2

(3.2)

<ЭХ;

such that £ I C I , where £ stands for the Lie derivative relative
to the vector-field V. As is seen from (3.2), the vector-field
V necessarily satisfies the conditions
V
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a(i)+y(i.j) Aa(j) = 0 , (i=l

m).

(3.3)

where y(i, J) are the corresponding differential forms. Beside
the definition of the generators for the local symmetry group
of the nonlinear Dirac equation, using the program package on
the language of REDUCE in^ ^ there are determined also the
preserved flows; The author jointly with I.G.Resnikov and
V.L.Topunov carried over calculations and determined the gene
rators of local symmetry groups for a number of the nonlinear
equations. This required development of the corresponding pro
gram packet on the language of a system of analytical compu
tations. In this way all routine calculations connected with
the determination of generators and the construction of preser
ved flows are carried over with the aid of a computer
2
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4. When investigating formal integrability of nonlinear
evolution equations (NEE) one may successfully employ Computer
Algebra Systems (CAS). I n ^ / there are described algorithms
and programs on the language REDUCE designed for the study of
formal integrability of NEE having the form
3
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A systematic account of questions related to formal integrabi
lity, existence of nontrivial Lie-Backlund algebra, and infinite
series of conservation laws may be found in >'2/_ Here we
restrict ourselves to merely presenting basic concepts and
necessary formulae ^ ^.
An equation of the form (4.1) is said to be formally integrable if there exists a formal series
2
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satisfying on solutions to (4.1) the following operator relation
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uJ

such that

H*(F) - F * ( H ) = 0
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is said to be the Lie-Backl^nd algebra, A(F),of the equation
(4.1). A Lie-Backlund algebra is called nontrivial, if it con
tains elements different from Uj and F. A conservation law
for (4.1) is the relation
Л.
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valid on the solutions to (4.1). The order of conservation laws
is, by definition, the number
as such an n for which

4ord-&_ .where

df + 0, Ж.

ordf=n is defined

= 0, m>n; and ±Л[

l (-1)' D ^ -

is the variational derivative. If p e Im(D) (i.e., p coinsides
with the total derivative with respect to x ) , then 5p/<5u = 0
and the conservation law becomes trivial. Let us summarize
basic results on formally integrable equations'' ''.
14-16

Theorem 1. If the equation (4.1) admits for an infinite Lie-'
Backlund algebra, then it is formally integrable/1*/,
Theorem 2. If the equation (4.1) admits for an infinite series
of conservation laws of form (4.4), then it is formally integ
rable
Л
/ 1 5

Theorem 3. The equation (4.1) is formally integrable if and
only if there exists an infinite series of conservation laws' '
of the following type:
_1
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(4,5a)

(ResL^L,) С ImD,

(4.5b)

t
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ImD,
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m = 1,8.... ,

(4.5c)

d

where R e s S b j D - ' b _ .
Conditions (4.5a) and (4.5b) may be r e w r i t t e n in terms of the
right-hand side F of (4.1)
1
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(4.6b)

In order to find explicit formulae for the coefficients of the
series L and of densities ResL the following algorithm was
proposed in/ /. It follows from (4.2) that the coefficients
of the series L = £ n.D' should satisfy the relations
m
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i = m - l , m-2,...; m = l,2

F =

4
m

where Cj are coefficients of D in the commutator [L ,F*],b,= 0
for j>m.The integration constants in (4.2) are taken to be
zeroes.
Since the expressions c _ depend on bj,j<i,the relation
(4.7) makes it possible to define an arbitrary number of coef
ficients b; by recurrence. In particular, when i = - I , we may
determine the explicit form of Res L ™.
The algorithm described so far enables us to solve the fol
lowing problems/ /.
a) Testing the conditions for formal integrability. For any
concrete equation of the form (4.1) one first has to check the
conditions (4.6a) and (4.6b). If the result is positive, then
the recurrent procedure (4.7) is employed and the quantities
ResL , m = 1,2,3,..., are calculated. If the original equation
is formally integrable, then the integrands in (4.7) must be to
tal derivatives with respect to x. Hence, an implicit checking
of conditions (4.5c) is contained in the recurrent procedure:
if for m = 1 and on the i-th step a "nonintegrable" expression
appears under the integral sign in (4.7), then the condition
(4.5c) for m - l - n - i
is not satisfied.
b) Inclusion of the requirement of formal integrability into
the equations. When the proposed algorithm is applied to equations
containing arbitrary constants, then these constants in fieneral
will appear in the left-hand sides of (4.6a), (4.6b), as well
as in the integrand of (4.7), i.e., in expressions which for
formally integrable equations should coincide with total derivati
ves. Hence, by taking the variational derivatives of these ex
pressions equal to zero, we can resolve the resulting equations
and in this way adjust the constants so that the original equa
tion becomes formally integrable. The same results nay be also
obtained in a more simple manner, namely, by singling out the
"nonintegrable" part of (4.7) and taking this equation to zero.
c) Finging the densities of conservation law». Here it tufficies to observe that for concrete equations of the fore (4.1)
the algorithm yields explicit formulae for R n L * m-1,2
these being the densities we seek for.
n
+i
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d) Finding the elements of Lie-Backlund algebra. Calcula
tions of b , b _j>-4b according to (4.7) give us the preli
minary information for the determination of the m-th order
element of the Lie-Backlund algebra for any given equation of
the form (4.1). The corresponding algorithm is described in '.
It allows either to find the element of a prescribed order or,
to show that such an element does not exist.
A detailed description of programs developed by the author
jointly with A.Yu.Zharkov is given in/ /. The programs are
applied to S.I.Svinolupov-V.V.Sokolov equations
m
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and result in a nontrivial element of the Lie-Backlund algebra
in the form/ /
H = u + 7(u - u ) u + 14(u -2U]U ) u - 21u,uf13
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5. In
various concepts of group symmetry for differen
tial equations are discussed. Since information concerning the
group symmetry in many cases is equivalent to information con
cerning the solutions of a given equation, it appears reaso
nable to employ an as general concept of group symmetry as pos
sible. We present the definition of the symmetry group proposed
in/ » /. Suppose the functions <£(v ,...,
.)
on the n-dimen
sional space R (x) satisfy
А«-0,
(5.1)
19
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where A is a differential operator.
Definition 1. Let a family of operators g form the Lie
algebra for some group G. The group G is said to be the symmet
ry group of the equation (5.1) if g and A commute on the set
of solutions to (5.1):
[A.g ]tf(x) - 0 .
<->
L

L

5

2

e

In other words, the generators of 0 map one solution, ф{х), into
another one, rf (x) - g tf(x).
e
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A more general definition of symmetry groups for equations
is given in 1^4.
Definition 2. Let a family of operators g (1<а<~) form
an algebra closed under multiplication (*) and generate some
group G. The group G is said to be a symmetry group for A<£=0,
if
Р

A-AwA.g <)4x) =А б -ф(») = 0
e

.

а

(5.3)

(i.e., the multiplication p - yields an operator transforming
a non-zero solution ф(х) into the zero solution) or, if

Ф (х)

P _ 1

=A

а

.g ^(x)

(5-4)

a

(i.e., the operator g considered on the set of all solutions to
А ф =0, yields an operator transforming one non-zero solution
into another one (in general, non-zero as well)).
The algebra of generators g (l<«<«i)of the symmetry group
G is said to be the invariance algebra of the equation A<£ = 0/' /
It is clear that the second definition contains the first
one as a particular case, namely, one for p = 1 and the multi
plication (.) corresponds to commutation, i.e., when G is a
Lie group.
a

a
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6. The symmetry properties of multidimensional nonlinear
differential equations make it possible, in some cases, to
construct the solutions explicitly. In /2L22// classes of exact
solutions are found using the symmetry properties for the fol
lowing multidimensional nonlinear equations:
o u t A >< = 0 ,
U

U =

•u + Aexp(u) = 0 ,
P*-

*

*

>

•
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Эх ' <JxP

x = (x ,x j

u(x).

(6.2)
(6.3)

.
t

(6.0

bfcP "- m - A ( ^ l

Ф = 0 ,

(6.4)

д

is a spinor and m, к, Л are
i s the Dirac matrix, ф
arbitrary conctants.
In order to find explicit solutions to equations (6.1)
through (6.4) the following approach is used '*y :

where y„

»(i).*(.)IW*lW,

(6.5)

where #•») is a certain unknown function (or a vector-function
in case of a system of differential equations) depending on new
7

invariant variables m = <a(x) = Ifu^.tuj »•••• °> -д'>
number
of these being n-1,where n is the number of variables in the
original equation. New variables <u(x) and explicit expressions for
f(x) and g(x) are determined from the system of Euler-Lagrange
equations
t n e

п

dxo

dxj

€°

1

f

dx„_j

du.

1

(6.6)

v
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where f and ч are functions which determine the infinitesimal
invariance group for (6.1)-(6.3), that is,
x'=x

M

2

2

+ «rf (x, u)+ 0(* ), u'(x'>=u(x)+f (s. u) + 0(* ).
4

(6.7)

Of course, the explicit form of £** and 4 depends upon the con
crete symmetry.
In order to solve the nonlinear Dirac equation (6.4) one

uses ?Ъ\/
ф(х) = A(x)<4(< ),

(6.8)

u

where A(x) is a 4x4 nonsingular matrix, ф(о>) is an unknown 4-.
component spinor depending merely on invariant variables. The
explicit form of the matrix A is determined from the equa
tion/"/
QA(x) = (f "(x) йд + v ) A(x) - 0 ,

(6.9)

x

(i.e.,Q is infinitesimal generator of the invariance group
for (6.4)). Explicit forms of solutions to (6.4) are given
in/ '/. Besides the equations (6.1)-(6.4) the above explained
method was employed by Fuschich and coauthors in order to find
classes of exact solutions for multidimensional nonlinear Schrodinger equation/ */ Hamilton-Jacobi equation/* / and Born-Infeld
equation/25/,respectively. It was shown that:
2

2

1

1. If a nonlinear equation is in possession of nontrivial
symmetry, there is a hope to determine multi-parameter families
of its exact solutions.
2. The exact solutions may serve the purpose of "etalons"
when developing constructive approximative methods for solution,
of nonlinear equations.
, M 5 /

The method proposed i n /
can be implemented on the
language of systems of analytic computations. At present, the
author jointly with I.G.Resnikov and V.L.Topunov «re working on
its computer realixation.

7. When studying systems of differential equations in dif
ferent areas of mathematics the necessity arises in checking
their consi s t e n c y . Thi s is usually connected with cumber
some symbolic calculations. One of the methods designed for
this purpose is Cartan's algorithm / Л
The possibility of using a computer for the above-mentioned
problem is pointed out in'' ''. In /29-87/ the algorithm is des
cribed for the investigation on consistency properties of va
rious systems of equations.
Suppose we are given a system of m-th order differential
equations
/26/
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28

(s) <fy(x,u, p) = 0, n=l.g

s,

(7.1)

where x = (x j
x ) , u = (U],.«, u ) , p are the derivatives
up to some specified order m of the functions u relative to the
variables x, i.e., p =
if =(a,
a ).In order to solve
*>
d*
1 ' ' »
the consistency problem for (7.1) it is necessary to clarify
whether the given system is in involution, otherwise, it is
necessary to construct its prolongation with the aid of adding
йФ
differential consequences
r = 0, where d/dx. is the total
dx;
'
derivative with repsect to Xj.The system (7.1) is in involution,
if the following condition's are satisfied'' /:
1) c (s) is an involutory space;
2) there exist a neignbourhood § С J of the point X Q & S such
a

a

a

35

x

+ 1

that the triple fr (s) n ( p ™ )

- 1

+ 1

(y) , s § p " ) is a fibred manifold,
1

where s is the manifold determined by Ф =0, ——£=0, J" is the
№•

set of all m-jets j™ , and p">

+1

(j"

+ 1

QX J

(f)) = j "J (f)

respectively.
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In/'* ' the application of analytical computations is illustra
ted on the Navier-Stokes equation and the existence of a par
tially invariant solution is exhibited. Furthermore, the cor
responding system of equations determining that solution is
reduced to a system in involution, and it is pointed out that
there is a certain freedom in doing so.
When partial solutions are determined via the method of dif
ferential connections '• ' then the original system of differen
tial equations is completed using different differential con
nections.
9
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В Объединенном институте ядерных исследований .начал
выходить сборник "Краткие

сообщения

ОИЯИ". В нем

будут помещаться статьи, содержащие оригинальные научные,
научно-технические, методические и прикладные результаты,
требующие срочной публикации. Будучи частью "Сообщений
ОИЯИ", статьи, вошедшие в сборник, имеют, как и другие
издания ОИЯИ, статус официальных публикаций.
Сборник "Краткие сообщения ОИЯИ" будет выходить
регулярно.

The Joint Institute for Nuclear Research begins publi
shing a collection of papers entitled JINR Rapid Communi
cations which is a section of the JINR Communications
and is intended for the accelerated publication of impor
tant results on the following subjects:
Physics of elementary particles and atomic nuclei.
Theoretical physics.
Experimental techniques and methods.
Accelerators.
Cryogenics.
Computing mathematics and methods.
Solid state physics. Liquids.
Theory of condenced matter.
Applied researches.
Being a part of the JINR Communications, the articles
of new collection like all other publications of
the Joint Institute for Nuclear Research have the status
of official publications.
JINR Rapid

Communications

will be issued regula'rly.
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