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The first problem under consideration is that of estimating
biases or systematic errors by measuring known standards. Initially/
it is assumed that the uncertainty in the assigned standard value is
negligibly small.

The mathematical model is written very simply. Let xj denote the
i-th measurement on a standard with assigned value yo. The model is

xA = \iQ + 61 + e^t i = 1, 2, . . . , n (1)

Here 6^ is the bias or systematic error while ŝ  is the random
error, assumed to have zero mean and variance a\. A production item
is then measured by the same measurement system, the measured value
being denoted by yj. Its structure is, (where Tj is the true value),

Vj = Tj + 62 + £j (2)

Clearly, it is only reasonable to correct y-j for the bias, 02/ if
8i = @2 ~ 6« In this case, the bias 6 is estimated by

§ = (x - y Q ) . (3)

and the yj value adjusted for bias is

yj1 = yj - § (4)

It is noted that in correcting yj for the bias, it does not mean
that yj' is now free from bias. This is because yj is not corrected
for the bias, 6, but rather for the estimated bias, §. The uncer-
tainty in § affects all future observations similarly corrected for
bias, and hence, becomes a systematic error. Specifically, the vari-
ance of § is, by (3), the variance of x, which is a|/n, and which is
estimated by s2/n, where s2 is the sample variance among the n xj
measurements.

It does not necessarily follow that a bias correction will be
applied, especially if it is either very small in magnitude, or if it
does not differ significantly from zero in a statistical sense. The
systematic error in the uncorrected yj value may then be expressed by
considering the mean square error of yj, defined to be
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J - E(y. - T j ) 2

= 9 2 + a| (5)

The quantity 62 may be regarded as a systematic erro£ variance.
It may be replaced by its maximum likelihood estimate, (x - u o )

2 .

In another formulation of the problem, 6i = 62* ^ u t both 6^ and
0o are drawn at random from a distribution with zero mean and variance
a|. The aim of the experiment in which the standard is repeatedly
measured is to estimate a 2 Two estimates are considered. Denoting
these by Ei and E2, they are:

Ei = i* - V 2 * (6>

E 2 = (x - p Q )
2 - s2/n (7)

It is shown that although Ex is biased in a statistical sense,
and E2 is not, yet there are reasons for preferring Ei to E2. The
net result is that, regardless of the assumed structure for 0^ and ©2,
the following simple rule may be applied:

Rule: If the bias correction is applied, the systematic
error variance_ is s2/n; if it is not applied, this
variance is (x - UQ) 2*

The model is extended to include the possibility that the uncer-
tainty in the standard value is not negligible. This uncertainty is
added as a variance to the systematic error variance only if the bias
correction is applied. Clearly, if the bias correction is not
applied, the uncertainty in the standard value does not affect the
uncertainty in the reported result.

It is not uncommon for biases to fluctuate from time to time
because of changing measurement conditions, some known and identified
and others not. Estimation of measurement error parameters in this
situation is accomplished through a one-way analysis of variance. An
example is considered to illustrate the analysis.

Turning to the estimation of random error variances, although
such error variances can also be derived from repeated measurements
of physical standards, it is preferable to base such estimates on
replicate measurements of actual production items. This more nearly
reflects all sources of variation likely to affect a given result.
As with the case of the fluctuating bias, the one-way analysis of
variance may also be used to provide estimates of random error vari-
ances. Some examples are given.

As a special case, when duplicate measurements are made on a num-
ber of items, with both measurements using the same technology, then
analysis of the paired data provides a rapid method for estimating the
random error of measurement, if di is the paired difference for
item i, then the random error variance; o2, is estimated by
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K = 2: d?/2n (8)-2 n

It is possible that the two measurements, possibly made at dif-
ferent points in time, are biased relative to one another. To guard
against this possibility, another estimate of a£ might be preferable.
This is

Where s2 is the sample variance among the d̂  values.

Equations (8) and (9) assume tnat both measurements are made by
the same method, or at least have the same measurement error vari-
ance. In the event two measurement methods are used (as might occur,
for example, with shipper-receiver or with inspection data), then
d2/n or s2 estimates 2 + 2f the random error variances for

methods 1 and 2, respectively. One can, under certain conditions,
obtain separate estimates of 2 and 2 by a modified data analysis,
called the Grubbs1 method. With this method, letting s^ be one
method's measurement of item i and r̂  be the other, compute s| and s2-,
and also ssr, where ssr is the sample covariance among the si, ri
values, given by •

s =sr (.£ s.r. - £ s. £ r./n) /(n - 1) (10,

Then, the estimates of af (associated with ŝ ) and of aZ are:

£2 J- a A2
 B2

Ge = ss'~ ssr; °n = sr - ssr

The Grubbs1 method for two measurement methods will only provide
useful estimates if the measurement errors are large relative to the
variation among the items being measured. The method can easily be
extended if more than two measurement methods are used. In this
event, the item-to-item variation does not affect the quality of the
measurement error estimates. The estimation procedure involves form-
ing all columns of paired differences for the N(N - l)/2 pairs of
measurement methods, N being the number of such methods. The variance
is calculated for each column of differences, and each variance esti-
mates the sum of the measurement error variances for the measurement
methods comprising the difference in question. The N(N - l)/2 equa-
tions in the N unknowns are easily solved by least squares to provide
the estimates of the N parameters. An example illustrates the method.


