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Paired difference data arise in a number of situations in the
safeguarding of nuclear materials. Such data are those in which a
measured value obtained by one measurement method is compared on a
one-by-one basis with a corresponding measured value for the same
item obtained by a second method. This situation occurs with
shipper-receiver data and also with inspection data. Also, within a
facility, one measurement method may be compared with another by
measurement of a number of items using both methods.

There are two types of statistical problems associated wi%h the
analyses of paired data. On the one hand, such data may provide
estimates of measurement error parameters. This topic is covered
later. The other problem that is statistical in nature involves
calculating the variance of some function of the paired data, e.g.,
the total shipper-receiver difference, or the difference between
facility and inspection data projected to evaluate its effect on the
facility reported MUF. This latter problem is discussed in this
lecture.

Calculation of the variance of difference data is introduced by
considering shipper-receiver data for 22 cylinders of UFg in which
the shipper's value of pounds of UFg is compared with the receivers'
value for each of the cylinders. A number of points are made in the
discussion of these example data:

(1) One cannot simply apply the usual Student's t-test to see
if the average (or total) difference between the shipper
and the receiver is significantly different from zero.
This statistical test, which would appear on the surface
to be the logical one to apply, only takes into account the
random error of measurement. It also ignores a priori
information on the magnitudes of the random error variances
for both parties.

(2) It is important to keep in mind the structure of the data,
(i.e., the mathematical model), when calculating the vari-
ance of the difference statistic. Otherwise, the errors
are likely to be propagated incorrectly.

(3) Known values for the measurement error parameters are used
in calculating the variance of the statistic. One can use
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the data to confirm the validity of the "known" values, and
this confirmation becomes part of the analysis of such
paired data.

The mathematical model is explicitly written for this example
problem, and Taylor's series approximation is used to calculate the
variance of the total shipper-receiver difference, expressed as
pounds of U-235. For cylinder i, the shipper's value for pounds
U-235 is written as a function of a number of measurement errors.

si = xi 5s 8s Ys esi <°sj vsj (1)

where Si = reported shipper's pounds of U-235 for
cylinder i

Xi = true amount of U-235 for this cylinder

#sr 3sr Ys = systematic errors of measurement
for the shipper: weighing, uranium
concentration analysis, and U-235
concentration analysis, respectively.

esi = random error in weighing for shipper,
cylinder i

w sj, vsj = random errors in analytical for U
concentration, respectively, for factors
j, associated with cylinder i. (Several
cylinders have the same element and
isotope concentration factors).

Each error is assumed to be distributed with mean value of 1 and
variance a2 5S, a

2 8s'**a2 vs* respectively.

A similar model applies to the receivers' value, r^, where the
s subscripts are replaced by r subscripts. The overall shipper-
receiver difference is then

22
S = L (Si-tj.) (2)

When errors are propagated using Taylor's series approximation,
it is easily seen that:
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The calculation of the variance of the total shipper-receiver
difference, S, then follows very simply, as will be shown in the
lecture.

Next, general formulas are illustrated for calculating the vari-
ance of a difference statistic. The formulas are similar to these
given for calculating the variance of MUF, and are based on similar
assumptions. The important difference is that measurement errors for
both parties* involved in the paired differences are factored in.

The difference statistic for inspection data is of particular
interest. The inspector samples and measures a number of items in
each of the material strata and compares his measured results with
those given by the facility operator. The average difference per
item in stratum k is denoted by d),. If there are N^ total items
in stratum k, then N d^ = D^ is the projected total difference
between the operator and the inspector in stratum k. This is alge-
braically summed over all strata to estimate the impact on the
reported MUF of the operator-inspector differences. The key assump-
tion is that the inspector results are unbiased so the purpose of the
inspection is either to confirm that the operator's reported MUF is
unbiased, i.e., that the total difference statistic does not differ
significantly from zero, or else to adjust the Operator's MUF for
biases as estimated from the paired difference data. The overall
difference statistic, called the D statistic, is of the form

k=l
(6)

where A'k =±1 depending on the stratum. For input and beginning
inventory strata, A'k = 1 and for output and ending inventory strata,
A'k = -1. With all differences being of the form: ^operator-
inspector, and with D defined as in (6), then (MUF-D) is the MUF
value adjusted for operator bias.

The calculation of the variance of a difference statistic is
demonstrated for selected strata of the LEU fuel fabrication
facility.


