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Error propagation refers to the process in which the net effect
of all errors affecting a given reported result is developed. When
propagating errors, it is essential to have in mind a mathematical
model that relates the random variable of interest to other variables
or factors. With experience, it may not always be necessary to write
the model explicitly, but the form of the model must be kept in mind.

A mathematical model is important for a number of reasons. It
identifies the factors and establishes the importance of each to the
random variable of interest (e.g., MUF); it dictates how the errors
are to be propagated; it makes a distinction between the error types
(systematic and random).

No mathematical model will ever provide a perfect description of
reality, except perhaps in very simple cases. The aim in writing a
model is to obtain a good approximation to reality. At the same time,
the model should be sufficiently simple to permit error propagation
without introducing undue complexities. A proper balance between
these two objectives is essential.

The additive or linear model is the simplest one with which to
work, and is often a suitable approximation to reality. However, in
many safeguards applications, measurement errors are expressed on a
relative basis; this calls for the use of a multiplicative model.
Further, the amount of uranium or U-235, or of plutonium, is often
determined by multiplying net weights or volumes by concentration.
The model describing this process is clearly non-linear.

In developing error propagation formulas, an important result for
the linear model is first developed. This is then applied to a non-
linear model by approximating the non-linear model by a linear one
through expansion of the model around the means of the random vari-
ables using the linear terms of a Taylor's series expansion. The
specifics are as follows: For a linear model if

x = a1x1 + a2x2 + ... + akxk (1)

where the a£ are constants, where xj., x2r ..., x|< are random variables
with means ylf. v2, ..., v^ and variances o& a2e ..., ak

2, and with the
covariance between xi and XJ being <?ij, then the mean and variance of
x, denoted by P and a2 respectively, are

P- a ^ + a2U2 + ... + akuR (2)
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and

(3)

There are k(k-l)/2 covariance terms, some or all of which may be
zero. Suppose that the model is now non-linear, written symbolically
as

x = (J> (xlf x2, ..., xk) (4)

This function may be approximated by

<xk " V

(x2 -

This is now of the form (1} and so Equations (2) and (3) may be
applied. In applying (3), ${V\, M2r •••/ Vk) i-si o f course, a
constant and does not affect the variance of x. The partial deriva-
tives, all evaluated at U± for all i, are all constants, and repre-
sent the ai constants of Equation (1). Thus, assuming that the
approximation in (5) is valid, as is usually the case in safeguards
applications, the approximation to the variance of x is

2°2i + * k Z £ (<£-><#•> c41 (6)
l 3x 3x 1J

Equation (6) forms the basis for calculating the variance of MUF
and other safeguards indices. Calculation of the variance of MUF is
now addressed.

The MUF for a material balance period is given symbolically by
the formula:

MUF = I - O + BI - El (7)

where I = Inputs
0 - Outputs
BI = Beginning Inventory
El = Ending inventory

Each term in (7) may represent symbolically the net effect of a
large number of measurements. Each measurement, in turn, may reflect
several measurement errors, some systematic in nature and some ran-
dom. Further, systematic errors may affect several individual items
and, depending on their nature, may even affect items in more than
one component of the MUF equation.
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In principle, one can write down the complete model for a given
MUF and calculate the variance of MUF by applying the propagation of
errors formula just given. In practice, this is not done because of
the hundreds of terms that would normally be included, except for a
very simple material balance.

Some general rules for propagating errors in the MUF equation,
i.e., for calculating the variance of MUF are given. These rules are
based on strict application of the standard propagation of error
formulas, but approximations may come into play when stating the
assumptions on which the rules (or general formulas) are based.
Moderate departures from some of these assumptions have negligible
effect, as can easily be demonstrated. If there is concern about the
importance of a departure from a given assumption, more exact cal-
culations can be made.

Key assumptions underlying the general propagation of MUF errors
formulas are as follows:

A.(l) A stratum is composed of like materials and may contain
several batches, where a batch is defined as a number of
items related by a common element concentration factor.
It is assumed that within a stratum, the number of items
per batch is constant.

A.(2) An average concentration factor is based on r samples and
c analyses per sample. It is assumed that wTthin &
stratum, £ and c are the same for all batches.

A.(3) It is assumed that each measurement has an associated
systematic error variance and random error variance, but
that there are no short-term systematic error variances.

With respect to this last assumption, there are ways to extend
the error propagation formulas if the assumption is not valid. This
extension creates additional complexity in the model, and may often
be avoided by appropriately modifying the input data.

As an example, in the calculation of the variance of MUF for the
model plant, one key measurement point involves the weighing of the
input UF5 cylinders. From experience, it is known that the weighing
operation is made up of three error types:

random standard deviation « 0.0286% relative
short-term systematic (day to day) standard deviation = 0.0429%
relative systematic standard deviation * 0.0107% relative

In the example, there are 84 cylinders received in 17 shipments,
giving an average of 4.9412 (or about 5) cylinders per shipment.
Assuming that all the cylinders in each shipment are weighed on the
same day, then the effective random error standard deviation per
cylinder is found by appropriately combining the random error and
short-term systematic error standard deviations, as follows:

(.0286)2 + 5(.0429)2 = 0.100% relative
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Alternately, and equivalently, one could consider each group of
5 cylinders and assign a random error standard deviation.per group of

(.0286)2/5 + (.0429)2 = 0.045% relative

Another assumption is:

A.(4) Only one measurement method of each type is used in each
stratum.

In practice/ for a large plant, one would use several scales in
certain strata. It is reasonable to assume that the same numbers of
items are weighed on each scale and make simple modifications to the
general formulas. This is illustrated in the lecture example.

A further assumption:

A.(5) A given element concentration factor does not apply to
more than one stratum.

One can usually satisfy this assumption by appropriately defining
strata. For example, all unsintered UO2 powder, whether in powder
or pellet form, can be combined into one stratum. It may also be that
more than one stratum may have the same assigned factor, but the
actual concentration factor would not be the same. This would be
true, for example, of sintered pellets in inventory, say, and in the
product stratum. It is the actual factor that is important. As a
final note on assumption A.(5), if in fact strata are so defined such
that a common actual concentration factor exists in more than one
stratum, this can also be properly accounted for. This situation will
often occur for the isotope, U-235, and methods of error propagation
for the isotope can also be applied for the element.

In calculating the variance of MUF, most attention is focused on
the element MUF as opposed to the isotope MUF. This is because major
emphasis is given control of the element in plants where there are no
changes in enrichment, other than those caused by blending. However,
general formulas for calculating the variance of isotope MUF follow
rather easily from those for element MUF. The principal difference
is that for isotope MUF, there are common concentration factors that
apply across several strata of material. When computing the effects
of sampling and analytical errors on these factors, it is first neces-
sary to algebraically sum the isotope amounts for common factors, if
material in general is inputted and outputted at the same factors, it
is clear that the impact on the variance of isotope MUF due to the
uncertainty in the isotope concentration factors is minimal.


