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THE EFFECT OF EXTERNAL ELECTRIC FIELDS ON THE 
DIELECTRONIC RECOMBINATION CROSS SECTION 

OF LITHIUM AND SODIUM LIKE IONS 

D. C. Griffin,* M. S. Pindzola,* and C. Bottcher 

ABSTRACT 

The effect of external electric fields on the dielectronic recombi-
nation cross section associated with the 2s * 2p excitation in the Li 
like ions B^, C3*, 054", and Fe23+, and the 3s -> 3p excitation in the Na 
like ions Mg+, S5*, Cl6+, and Fe15+ has been studied in the configuration-
average, distorted-wave approximation. By applying the linear-Stark 
approximation to the doubly-excited 2pnA and 3pnA Rydberg states in the 
presence of an external electric field, we study the systematics of field 
mixing effects on dielectronic recombination and determine the maximum 
field enhancement of the dielectronic recombination cross section. We 
find that the magnitude of the field enhancement decreases as we move up 
an isoelectronic sequence and is of f e order of a factor of two or three 
in highly-ionized systems. In addition, we show that dielectronic recom-
bination transitions through doubly-excited states near threshold can 
produce large narrow peaks in the cross section at low energies, which 
are especially prominent high stages of ionization, and are not 
affected by the electric field. 

I. INTRODUCTION 

Dielectronic recombination (DR) is a two step process. In the first 
step, a continuum electron collisionally excites an N-electron ion and is 
simultaneously captured (resonant recombination) into a doubly-excited, 
Intermediate state of the corresponding (N+l)—electron ion: 

e" + Xi(Z,N) -> xJ*(Z,N+l) . 

Since the doubly-excited state has an energy above the first ionization 
limit of the (N+l)-electron ion, it can decay by autoionization back to 
the initial state i, or an excited state i', of the N-electron ion: 

Xj*(Z,N+l) -»- Xi.(Z,N) + e" . 

However, it can also decay to an excited state of the (N+l)-electron ion 
with the emission of a photon: 

Xj*(Z,N+1) -»• Xfj(Z,N+l) + hv . 

If the final state of the radiative transition is below the first ioniza-
tion limit of the (N+l)-electron ion, it will be stable to autoionization, 
and the DR process will be complete. If instead, the radiative transition 
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results in another state above the first ionization limit, it will either 
undergo another radiative decay, or more likely, will autoionize and 
thereby not contribute to the DR process. Such cascading through auto-
ionization levels is quite complex, but is normally much less likely than 
a direct radiative transition to a bound state, and in general, will have 
only a small effect on the DR process. A schematic diagram illustrating 
dielectronic recombination is shown in Fig. 1. 

The review article by Seaton and Storey1 includes an interesting 
history of the theoretical work on dielectronic recombination. The pro-
cess was first referred to as dielectronic recombination in 1942 in an 
article by Massey and Bates,2 after a suggestion of its possible impor-
tance in the ionosphere by Sayers in 1939. However, estimates of the 
rate coefficient for this process indicated that DR is not an important 
process in the ionosphere, where the temperatures are too low to excite 
anything but the lower energy doubly-excited states. 

In 1961, Unsold, in a letter to Seaton, suggested that DR might 
account for a well known temperature discrepancy in the solar corona. 
After an initial investigation of this possibility, Seaton3 concluded 
that DR would not significantly increase recombination in the solar 
corona. However, he had only included the lower energy doubly-excited 
states in his analysis; in 1964, Burgess^ was able to show that when one 
includes the high members of the Rydberg series of doubly-excited states 
that are populated at the temperatures present in the corona, DR can 
indeed explain this discrepancy. 

Since this discovery by Burgess, DR has received much theoretical 
attention, and has been employed in modeling high temperature plasmas.5""7 
Various approaches to the theory are discussed in several review 
articles.8»9 More recently, explicit calculations of DR cross sections 
using distorted wave theory have been reported.10-13 

Interest in dielectronic recombination has increased dramatically 
in the last two years when the results of the first direct measurements 
of DR cross sections were reported. In January of 1983, Mitchell 
et al.1*4 published the DR cross section for C+ using a merged electron-
ion beam1; apparatus, and in the same month, Belle and co-workers15 
reported on a crossed electron-ion beams measurement of the DR cross 
section for Mg+. In July 1983, Dittner et al.16 published merged-beams 
measurements of the DR cross section for the multiply-charged ions B2"1" 
and C3*, and in May 1984, the crossed-beams measurements of the DR cross 
section for Ca+ were reported by Williams.17 Additional measurements 
are currently in progress, and for the first time, we have data with 
which to compare the results of various theoretical approaches to the 
calculation of the DR cross sections. 

Theoretical calculations of DR cross sections are complicated by 
the large number of doubly-excited, intermediate Rydberg states which 
must be included. A number of effects associated with the atomic struc-
ture of the system may have an important influence on the final cross 
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Fig. 1. A schematic diagram of the dlelectronic recombination 
transitions of the form e" + Xi(Z,N) + Xj**(Z,N+l) Xf*(Z,NM) + hv. 
The dashed lines represent the doubly-excited, autoioaizitig states with 
a Rydberg electron attached to the kth state of the N-electron ion, 
while the solid lines to the right represent the excited bound states of 
the (N+l)-electron ion. Autoionization, which competes with radiative 
decay, may leave the N-electron ion in its initial state i or an excited 
state i'. • ki2/2 is the energy of the incoming continuum electron. 
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section. Configuration interaction among the doubly-excited states18-19 

and overlapping, interacting resonances8»221 have been investigated in 
a number of cases and have been found to have relatively small effects 
on the total rate coefficient or cross section; however, further work is 
needed to determine whether this is generally true. Intermediate 
coupling can be important, and has been shown to cause as much as a 50% 
enhancement in ions of the Li isoelectronic sequence.22 

External electric fields can have a pronounced effect on DR cross 
sections and rate coefficients. First of all, such fields can cause 
ionization of high Rydberg states, and thereby decrease the total rate 
of recombination. Secondly the electric fields can cause a redistribu-
tion of angular momentum among the Rydberg states, and this can, as we 
shall see, cause a significant enhancement in the rate of recombination. 
Such field enhancement in the DR rate coefficient was first investigated 
by Jacobs et al.23 in Fe23+. They estimated that microscopic fields due 
to H+- ions in a plasma at a density of 1 0 c m - 3 can enhance the DR rate 
coefficient at a temperature of 3 x 107oK by a factor of three. A simi-
lar result was obtained by Grigoriadi and Fisun,24 and they derived an 
approximate formula for calculating the amount of field enhancement. 
More recently, LaGattuta and Hahn2' used a similar approach to calculate 
the electric field enhancement of the DR cross section in Mg+. Their 
approximate calculations indicated that a field of 24V/cm increased the 
cross section by a factor of about eight. 

In this report we shall calculate the maximum enhancement or 
dielectronic recombination due to the presence of external electric 
fields in the electron-ion interaction region. In particular, we shall 
consider the field enhancement of DR associated with 2s->2p excitation in 
the lithium isoelectronic sequence and the 3s +3p excitation in the 
sodium Isoelectronic sequence. 

In the next section, we give an outline of the theory of DR both in 
the field free case and in the presence of an external electric field. 
In Sect. Ill, we present a sample calculation for the case of C3+, and 
in Sect. IV we give the results of a survey of the Li and Na isoelec-
tronic sequences. In Sect. V we present a eemiclassical treatment of 
field ionization, and finally, in Sect. VI we discuss the implications 
of our results. 

II. THEORETICAL METHODS 

The dielectronic recombination cross section from a state of the 
initial level i of an N-electron ion through all degenerate states of a 
doubly-excited resonance level j of the (N+l)-electron ion to the states 
of all possible bound levels f of that ion can be written in the 
isolated-resonance approximation in terms of the resonant-recombination 
cross section times the branching ratio for radiative stabilization: 
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k i 3 2 g l t r ' ^ ^ ' w . 1 , , ^ £ V J ^ ' ) + £ V H ' ) 

. Lrj(E14ki2/2~Ej) . (1) 

In the above expression, k^ Is the linear momentum and % is the angular 
momentum of the continuum electron; J is the total angular momentum of 
the (N+l)-electron system; g* and gj are the statistical weights of the 
initial level of the N-electron ion and the resonance level >f the (N+l)-
electron ion, respectively; the factor 2 in the denominator is the 
intrinsic statistical weight of the continuum electron; oi is used to 
designate the initial level in intermediate coupling; and aw is used to 
designate all quantum numbers, other than J, needed to specify the reso-
nance level in intermediate coupling. Hartree atomic units are employed 
and the continuum normalization is one times a sine function. Ar(j +f) 
and Aj.Cj-tf') are the radiative rates from a particular state of the 
resonance level j to all states of a particular bound level f and to all 
states of any of the lower levels f' (including autoionizing levels), 
respectively. In atomic units, the radiative rate is given by the 
expression: 

Ar(j•*£') - ± 4 — l < a f , J f II y*1 *m B°yJ>l2 (2) 
3 c V m-1 

where u) is the transition frequency, c is the speed of light, and we 
employ the dipole length form of the electromagnetic Interaction. The 
autoionizing rate from a state of the level j of the (N+l)-electron ion 
to all states of a level i' of the N-electron ion is given by: 

AaU-*') "Tc77 £ l<«i'Ai'j| V ~ r
J — l«)J>|2 (3) 

1 m«l N+1»m 

Finally the Lorentzian profile Lr.(Ei+ki2/2-Ej) is given by the 
expression: 

where E^ is the energy of the initial state in the N-electron ion, Ej is 
the energy of the doubly-excited resonance state of the (N+l)-electron 
ion and Tj is the full width at half maximum of the doubly-excited reso-
nance state j: 
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r j - L A a a - d ' ) + £ V J - r f ' ) . (5) 

Since we are assuming non—overlapping resonances, we follow Hahn 
and collaborators (see, for example, refs. 10-12) and define an energy-
averaged cross section a: 

j /•ej+Ae/ 2 

le±-Ae/2 
i o(ei)dei (6) 

where ê  is the electron energy (e^ = k^2/2) and Ae is an energy bin 
width larger than the largest resonance width Tj• We see by using 
Eq. (6) and comparing Eq. (1) and Eq. (3) that the energy-averaged cross 
section can be written in the form: 

2n2 AaQ+i) - £ Ar(j+f) 

* " Aeki2 2 i T E V J - 1 ' ) + £ M i " * ' ) ( 7 ) 

i' f1 
By including transitions to autoionizing levels in the sum over radia-
tive rates in the denominator and not ;a the numerator, one can correct 
approximately for the effect of cascading among the autoionizing levels. 
Such final levels can decay with the emission of a photon to another 
autoionizing level or a bound level; however, they will more likely 
autoionize and thereby not contribute to the DR cross section. The 
Inclusion of these additional radiative transitions significantly com-
plicates the calculation of DR cross sections, and in most cases, leads 
to a relatively small correction. For this reason, we have omitted them 
from our calculations. 

Equation (7) may be used to evaluate the DR cross section in inter-
mediate coupling. However, because of the large number of doubly-
excited, intermediate levels involved, such calculations are extremely 
tedious. Therefore, especially when performing survey calculations, it 
is advantageous to employ an approximate method which greatly reduces 
the number of individual rates which must be calculated. Such a method 
is provided by the configuration-average approximation, which we develop 
below. 

First we note that for the DR cross sections associated with the 
ns-mp excitations which are considered in this report, there are no 
possible autoionizing transitions other than those to the initial con-
figuration of the N-electron ion. Furthermore, as discussed above, we 
will only include radiative transitions to bound levels. With these 
simplifications incorporated in Eq. (7), we determine the average cross 
section from a state in the initial configuration of the N-electron Ion 
to all states within a particular doubly-excited configuration of the 
(N+l)-electron ion: 
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Where Gj is Che total statistical weight of the initial configuration, 
and we have assumed that the energy spread within each configuration is 
small so that k^2/2 is equal to the energy difference between the ini-
tial configuration and the doubly-excited configuration. 

We now consider Eq. (8) In two limiting cases. For doubly-excited 
configurations for which the Rydberg electron has relatively low values 
of n and A, and selection rules do not make the autoionizing rate unusu-
ally small, Z Aa(j->i)» | Ar(j-»f) for all levels j, and this equation 
reduces to: 

o-2 GT _ 

• - i - A r ( n , A ) , (9) 
Adci2 2GX 

where Gj is the total statistical weight of the doubly-excited configu-
ration, and Af (n,A) is the configuration-average radiative rate 
designated by the values of n and A for the Rydberg electron In the 
doubly-excited configuration: 

Aj-(n, A) £ g j • XXCj+f) (10) 

On the other hand, for configurations in which the Rydberg electron 
has relatively high values of n or A, and selection rules do not make 
the radiative rate unusually small, Z Ar(j-»f)» E AgCj-ti) for all j, and 
Eq. (8) reduces to: ^ * 

2 it2 GJ T Aa(n,Jl) , (11) 
AdCiL 2Gt 

where Ag^n, A) is the configuration-average autoionizing rate designated 
by the values of n and A for the Rydberg electron in the doubly-excited 
configuration: 

5a(n,Jl) £ g j L V J " * ) <12) 

The configuration-average approximation is an interpolation between the 
two limiting cases represented by Eqs. (9) and (11): 

^ 2it2 GJ V n , A ) - A,-(n,A) ^CA —:—5 — V13) Aeki 2GX ^(n.A) + X,.(n,A) 

Since ^(n,A) and Aj-Cn,JQ are independent of the coupling conditions, 
they can be evaluated in any convenient representation. Expressions for 
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these rates evaluated by using the uncoupled representation are given in 
ref. 22. The configuration-average approximation will tend to overesti-
mate the DR cross section for cases in which Z Aa(j-»i) and Z A_(j+f) are i f 
comparable. However, this is only true for a limited ranfte of n and A, 
and for cross sections associated with 2s-»-2p and 3s +3p excitations, the 
CA approximation may provide cross sections in good agreement with those 
calculated in intermediate coupling using Eq. (7).22 

We shall now consider how the above formalism may be modified to 
Incorporate an estimate for the effects due to an external electric 
field. As mentioned previously, such a field will affect the DR cross 
section in two ways: (1) it will field ionize high Rydberg states; and 
(2) it will mix doubly-excited states, especially those for which the 
Rydberg electron has the same value of n but different values of A. 

Field ionization may be incorporated in the CA approximation by 
adding a field ionization rate to the sum < ~ r rates in the denominator 
of Eq. (13). However, field ionization rates tend to be very small 
until one reaches a critical value of n, at which point the rate 
increases dramatically. (In Sect. V, we confirm this by investigating 
the variation of a field ionization rate calculated using a semiclassi-
cal hydrogenlc model.) For this reason, we ignore field ionization in 
our calculations up to some maximum value of the principal quantum 
number, and then assume that field ionization is complete for all 
Rydberg states with n above t^^. The value of nmax is calculated using 
the approximate formula:15*26 

^ - (6.2 x 108 Q3/F)1/4 (14) 

where Q is the charge of the ion before recombination, and F is the 
electric field in volts/cm. 

The mixing of doubly-excited states due to the presence of an 
external electric field is properly calculated by dlagonallzing a 
Hamlltonian matrix which includes the Stark matrix elements as well as 
the internal electrostatic and spin-orbit terms. As we shall discuss 
in Sect. VI, this approach will lead to an intermediate-coupled, field-
enhanced calculation of the DR cross section, which is the ultimate goal 
of our work on dielectronic recombination. However, it is also useful 
to develop a method of estimating the enhancement of the DR cross sec-
tion due to field mixing based on the CA app? vximation. As we shall 
see, such a method provides physical insight into the nature of such 
field effects along lsoelectronic sequences, as well as upper limits 
on the magnitude of the enhancements. 

For high members of the Rydberg series of doubly-excited states, 
configurations for which the Rydberg electron has the same value of n 
but different values of X become nearly degenerate. This is, of course, 
especially true for configurations with higher values of Jl; but as n 
increases, it becomes valid even for those configurations with lower 
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values of 1. The Rydberg electrons in such configurations see poten-
tials which are beginning to approach purely Coulombic ones, and are 
only very weakly coupled to the core electrons. Thus it is reasonable 
to apply the linear-Stark-effect approximation to such states until the 
configurations with different values of n as well as A becone so close 
together that they also begin to mix under the influence of an electric 
field. 

Several approximate methods have been employed previously to deter-
mine the onset of the linear-Stark region of Rydberg states. Jacobs 
et al. 23 and Grigoriadi and Fisun21* use as the lower limit of the linear-
Stark region that value of n for the Rydberg electron for which "twice 
the m-averaged quadratic Stark level shift, obtained for a representa-
tive JL value, becomes equal to the Z sublevel separation."23 One dif-
ficulty with this approach is that the above condition is highly A 
dependent and the use of a representative A value is somewhat suspect. 
For states in the quadratic-Stark region, below the onset of the linear-
Stark region, these authors ignore the effects of field mixing, and 
calculate dielectronic recombination using rates determined In a pure 
spherical basis. They also determine an upper limit on the linear-Stark 
region by employing the Ingliss-Teller criterion27 which states that 
twice the maximum linear-Stark shift should not exceed the separation 
between levels with adjacent n values. Above this limit, the mixing 
between states with different n and A values can be substantial in the 
presence of an electric field, and they simply exclude such states from 
their calculation of dielectronic recombination. However, it is not 
clear that mixing among states with different values of n will have any 
significant effect on dielectronic recombination, and it may be better 
to assume that the linear-Stark region continues clear to that point 
where field ionization removes the high Rydberg states from the dielec-
tronic recombination process. 

LaGattuta and Hahn25 employ a similar approach; however, they 
attempt to determine an ^-dependent onset of the linear-Stark region, 
and for the reason given above, they extend the linear-Stark region up 
to a point where complete field ionization should occur. Their estimate 
of the onset of the linear-Stark region is based on the following proce-
dure. They first calculate the sum of the monopole interaction and the 
quadrupole interaction (with total orbital angular momentum between 
the outermost core electron and the Rydberg electron. When the differ-
ence between this sum for a Rydberg electron with Ji."̂  and a Rydberg 
electron with Ji-n-1 is less than or equal to an approximate value of the 
Stark matrix element, they assume complete linear-Stark mixing of all 
configurations with principal quantum number n and We have found 
that this method overestimates the energy separation between representa-
tive terms of different configurations as compared to the more standard 
procedure of using configuration-average energies plus quadrupole inter-
actions to estimate such energy differences. The values of \ calcu-
lated using the later procedure are lower than those reported by 
LaGattuta and Hahn.25 



10 

None of these procedures can provide reliable estimates of the 
onset of the linear-Stark region, and thus cannot be used to accurately 
determine the enhancement of the DR cross section due to field mixing as 
a function of electric field strength. The amount of mixing must depend 
on the energy differences between individual levels of the interacting, 
doubly-excited configurations in comparison to the Stark matrix ele-
ments, and such detailed Information obviously cannot be determined from 
any of the above methods. Therefore, we shall not attempt to determine 
field mixing as a function of field strength at this time, but rather, 
we will assume that the linear-Stark effect approximation holds for all 
doubly-excited states of the (N+l)-electron ion, and thereby, determine 
estimates of maximum field enhancements along isoelectronic sequences. 

In the presence of an external electric field, the orbital angular 
momentum S. for the Rydberg electron in the doubly-excited configurations 
is no longer a good quantum number, even when the spln-orblt and the 
residual electrostatic interactions are ignored. In the linear-Stark 
approximation, the wavefunction of this electron in the presence of an 
electric field may be determined from a simple Clebsch-Gordon transfor-
mation from spherical to parabolic coordinates: 

/ (n-l)/2 (n-l)/2 Jl\ 
nkm> - V C , , nJ!m> , (15) 

A«jm | ^ <®-k>/ 2 Cm-Hc)/2 m/ 1 

(n—1)/2 (n-l)/2 A 
where C is the Clebsch-Gordon coefficient, and k is the 

(m-k)/2 (m+k)/2 m 
electric quantum number; it, in turn, is defined as k-ni~n2, where ni 
and n2 are the parabolic quantum numbers determined from the relation: 

n«»ni + n2 + |m| + l . 

When exchange is neglected, it can be shown that the configuration-
average autoionizing rates transform according to the equation: 

n-1 
A^n.k.m) - £ 

A-UI 

c(n-l)/2 (n-l)/2 i 
(m-k)/2 (ra+k)/2 m 

• V n . J l ) . (16) 

In general, when exchange is included, cross terms will appear In 
Eq. (16); however, for the p+s autoionizing transitions which are con-
sidered in this report, this equation is valid even when exchange is 
included. 

Now we must also consider how field mixing in the linear-Stark 
approximation can affect the radiative rates. In doing so, we must 
distinguish between two types of radiative transitions. The first type 
includes those in which the Rydberg electron is a spectator; for 
example, in the Li isoelectronic sequence these transitions are of the 
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form: 2pnJl>2snA + hv. The rates_for this tyge of transition are nearly 
independent of n and X , and thus A^n^.m) - Aj.Cn, A) z A,.. In the 
second type of radiative transition, the Rydberg electron is the active 
electron; again, in the Li isoelectronic sequence, these transitions are 
of the form: 2pn£+2pn' X ' + hv. The rates for this second type are 
highly dependent on the values of n and X , and therefore in parabolic 
coordinates, are highly dependent on n, k, and m. In the lower stages 
of ionization along an isoelectronic sequence, radiative transitions of 
the second type are only significant for low values of n and X , while 
for high values of X or n, are either forbidden or have small rates. 
However, for high stages of ionization, this type of transition can be 
significant to quite high values of n and X , and must be included in the 
calculation of the DR crous section. The configuration-average radiative 
rates for this type of transition transform from spherical to parabolic 
coordinates in a way identical to that for the autoionizing rate given in 
Eq. (16). 

Before considering the DR cross section in the linear-Stark approxi-
mation, we shall re-examine Eq. (13). The total statistical weight, Gj, 
for a given doubly-excited configuration can be written as the product of 
the statistical weight of the core electrons, Gj , times the statistical 
weight of the Rydberg electron, 4A+2. Thus the 8otal configuration-
average DR cross section for an n manifold of degenerate states, in the 
absence of an electric field, can be written as: 

where, of course, this equation is valid only when, for a given value 
of n, the configurations with different values of A are nearly equal in 
energy; however, this is the necessary condition for the linear-Stark 
approximation. In the presence of an electric field, the configuration-
average DR cross section becomes: 

where the factor of 2 inside the sums over the electric and magnetic 
quantum numbers is the statistical weight due to the spin of the Rydberg 
electron. Equation (18) can then be employed to estimate the maximum 
field enhancement of the DR cross section in the linear-Stark approxima-
tion. Since we will assume that all doubly-excited configurations are 
completely mixed once any field is turned on, this equation is applied 
to all values of n, and thus the cross section is independent of the 
field strength. 

» (17) 

(18) 
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Our configuration-average cross sections, with and without fields, 
were calculated using the program DRACULA, for Dielectronic-Recombination-
Average-Configuration-Using-Local-Approxlmation. The atomic orbitals and 
energies for the bound-state~~configurations and the lower energy doubly-
excited configurations were generated using the radial wavefunction code 
of Cowan.29 These wavefunctions are solutions to the Hartree-Fock equa-
tions with relativistic modifications,30 which include the mass-velocity 
and Darwin corrections within modified differential equations. The con-
tinuum wavefunctions were calculated in a local distorting potential 
constructed using the semlclasslcal exchange approximation of Riley and 
Truhlar.31 This simplifies the solution of the differential equations, 
and yet, gives results in close agreement with those obtained from a non-
local Hartree-Fock continuum program. These continuum wavefunctions are 
also corrected for relativistic effects by including the mass-velocity 
correction in the distorting potential. 

One cannot generate Hartree-Fock orbitals for all the configura-
tions needed in the calculation of a total DR cross section. Hence, 
further approximations are needed to determine rates for high values of 
n and A. The radiative rates of the first type mentioned earlier are 
nearly independent of n and A; therefore, we simply used the correspond-
ing radiative rate in the N-electron ion (2p-*2s in the Li sequence, and 
3p-»-3s in the Na sequence) to approximate these rates for high values of 
n and A. There are no simple extrapolation formulae for the autoioniz-
ing rates or the radiative rates (for transitions of the second type) as 
a function of A. For this reason, we calculated these rates for the 
lower members of the Rydberg series corresponding to JL • 9 to 15 using 
hydrogenic wavefunctions. Along a given Rydberg series, the autoioniz-
ing rates and the radiative rates (for the second type of transition) 
tend to go off approximately as 1/n3. Thus we extrapolated these rates 
to high values of n by fitting the calculated values of n3 times the 
corresponding rate to a polynomial in 1/n2. 

The energy bin size, Ae, was chosen so as to be larger than the 
largest resonance width but much smaller than the experimental width. 
It should be noted that the energy-averaged cross section is calculated 
by summing over the values of OCA f°r all resonant configurations within 
a given energy b"' l width. Finally, smooth theoretical cross section 
curves are gener ited by convoluting the spectrum of narrow resonance 
peaks with a Gaussian for which the full-wldth-at-half-maximum is equal 
to the experimental width; for cases for which there are no experimental 
data, nor any ongoing experiments, the experimental width was arbitrar-
ily chosen to be 3.0 eV. In certain kinds of experiments,32 it is 
expected that the electron energy distribution will not be symmetrical, 
and thus, will not be represented accurately by such a distribution 
function; however, until more is known about such distributions, the 
Gaussian seems to be the most logical choice. 
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For cases where there are experimental data or ongoing experiments, 
the value of n,nax was calculated from Eq. (14) using the expected elec-
tric field in the analyzing region. For the other cases n^x was 
arbitrarily set at 100. 

III. A MODEL CALCULATION: C3* 

In order to illustrate the nature of the theoretical methods 
discussed in the previous section, we will now consider some sample 
calculations for the DR cross section in C3* associated with the 2s-»-2p 
excitation. We first examine recombination through the doubly-excited 
configurations 2p4d, 2p5d, and 2p201. An energy level diagram showing 
the DR transition through these configurations is given in Fig. 2. The 
2p4d and 2p5d configurations serve as examples of resonances lying rela-
tively close to threshold for which radiative transitions of the second 
type are important. On the other hand, the 2p20jL manifold serves as an 
example of relatively high Rydberg states for which configurations with 
the same value of n but different values of A are nearly degenerate, and 
for which only the radiative transitions of the first type are impor-
tant. 

Before considering specific calculations, it is useful to write the 
relevant cross section equations in more familiar units. For example, 
in Eq. (13), we convert the rates to sec-1 by dividing rates in atomic 
units by = 2.42 x 10"17 hartree-sec.; in addition, we convert the 
electron energy, ei • ̂ 2/2, and the energy bin size, Ac, from hartrees 
to eV to obtain: 

4.95 x 10-30 Gj A^n.A) • A^n.JO 
oca ^ > (19) Ae 6L 2GX Aa(n,A) + Ar(n,A) 

where the constant 4.95 * 10~30 is in units of eV2 • cm2 • sec, so that 
the cross section will be in units of cm2. A similar form is obtained 
for Eqs. (17) and (18). 

The calculations for the 2p4d and 2p5d configurations are shown in 
Table I. In both of these cases, the autoionizing rate is much larger 
than the radiative rate, so that the cross section is directly propor-
tional to Ar(n, I). The relatively large cross section due to DR tran-
sitions through the 2p4d states is characteristic of resonance states 
close to threshold for which radiative transitions of the second type 
have large rates (see Fig. 2). In this case the radiative rate is an 
order of magnitude larger than the rate associated with the 2p-»2s tran-
sition alone. By examining the calculation for the 2p5d configuration, 
we see that the cross section for an individual configuration falls off 
rapidly as we move up a Rydberg series. 
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Fig. 2. An energy level diagram illustrating several dielectronic 
transitions associated with the 2s+2p excitation in C^. A schematic 
diagram of the dielectronic recombination cross section resulting from 
transitions through the 2p4d, 2p5d, and 2p20A configurations of C2* is 
shown to the far right. 
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T a b l e I . C o n f i g u r a t i o n - a v e r a g e D R c r o s s s e c t i o n 

c a l c u l a t i o n f o r t h e C ^ ^ p A d ) a n d C ^ U p S d ) 

d o u b l y - e x c i t e d c o n f i g u r a t i o n s 

4 . 9 5 x 1 0 " 3 0 G j S g C n , * ) . ^ ( n . A ) 
OCA " 

A e e i 2 G j ^ ( n , * ) + ^ ( n , * ) 

A . C 3 + ( 2 s ) + e - > C 2 + ( 2 p 4 d ) 

A E - 0 . 1 3 6 e V 

e i - 0 . 2 5 6 e V 

G j - 6 0 

« 2 

A a ( 4 d ) - 1 . 2 7 x 1 0 1 1 * s e c " 1 

- 3 . 0 9 x 1 0 * s e c " 1 

O q A - 6 . 5 9 x 1 0 " 1 8 c m 2 

B . C 3 + ( 2 s ) + e " C 2 + ( 2 p 5 d ) 

A E - 0 . 1 3 6 e V 

e i - 3 . 0 8 e V 

G j - 6 0 

GZ - 2 

A ^ ( 5 d ) - 5 . 5 5 x 1 0 1 3 s e c " 1 

A r ( 5 d ) - 1 . 7 7 x 1 0 9 s e c " 1 

i3 fcA = 0 . 3 1 4 x 1 0 ~ 1 8 c m 2 
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The calculation of the cross section for DR transitions through the 
manifold of nearly degenerate Rydberg states with n = 20 is given in 
Table II. In the first calculation shown, we use Eq. (17) with energies 
in eV and rates in sec"1* For these states, the radiative rate is 
nearly independent of A, since radiative transitions of the second type 
involving the Rydberg electron are negligible. The autoionizing rates 
as a function of A are shown in Fig. 3. We include in our calculation 
rates up to A = 15; however, by A - 9, the autoionizing rate has fallen 
below the radiative rate, and by A = 10, the cross section is nearly 
proportional to autoionizing rate, which is quite small. 

The above consideration suggests an approximation which will be 
useful when considering the enhancement of the cross section due to 
electric fields. If we assume that the autoionizing rate falls off very 
rapidly with A near the point where the curve of these rates crosses the 
radiative rate, then we are justified in assuming that the cross section 
is directly proportional to the radiative rate, Ar(n), before the 
crossing, and negligible after the crossing. This is the basis of the 
calculation in the second half of Table II. As can be seen, this 
approximation reduces the calculation to a simple count of the total 
statistical weight for the Rydberg electrons before the crossing, which 
for this case equals 162 out of a possible 2n2 » 800 states. The result 
is in good agreement with the more exact treatment in the first part of 
the table. Although we do not use ;his method to calculate cross sec-
tions, it is useful for interpretive purposes. 

The configuration-average cross section for all transitions through 
the doubly-excited states up to an arbitrary value of n^x = 50 is given 
in Fig. 4. The cross section convoluted with a 3.0 eV Gaussian, indi-
cated by the dotted curve, is given on an expanded scale in Fig. 5. The 
large peak near threshold is due to the 2p4f configuration, as well as 
2p4d. As can be seen, these low energy resonance states can make contri-
butions to the cross section which are comparable to the cross section 
due to transitions through the large number of high Rydberg states. 
However, there are experimental difficulties associated with measuring 
the cross section close to threshold,22 and to date no such low energy 
peaks have been detected. It Is also interesting to note that such peaks 
will be greatly reduced in experiments which detect the 2p+2s photon in 
coincidence with the formation of the (N+l)-electron ion, since the 
strength of this peak is primarily due to radiative transitions involving 
the outer Rydberg electron. 

In the presence of an electric field, the doubly-excited states for 
which the Rydberg electron has the same value of n but different values 
of A will be mixed. This will tend to lower the autoionizing rates for 
lower values of A, but enhance the autoionizing rate for higher values 
of A, and thereby, increase the number of Rydberg states for which the 
autoionizing rate is greater than the radiative rate. Thus the total 
statistical weight of Rydberg electrons before the crossing will 
increase, and as we have seen from our approximate calculation in 
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Table II. Configuration-average DR cross section 
calculation for the c2+(2p20A) doubly-excited configurations 

^ ( n ) - l l L L i ^ i ! % I (4A+2) V " » * > * 
A e ^ A a ( n . J l ) + A ^ J D 

0^(28) + e~ -v c2+(2p20A) A - 0,1,2, 15 

A E - 0.136 eV 

ei - 7.75 eV 

G j c " 6 

G j - 2 

Ag(20, A) varies as shown in Fig. 3 

Sr(20,A) is nearly independent of A s ̂ (20) - >.80 x 10® sec-1 

^ ( 2 0 ) - 0.308 x 10"18 cm2 

4.95 x 10-30 Gt — 

° t A ( n ) " S T * l f e M 2 0 ) • I (4A+2) ^ 1 A 

where £ signifies a sum over A up to the point where 
A 

Aa( 20, A) < ^(20). 

I' (4JW-2) = 2 + 6 + 10 + 14 + 18 + 22 + 26 + 30 + 34 
A 

• 162 ... (out of a possible 2n2 - 800 states) 

OCA(20) S 0.320 x 10~18 cm2 
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n - 20 weight - 162 

I 

Fig. 3. Autoionizing rates Aa(n,A) for the autoionizing transi-
tions 2pnJl) -»C3+( 2s) + e~ for n-20 as a function of A. The weight is 
equal to the total number of Rydberg states for which A^n.A) is greater 
than AfCn.A) [- (4A+2)]. Ar(n,A) = A,.(n) is shown by the line marked 
A j * • 
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2 . 5 5 . 0 7 . 5 10 .0 
E n e r g y ( e V ) 

12.5 15 .0 

Fig. 4. The DR cross section C3+ with no field mixing. The cal-
culation includes all resonances with n<50. The solid curve is the 
energy-averaged cross section using an energy bin width of 0.136 eV. 
The dotted curve is the energy-averaged cross section convoluted with 
3.0 eV FWHM Gaussian to simulate a typical electron energy width. The 
large peak at low energy is due to DR transitions through 2p4d and 2p4? 
configurations. 
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Fig. 5. The convoluted DR cross section of C ^ from Fig. 4 on a 
expanded scale. 



21 

Table II, this will in turn increase the cross section. We can obtain 
a quantitative estimate of this enhancement by using the linear-Stark 
approximation. As we have seen, this amounts to employing a linear-
Stark basis set to describe the states of the Rydberg electron. 

A sample calculation using the linear-Stark approximation Tor the 
n = 20 manifold of doubly-excited states is presented in Table III. In 
the first calculation, we employ Eq. (18) with energies in eV and rates 
in sec-1. For the same reason discussed in association with Table II, 
Ar(n,k,m) is nearly independent of k and m. However, the autoionizing 
rate is highly dependent on |m| and |k|, and a plot of these rates as 
a function of k for the lower values of |m| is shown in Fig. 6. We 
include in our calculation rates up to |m| • 15, corresponding to an 
upper limit on A of 15; however, by |m| • 8, all autoionizing rates are 
below the radiative rate. Furthermore, by |m| • 9, nearly all the 
autoionizing rates are so small that the cross section will be nearly 
proportional to Z T, Aa(n,k,m), but this will provide only a very small 

m k 
contribution to the total value oca(20). 

The above suggests the approximation which we employ in the second 
part of Table III. We assume that the cross section is proportional to 
Ar(n) for all Stark states for which Aa(n,k,m) > Aj.(n), and ignore the 
contribution from states for which the reverse is true. This also 
reduces the calculation to a sum over Rydberg states, but now over Stark 
states. A table illustrating the counting of such states is given in 
the last part of Table III. As can be seen, the approximate method 
gives a result in very close agreement with its more exact counterpart. 
and both predict a field enhancement of nearly a factor of 3. The 
approximate method will not always be so accurate, and will actually 
begin to break down for higher values of n where there are many more 
states for which the radiative rate is nearly equal to the autoionizing 
rates. Thus it is only useful in gaining physical insight into field 
enhancement. When the field is turned on, many more states become 
accessible to resonant recombination, thus increasing the cross section 
for dielectronic recombination. A measure of this increase in states is 
provided by counting the number of states in the Stark representation 
for which the autoionizing rates are greater than the radiative rate, 
and dividing this by the corresponding count using the spherical basis; 
we refer to this ratio as gain, and its value for the n «• 20 manifold in 
our carbon case is 2.8. 

The total field-enhanced cross section corresponding to the zero 
field plot shown in Fig. 4, is given in Fig. 7. Even though the doubly-
excited states for low values of n (where configurations with different 
values of I are not degenerate) are mixed in our calculation, the effect 
is negligible. All the autoionizing rates for these low n values for JL 
up to n-1 are greater than Ar(n), and thus, the mixing cannot affect our 
result. However as n increases, the influence of mixing becomes quite 
pronounced, and for the high Rydberg states, the enhancement increases 
to nearly a factor of 5. This result is less pronounced after the cross 
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Table III. Configuration-average DR cross section calculation for 
the C2f(2p20km) doubly-excited states in the presence of an 

electric field uBing the linear-Stark approximation 

- (n) - 4' 9 5 x 10-30 Gjc ^ A^n.k.m) « AyCn.k.m) 
Ae ^ m k ^(n.k.ra) + X^n.k.m) 

C^(2s) * C2f(2p20ko) 

Ae - 0.316 eV 

Ei - 7.75 eV 

G j c " 6 

Gj " 2 

Aa(20,k,m) varies as shown in Fig. 6 

Ar(20,k,m) is nearly independent of k and m = 2^(20) 

- 2.80 x 10® sec"*1 

7^(20) - 0.901 x 10"18 en2 
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Table III (continued) 

Table to illustrate the counting of Stark stat 

" ^ < 2 0 , . I-
x 1 m k 

where signifies sums over these two quantum numbers up to a point 
k m 

where AaUO.k.m) < ^(20). 

m k I I 2 n m k m k 

0 -19, -17, . . -3, -1, 1, 3, ... 17, 19 40 40 
±1 -18, -16, ... —2, 0, 2, ... 16, 18 76 76 
±2 -17, -15, . . -3, -1, 1, 3, ... 15, 17 72 72 
±3 -16, -14, ... -2, 0, 2, ... 14, 16 68 68 
fc4 -15, -13, . . -3, -1, 1, 3, ... 13, 15 64 64 
+5 -14, -12, ... -2, 0, 2, ... 12, 14 60 60 
±6 -13, -11, . . -3, -1, 1, 3, ... 11, 13 56 48 
+7 -12, -10, ... -2, 0, 2, ... 12, 14 52 28 
±8 -11, -9, .. -3, -1, 1, 3, ... 9, 11 48 0 

etc. 

From the above table, 

Y r 2 • 40 + 76 + 72 + 68 + 64 + 60 + 48 + 28 
k m 

= 456 ... (out of a possible 800 states) 

0^(20) £ 0.900 x 10"18 cm2 
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weight - 456 gain - 2.8 
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Fig. 6. Autoionizing rates Aa(nfk,m) in the linear-Stark represen-
tation for the autoionizing transitions C2f(2pnkm)->C^(2s) + e~ for n-20 
as a function of the electric quantum number k. The numbers to the 
right of each curve are the absolute values of the magnetic quantum 
number m. The weight is equal to the total number of Rydberg states in 
the Stark representation for which AgCn^m) is greater than A^n.kjin) 
[«£' E' 2]. Ar(n,k,m) = A(n) is shown by the line marked Ar in the 
m k 

figure. The gain is the ratio of this weight to the corresponding 
weight given in Fig. 3, and is thereby a measure of the maximum field 
enhancement of the DR cross section corresponding to the n-20 Rydberg 
states. 
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Fig. 7. The DR cross section of with complete field nixing. 
All other aspects of the plot are identical to those given in Fig. 4. 
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section is convoluted with a 3.0 eV Gaussian, as can be seen by examin-
ing the curves given in Fig. 8. Now the maximum enhancement is still 
sizable, but is something less than a factor of 4. Even though our 
results surely overestimate the field-enhanced cross section, they do 
provide useful upper limits, and allow us to analyze trends along 
isoelectronic sequences, which we shall do in the next section. 

IV. A SURVEY OF LITHIUM AND SODIUM LIKE IONS 

We now present the results of our calculations of the electric 
field-enhanced DR cross sections for the Li like ions: B 2+, C3+, 05+, 
and Fe2^4"; and the Na like ions: Mg+, S5*, Cl64", and Fe154". Experi-
ments have been performed, or are presently being attempted, on the 
first three ions of each sequence, and the Fe ions are of obvious fusion 
interest. For each sequence, we will discuss trends by employing the 
autoionizing rate curves and the concept of gain introduced in the last 
section. 

The curves of autoionizing rates for the n » 20 and the n • 40 
manifold of doubly-excited Rydberg states formed from our first ion in 
the Li sequence, B24", are shown in Fig. 9. For n « 20, the curves are 
quite similar to the ones presented earlier for C34", and again, the gain 
is nearly equal to 3. However, the magnitude of the field enhancement 
is sensitive to the size and shape of the curve of AQCO.A) versus A. By 
n » 40, the autoionizing rates_have dropped by an order of magnitude; in 
addition, AgCn.A) drops below AyCn) between A • 6 and 7 instead of 
between A » 7 and 8, reducing the weight (« z" 4JH-2) from 128 to 98. 

A 

Conversely, in the linear-Stark approximation, the electric field causes 
a complete redistribution of the autoionizing rates such that for 
n - 40, there are many more states for which AgCn^.m), although 
smaller, is still much larger than A^n). Thus the weight (• Z*Z* 2) 

m k 
increases from 404 for n • 20 to 668 for n - 40. Admittedly, these are 
only qualitative arguments in light of the fact that there are a number 
of states for n - 40 for which the autoionizing rates and the radiative 
rate are close in magnitude. Nevertheless, we would expect that as n 
increases from 20 to 40, the cross section should decrease in the 
absence of a field, but should increase significantly in the presence of 
a field. 

This prediction is supported by the curves of DR cross section ver-
sus n shown in Fig. 10. The field enhanced cross section peaks at about 
n - 50. Beyond this point, the autoionizing rates fall so low that 
fewer states in the Stark basis can contribute significantly to the 
cross section. The gain, shown by the dashed curve in the figure, 
tracks the field enhancement fairly well until we reach n values above 
about 50, where the assumptions we made in Introducing this variable are 
no longer valid. 
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Fig. 8. A comparison of the convoluted DR cross section for C3^ 
with no field mixing (dotted curve) with the convoluted DR cross section 
for C3* with complete field mixing (dashed curve). 
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n - 4 0 

Fig. 9. A comparison of AgCn, A) as a function of A with Aa(n,k,m) 
as a function of k for autoionization from the Rydberg states with n=20 
and n-40 in B+ to the 2s states in Details regarding these plots 
are given in Figs. 3 and 6. 
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Fig. 10. The DR cross section as a function of n for with no 
field mixing (solid curve) and complete field mixing (dotted curve). The 
dashed curve is a plot of the gain as a function of n. This quantity is 
not meaningful for high values of n where it decreases rapidly as a 
function of n. 
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The autoionizing rate curves associated with our last ion in the Li 
sequence, Fe23+, are presented in Fig. 11. We first notice by examining 
the two curves on the left that the radiative rates are a function of A 
for this case, especially for n - 20. Thus in the Stark representation, 
the radiative rates will be a function of |m| and jk|. In the curves on 
the right, we show the radiative rates as a function of k for m = 0 
only. For higher values of |m|, these rates become much less dependent 
on |k|, and drop in magnitude. This variation in the radiative rates is 
characteristic of highly ionized systems where radiative transitions of 
the second type, involving the outer Kydberg electron, are quite large 
and remain so to high values of n. In past analyses, this type of tran-
sition has been neglected; however, they have a significant effect on 
the cross section, with and without fields. 

We also notice from this figure that A^n.A) drops below Aj.Cn,A) at 
much higher values of A, as compared to the case of B2+. Now, in the 
absence of a field, there are already many states that can contribute in 
a major way to the cross section, in comparison to the lower stages of 
ionization. Therefore, when the field is turned on, the relative 
increase (gain) in the number of states for which the autoionizing rates 
are larger than the radiative rates is smaller than, for example, in 
B2*. Thus, in general, we should observe a decrease in gain, and 
thereby a decrease in field enhancement, as we move up an isoelectronic 
sequence. 

A curve of the cross section, with and without the electric field, 
as a function of n for Fe23+ is given in Fig. 12. These curves are 
dominated by DR transitions through the doubly-excited states near 
threshold, starting with n » 12, a point we shall consider in more 
detail shortly. As can be seen from the gain curve, the field has a 
very small effect on the states near threshold, and the field enhance-
ment is much smaller and peaks at a lower value of n than in the case of 
B 2+. 

The DR cross sections, with and without field effects, convoluted 
with a 3.0 eV Gaussian are shown for B2*, C^, and O5* in Figs. 13, 14, 
and 15, respectively. The experimental points for the first two cases 
are from ref. 16. In comparing these curves, it is important to note 
that the values of ttmax for B2* and C3+ are 22 and 26, respectively,16 
while for O5*", n,„ax - 69.32 Because of the limited number of doubly-
excited Kydberg states included in the B ^ and C3"1" calculations, the 
field enhancement at the peak in the cross section is only 2.2 in B2* 
and 2.4 in the high energy peak in C3+. However in O5*, with many more 
high Rydberg states included, the field enhancement at the high energy 
peak is approximately 4.5. If the same value of n,j,ax bad been used in 
each case, the field enhancement would have actually decreased slowly 
with ionization stage. 

The field-enhanced, configuration-average DR cross sections far 
overestimate the experimental cross sections. Although, as explained 
earlier, we would expect our calculations to overestimate field mixing 
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Fig. 11. A comparison of Aa(n,A) as a function of Jl with A ^ n ^ m ) 
as a function of Ic for autoionization from the_Rydberg states with n-20 
and n-40 in Fef*1" to the 2s states in Fe23+. _Aj.Cn, A) is shown by the 
curves marked Aj. in the figures on the left, Ar(n,k,m) for m-0 is shown 
by the curve marked Aj. in the figures to the right. These latter curves 
move down and become less dependent on k as |m| increases: e.g., for 
n-20 and m-±15, A(n,k,m) is independent of k and » 3.4xlO^sec" 
Further details regarding these plots are given in Figs. 3 and 6. 
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Fig. 12. The DR cross section and gain as a function of n for 
Fe234". The notation is the same as that given in Fig. 10. 
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Fig. 13. The DR cross section for B2*" including all resonances 
with n<22 convoluted with a 3.0 eV Gaussian. The dotted curve Is with 
no field nixing and the dashed curve includes complete field mixing. 
The triangles are the experimental data points from ref. 16. 
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Fig. 14. The DR cross section for C3* includes all resonances with 
n<26 convoluted with a 3.0 eV Gaussian. The dotted curve is with no 
field mixing and the dashed curve includes complete field mixing. The 
triangles are the experimental data points from ref. 16. 
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Fig. 15. The DR cross section for 05* including all resonances 
with n<69 convoluted with a 3.0 eV Gaussian. The dotted curve is with 
no field mixing and the dashed curve includes complete field mixing. 
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effects, It is hard to understand why the data should be on or below 
the field-free cross section. Indeed, it now appears that the data 
shown here for B̂ *" and C3* may be somewhat low due to difficulties in 
subtracting background from the experimental data.32 

Let us now consider the cross section for one of the more 
interesting cases, Fe23+. As mentioned previously, this cross section 
is dominated by DR transitions through the doubly-excited states near 
threshold; this can be seen by examining the plot of the field enhanced 
cross section shown in Fig. 16. The lowest energy resonance shown in 
the figure is due to the n =» 12 manifold of states; however, our calcu-
lations indicate that the 2pl1JL configurations are very close to 
threshold, and a number of these configurations with higher JL values may 
really be autoionizing. If so, they would lead to an extremely large 
resonance just above threshold. Although this situation may not actually 
occur in Fe23+, very large peaks due to resonances at threshold surely 
must occur in a number of ions. 

The strength of these low energy resonances, again, is due to the 
large radiative rates of the second type, involving the outer Rydberg 
electron. These rates are large and persist to high values of n for two 
reasons: (1) since the doubly-excited configurations 2pnX are bound up 
to fairly high values of n, transitions of the type 2pnA -*• 2pn'A" 
(JL"mJL±l) are allowed to quite high values of Z; (2) the radiative rate 
is proportional to a)3, and the transition frequency increases with ioni-
zation stage. It is obvious that such transitions must be included in 
the calculation of DR cross sections or rate coefficients, especially 
for high stages of ionization. 

The cross section with field mixing, convoluted with a 3.0 eV 
Gaussian, is indicated by the dotted curve in Fig. 16, and is shown on 
an expanded scale as the dashed curve in Fig. 17, along with its no-
field counterpart. The low energy resonances are not affected by the 
electric field, and the field enhancement in the high energy peak is 
approximately 2.3. This appears to be comparable to the field enhance-
ment in the rate coefficient for Fe23+ obtained by Jacobs et al.23 

The results of our analogous survey of the Na Isoelectronic 
sequence is shown in Figs. 18 through 25. Our discussion of these ions 
will be much less verbose, because of the many similarities. 

The curves of autoionizing rates for Mg+ shown in Fig. 18 are simi-
lar to those for B2*"; however, the curves for A^n,*) fall below ^(n) 
at lower values of JL than in which lowers the weight in a spherical 
basis to 72 for n - 20 and 50 for n - 40. Therefore, although the 
weights are also smaller in a Stark basis, the gain in Mg+ is higher for 
both n • 20 and n » 40. From Fig. 19 we see that the peak in the gain 
curve is comparable to what we found in B2*, but in this case, it is 
large over a wider range of Rydberg states. 
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Fig. 16. The DR cross section for Fe23+ with complete field 
mixing. The calculation includes all resonances with n<100. The solid 
curve is the energy-averaged cross section using an energy bin width of 
0.272 eV. The dotted curve is the energy-averaged cross section con-
voluted with a 3.0 eV Gaussian. Thd lowest energy peak is due to tran-
sitions through the 2pl2km statee= 
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Fig. 17. The DR cross section for Fe23* including all resonances 
with n<100 convoluted with a 3.0 eV Gaussian. The dotted curve is with 
no field mixing and the dashed curve includes complete field mixing. 
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n - 40 

Fig. 18. A comparison of A^n.A) as a function of A with Aa(n,k,m) 
as a function of k for autoionization from the Rydberg states with n=20 
and n=40 in Mg to the 3s states in Mg+. Details regarding these plots 
associated with the 3p-»3s transition are similar to those given in 
Figs. 3 and 6 for the 2p-*2s transition. 
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Fig. 19. The DR cross section and gain as a function of n for Mg' 
The notation is the sane as that given in Fig. 10. 
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In the curves of the autoionizing rates associated with DR in 
Fe154", shown in Fig. 20, we see that A^n-A.) crosses Aj.Cn, A) at quite 
high values of A, as was the case in Fe23+. This leads again to rela-
tively low values of gain. However, for this ion, Â -Cn, A) is much less 
dependent on A since rates associated with transitions of the type 
3pnA •*• Spn^A' + hv at this stage of ionization are not as significant as 
the corresponding transitions of the second type in Fe234". Thus, as we 
see from Fig. 21, the DR transitions through the doubly-excited states 
near threshold, although quite large, do not so completely overwhelm the 
cross section as a function of n. The gain curve is somewhat larger but 
similar in shape to what we found in Fe*34". 

The cross sections with and without field mixing, convoluted with a 
0.3 eV Gaussian, are shown for the case of Mg+ in Fig. 22. The data are 
taken from ref. 15. Our calculated field enhancement of 6.3 obviously 
overestimates the observed cross section for which the field in the 
interaction region is approximately 24 volts/cm. LaGattuta and Hahn25 
obtained a peak field-enhanced cross section of about 17 x 10"18 cm2 

using their method of determining the onset of the linear-Stark region, 
discussed in Sect. II. 

The corresponding cross sections, convoluted with a 3.0 eV Gaussian, 
are shown for S54", Cl6+, and Fe15+ in Figs. 23, 24, and 25, respectively. 
The values of nmax for these three ions are 66 for S54", 76 for Cl6+, and 
100 for Fe15+. Despite this increase in the number of Rydberg states 
included in our calculations as we move up the isoelectronic sequence, 
the approximate values of the field enhancement are 4.1 in S5*, 4.2 in 
Cl6+, and 3.1 at the high energy peak in Fe154". Thus, we see again, that 
there is a general trend toward a reduction of the effect of external 
fields on the dielectronic recombination cross section with ionization 
stage. Finally, we notice that, like the case of Fe23+, the magnitude of 
the low energy resonances in Fe15"4" are not affected by the electric 
field. The apparent shift in the energy of these low lying peaks is not 
real, and only results from our choice of the energy in the field mixing 
calculation when configurations with the same n but different A are not 
nearly degenerate. 

V. SEMICLASSICAL TREATMENT OF FIELD IONIZATION 

A. Method Used to Compute Semlclassical Eigenenergies and 
Ionization Rates 

In the succeeding section we shall discuss how the theoretical 
cross sections for dielectronic recombination are related to the signal 
measured in a crossed beam or merged beam experiment. The recombined 
ions are always passed through an analyzing field (either a static 
electric field, or a magnetic field which produces a Lorentz field in 
the frame of the ion) before detection. Thus one has to know the proba-
bility that a given Rydberg state will survive passage through this 
field. Our approach is to calculate all the relevant Stark ionization 
rates as well as possible, making two assumptions: 
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n - 20 

n - 4 0 

Fig. 20. A comparison of AgCn,.*.) as a function of A with A^njk.m) 
as a function of k for autolonizatlon from the Kydberg states with n»20 
and n«40 in F e t o the 3s states in Fe15+. Details regarding these 
plots associated with the 3p+3s transition are similar to those given in 
Figs. 3, 6, and 10 for the 2p+2s transition. 
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Fig. 21. The DR cross section and gain as a function of n for 
Fe15+. The notation is the same as that given in Fig. 10. 
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Fig. 22. The DR cross section for Mg+ including all resonances 
with n<63 convoluted with a 0.3 eV Gaussian. The dotted curve is with 
no field mixing and the dashed curve Includes complete field mixing. 
The triangles are the experimental data points from ref. 15. 
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Fig. 23. The DR cross section for S5* including all resonances 
with n<66 convoluted with a 3.0 eV Gaussian. The dotted curve is with 
no field mixing and the dashed curve is with complete field mixing. 
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Fig. 24. The DR cross section for Cl6+ including all resonances 
with n<76 convoluted with a 3.0 eV Gaussian. The dotted curve is with 
no field nixing and the dashed curve includes complete field mixing. 
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Fig. 25. The DR cross section for Fe1&f including all resonances 
with n<100 convoluted with a 3.0 eV Gaussian. The dotted curve is with 
no field mixing and the dashed curve includes complete field mixing. 
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1. The Rydberg states are hydrogenic. This is probably valid for 
moderately large values of Jl or |m|, i.e., for the bulk of states 
involved in dielectronic recombination. However the ionic core can 
drastically affect states with |m| - 0,1 which we intend to examine 
in later publications. 

2. For a hydrogenic system in an electric field the Schrodinger equa-
tion is exactly separable in parabolic coordinates.33 We shall make 
the JWKB approximation for the wavefunctions expressed in these 
coordinates. Semiclassical ionization rates are probably accurate 
enough except for certain states which ionize very rapidly, and are 
not significant in the present problem. 

In the present section we shall outline the computational methods 
used to generate semiclassical ionization rates. A fuller account will 
be given elsewhere. 

Let the effective nuclear charge be Q (Z-N+l), and the field F 
(atomic units). In parabolic coordinates 

C - r + z , t) • r - z (20) 

the Ham-fltonian is 

7 { 4 ( a , s 2 +
 riPS] - + ( 2 D 

We shall use a convention different from Bethe and Salpeter,33 in which 
the field has the opposite sign and the definition of £ and TI are thereby 
interchanged. The obvious constants of motion are 

Q 2 

4> 
H - I , -

2 v " 
(22) 

We use v as an effective quantum number, not in general an Integer. If 
we introduce the separation constant 

Q 2 - Q - Q l - B / 4 

the momenta are given by 

4 t j p 2 - 4QX - 21T) - Ft)2 - m ' 

4 5 P C
2 - 4 Q 2 - 2 U + n 2 - j -

(23) 

(24) 

In the notation of Bethe and Salpeter,33 Qi = Zj and Q2 " Z2. The 
qualitative behavior of p£2 and p^2 is shown in Fig. 26: for a quasi-
bound state p£2 must have three real roots and PT)2» two real roots. 
Given F and m, v and B are thus confined to a finite range of values. 
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To evaluate the semiclassical eigenvalues of (v,B) and the ioniza-
tion rates we need the quantities 

r\ 2 rh 

\ m J p n V V / psds* J (25) 

n 2 

where the limits of integration follow Fig. 26. The eigenvalues are 
defined by the Bohr-Sommerfeld rule, 

S 5 - ( n 2 + Y > i t . S - ( m + y ) n ( 2 6 ) 

and the ionization rates are 

Tj - (2t^)-1 exp (—2W^) (27) 

where tg is a whole period for the classical motion in The integer 
quantum number n is defined to be n • nj + n2 + |m| + 1 . 

Now it happens that the derivatives of the integrals (25) with 
respect to (v,B) can be expressed in terms of complete elliptic integrals 
of the first and second kind, which may be evaluated rapidly and accu-
rately by the method of the arithmogeometric mean. We shall now give 

*We follow the notation of the Handbook of Mathematical 
Functions, 3** except in writing the modulus m • sin2a as ra = k2. 
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explicit formulae for all the quantities needed, purely for reference 
purposes. Detailed derivations, which are elementary but tedious, will 
be given in a later communication. Introduce the following quantities: 

k 2 . I 2 3 

? Fv2
 2 "12 C28> 

(where £13 - ~ £3, etc.) and let the complete elliptic Integrals be 
K^ - K(k^), etc. Then 

t ~ 2 v 
I - Q ^ KC " 513 V 

K T ) + " 1 3 V 

(29) 

Furthermore 

as- v K . dS v K 
| , § 32 „ 3 

SB 2Q a- SB 2Q a 

as- Q 2 as Q 2 

_ Jk m t H - t 7 \ T 2 v 3 1 av 2v3 " 

(30) 

To express the derivatives of W^ we need the functions of modulus 

k 2 j _ k
2 (31) 

Thus 

e w c v K ^ 

TRf-E v ( 3 2 ) 

The eigenvalues {v(ni,n2), B(nj,,n2)} a r e calculated by integrating 
Sv along trajectories such that S_ • a constant - (ni n, using 
Eq. (30). As values of Sr » (n2 + 7) it are picked up, W^(ni,n2) is also 
calculated. Thus all (v,B) are calculated, given F and |m|. In Table IV 
we list the values of (v, Q2, I*i) for Q - 1, F « 250 kV/cm and m -
0,1,2. The values are calculated using both the present method and that 
of Bailey, Hiskes, and Riviere.35 The last cited authors evaluate I and 
<92 by third order perturbation theory and then calculate W^ numerically: 
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Table IV. Ionization rates for levels n > 6, |m| < 2 
of hydrogen in a field of 250 keV/cm 

n zil n2 m v Q2 logCTj s""1) 

0 5 0 5.556 0.909 2.768 
5.556 0.909 2.790 

1 4 0 5.712 0.732 1.663 
5.712 0.732 1.690 

2 3 0 5.874 0.561 0.306 
5.882 0.560 0.340 

3 2 0 6.018 0.397 -1.649 
6.070 0.394 -1.602 

4 1 0 6.096 0.240 -4.815 
6.278 0.234 -4.740 

5 0 0 6.048 0.082 -9.990 
6.511 0.081 -9.798 

0 4 1 5.633 0.820 1.859 
5.633 0.820 2.247 

1 3 1 5.796 0.646 1.040 
5.796 0.646 1.082 

2 2 1 5.975 0.476 -0.257 
5.974 0.477 -0.257 

3 1 1 6.173 0.312 -1.832 
6.172 0.313 -1.823 

4 0 1 6.393 0.154 -3.771 
6.392 0.157 -3.701 

0 3 2 5.716 0.733 1.700 
5.713 0.733 1.668 

1 2 2 5.888 0.561 0.467 
5.884 0.561 0.405 

2 1 2 6.076 0.394 -1.030 
6.072 0.395 -1.076 

3 0 2 6.285 0.233 9.388 
6.280 0.235 9.329 
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Table IV. (continued) 

n n 2 m v Q2 logCTj e"*1) 

0 6 0 6.055 0.917 11.183 
6.065 0.917 1) .201 

1 5 0 6.298 0.756 10.708 
6.306 0.756 10.731 

2 4 0 6.567 0.603 10.059 
6.581 0.602 10.087 

3 3 0 6.845 0.460 9.070 
6.899 0.457 9.106 

4 2 0 - 7.082 0.326 7.415 
7.270 0.321 7.463 

5 1 0 7.203 0.199 4.637 
7.712 0.201 4.713 

6 0 0 7.139 0.069 0.192 
8.251 0.108 0.385 

0 5 1 6.174 0.836 10.592 
6.183 0.836 10.977 

1 4 1 6.433 0.678 10.407 
6.440 0.678 10.444 

2 3 1 6.729 0.528 9.776 
6.735 0.529 9.767 

3 2 1 7.073 0.385 8.925 
7.078 0.388 8.917 

4 1 1 7.478 0.249 7.828 
7.482 0.259 7.841 

5 0 1 7.964 0.121 6.377 
7.969 0.150 6.454 

0 4 2 6.303 0.756 10.753 
6.309 0.757 10.716 

1 3 2 6.581 0.602 10.174 
6.585 0.603 10.105 
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Table IV. (continued) 

n nx n2 n v Q2 logd'j a"1) 

8 

3 

4 

6.901 
6.903 

7.275 
7.275 

7.719 
7.719 

8.155 
8.695 

8.390 
9.666 

8.356 
11.073 

9.050 
9.145 

10.202 
10.304 

9.610 
9.690 

9.684 
13.117 

9.798 

0.456 
0.458 

0.317 
0.323 

0.185 
0.203 

0.266 
0.284 

0.165 
0.273 

0.059 
0.528 

0.188 
0.264 

0.090 
0.343 

0.140 
0.276 

0.134 
1.375 

0.049 

9.388 
9.329 

8.373 
8.340 

7.009 
7.030 

11.567 
11.611 

9.567 
9.644 

5.981 
6.174 

12.087 
12.067 

11.431 
11.511 

11.746 
11.777 

11.968 
12.026 

9.465 

11.638 0.040 11.543 

Explanation: n is the integral quantum number, defined as n • ni + 
n2 + |m| + 1; v Is the effective quantum number defined by Eq. (22) and 
used throughout Sect. V-A. Q2 is explained by Eqs. (23) and (24). The 
second row of numbers is calculated using perturbation theory and 
numerical integration (the "Lanczos" method of ref. 35). A row of 
dashes indicates that perturbation theory leads to unphysical values of 
v or Q2. 
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they call this the "Lanczos method*" We reproduce their graphical 
results for n - 7 using the Lanczos method, except for small differences 
due to our use of m2, rather than m2 - 1 in Eq. (24). We believe our 
choice is justified by analogy with the well-known analysis in spherical 
polar coordinates which replaces A(A + 1) by (A + y) . Our numerical 
method agrees with the Lanczos for low-lying states, but differs for 
high-lying states for which the perturbation expansions of I and Q2 are 
obviously breaking down. As a further check, the integrals S^, S_ and 
Wg have been independently evaluated by numerical integration at the 
predicted values of (v,B): the error rarely exceeds 0.1% with the 
algorithms we have built into our code. 

It is a pity that no fast, reliable method of obtaining ionization 
rates has been devised. If m •* 0, 

1/ 2 

h <(1 + ki> h - H h )
 (33) 

so that Eq. (27) involves only elliptic integrals of the first and second 
kind. This is a reasonable approximation for small values of m, even 
using (v,B) calculated from perturbation theory. Attempts to further 
approximate Eq. (33), which enters as an exponent in Eq. (27), seem 
futile. 

B. Selected Applications to the Analysis of Experiments 
on Dielectronic Recombination 

Suppose we are given the distribution P(n,A,m) of ions emerging 
from the collision region. We first consider the case where no fields 
are present in that region, BO that any incoherent superposition of 1 
states passes into the analyzing region. From Eq. (1) or Eq. (13) we 
have 

Aa(n,A) P (n, A,m) ° _ _ (34) 
Ar + Aa(n,A) 

assuming Ap is independent of n and A, i.e., neglecting radiative decays 
of the outer electron. In this section we shall omit outside factors, 
since we are focusing on relative populations. To convert Eq. (34) into 
a distribution in Stark states we assume there is no coherence between 
substates, so that 

"-1 I (n-l)/2 (n-l)/2 A 2 P (n,k,m) - £ C .p(n,A,m) . (35) 
A « j m | ( n i ~ k > / 2 2 m 

where C is the Clebsch-Gordon coefficient defined in Eq. (15). The 
second case we consider is that in which strong fields are present in 
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the collision region, BO that P(n,k,m) is given directly by writing 
Aa(n,k,m) for AgCn,*) in Eq. (34), following Eq. (18). In either case 
the observed population in level n, following a passage of duration tA 
through an analyzing field F, is given by 

PA(n) - £ P(n,k,m) exp {- ̂ (n.k.m) tA} (36) 
km 

We are again using n for the integer quantum number (defined as n^ + 
r»2 + |m| + 1 for a parabolic state). 

We shall now present specific cases of (36), selected to test the 
well-known cutoff formula, 

nF - (IpJ (37) 

where F is expressed in atomic units (5.142 x 109 V/cm). This formula 
is equivalent to Eq. (14). Figure 27 shows PA(n) f o r Mg i n a n analyzing 

ORNL-DWG 8 4 - 1 7 2 4 9 

Fig. 27. Observed population of Mg(n) emerging from an analyzing 
field of 37 V/cm. The dashed line is the observed population assuming 
complete field mixing in the collision region, divided by 7 for plotting 
convenience. In either case the dwell time in the analyzing field is 
10-7 s. 
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field of 37 V/cm (nF - 64.6) and a dwell time of 10"7 s. Although the 
signal begins to fall at np, the halfway point nH is close to 1.09 nF. 
Thus a sharp cutoff given by (36) would underestimate the predicted 
signal by about 10%. We also note the extremely long tall on the 
distribution. Interesting as these observations may be, they do not 
affect the interpretation of published measurements on dielectronic 
recombination of Mg+. We also show in Fig. 27 the distribution assuming 
field mixing in the collision region (normalized by a factor of 1/7 for 
comparison) which is almost identical to that derived from Eq. (34). 

In Fig. 28 we show results for Mg in fields of 250 and 278 V/cm 
(np • 40 and 39 respectively) and a dwell time of 10"7 s. Again, np 
gives the onset of field ionization, but n^ - 1.07 np. We also show the 
result of decreasing the dwell time to 10"11 s (nH increases to 1.1 nF). 
Figure 28 suggests that if a variable field is used to map n in accord-
ance with Eq. (37), the error in n will be <10%. 

In contrast, Fig. 29 shows PA for B+ (n) ions in a field of 21.95 
keV/cm (nF • 22), and a dwell time of either 10"8 or 10"11 s. The 
falling off from the plateau to ng occurs within in • 2 of np. The 
explanation is that deviations from Eq. (37) are largest for states of 
low |m|. The more highly charged the ion, the more values of m enter 
into Eq. (36), and the better Eq. (37) becomes as a cutoff. 

ORNL-DWG 8 4 - 1 7 2 5 0 
20 

PA(n) 10 

15 

0 

5 

3 5 4 0 4 5 5 0 
n 

Fig. 28. Observed population of Mg(n) emerging from an analyzing 
field of 250 V/cm (full line) or 278 V/cm (dashed line), the dwell time 
being 10"7 s. The dotted line is for the case of 250 V/cm and 10"11 s. 
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Fig. 29. Observed population of B+ (n) emerging from an analyzing 
of 21.95 kV/cm. The dwell time is 10~8 s (full line) or 10"11 s field of 21.95 kV/cm. 

(dashed line) 

VI. CONCLUSIONS 

Our survey of dielectronic recombination with maximum field mixing 
provides physical insight into the nature of field effects as well as 
upper limits on the magnitude of field enhancement of the dielectronic 
recombination cross sections. Mixing of nearly degenerate, doubly-
excited Rydberg states in the presence of an electric field tends to 
open up many more states to resonant recombination, and thereby enhances 
the dielectronic recombination process. This can be studied in a semi-
quantitative fashion by employing the linear-Stark approximation, which 
reduces the problem to a transformation of the doubly-excited states 
from a spherical to a Stark basis. Trends can then be analyzed by com-
paring autoionizing rates calculated in these two bases. 

As we have seen from our analysis of Li and Na like ions, the field 
affects only the high Rydberg states, and the magnitude of the field 
enhancement of the DR cross section decreases as we move up an isoelec-
tronic sequence. The maximum field enhancement in highly ionized 
systems appears to be of the order of a factor of 2 or 3, while it may 
be much larger for low stages of ionization. In addition, dielectronic 
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recombination transitions through doubly-excited states close to thresh-
old can lead to very large resonant peaks in the cross section at low 
energies. This is especially true for high stages of ionization, where 
radiative transitions involving the outer Rydberg electron can be quite 
large. 

High Rydberg states will be ionized in the presence of a field and 
thereby not contribute to the dielectronic recombination process. The 
value of the principal quantum number where this is assumed to occur can 
significantly affect the calculated cross section. However, our semi-
classical calculations of field ionization based on a hydrogenic model 
Indicate that field ionization occurs rather suddenly as a function of 
n, and various approximate formulae appear to provide reasonable esti-
mates of nmax in most cases. 

It does not appear possible to determine the dielectronic recom-
bination cross section as a function of electric field strength to 
sufficient accuracy by using some modification of the linear-Stark 
approximation. Since the actual amount of field mixing will depend on 
the separation between individual intermediate-coupled, doubly-excited 
levels, this will require a much more sophisticated calculation. In the 
isolated resonance approximation, field-roixed, intermediate-coupled 
eigenvectors should be determined by dlagonalizing a Hamiltonian which 
includes the Stark matrix elements as well as the internal electrostatic 
and spin-orbit terms. Such eigenvectors for the doubly-excited Rydberg 
states can then be used to calculate autoionizing and radiative rates, 
and ultimately, DR cross sections as a function of field strength. The 
development of a computer program to carry out such a calculation is the 
next step in our study of dielectronic recombination. 
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