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1. INTRODUCTION 

It would be useful to have the best possible estimate of this mean life-time 

of our new klystrons based on the most recent, available operating experience, I 

give here a simple formula for this best estimate, based on the maximum likeli

hood method. This method also provides an indication of the reliability of the 

estimated lifetime. 

The results given here apply uniquely to a uniform klystron population for 

which we can assume that deaths occur randomly, and independently of the 

previous history (operating time) of any one klystron. That is, I assume that the 

probability AP that any given operating tube will fail in the next, small time 
interval At is given by 

A» = *i ( 1 J 

where r is the mean life-time of the population. 

If this assumption is not justified (from prejudice, or because it is clearly in 

violation of operating experience), the method given here would not be valid. In 

general, I would then suggest that the analysis proposed in SLAC-TN-68-2 (M. 

Sands, 1968) be used. 

2. THE DATA 

I assume that at any given moment in history - say "now" - we have the 

following information: 

(a.) The accumulated ON - time t&- for each of the tubes that still survive. 

{b.) j?he accumulated ON - time t i t- until death for each of the n tubes that 

have died in service. The time tjj is, of course, the "actual" lifetime of each 

failed tube.) 
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3. THE EXPECTED LIFETIME 

We are assuming that the tube population has some mean life r which I would 
like to estimate. The best estimate f of r is given simply by 

T 

where 

T =•• Tt + Td = EPr« + Eft f i (3) 

is just the total accumulated ON time of all tubes. As an example, suppose we 
had run 16 tubes, and 15 were still alive after a total (combined) operating time 
of 13,000 hours, with one which failed after 2,000 hours. The best est-Taate of 
the mean life would be f = 15,000 hours. 

4. THE LIKELIHOOD FUNCTION 

Clearly, the best estimate in the example just given would not be very reliable. 
We might guess that the actual lifetime T could easily be anything between 10,000 
and 30,000 hours. How can we quantify that intuition? 

La probability theory a function L(r; T, n) is denned which is proportional 
to the "likelihood" that the actual lifetime of the population has the value r, if 
the total observed ON time is T, and there have been n failures. I will write this 
function simply as L(r) - assuming that it refers to some particular T and n. 

If n is at least 1, the function L(T) falls to zero for r= 0 or r = co, and has a 
maximum in between. In fact the best estimate f is defined to be that value of r 
which makes L(r) take on its maximum value, (f is then said to be the "maximum 
likelihood estimate".) Note that L(r) is a relative likelihood function. Generally 
speaking, its absolute magnitude is of no useful significance. But L(r) is useful 
in comparing the relative likelihood that two different values of r represent the 
true value. 
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For the present problem the likelihood function can be written as 

L(r) = Ce-TlTr-n

i (4) 

where C is some arbitrary constant. (This expression is derived in the Appendix.) 

Notice thai for fixed T and n, L(r) does indeed have its maximum value at T = f. 

In the figure below I have plotted L(r) as a function of T for several values 
of n from 1 to 10. I have for convenience chosen to plot the ratio of L(r) to its 
maximum value L„ = L (f). For each n this ratio takes on its maximum value of 
1 at r = f. It is evidently also convenient to chose £ as the horizontal coordinate 
of the graphs. 

From the figure you see that the likelihood curve for n = 1 is very broad. 
The likelihood is only down to 70% of its peak at \ = 0.5 o* at 2.5. The "best" 
estimate of r = f is not very good! But it is better than no estimate at all! By the 
time n = 10, the likelihood curve is beginning to narrow somewhat, and we can 
begin to have some confidence that our best estimate is correct to within about 
30%. Indeed, for large n (say >1D) the likelihood function becomes a gaussian 
error curve with a standard deviation about 1/y/n. We can then take that the 
"error* A? in the estimate of T is -7=. 

Incidently, equations (2) and (4) are still correct for n = 0. In this case 
the "best" estimate of f is 00! (After all no failures have been observed.) The 
likelihood function is e • , however, which tells us that an estimated r of 2.8T is 
only 30% less likely than an infinite life. 

I should emphasize that all of the foregoing presupposes that we have abso
lutely no other useful information related to the tube lifetime. If we have any 
a priori information (say, from previous experience with similar tubes) which 
would bias our expectations this information should be used and would modify 
our estimate of the lifetime. 

Further, it should be kept in mind that if the operating conditions of some 
tubes are significantly different from others - or if they are changed after some 
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period of use - it may be that the tubes under the new opeiating condition should 
be defined as members of a new "population", and a separate estimate of mean 
life should be made for the two populations. 

5. APPENDIX 

According to probability theory (see Reference 1) if we rbserve M tubes that 

last tn without failure (i= 1 to M) and n tubes that last t/,- until failure (i = 1 to 

n) then the likelihood function that the mean life of the population is r is given 

by 

L(r) = K(Pi -Pi'P3"-Pm)-(Qi-Q2-Qs--'Qn) (Al) 

where P, is the probability that any one tube will last the time t&- (assuming a 
lifetime r) and Q,- is the probability that any one tube will live for the time t/,-, 
and then fail in some small time At afterward, and K is some constant. (If At 
were set equal to O, then all Q«- would be zero, so let's leave At small, finite ai.d 
fixed.) For our assumed population, 

Pi^c-'"'* (5) 

and 

<3,. = e-'/f/>-.(A*/r) 

Using these formulas in Eq. (Al), we get that 

L{T) = Ke-T'T • (Ar/r)*, 

which is the same as Eq. (4) if we identify C = K{At) n , which is quite arbitrary. 
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DISCLAIMER 

This report was prepared as an account of work sponsored by an agency of the 
United Stales Government Neither the United States Government nor any agency 
thereof, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal liability or responsibility for the accuracy, completeness, or use
fulness of any information, apparatus, product, or process disclosed, or represents 
that its use would not infringe privately owned rights. Reference herein to any spe
cific commercial product, process, or service by trade name, trademark, manufac
turer, or otherwise does not necessarily constitute or imply its endorsement, recom
mendation, or favoring by the United States Government or any agency thereof, 
The views and opinions of authors expressed herein do not necessarily slate or 
reflect those of the United States Government or any agency thereof. 


