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Abstract 

A periodic TDKF solution is used as the reference state 

for a diagrammatic expansion of the propagator. A discrete Fourier 

transform leads to a function of energy, whose poles are the corres­

ponding energy levels. Limiting the expansion to f i rs t -order diagrams 

leads to a new derivation of the Bohr-Sommerfeld-like quantization 

rule for col lect ive states. 

I Nuclear. Structure. Collective Energies. HeriodH-

time-dependent Hartree-Fock. Diagrammatic derivation of the liuhr-

Sommerfeld quantization rule-] 



I. MOTIVATION 

Microscopic c a l c u l a t i o n s of c o l l e c t i v e energy 

l eve ls have o f t e n had as t h e i r s t a r t i n y p o i n t a s t a t i c mean-f ie ld 

c a l c u l a t i o n o f the ground s t a t e , using something l i k e the H a r t r e e -

Fock or Brueckner -Har t ree -Fock a p p r o x i m a t i o n . But one knows very 

well how to describe collective motion with a time-dependent mean-field, as in 

the t ime-dependent Har t ree -Kock (TUHT) a p p r o x i m a t i o n . The many 

successes of t h i s approach are wel I - k n o w n i , < ; . I t does have some 

problems, however, one o f which i s t h a t , from the c o l l e c t i v e p o i n t 

o f v iew, i t i s a c l a s s i c a l d e s c r i p t i o n , w i t h the consequences t h a t , 

f o r bound s t a t e s , i t needs to be r e q u a n t i z e d , o f t e n i n a r a t h e r 

a r b i t r a r y manner, and f o r s c a t t e r i n g i t i s not r i c h enough to des­

c r i b e a l l the e x p e r i m e n t a l l y measured q u a n t i t i e s . 

This s i t u a t i o n can be remedied i f TDHF can be 

considered as the f i r s t step i n a f u l l y quanta l t h e o r y , and t h i s 

is j u s t one o f the r e s u l t s of the prev ious paper . We have shown 

t h e r e t h a t i t i s p o s s i b l e , w i t h o u t changing th ings very much, to 

extend Feynman-Goldstoiie, p e r t u r b a t i o n theory to the case where 

tne basis i s made up of t ime-depenuent s i n g l e - p a r t i c l e wave func ­

t i o n s , a l l being s o l u t i o n s o f the same t ime-dependent SchrBdinger 

e q u a t i o n , which i n the present case w i l l be the TDHF e q u a t i o n . The 

r e s u l t i s a p o t e n t i a l l y exact f o r m u l a t i o n , provided the p e r t u r b a t i o n 

s e r i e s converges, which of course i s not a t r i v i a l m a t t e r . I t i s 

l i k e l y to be a much more accura te d e s c r i p t i o n of c o l l e c t i v e motion 

than the f o r m u l a t i o n s t a r t i n g from s t a t i c H a r t r e e - K o c k , and to 

i n c l u d e i t as a s p e c i a l case . In p a r t i c u l a r , approximat ions such 

us tne RPA, which are based on s t a t i c H a r t r e e - F o c k , cannot d e s c r i b e 
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large amplitude collective motion) while the present approach can. 
Also, there Is no adiabatic approximation in the present approach, 

This paper is de.oted to the derivation of 
the quantization rule for periodic TDHF solutions. The existence 
(or possible existence ?) of these solutions has excited intense 
interest recently , because of their effective one-dimensional 
character and because of the analogy with classical mechanics. 
What we do is to use our Feynman-Goldstone expansion, in lowest 
order, to derive an unequivocal quantization rule for these solu­
tions if they exist (and they do exist for simple models). This 
rule turns out to be identical to that preciously derived by func­
tional integrals , and it is instructive and satisfying to see 
it derived in this completely new way. Later papers will develop 
corrections to this lowest order result. 
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2. PERIODIC TDHF SOLUTIONS 

2 7 In a periodic TDHF solution ' , the one-body 

density p( t ) is a periodic Function of time with period t 

Ç(fc + xr ) _ ç> ( t ) (1) 

and frequency 

CO = Ivi / - c . (2) 

Therefore the s i n g l e - p a r t i c l e po ten t ia l U( t ) has period t a lso. 

The s i n g l e - p a r t i c l e states are so lu t ions of the time-dependent 

SchrHdinger equation in t n i s p o t e n t i a l . They are not pe r i od i c , but 

quas i -pe r iod ic , as in Bloch's or Floquet 's theorem. This means 

| « ( f c * - 0 > = n7iB« | « ( t ) > (3) 

where 0^ Is a phase angle characteristic of the particular single-
particle state. Obviously, these phases disappear in the construction 
of the one-body density as a sum over occupied states 

ÇCO» X I J\CfO> <Aâfc)| (4) 

and p(t) is truly periodic. 

it is possible to define a variable A having 
dimensions of energy by 

ô ^ a X^-C (note : X = 1) (5) 
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and to def ine | ot. ( t ) S , the per iod ic par t of | c< ( t } \ , by 

' X fc 

1«UÏ> = J" - U V ) > . ««) 
one checks immediately tha t [a ( c ) ^ i s t r u l y pe r iod ic . We shal l 

c a l l A , , the quasi-energy of s i n g l e - p a r t i c l e s ta te e< . I t is 

s im i l a r to the " c r ys ta l momentum" of Bloch's theorem and I t is 

daflned up to a mu l t i p le o f c j on l y . The time-dependent Schrddinger 

equat ion, w r i t t e n fo r \al ( t ) ^ , becomes 

( u ^ - K - U(fc.)"]u>W>=--- \ UVL»> 

Une way of looking to r per iod ic TOHF so lu ­

t ions consists i n so I vini) :he set of eqs. (7) as one would the 

s t a t i c HF eqs, but w i th the added dimension of time and the added 

boundary cond i t ion that |<* ( t } \ h a s period X . In t h i s process, 

the value of -c is a r b i t r a r y and, although one may not f i nd so lu ­

t ions fo r a l l possible *c , i t becomes natura l to expect that so lu ­

t ions w i l l e x i s t over a continuous range o f TT , which i s one of 

t h e i r cha rac te r i s t i c fea tures , and which re in forces the analogy 

wi th one-dimensional c lass ica l so lu t i ons . 

Considering now the reference state | CP e ( t )p> 

which is the Slater aeierinii ipnt b u i l t out of the occupied s ing le -

p a r t i c l e states \l\ ( t j > , we f i nd tha t i t is quasi -per iod ic a l s o . 
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with 

Ê> = T 8 <9> 

The periodic part and the quasi-energy of | (p ( t ) ^ are defined 

by 

i *.«*>* J t M l 4 > > > > ( 1 0 ) 

wi th 

A = £ x^ = © / t . du 
o k k o / -

Me derive in the Appendix some variational properties of periodic 

TDHF solutions which will be useful in Sees.5 and 6. 
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3. THE CHOICE OF BASIS 

One of these periodic TDHF solutions will be 
our basis . Which one ? 

One problem is that, if there are many degrees 
of freedom, hence several types of collective motion, we should be 
able to pick the TDHF periodic solution which describes the kind of 
collective motion we want to consider. In complicated cases, this 
could be very difficult. If we solve the problem as a 4-dimensional 
HF problem, by iterating eq.(7), how are we going to make the 
result converge toward the kind of collective motion ws wish ? 
In simple cases, on the other hand (for instance, the Lipkin model), 
it is very easy to see what to do. 

Another question is associated with the con­
tinuous range of values of the period -c ,as mentioned in the last 
section. Which of these should we use ? This question has an 
approximate answer, which is interesting and important. From now 
on we shall assume that we are dealing with a one-parameter conti­
nuous family of periodic TOHF solutions. The parameter can be IT , 
or it can be CJ a i.tt/-c , or it can be W, the energy, i.e. 
the expectation value of the exact hamiltonian H for the TDHF 
wave function, which is well-known to be time-independent. All 
three of these parameters are related and equivalent. A possible 
relation between to and W is shown in Fig. 1 . When U is the energy 
of the HF ground state, Oi is the RPA frequency. As W increases, 
CO changes. Viewed as a function of the collective coordinate, 
the TDHF wave function is a wave packet, i.e. a classical object, 
which is an approximate superposition of exact stationary states 
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whose energies lie in the vicinity of W. Its frequency CJ is an 
approximation to the level spacing, again for levels in the vicinity 
of w. Thus the curve w ( W ) is an approximate description of the 
variation of the spacing of the collective levels with their exci­
tation energy. It 1s clear, then.tnat w should be chosen to agree 
roughly with the energy of the level one is interested in. One will 
use a different W, i.e. a different basis with a different period, 
for calculations concerning each collective level. And since one 
does not knuw, at the start, the exact energy levels, one will 
need a quantization rule to fix, at least provisionally, the best 
value of W to be used for each level. This is the quantization 
rule which we shall derive in Sect.O. 

Hute that, in principle, the reynmann-SoIdstone 
expansion of Kef.3 is exact irrespective of what we pick for W. 
Its convergence, however, is obviously very much affected by W. 
Thus the game is to pick as yood a W as possible at the outset, 
and this we snail du separately for each level, using the quantiza­
tion rule. It can then ue hoped that higher-order corrections will 
converge rapidly iiftftr tirti; 
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4. THE CALCULATION OF BOUND STATE ENERGIES 

Though the states of the basis are not sta­

tionary, the fact that they are quasi-periodic allows us to make 

a Fourier transformation to an energy variable. This transformation, 

however, is d i f ferent from what is done in the usual case of a 

stat ionary basis . 

In the usual case, the reference state (p o is 

stationary with unperturbed energy W», i . e . 

One way to look for bound s ta te energies i s to ca lcu la te somehow 

the "reference-to-ret 'erence" matr ix element of the propagator 

which by (12) uan also be w r i t t en 

<$ 0 H a -^ H - w * r r |< t> ,<o5>. ( 1 4 ) 

Introducing as intermediate states the complete set of exact 
stationary states <!/ with exact energies E , we can write (14} as 

2 k * . « l O l l r ( ^ ^ T . <») 

Then we Fourier integrate over positive times with un energy 
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variable E, and we get the formula 

- J V * U B ' W " 5 T ^ C T ) U - « ' H T I V 3 > 
_ ^ Kfrc»M lOl*- t l 6 ) 

The idea is to f i n d some diagrammatic approximation fo r the matr ix 

element un the l e f t hand side as a func t ion of T, Four ier t ransform 

i t , look fo r the poles in E, which should be approximations to the 

t rue energy leve ls En> whi le the residues should be approximations 

to \ ^ J . ) \ ^ > \ ^ 

In the present case, < C ^ f t C ~ 0 ] i s not a 

harmonic func t ion of T such as (12) . But i f T i s a mu l t i p l e of the 

per iod TT , then things are simple aga " and we have 

<-4>.(NO|« <<i?J>ï\J'h*HT:

 J (17) 

and therefore 
- t H N ï 

(18) 
<4>.CNr) | a T

c H " ' C ! ( i ) 0 ^> 

This time we do a d iscre te Fourier t ransform, using the formula 

2~ *- - - ( i - e . , ' * J (19) 
14 = 1. > 

and we w r i t e , instead uf (16) , 
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•^ | - «.xf L ( E " - E ^ " ) T (20) 

The right hand side has poles at 

E =r E + *rv OJ (2D 

where m is any integer, positive, negative, or zero. These addi­
tional ghost poles are the price one has to pay for using the 
discrete instead of the continuous Fourier transform. The résidu 
for each pole is just l^t^ ( D ) ) lb S I , the same as earlier. 

Our strategy is then as follows. We do an 
approximate diagrammatic calculation of <^4" ( Nr)j eT i (j) (o)^> 
for all positive integer N, we perform the Fourier sum in the left 
hand side of (20), we look far its poles end residues in E, and 
we compare with the right hand side of (20) which contains the 
exact poles and residues. 

We shall now apply this strategy to a first-
order calculation ut the propagator matrix element. 

e 
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5. FIRST-ORDER CALCULATION 

The propagator matrix element is a sum of 

products of disconnected clusters, as shown In Fig.2 . The exponen­

t ia t ion theorem states that this equals the exponential of the 

sum of a l l d ist inct single clusters, as shown also in Fig.2. There 

ure two f i rs t -order clusters unly, which are shown in Fig.3. Their 

numerical value, including the symmetry factor of -i for the 

"double-bubble", is 

Lj dLtU i.<Mf)fcfta|v lM=ye>{o> - Z<Mk) |uMMO • 
{ri) 

Because of the diagonal nature of the matrix elements, the integrand 

is periodic of period 'C . Also, according to the usual Hartree-

Fock definition of U(tj, the first term cancels half of the 

second term. Hence these diagrams are equal to 

i ,N jV c i £Oit) |Utfc)lMfc>> • (23! 

One finds easily, using the TDHF equatiuns, that this is the same 

ùNS = „ N ( J - W t ) <24> 

where S and J are the two actions defined in eqs.(A.15) and (A.27) 

of the Appendix, respectively . Thus, this approximation to the 

propagator matr ; •. element is 



•< 

- 1 3 -

MCa-wO (25) 

The Fourier sum on the l e f t nand side of 

eq.(20) is then eas i l y performed and yields 

1-1 -L.T? j j - «.X̂  i,(Et - \ v -t- J - W T ^ J 

= - i,T i I - «*^ i- ( E-C -t- J - Wv )J 
(26) 

where j'P is the i iuant i ty defined in e.i, (A28) • This has poles fo r 

values of E given by 

E = W - S'/'c •+• Vv\ CO (27) 

and all tha residues aie unity. When we try to compare these poles 
with tne exact ones, o-n.^l), we are faced with a problem. 



v. THt "UANTIZATIUN KULE 

The problem i s t h i s . The exact poles (21) 

jepend on two d iscre te parameters, n and m. The approximate poles 

(^7) depend on une d iscrete parameter on ly , in. How should the -Iden­

t i f i c a t i o n be made ? The answer l i e s i n looking at the residues. 

Cui. before t h i s , note tha t both sets of poles 

also depend on one continuous parameter W (or to , o r - c ) which, 

so f a r , v/e do not know how to determine. This dependence i s r e l a t i ­

vely t r i v i a l f o r the exact po les , but i t i s essent ia l f o r the 

approximate ones. 

We oegin by p l o t t i n g the approximate poles 

;> ' / ) , using CO as the continuous va r i ab l e , i . . . we p lo t 

E = Wtu>)~ -> -J (wj/jLlC + W\0. ( 2 8 ) 

in is is shown in Fig.4a f o r a p a r t i c u l a r example. Each curve cor res­

ponds to a p a r t i c u l a r value o f in. since a l l residues are u n i t y , 

ine en t i r e curves are presumed to be meaningful . 

in F ig .4b , we p lo t the exact poles (21) , a 

double fami ly of s t r a i g h t l ines of slope m. These l i nes are not 

equally meaningful evurywnere, because the residue | ̂ 4 > 0 Co) | ty ] > | 

;i,nun sometimes be vevy sma l l . According to the argument we gave i n 

oQct.3, which looks upun TDHF as a c lass i ca l approximation to the 

co l l ec t i ve mot ion, we expect the overlap < T û ? 0 ( 0 | 4 V ^ ' ' t 0 ' > e 

large when U i s i n the v i c i n i t y of E„ and small otherwise. 
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Thus, for the lowest possible W, the overlap with vJ/ is largest. 
As U increases, the overlap with lk , becomes the largest one, 
and as W increases some more, the overlap with l^, becomes largest, 
etc... Hence we must single out, among the many dashed lines of 
Fig.4b, those lines which are issued from level Eg if U is small, 
the lines issued from level Ei when W is larger, the lines issued 
from level E,, when W is still larger, etc... These pieces of lines 
are shown as solid segments on the figure and, when considered 
together, they form curved lines which begin to resemble very 
strongly the curves of Fig.4a . The situation becomes even clearer 
when we switch to the variable to against which the curves are 
plotted. According to the argument of Sect.3, the leve'is E n with 
large residues are the ones for which the level spacing corres­
ponds to the value of CJ . If we now look for the intersection 
of the line E(n,m) with the line E(n+l,m-l), we get the condition 

E^ + V*« = ^ + i + («v-0« (29) 
or 

E: - ET = co , (30) 
which is precisely the condition on the level spacing . Going to 
the limit of large quantum numbers, we see that the curves we want, 
for purposes of comparison with Fig.4a, are the envelopes of the 
families of straight lines E(n+p,m-p) for variable p. These envelopes 
do indeed look very similar to the curves fo Fig.4a, the small 
remaining discrepancy being due to the neglect of higher-order 
diagrams in Fig.4a. 

Once this identification of the two sets of 
curves has been made, the determination of the approximate energy 
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l eve ls is easy s i n c e , according to F i g . 4 b , they correspond to those 

values o f E f o r which the curve E(CJ) has a h o r i z o n t a l s l o p e . Hence 

we must se t the d e r i v a t i v e o f ( 2 8 ) equal to zero : 

<U> ~ <U> Air W «IW iu> ' < 3 1> 

According to e q . ( A . J l ) , cL J /&.VI =: 'C- , w h i l e u)/jLXT = "C ^ 

nence we are l e f t w i t h 

I V • / , - ( 3 2 ) 
U L : i l l i n . . ' 

Eq. iZ i i ) shows then t h a t E - W. Thus we reach the r e s u l t ; the 

approximate energy l e v e l s are those values of W which s a t i s f y 

J ( W ) = JJWwx. < 3 3 ' 

where i:i 1s an i n t e g e r . This is the Bohr-Sommerfeld-11ke q u a n t i z a ­

t i o n r u l e . d e r i v e d in a comple te ly new way. 

i i i g h e r - o r d e r c o r r e c t i o n s to t h i s have been 

worked out and we s h a l l p u b l i s h them i n a for thcoming paper . We 

s h a l l a lso present a d e t a i l e d a p p l i c a t i o n to the L i p k i n model . 
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AfPENOIX : PERIODIC TDHF AS A VARIATIONAL PROBLEM fe 

Ue begin by reviewing some well-known va r i a ­

t i ona l proper t ies of aciassical system with coordinates 1 M - momentum 

conjugates p „ , and hami I Ionian Hip ,q ) . Hamilton's ac t ion i s J n * n n 

It" one ca lcu la tes ai fo r a r b i t r a r y va r i a t i ons d'à ( t ) i«L. (fc'1 

sa t i s f y i ng 

one f inds a f t e r one i n teg ra t i on by parts 

" i o "*• •- • • " " • <"£., - - vi.„ 

(A.3) 

Set t ing a !>JU y ie lds Hamilton's equations of motion : t h i s is 

Maui 1 ton 's p r i n c i p l e . Note that S can also be w r i t t e n 

S-i l l t^ ~ ^^,%.j^] (A.4) 

where the integral is taken alung the trajectory in phase space. 

Now we consider onlj periodic trajectories 

of variable period T , and we take one period as the Integration 

interval for S. We replace the time t by a cyclic parameter n 
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varying from 0 to 1, i.e. we write t "•IT. Then, p and q are 
periodic functions ofn of period 1 (at least, this is so if q 
are Cartesian coordinates). The action 1s then 

S--N {£*. ±k - HtoiW"0H • 
I f one calcu lates i s f o r a r b i t r a r y va r ia t i ons ijp ( « \ , oa (h) which 

keep the funct ions pe r i od i c , and i f one also v a r i e s T , one f inds 

a f te r one in teg ra t i on by parts 

When t h i s i s evaluated f o r cor rec t t r a j e c t o r i e s , the coe f f i c i en t s 

of%Jb and a<» vanish by v i r t u e of Hamil ton's equat ions, and 

again by v i r t ue of these equations H((i) i s a constant , the 

energy W, therefore one gets 

S>S=-W1>-C 01. ~^>S/-&t s= - W . (A.7) 

This tells us how the action S varies when we go from a correct 
trajectory to another correct trajectory with a different period. 
Let us indtroduue the reduced action J (sometimes called Maupertuis'. 
action), which is the first part of S, 

ne see that, for correct trajectories. 
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J = S + W C } (A.9) 

therefore 

a v i s V S + W S x : + X S V , (A.10) 

therefore, by virtue of (A.7), 

Ihis tells us how the action J varies when we go from a correct 
trajectory to another correct trajectory with a different energy. 

q We can now proceed to TDHF. Kerman and Koonin 
have pointed out that it can be formulated in a way almost identical 
to the above Homiltonian formulation of classical mechanics. The 
action is 

S = Jfc«tfc [ J L < ^ [ ^ ( t ) > - H[<^(fe)j; lf f t0O>l\ <A-12' 

which is a real quan t i t y . The ro le of p n and q n i s played by the 

bras and kets of the occupied s i n g l e - p a r t i c l e states cp f l , which 

have to be varied independently, and H l«C*p.Cfc)| I f i t O ^ J 1 s t n e 

expectat ion value of tins exact hamil tonian fo r the Slater determi­

nant. Kor a r b i t r a r y var ia t ions of < '̂fe? I owJL | f ""> s a t i s f y i n g the 

norma Mzat ion cond i t ion and 

\ v V t o V > - -MK(^>~ D j < A , 1 3 ) 
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one finds after one integration by parts 

SS - / i t I [<*«fKl*«fA-(K+u)<fA> 

Setting ô S=0 yields the TDHF equations of motion. 

(A.14) 

Now we consider only per iodic t r a j e c t o r i e s of 

var iable period -c , and we do the t ime- in teg ra l over one per iod. 

Once again we set t = « T , so tha t we wr i te 

S- J A,{5. L < W | j ^ > _ H [ < ^ | W > > } {A.15) 

We ca lcu la te oS f o r a r b i t r a r y var ia t ions of ^ < t \ 1 and l * f k^> 

which keep the one-body densi ty pe r i od i c , and we also vary t . 

Things are a l i t t l e d i f f e r e n t from prev ious ly , however, because 

the I f i C ^ O ^ ' 5 a " " e n o t P e ï " i ° ^ i c a n y iKore, but quas i -pe r iod ic . 

Let us do the va r i a t i on in de ta i l : 

The i n teg ra t i on by parts is the fo l l ow ing 

The in tegrated part does not vanish. Rather, we have 

ii^s^>=<^>(-$S<^^- <*•»> 

l v°> =••"' A ' v ^ > (A.18) 
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^V)l 5 V°>= -^ e A + <V>1*V")> (A"20> 

^i^>i! = - ^ • (A-21' 
Hence the v a r i a t i o n of S is 

+ Ç^ e

f v-^4^H(.^. (A.22) 

I f we restrict ourselves to correct TDHF trajectories, the coef­

ficients of <C"TA 1 a , u l ' " Y i ^ vanish by v i r t u e of the TOHF equat ions, 

and the energy H(h) i s a constant W, hence we can w r i t e , using 

e q . ( y ) , 

ïs= Te.-Wï-c . < * - 2 3 > 

Let us now define an action S* identical to S, 

but built upon the periodic part tf of the occupied slngle-

particle states fsee eq.(6)~] , in other words 

s\JIv,{ii«faj ^ > , H [ < £ f ^ ) > l ^ ) > ] r } ? 
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One sees easily 

SV= S - ©„ <*•«) 

and therefore, for correct TDHF trajectories, 

This gives us the change in S? when we go from one TDHF solution 
to another TDHF solution with a different period. Finally, we 
introduce both forms of Maupertuis'action 

~ *vl / - ( ^ f i .< fJ 1 ) ) i^> a s j -© 0 . (...., 
We have for correct TDHF trajectories 

S^V= S"S + WS-c + -c S~W , 

(A.29) 

(A.30) 

there fo re , by v i r t ue of (A.26) 

S ^ * - c S W ot ~àvi/2>Vv/ =s-r . (A.31) 

Itiis formula gives us the change In jr when we go from one periodic 
TUHF solution to another one with a different energy. Sometimes 
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it can also be used to calculate the period, in those cases where 
JV can be evaluated from eq.(A.Ztf) without reference tu time. 
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FIGURE CAPTIONS 

r iy.l : The relation betweeneoand U tor a Lipkin model (N=8,g.=l, 
J£ = .8). In real nuclei, It is more usual for u to 

decrease as W increases. 

Fig.2 : Diagrammatic expansion of the reference-to-reference 
propagator matrix element and exponentiation theorem. 

Fig.3 : The two first-order diagrams. The one-body vertex stands 
for -U(t). 

t"iu.4 : The bound state poles E vs. co , for the same Lipkin 
model as Fig.l, Fig.la shows E(in,o) according to eq.{28). 
Fig.4b shows as dashed straight Unes the double family 
E(n,m,&>) according to eq.(21). The dashed lines have been 
replaced by solid segments in those regions of o where 
tne residue is expected to be large. E u,t,,E 2 are the 
exact eneryy levels. 
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