INSTITUTE

OF PLASMA PHYSICS

NAGOYA UNIVERSITY

Peispectives of Nonlinear Dynamics
E. Atlee Jackson
(Received - Mar. 8, 1985)
IPPJ- 723

Mar. 1985

RESEARCH

REPORT

NAGOYA, JAPAN

Perspectives of Nonlinear Dynamics

E.Atlee Jackson

(Received - Mar. 8, 1985)
IPPJ - 723

Mar. 1985

Further communication about this report is to be sent to
the Research Information Cneter, Institute of Plasma Physics,
Dagoya Universtiy, Nagoya 464, Japan.
Permanent address:

Universtiy of Illinois, Urbana,
Illinois 61801, H.S.A.

Preface

The following

four

lectures

were given weekly during October and

November 1984, and then transcribed from tape recordings to the
notes.

I

am afraid that this process has produced a rather uneven

but I hope that some of the ideas
clear to be of use in the future.

presented

about

development

at the Institute

sufficiently

of

nonlinear

first

dynamics
in

the plasma

of Plasma Physics to some of the many concepts
used to describe nonlinear dynamics. These

come from a variety of areas, not always familiar

in other areas, and I hope that this introduction
their

be

The objective was to introduce

and methods which are presently
concepts

will

1890, and then to discuss a few topics in greater detail

the following three lectures.
physicists

here

style,

The order of these lectures was to

give a brief survey of the historical
since

following

will

to

help

awareness of these concepts, in this increasingly

specialists
to broaden

important area of

research.
I was very fortunate
Institute

to have had the

to visit

the

of Plasma Physics j>om August 1 until December 27, 1984, as a

Visiting Professor of Nagoya University.
program of

opportunity

activities

This

of the Joint Institute

visit

was part

of

the

for Fusion Theory, directed

by the Coordinating Committee of US-Japan Fusion Research Collaboration.
am most appreciative of the invitation
Nagoya University,

and for the generous financial

Japanese Ministry
Y.Ichikana
Professor

for

by Professor S.Iijima,

of Education.

initially

T.Kamimura, for

I

suggesting

I

President of

support provided by

the

am also very indebted to Professor
this

making my visit

visit

and.

together

very enjoyable.

with

Professor

T.Kamimura should certainly

also be thanked for his considerable effort

to

make these notes moxe comprehensible than they would have been otherwise.
To all of the numbers of IPP, I wish them

*g.

E.At lee Jackson
Professor of Physics
University of
Urbana, Illinois

Illinois
61801, U.S.A

December 25, 1984

LECTURE I

In

this

series

of

lecture

I will attempt to give you some varied

perspectives, or points of view, concerning the broad
dynamics.

Since

very

of

nonlinear

few courses are presently taught in this area, our

first exposure to nonlinear dynamics
problem

area

is

usually

due

to

some

specific

which we first try to "solve" analytically and, failing that, put

it on a computer and see what happens. If the problem
trivial,

what

relatively

of

course,

we

have

to

occur,

dynamical

features

which

might

by

and we rarely have time to search the literature for

broad assistance along these lines. Fortunately there are some good
which

some

plan of investigation. To have such a systematic plan requires

some appreciation of the variety of
expected

not

usually comes out of the computer is more numerical output

than an understanding of the system - unless,
systematic

is

books

have been recently published, which give useful discussions of some

fairly broad areas of dynamics, but there still does not exist any
comprehensive,

simple

really

introduction to a wealth of potentially useful and

exciting dynamical concepts. Having said all this, I am afraid that

these

lectures will likewise be too brief to discuss many important areas in any
depth, but I thought that I would start out with a brief historical sketch
of

the

development

of

many

of

over-ambitious project - then focus
several

these

ideas

iti future

-

which

lectures

is probably an
on

details

of

specific topics that are basic to many present areas of research.

I hope that this opening discussion will give you some appreciation of the
wealth

of

ideas

which

are presently known, and may be of some value in

your future research. To assist in this
historical

process,

I

have

distributed

a

outline, from which I will only have time to discuss a limited
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number of concepts.

This

historical

outline

will

be

included

as

an

appendix to this lecture.
At the risk of appearing too philosphical, I would like to begin with
several quotations which together emphasize one
namely

the

symbiotic

relationship

mathematics. Sir James
remarked

Jeans,

the

between
great

of

those

difficult

a

lecture,

sciences (of all types) and

British

to

get

across

who

real

do

not

philosopher-scientist

mathematics

is

hard

for

know

mathematics

to

be

nature,

it

is

is

mathematics,

and

some people ... Physicists cannot make a

conversion to any other language. If you want to learn
appreciate

it

feeling as to the beauty, the deepest

beauty, of nature ... It is too bad that it has

about

nature,

to

necessary to understand the language that she

speaks in. She offers her information only in one
unhumble

this

that 'the Great Architect seems to be a mathematician", to which

Richard Feynman added, "To

that

theme

form;

we

are

not

so

as to demand that she changes before we pay any attention." (The

Character of Physical Law, pg.58)
The other side of this relationship was emphasized
who

wrote:

"

...

the

best

inspirations

of

by

modern

von

Neumann,

mathematics

...

originated in the natural sciences." and elaborated up this by writing, "I
think

that

it

is

mathematical ideas
sometimes

long

and

a relatively good approximation to the truth ... that
originate

in

empirics,

although

the

genealogy

is

obscure. But once they are so conceived, the subject

begins to live a peculiar life of its own and

is

better

compared

to

a

creative one, governed by almost entirely aesthetical motivations, than to
anything else and, in particular,
however,

a

to

an

empirical

science.

There

is,

further point which, I believe needs stressing ... at a great

distance from its empirical source, or after much "abstract" inbreeding, a

_ o _

mathematical

subject is in danger of degeneration ... whenever this stage

is reached, the only remedy seems to me to be the rejuvenating
the

source:

the

reinjection

return

to

of more or less directly empirical ideas."

(The Mathematician, Collected Works 1.2).
The fascinating thing is therefore, not only does Nature
scientists

"speak"

to

through mathematics, which then suggests further observations,

but nature also speaks to mathematicians through scientist's observations,
which suggests extensions of mathematics. There is also a relatively short
history of both computational
science

to

this

interplay

and
of

heuristic
ideas.

contributions

There

of

computer

are indications that this

science may have matured to the point where it will soon make major

basic

contributions to both mathematics and physical sciences. I think that this
symbiotic relationship between empirics, mathematics, and computer science
is

particularly

will

attempt

periodically
research in
inbreeding

to

striking
show.

in the development of nonlinear dynamics, as I
It

is

important

for

research

scientists

to

remind themselves of this symbiotic relationship. When we do
some
of

limited

concepts,

area,
just

there

as

von

is

a

tendency

to

develop

an

Neumann noted about mathematical

abstractions. This form of scientific provincialism can best be avoided by
a periodic examination of what other points of view are being developed in
both mathematics and other scientific areas (in
hope

that

this

historical

survery

will

the

broadest

sense).

I

be of some assistance in this

process.
Our mathematical description of nature
degrees

involves

models

of

of the sophistication (generality). The most sophisticated models

we call theories, but they are all models when you come down to
is

to

varying

it.

That

say, they are tentative descriptions of nature which are subjected
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to change in the future. There are two main categories

of

models:

those

which involve partial differential equation (PDE), and those which involve
ordinary differential equations (ODE). We know a good deal more about
than

ODE

we do about PDE. Indeed much we know about the dynamics of PDE comes

from reducing them, by various assumptions, to systems of ODE. While there
are

some

outstanding

recent

exceptions

to

this

rule, we nonetheless

frequently fall back on this reduction method to understand
of

PDE.

In

this

the

dynamics

series of lectures, I will concentrate on models which

involve systems of ODE.
We begin with the following system of ODE,
d X l)

^

= Fk ( X, ,

xn, t )

( k-l,. . .N )

which can be written more simply,

*ff = F ( x, t )
In this short
notation

is

hand
not

( i <= F? )
notation,

which

is

common

these

days,the

vector

used. Instead, you are informed that x is a vector in a

N-dimensional space, by the expression of

the

right

side

of

the

last

equation.
There

are

two

main

categories

of

these

systems. The autonomous

systems, in which the right hand side does not depend explicitly on

time,

and the nonautonomous systems, in which the right hand side does depend on
explicitly on time.
autonomous system',

dF/dt

nonautonomous system', dF/dt
It might be noted that
correspond

to

the

this

= 0
# 0

mathematical

distinction

does

not

always

usual physical distinction, since you can have a time
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independent external force, which can be an energy source or energy
and

nonetheless

sink,

the system is refered to raathematically as an autonomous

system.
The first thing we need to review is the concept of an
constant

of

integral, or

the motion. This is any function of the dependent variables,

and of time, whose total time derivative vanishes.
•

~

h

( x(t). t ) s 0

(fc=l

N)

As indicated above, these integrals likewise separate into two groups, the
time-independent

integrals, and

the

time-dependent

integrals.

solutions of the above eqs. are unique, then there are always N
of

If the

integrals

the motion, namely the initial conditions, expressed in terms of the

functions x(t) and of time.

xg = xj> ( xft), t )

(fc = 1..../V)

Unfortunately, these integrals are usually time-dependent, and we are most
interested

in

the

time-independent

integrals, because

something about the system which does not depend explicitly
illustrate

we like to say
on

time.

To

this point, consider the simple example of a particle acted on

by a constant force.
i = v

v =F

(constant)

Two integrals of the motion are
no = v - F t

and

x0 =x - vt - | F tz ,

from which we can obtain one time independent integral

| V> - Fxo = | ~? - Fx .
This time independent integral is, of course, simply
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the energy

of

the

particle.

In

general, however, we can not eliminate the time between the

integrals, at least not for all time and for all ini'ial conditions.
this

is

possible,

When

these are sometimes referred to a global integrals of

the motion.
Also it might be noted that essentially nothing is known, apparently,
about

our

ability to control the value of certain integrals by "outside"

( macroscopic ) forces (e.g., an applied force field). In
integrals

of

the

motion

which

time-independent, but also are
additive
the

integrals,

x(t). These

statistical

any

case,

the

we most commonly deal vith are not only

frequently

restricted

to

the

class

of

namely those which depend additively on functions of

integrals

mechanics,

of

for

the

motion

reasons

play

a

dominate

role

in

which are not very clear. We do not

have any deep understanding of why these additive integrals

play

such

a

dominant role in our description of nature.
This

discussion

of

the

integrals is by a way of introducing three

important theorems discovered at the end of last century, which are
sense

the

origin

in

a

of modern nonlinear dynamics, because they permanently

changed the perspective of theoreticians working on

such

problems.

More

specifically, they stimulated the imaginative genius of Henri Poincare who
developed a

variety

of

approaches

to

nonlinear

dynamics

which

were

entirely new, and which have been the inspiration for many developments in
this area during the past century. These
integrals

of

the

gravitating bodies
However

only

motion.
which

The

has

first

eighteen

three

theorems

concerns
integrals

the

all

problem

associated

deal

with

of

three

with

it.

the ten so-called classic integrals have ever been obtained

explicitly. Moreover all of these integrals are additive, and at least one
is

time

dependent.

The

historic

problem
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therefore

was to obtain the

remaining eight integrals. This has been discussed in great detail in the
old, but very fine book on analytical dynamics by Whittaker. He also
discusses there these three theorems in considerable detail, so that here
I'll simply give a very brief description of them. Briefly, then, the
theorems of Bruns, and a generalization by Painlev6, are the following:
Bruns (1887) - The classic integrals are the only independent

algebraic

integrals of the three-body problem.
Painlevg (1898) - The classic integrals are the only independent integrals
which are algebraic in the velocities ( regardless how the coordinates
enter ) for the n - body problem.
By algebraic integrals in the above theorems is meant a rational function
of polynomials, and the additive integrals, discussed before, are a very
special case of such algebraic integrals.
Undoubtedly

the most influencial theorem, however, was the one given

by PoincarS, which is based on the action-angle variable description of
Hamiltonian systems. The theorem is briefly the following:
Poincare (1889) - If H = HQ(J) + A H|(J,6) , which is periodic in the
6

variables, and

| d2Ho / dJjdJk I % 0 , then there are no

other

integrals of the form
I = Yl &" Vn(J>Q)> which are periodic in. 6, and analytic in (J,6).
n

Let me describe the contents of this theorem a little bit, because
some of its considerable historical

influence

has

been

due

to

misunderstandings about what the theorem actually says. The theorem
concerns a Hamiltonian system in which the Hamiltonian has two parts llo(J)
and H\(J,9). Ha just depends on the action variables whereas Hi depends on
both the action and angle variables, and is periodic in the angle
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variables.

Any

Hamiltonian

that depends only on the action variables is

nowadays refered to as an 'integrable' systems.

So

this

theorems

deals

with a perturbation away from an integrable system, where the perturbation
parameter is I.
frequencies

If

and

you'll

recall,

consequently

frequencies. The above
\d2Ho/dJid.!k\ is

condition

simply

dH/dJ

dHo/dJ
on

H,

= a = 0 ,

in

represents
involving

the

another
the

unperturbed

Hessian

example,

if

Wo

later

by

the case,

Whittaker,

who

obtained

the

illustrated

so-called

integrals. What the theorem does state is that, if H satisfies
condition,

then

there

adelphic
the

all

values

above

exists no other integrals, beside H itself, which

are analytic (have a power series^ in the perturbation parameter.
(J,0) for

H,

depends linearly on J's, as in the case of harmonic

oscillators. In that case, the theorem does not apply, as was
somewhat

of

a statement that these unperturbed frequencies

are independent functions of the action variables. This is not
for

words

A,

and

of J and 0. In another words, this theorem states

that there are no perturbative

solutions

for

the

integrals

which

are

uniformily valid for all J and 0. It does not exclude the possibility that
there are special solutions which have such a convergent series in A. This
fact was not appreciated for more than sixty years, until the proof of the
KAM (Kolmogorov-Arnold-Moser) theorem established the existence of such
special

class

of

solutions. It might also be noted that this divergence

problem did not bother Poincare very much, and he overcame these
in

a

typically

imaginative

fashion.

The

problems

asymptotic series, which are

presently used in theory of fluid flows and in other subjects, as well
the

use

a

as

of divergence series in numerical calculations, all date back to

Poincarfe's ideas.
These theorems represented an impass in
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the

historical

program

to

search

for

integrals

of

motion, and required the generalization of the

theoretical methods used to investigate such systems. Fortunately
the

genius

of

Poincare

years Poincare introduced

to
a

we

had

assistant in this process. In the following
variety

of

new

methods

to

analize

such

problems, and I would like to begin by discussing some of these ideas.
An

important

method

for describing the dynamics of a system is the

use of phase space, with which you are familiar. It has the

advantage

of

giving us a way of pictorially representation of the dynamics, particulary
when the phase space is simply two dimensional plane, which wili

be

used

for purposes of illustration.
Now, in the case of linear systems:, there is a very limited structure
which the dynamics can have. First of aj.1, there can be at most one
point

in

the

phase

space.

By

a fixed point, we mean a location where

F - 0, in another wordf, dx/dt = 0. These fixed
categories.

One

is

called

an

fixed

elliptic

points

divide

into

two

fixed point, in which the flow

circles the fixed point in closed orbits as shown in the figure below. The
other are hyperbolic fixed points, which may be either stable or unstable.
The following figure shows a spiral ing motion into
point,

whereas

one

hyperbolic

fixed

the hyperbolic fixed point on the right is often referred

to as a saddle point.

fcp.s

Nonlinear systems, on the other hand, can have much richer global
structure in their dynamics. The following figure illustrates a few of
these possibilities. On the left, you have a limit cycle, in which a
central fixed point is unstable and the motion spirals out to a closed
orbit, and on the other hand, the flow outside this orbit spirals into it
from outside. That closed orbit is a stable limit cycle. The middle figure
shows what is called homoclinic orbit. Now you have two fixed points, one
a is saddle point, and the other is an elliptic point, and there is a
trajectory which goes to the saddle point, both as t goes to plus
infinity, and also t goes to minus infinity. Such an orbit is known as a
homoclinic orbit.

On the other hand, in the right hand picture, you see the case where the
orbit goes to one saddle point, as t goes to plus infinity and another
saddle point t goes to nrnus infinity. Such an orbit is known as a
heteroclinic orbit. In this example there are three fixed points involved.
To describe the global features of such dynamics, Poincare was led to the
development of topological considerations, and he is presently considered
to be the father of modern topology.
To begin with, rather than consider particular solutions, we consider

- 10 -

the family of all solutions, obtained by varying initial conditions, which
is then refered to as a phase portrait. The figure below illustrates some
examples of such portraits. Only a few examples of the different types of
orbits in the phase space are actually illustrated.

u
This leads to what is now referred to as the topological

equivalence

of phase portraits. The idea here is to compare phase portraits and to see
whether or not we can transform one portrait into another by means of a
continous, one-to-one transformation, retaining

the sense of direction

(orientation) of the trajectories. In the figure above, one can see for
example, that the closed orbits around an elliptic fixed point can not be
continuously transformed into the spiral orbits about a hyperbolic fixed
point, whereas the two hyperbolic fixed points above can be transformed to
each other simply by reflection to the x axis. Similar reasoning holds for
the other figures shown above. The idea here is that the systems which are
topologically equivalent, presumably have a physical equivalences as well,
and

therefore this concept represents a useful way of distinguishing

between physical systems based on global dynamical properties. That is, of
course, a debatable point.
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The

next concept which this leads to rather naturally is the idea of

control parameters. These are parameters in the equations of motion
can

be

changed

from

one

system

which

to another, and if this change in the

controlled parameter produces a change in the phase portrait which is
topologically

equivalent to what it was before, then the value of control

parameter at which this change occurs is referred to a bifurcation
So

a

value.

bifurcation phenomena is one in which, by changing a parameter, one

changes the phase portrait of a system to another phase portrait which
no

not

longer

topologically

equivalent.

illustrated in the following figures,

Simple

both

for

examples
linear

of

is

this

are

and

for

system

nonlinear system.

In

the

linear

system,

as the control parameter C is changed the system

goes from a stable fixed point to elliptic fixed point,
unstable

and

to

an

fixed point. The bifurcation value here, is the value of C which

yields the elliptic fixed point. In the nonlinear case, the
more

then

situation

is

interesting because, as the parameter C is varied, you can go from a

stable fixed point to an unstable fixed point, together with a surrounding
stable

limit

cycle.

This

is

a very famous bifurcation called the Hopf

bifurcation. This particular nonlinear bifurcation is
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referred

to

as

a

local bifurcation, and it can be studied by perturbation anaylsis.
On the other hand, nonlinear systems are capable of having a totally
different form of bifurcation, known as global bifurcations. These can not
be detected

by a perturbation analysis around the fixed point. An

illustration of this is shown in the following figure.

As C fs ChAn^e.41\ -This

In this case, there are two fixed points, one a saddle point, and

the

other a stable, a hyperbolic fixed point, which is surrounded by an
unstable limit cycle. As a control parameter is changed, this limit cycle
grows in size until it finally attaches to the saddle point, giving us a
homoclinic orbit, but leaving the character of two fixed point unchanged;
one is still a stable hyperbolic fixed point and the other remains a
saddle point. As the control parameter changes further, this homocliiiic
orbit breaks free, and one can see that the flow from the outside nsw can
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reach into the stable fix point whereas, in the first figure, the flows
from large distances cannot reach this fixed point. So there has been a
global change in the pattern of the flow in the system, but the character
of two fixed points has not changed in this process. Perturbation theory
is unable to detect this type of global bifurcation.
As a further assistance in the visualization of some of these
processes involving control parameters, it is sometimes useful to augment
the phase space pictures with a picture which involves a combination of
the phase space and the control space. The following figure shows an
example of this in the case of Hopf bifurcation, which here occurs at
c = 0.

In the case where there are several control parameters, the control space
will be a higher dimension than the one dimension shown above, and the set
of values of the control parameters where the bifurcation take place is
presently called the catastrophe set in catastrophe theory, which I hope
to have time to discuss in this lecture.
Some of these ideas are summarized in the following table.

Equations:

i = :<(x,t)
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Phase space'

x <= R" ;

Trajectories'- Arrows indicate the direction
Linear system ~ only local structure
Characteristic

I | |

of time

- one fixed point F{x) = 0 (at most)

exponents, I

6,^1=0

A all real - elliptic fixed pt.
some A complex - hyperbolic fixed pt.
Nonlinear system - global structure, e.g., limit cycle, homoclinic orbit,
heteroclinic orbit.
Families of trajectories - various initial conditions - Phase portrait
Consider the behavior of most members of a family - e.g., - integral
imariajifs ( Liouville equation, etc.)
Compare different systems - "compare" phase portraits - topological
orbital equiiulence.
Control parameters, C. - permits a continuous change of system.
Bifurcation points
portrait.

- uhere

there is a topoiogicai change of phase

Catastrophe set'. The wlues

of C at which

there is a

bifurcation.

In addition to the concepts of phase

portraits,

topological

equivalance and bifurcation phenomena, Poincare introduced a variety of
other concepts, among the most important being the use of maps to analyse
the dynamical motion. There are tvo rather distinct forms of maps which
can be used, one is for autonomous systems. In this case, if the phase
space has dimension N, we look for a subspace through which all of the
trajectories of interest pass an infinite number of times in the future.
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This

subspace

is

called a surface of section, and is illustrated in the

following figure.

A surface of section

Poincare Map
P - TP - T~P

As in case of this figure, this concept is most useful
section

is

two

when

the

dimensional. This figure shows a point P returning in an

upward direction to the surface at the point labeled TP, and
second

surface

returning

a

2

time to the surface at T P . So this is considered to be the map of

the point P to the point TP, to the point TZP , and so forth.
When a time dependent force acts on A system on the other
trajectories

in

the

phase

space

hand,

the

are not unique, because they may pass

through the same point at several different times in different directions.
Consequently

you can not define a map, in general, in that case. However,

if the applied force is periodic in time, then it
introduce

is

again

possible

to

the concept of a map. If T is the period of applied force, ti^en

the map of the point P is defined to be its location at the time T
This is illustrated in the following figure.

16

later.

Nonautonomous System:
F(t+T) = Fit)
TP = P(t+T)

The

dynamics

can

be

visualized

as

taking

place

in

a

higher

dimensional space in which the time coordinate has been added to the space
coordinates in a periodic fashion. Any point which is a fixed point of the
map 7"" , is then a periodic solution with the period nT.
how

This

illustrates

we can find out an essential feature of the dynamics of the system by

studying only the map, rather than looking at all of the
flow

in

the

phase

space.

Thus

the

details

of

the

maps can be used as a very useful

shorthand method of determining the essential topological features of
dynamics

in

the

the

phase space. I will discuss a number of maps during the

course of these lectures. While there are some recent

maps

of

different

character than the ones just described, certainly the concept, and most of
the maps that are used, have their origins in Poincare's ideas.
There are other concepts which Poincare introduced. He was
truely

prolific

the

and

topological

dimension.

to

Brouwer,

others. One form of dimension, which is now referred to as
dimension,

is

what

we

consider

to

be

the

"usual"

It has only integer values. Thus a set of points has dimension

zero, whereas a line has
dimension

a

genius, and he was responsible for the initiation of the

modern concept of dimensions, the final form of which is due
Hausdorff

indeed

two.

The

way

topological
in

which

dimension
this
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one,

and

a

plane

has

dimension is defined is rather

involved, and we won't have time to discuss that here. For more general
sets of points, Hausdorff defined a much more "refined" type of dimension,
which we will denoted by DH . This dimension, however, is generally
difficult to use. A simplified version of DH is called the capacity, which
we denote by D c , which is always greater or equal
this

concept,

consider a spherical

to Do. To

illustrate

region of diameter

e in the

n-dimensional phase space, as illustrated in the following figure.

The idea is to simply count the number of spheres, n(e), needed to enclose
the set of the points of interest. In the case of line of length L, the
number n(c) is obtained by dividing L by c, as illustrated below.

n(c) = ±

If the set is a surface, then the number of cells required is the area of
surface divided by c 2 , as illustrated in the following figure.
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n(£) = zA

We note the power of z in these examples, namely one and two, is the
as

the

dimension

of

same

these simple sets; the dimension of the line being

ono, and that of the surface being two. This suggests

that

we

define

a

general dimension, 0 c , by the equation.
n(e) = K / eD<
log n(c) = log K - Dc log c
and taking e -> 0 gives

im

-0
This

log e

dimension, the capacity, is one of the simpler and quite useful

ways of describing a property of the set of points. Many other

dimensions

can also be defined, and they measure other features of the set of points,
much like the way

that

different

moments

of

a

distribution

function

measure different properties of that distribution function.
One of the uses of these more abstract dimensions is to describe sets
of points which were discovered by Cantor at the end of the last
the

famous

so-called

Cantor

century,

sets, which we will discuss later in these

lectures. Although this set of points has a topological dimension zero, it
can

have a capacity which is greater than zero, but less than one. Such a

set of points, which has a capacity that is larger than their
dimension,

is

presently

topological

referred to as a fractal set. Thus fractal sets

have fractional dimensions, rather than integer dimensions.
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During the first fifty
ignored

this

wealth

years

of

the

century,

physicists

largely

of ideas which were introduced by Poincare, and his

concepts were kept "alive" and extended by sue': investigators as Birkhoff,
in

his

extensive

studies

generalized

Poincare

considering

maps

general dynamic

maps.

of

the

dynamics

Birkhoff

of

particles,

and

also

generalized

Poincare's

ideas

by

to be an abstract form of dynamics. He investigated the

properties

of

one-to-one

analytic

maps

of

a

closed

surface, S, into itself, as illustrated below.

P1 = T P

T. S - S

P = 7"' P'

In

particular,

he

made

an

extensive

(inverse map)

investigation

of the asymptotic

behavior of this form of map dynamics, and he introduced the concept of
set

of

limit

points

of

a

the map. Because the surface on which this map

takes place is closed, this set of limit points always exists, both in the
future,

which

he

called

the

co-limit set, whereas those in the past he

referred to is the a-limit set. He

studied

the

abstract

properties

of

these sets, but I won't have time to discuss that here. What turned out to
be important was that the abstract properties which he described was found
some twenty-five years later in the physicrl situation of forced nonlinear
oscillators - the studies done by Cartwright, Littlewood and Levinson.
One of the lessens
asymptotic

properties

here
of

the

is

to

pay

dynamics,

particular

attention

the

the

rather than the details of the

motion for all times. As an example, one is not interested in the
of

to

details

dynamics which approaches a stable limit cycle, so much as stable
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limit cycle itself. It's asymptotic orbit which

is

of

greater

interest

than the individual orbit which approaches it.
In addition to emphasizing the importance of asymptotic sets, and the
possible characteristics that they may have, Birkhoff also opened

up

the

whole area of what can be called abstract dynamics, involving the dynamics
of maps in general

This has proved

understanding

describing

and

to

be

very

powerful

technique

in

complex forms of dynamics, which cannot be

easily obtained from the study of differential equations, and the flows in
phase

space.

We see here an illustration of what von Neumman was talking

about in the opening quotation that
problems,

which

began

in

the

I

gave

you,

whereby

the

physical

area of the three-body problem, then led

Poincare to introduce the concept of maps of the dynamics in phase
and

these

maps

space,

were then generalized by Birkoff into abstract dynamics,

which then later took on a life of their own in the abstract

mathematical

theory of mapping dynamics.
We

now

mathematics
mathematical

come
and

back

offered

study.

In

to
a

another

physical

stimulation

this

case,

the

question

which

then

question

which

fed into

produces

another

is

whether or not a

mathematical model of a physical system has a certain degree of
to

stability

it. Here the idea is not the question of stability of the solutions of

the differential equations, but rather the stability of

the

differential

equations themselves, in some sense. The ideas is that if you change, say,
the masses in the equations of motion, or some
slightly,

or

if

you

change

other

physical

parameter

the force laws by a small amount, then you

might not expect the system to behave in any substantial different
than

it

had

manner

before. More briefly we can formulate this in the following

fashion:
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Physical question: Do the "dynamical properties" of a
"significantly"

system

change

if the "forces" are changed by a "small amount" ? Are the

properties "robust"?

Hers we introduce " " marks

around

the

concepts

which

are

only

vaguely defined. One possible answer to this physical question was offered
by Andronov and Pontriagin in 1935, and is referred to as the property

of

structural stability.

A dynamical system x = F(x) is called structually stable if its phase
portrait is topologically equivalent to
where

dF

is

any

smooth

function

the

portrait

which

is

of

x = F(x) + 5F

sufficiently

small - say

! 5F | < e .

That is, in order to give the above vague concepts a
it

is

flows

suggested
in

the

functions

here

phase

that

space

definite

form,

the important concept is whether or not the
remain

topologically

equivalent

when

the

F in the equation of motion are changed by an arbitrarily small

amount. While

this

suggestion

seems

quite

reasonable,

the

following

theorems were proved much later:
(1952)

: most F(x) are structurally stable if Dim(x) < 2

(1966,1970;: most F(x) are not structurally stable if Diimx) s 3.

The

conclusion

from

all

of this is that the concept of structural

stability, as defined above, is in fact generally too
useful.

In

another

words, most

systems
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restrictive

to

be

of equations are structurally

unstable, as defined by the above criterion. Therefore it is not useful
for

the purpose of distinguishing between various models. However, the

application of these types of ideas to special systems, turned up once
again much later in elementary catastrophe theory, which I hope that I
will have time to discuss later in this lecture.
Another mathematical concept that was being studied during this
period

in the thirties, and which has recently proved to be of

considerable interest and use, is the concept of embedding. This involves
the problem of representing the dynamics in the n-dimensional phase space,
in a lower dimensional space, and at the same time retaining an accurate
representation of the topologicai and possibly other dynamical features. I
will describe this in more detail, when we consider strange attractors.
One of the most important physical studies of non-linear
during

dynamics

the twenties and thirties, was in the field of electrical

engineering, and in particular in a study of limit cycles. This form
dynamics was known to Rayleigh but it was van der Pol who made the most
extensive study of this form of dynamics in such systems as electrical
oscillators and even in the theory of the dynamics of the heartbeat. Both
of these systems can exibit the form of dynamics which is now referred

to

as relaxation oscillations, in which you have a variable which changes
slowly for a period of time, and then relaxes very rapidly to another
state, and this goes on in a periodic fashion. A simple example of this is
case of a relaxation oscillation involving a neon discharge tube, which is
illustrated in the following figure.

I

The study of such relaxation oscillations led to the development of
singular perturbation theory. The study of limit cycles in general was one
of the main areas of nonlinear dynamics in the thirties and forties.
Indeed, Minorsky in his 1947 book stated "Perhaps it is not too great in
exaggeration to say that the principal

line of endeavor of nonlinear

mechanics at present is a search for limit cycles". However, considerably
before this in 1927, van der Pol and van der Mark had made a study of the
nonautonomous situation, involving a perirdically excited relaxation
oscillator. They discovered, in addition to the excitation of subharmonic
motion which was their main interest, that the system could also exhibit
hysteresis and bifurcate into and out of noisy states, as the capacitance
in the circuit was varied. This is illustrated in the following figure
fr-im their paper. (B.van der Pol and J.van der Mark, Nature 120, 363
(1927) "Frequency Demultiplication")
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Applied

P
While they were most interested in the subharmonic excitations of
this system, and did not comment upon either the noise, which is
illustrated in this fugure, or the hysteresis effect, these aspects of the
dynamics turned out to be important examples of the complex dynamics that
can occur from a periodically forced oscillator. Mary Cartwright, in her
presidencial address of the London Mathematical Society in 1963, remarked
that engineers tend to ask

"for a solution' rather than

"about a

solution". She was impressed by van der Pol's interest in the qualitative
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properties of these systems, rather than the analytic
solutions

of

properties

of

the

the equations of motion. She was apparently inspired by the

experimental work of van der Pol and van der Mark to investigate, together
with Littlewood, the equations of motion of a periodically forced, van der
Pol oscillator. Thus in the same period that Minorsky was commenting about
the search for limit cycles, Cartwright and Littlewood, and also Levinson,
were making new discoveries of a quite a

different

character,

involving

the periodically forced van der Pol oscillator.
Their

analysis

is unfortunately rather long and tedious, but I will

outline it briefly in the lecture on
being,

let

me

strange

attractors.

Pol

oscillator

tend

toward

a

family

periodically

different

time

forced

from

one

another

as

any

van

of solutions which has very

"chaotic" properties. This family of solutions contain members
as

the

just mention the essential outcome of these studies. They

were able to prove that almost all solutions of
der

For

which

are

two infinite sequences of coin

tosses. Put another way, almost all solutions tend asymptotically toward a
chaotic

family

of

well-determined
different

and

members

solutions,

each

well-behaved
are

as

as

different

of
a

whose

members

function

of

are

time,

perfectly
but

whose

as any two infinite sequences coin

tosses. This result was the inspiration for Smale's later invention of the
so-called
abstract

"Horseshoe
mapping

Map",

which

dynamics.

is one of the ancestors of Birkhoff's

Smale's

horseshoe

map

captures

this

coin-tossing aspect of the chaotic family.
One
•

of

the

features

of such a family is that the nearby solutions

tend to separate from one another in
another

words,

the

behavior

of

an

exponentially

solutions

is

fast

manner.

In

highly sensitive to the

initial conditions. This sensitivity to the initial conditions is

one

of

the hallmarks of a chaotic system. Levinson also proved that these results
hold for other systems which have a similiar character to a forced van der
Pol

oscillator.

That is to say, the phenomenon in question a has certain

degree of being "robust". The phenomenon does not depend on

the

detailed

form of the oscillator equations.
This

family

of chaotic, attracting solutions is now widely referred

to as strange attractor. This result is of great importance, because
showed

that

a

"simple"

family of solutions.

they

physical system can have an attracting, chaotic

Historically,

it

had

always

been

believed

that

complicated (N-body) systems always have such chaotic solutions. This idea
lies

behind

assumptions,
based

on

Boltzmann's
and

an

misapplications

stosszahlansatz,

probably,

Fermi's

attempt

to

of

theorem

found in such books

this
as

the

so-called

generalize

one

and

Birkhoff's

ergodic

ergodic proof, which was

Poincare's

theorem.

Other

were made in 40's and 50's, and can be
written

by

ter

Haar

on

Statistical

Mechanics. The general feeling among physicist was that N-body systems are
ergodic, so that the time average will equal the phase average,

at

least

over the integral manifolds, such as the energy surface.
However,

during

this period another major event occured, namely the

introduction of digital computer, in

1943.

Von

Neumann

in

particular,

emphasized its potential heuristic value to search for general principles.
S. Ulam called this interaction between
which

man

and

computer

"synergesis",

in recent years has developed into the field of 'synergetics'. They

also invented a new discrete form of dynamics, called

Cellular

Automata,

which von Neumann used in his study of self-reproducing automata, and Ulam
used to study the dynamics of spatial patterns.
However, the first basic heuristic discovery made with the use of the
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computer, was the discovery of the Fermi-Pasta-Ulam phenomena ( E.Fermi,
J.R.Pasta and S.M.Ulara, Studies of Nonlinear Problems, Los Alamos Report
LA-1940, May

1955. Also in Collected Works of E.Fermi, Vol. II, 978-988

(University of Chicago Press, 1965) ). This study came from Fermi's
interest in the approach of systems towards thermal equilibrium. In this
study the system was a one-dimensional anharmonic lattice, with the
equations of motion

- F(xk • • ••

In the case of a harmonic lattice, the motion of the particles can be
simply described in terms of normal modes

xn = X ak(t) eikn
k

which satisfies harmonic oscillator equations of motion
'dk = -o£ at,

co/c = sin(fc/2)

In this case, we can define the energy simply as follows,
Ek = ~ <• <& + <& al )
It was expected that, if the system is started with only one normal mode
excited, this energy in the course of time would become distributed among
the other normal modes, and the system would approach an equilibrium state
in which there is equipartitioning of energy among these modes. This is
illustrated schematically in the following figure.
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UJ

The question, when they started this investigation was not to confirm
this figure, but rather to determined what is the relaxation time for this
system; the T in the figure. Indeed Fermi, in 1922, felt that he had
proved a theorem to the effect that these systems would approach thermal
equilibrium, since they are supposedly ergodic systems. So the original
question in the FPU study concerned the value of the relaxation time, and
not verifying this approach to equilibrium. To their surprise they
discovered

that system did not behave like that at all, but behaved in

quite a different fashion, as illustrated in the following figure.
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I Ml

In another words, the energy which is initially all in the mode one,
begins to become distributed among the other modes, only to return nearly
all back to the first mode, in a time which is much shorter

than the

Poincare recurrence time. These computations were carried out in Los
Alamos, and were never published in a paper. They are contained in Fermi's
collected work.
At

the same time, on the other side of the world, in Russia,

Kolmogorov was making some suggestions about the study of systems of
coupled harmonic oscillators. These systems are similar to the system that
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Poincare described in this theorem, namely.

I d%

/ dJidJj I # P

where the Harailtonian is periodic in all of the G variables. If k equals
zero, the dynamics of this system of uncoupled oscillator can be viewed as
taking place on an N-dimensional tori, which of course we can't draw. The
illustration shows the case of two-dimensional tori, which repesents the
dynamics of two uncoupled oscillators

Very briefly, what the KAM theorem proves is that, if A is small,
then most of the tori in this figure, only become slightly distorted and
remain smooth surfaces. These are called preserved tori, or KAM surfaces.
However, between these KAM surfaces, there exists a dense set of
"destroyed", "broken", or "shattered" tori, for any small value of I, and
the measure of this destroyed set of tori grows as I increases.

Conversely, the measure of the destroyed set of tori goes to zero as I
goes to zero. In that sense, most of tori are preserved for small X.
However, the fact that there always exists, a dense set of destroyed

tori

in the phase space, means that it is impossible to obtain an integral of
motion which is a power series in I, and which at the same time is valid
for all J and 0. This is the content of Poincare's theorem. The (CAM
theorem shows, however, that it is possible to find a set of initial
conditions for which such a power series is convergent. This set of
initial conditions exist on the preserved tori, but in neigborhood of each
of preserved

tori as destroyed tori which makes it impossible to find an

analytic constant of motion over the whole phase space. As

important as

this theorem is, it unfortunately does not give a method for determining
all of the tori which are destroyed as a function of A, but only indicates
the general class of possibility preserved tori. Thus one of the areas of
active research at present is to determine which of the KAM surfaces
remain preserved as A is increased to finite values.
In any case, we see that in late 40's, and 50's and into the early
60's, it was discovered that simple systems can have very complicated
chaotic dynamics, and on the other hand, systems which were believed to be
very complicated in their motion, namely having ergodic properties, may in
fact have a large family of solutions which has very simple motions, as
characterized by the set of preserved KAM tori.
It was the study of the lattice by Fermi-Pasta-Ulam which led Kruskal
and Zabuski

to investigate the dynamics of this system in the continuum

limit, which yields the Korteweg-de Vries equation, and

led

to the

important discovery of the nonlinear waves which are preserved upon
interaction each other ( M.D.Kruskal and N.J.Zabusky, J.Math. Phys. 5, 231
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(1964)

). These

waves

are now, interaction each other. These waves are

now, of course, called solitons, and this
upon

interaction

preservation

of

the

solitons

is presumably intimately related to the preservation of

KAM surfaces. However the full elucidation of this relationship has yet be
made,

particularly,

and,

presumably,

characteristics.

in connection with the breakdown of the KAM surfaces
the

corresponding

Moreover

the

breakdown

number

of

of

spatial

significant role in the KAM theorem, but is very

the

soliton

dimensions

important

plays no

in

obtaining

"noninteracting" solitons.
We have here a nice example of computer heuristics, both in the study
of Fermi-Pasta-Ulam, and also the computer studies of Kruskal and

Zabuski

which led to the discovery of solitons. As you know, this discovery is the
genealogy

of

the

beautiful

Gardner-Greene-Kruskal-Miura,

discovery,

the

end

of

60's,

including

a

large

class

of

important PD equations. This is an extremely important example

of where our knowledge of dynamics of PD equations does not rest upon
behavior

by

of the inverse scattering transform method,

which has subsequently been generalized to
physically

at

the

of systems of OD equations. Perhaps it should be emphasized that

this discovery of the inverse scattering transform can trace its genealogy
to

the

heuristic

perhaps the
stimulated

first
a

use

of computer by Fermi-Pasta-Ulam. Therefore, it is

example

where

the

heuristic

use

of

the

mathematical study, which led to a major discovery, much in

the manner that von Neumann had anticipated. Since many of you
familiar

computer

with

solitons

and

inverse

scattering

concentrate more on the chaotic forms dynamics,

which

are

transform,
you

may

quite

I

will

be

less

familiar with.
The

first question we might ask about such forms of dynamics is "How
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can "chaotic" motion be 'measured" - that is, assigned some number
larger the number
its

- the

the greater the "chaos"?". One method is to determine

'dynamic entropy". This measures how rapidly

the

regions

of

phase-space are "mixed up", on the average, or how rapidly the information
about the initial state region is lost as time increases. There are two
measures frequently used

: The Kolmogorov-Sinai

entropy, h M , and the

topological entropy, ht . hM is based on the use of an invariant measure,
(i, whereas ht is only based on counting the number of regions - which is
frequently easier to do.
To illustrate this idea, briefly, let's look at the topological case.
Consider

a one-to-one continuous map of some space onto itself. Let

A = ( a( J be some set of regions which cover the space ,V. The map takes
the regions a; into the set B = { bj }, as illustrated.

The product of these two sets, A V 8, is the set of regions shown:

C = A V B = { Ci

The topological entropy measures the exponential growth in the number, ,V,
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of these product regions. For example, in the above figures
N(A) = 4, N( A V TA ) = A/(C) = 12 .
We next define
ht(A) = lim i log( 4VT/1V...V 7*A ) .
fc—CO K

Then the topological entropy is defined as follows :
ht = maximum of ht (A) for all initial covers, A.
The topological entropy does not pay any attention
regions

to the size of the

that are developed. That's to say, it does not pay attention to

the measure of this regions. That consideration is contained
Kolomogorov-Sinai

entropy,

instead

in

which requires the determination of an

invariant measure.
Another way to get a description of chaotic dynamics is to determine
what is called the Liapunov exponents of the motion. Consider some initial
state, x , and a spherical region of neighboring initial states, y

As time progresses, Lhe sphere becomes as ellipsoid, with principal

axes

ej, (t). The Liapunov exponents measure the exponential growth of these
principal axes.
A, - lim lim
(-«

c(ro)-O

-, logCe, (t )/e(x0))
t
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In general Aj , depends on the intial state,
constant

over

large

regions

of

in

many

cases,

this

means

that

solution

is

is

an

some nearby set of solutions, and by examining the spectrum

of such an attractor, one can readily determine the general
the

it

of the phase space. If one of the Liapunov

exponents is negative lor a solution,
attractor

but

attracting

set

of

solutions.

character

of

This is illustrated in the following

table:

spectrum of Liapunov exponents ( in R3 )
I = [-,-,-)

: the attractor is a fixed point; dimension zero.

A = (0,-,-]

: the attractor is a limit cycle; dimension one.

I = (0,0,-]

: the attractor is a two-torus, T 2 ; dimension two.

In these simple cases, where the topological dimension of the attractor is
equal to the capacity dimension, the attractor dimension simply equals the
number

of

conjectured

zero

Liapunov

that,

even

exponents.
for

more

Recently

attractor

and

and

Yorke

have

general attractors, namely attractors

which are fractals, there may be a connection
that

Kaplan

between

the

dimension

of

the spectrum of Liapunov exponents. The relationship

which is believed to hold is the following,

where l\ > lz >• • • . smd j is the largest integer such that Yl = \ 4 2S 0 .
I do not have enough time, unfortunately, to sketch the heuristic argument
which

led

to this conjected connection between dimension and spectrum of

Liapunov exponents ( see, e.g., D.Farmer, E.Ott,

and

J.A.Yorke.

Physica

7D, 153 (1983) ).
I

should

also

bring to your attention to the fact that in the late
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50's and early 60's there was another example of coherent motion in a very
complicated

system,

namely, chemical oscillations. They were observed by

Belousov and Zhabotinskii. ( A
J.Walker,

Sci.

popular

description

has

been

given

by

Amer. 239, 152 (1978) ). These oscillations have recently

been studied more extensively,

and

particularly

their

bifurcations

to

chaotic motion have been observed experimentally. This chaotic motion also
appears to be a strange attractor, as
methods

involving

the

has

been

established

by

use

of

embedding techniques that I referred to before. I

will describe this method later, when we consider

strange

attractors

in

more detail.
Another

very

important

heuristic

use of computers has been in the

investigation of the breakup of KAM surfaces. An early example of this was
the

study

by

Henon-Heiles, who investigated a Hamiltonian system of two

coupled oscillators ( M.Henon and C.Heiles, The Applicability of the Third
Integral

of

Motion:

Some Numerical Experiments, Astrophys. J. 69_, 73-79

(1964) ). The origin of this research

came

out

of

their

interests

in

astrophysics, and the model was an extremely simple model of this galaxtic
dynamics. The Hamiltonian they considered is
H = g t r + ir + x 2 + y2 + 2x2y - |y 3 )

They then

used

the

Poincare

surface

of

section

to

investigate

the

dynamics. The intersection of the trajectories with the surface of section
is illustrated in

the

following

(E = 1/12 ). The

smooth

curves

figure,
were
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a

lov

value

of

energy

drawn in freehand, connecting the

computed intersections of a trajectory with
dots).

for

the

surface,

(indicated

by

These smooth surfaces in the figure can be visualized as the intersection
of the preserved KAM tori with the surface of section. As the energy is
increased, some of these surfaces break up, as illustrated in the next
figure, where E = 1/8. The unconnected dots are producted
intersection of a single trajectory with the surface of section.

by

the

In the resolution used in this type of figure it appears that there are
islands of preserved KAM tori, surrounded by a sea of chaotic motion. In
fact, within these islands are also interlaced a dense set of destroyed
tori, but these are not observable at this level of description. Finally,
as the energy is increased further ( £ = 1/6 ), all of the observed tori
are broken up, and that is illustrated in the following figure.

This use of the computer to study the breakup KAM tori is being
actively pursed by a number of investigators. It might also be mentioned
that in some systems, the preserved tori one sees in the first figure
above, are maintained for all values of the energy. This occurs, for
example in the Toda lattice, which has an exponential form of interaction
between particles

( M.Toda, J.Phys. Soc. Japan 22, 431 (1967); Theory of

Nonlinear Lattices (Springer - Verlag, 1981) ). The fact that all of these
to:I are preserved for all value of the energy, led Ford, Stoddard, and
Turner to conjecture that this system is, in fact, integrable

( J.Ford,

S.D.Stoddard, and J.S.Turner, Prog. Theor. Phys. 50, 1547 (1973) ).

Shortly afterwards it was proved that that is indeed the case

( H.Henon,

Phys. Rev. B9., 1921 (1974), H.Flaschka, Phys. Rev. B9_, 1924 (1974) ). Once
again the heuristic use of the computer stimulated a mathematical
discovery.
Another example of this heuristic use of the computer is the case of
Lorenz model. In the early 60"s, there was considerable interest in the
field of meteorology to obtain a dynamic model which could illustrate the
"statistical" fluctuations and behavior of weather patterns. One physical
system

that was considered as a simple model involved the fluid motion

between a hot lower plate and a cooler upper plate, illustrated

in the

figure.

To

oneThe equations which described

this fluid motion are, of course, the

Navior-Stokes equations, which are PDE. By a series of approximations,
which I will described

in greater detail when we consider strange

attractors, this series of PDE was reduced to a model involving only three
ODE. These three ODE can be represented as follows.
x = -10 ( z - y )
y = rx - y - xz
z -- -(8/3)z + xy
where r is control parameter for this system, r represents the temperature
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difference between the lower and upper plate, AT . »'hen r is greater

than

£5, Lorenz discovered that the solutions of these equations have strange
attractor characteristics. I will discuss this system in ereater detail in
a later lecture. In the present case, that strange attractor belongs to an
autonomous system, instead of a nonautonomous system, as in the case of
the studies of Cartwright, Littlewood and Levinson.
Yet another example of the heutristic use of computers has been in
the studies of bifurcation sequences of maps, which has led to the
discovery of what is sometimes called "universal" properties of these
bifurcation sequences. There are two different forms of such universal
properties. One is a qualitative property which was discovered by
Metropolis, Stein and Stein, and later a quantitative form of universality
was discovered

by Feigenbaum. These forms will be discussed in greater

detail when we consider the logistic map. To some degree the mathematical
basis of these properties have been discovered, but there remains some
basic questions about the mathematical origin of

these

universal

properties. Also in the numerical studies of Lorenz, he uncovered a new
type of map which allowed him to establish the fact that the system had no
stable periodic solutions in region slightly above r = 25. The use of this
type of map has now been extended and applied by many other people in the
study of chaotic dynamics.
Thus the list of the heuristic uses of computers is quite impressive
in recent years, and outline is in the following table,

Ttie heuristic

use of computers (helping to learn and discover)

Vie FPU study

— Kruskal-Zabusky numerical solutions of KdV.
Noninteracting effect
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of soli tons

— the geneology of the Inierse Scattering
Transformation - a mathematical result
Numerical studies of Poincare's surface of section
— If always regular intersection surfaces, then
integrable ? (Ford, Stoddard, Turner)
— Mathematical proof of the integrubility
of Toda Lattice
Numerical studies of the bifurcation sequence of maps
— "universal

properties"

qualitative-Metropolis, Stein, and Stein
quantative-Feigenberg
-> mathematics? some: e.g. , renormalization analysis.
Numerical studies of new "maps'
— Lorenz's prediction of strange at tractor

Now, in the time remaining, let me just mention briefly a few of the
more recent investigations. One of the problems of long-standing interest
is the onset of turbulence. Following the early work by Kolmogolov, and
his famous spectrum of turbulence, Landau suggested in the 50's that, as
one changes a parameter, turbulence is the end result of the continually
increasing complex motion. Therefore, initially the dynamics begins as
simple harmonic, and then this splits into dynamics with two frequencies,
and then to dynamics with three frequencies and so forth. Turbulence is
then viewed a the result of this ever-increasing complicated

type of

almost-periodic motion. This picture of the onset of turbulence contrasted
sharply with what was suggested by theorem discovered by Ruelle and Takens
in 1971 ( D.Ruelle and F.Takens, Comm. Math. Phys. 2Q, 167 (1971); ibid.
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23, 343 (1971) ), and developed further by Newhouse, Ruelle and Takens in
1978

( S.Newhouse, D.Ruelle, and F.Takens, Comtn. Math. Phys. 64, 35

(1978) ). The theorem states essentially the following.

Neuhouse, Ruelle, Takens theorem (1978)
For nearly all systems
x = Fix)
whose solutions lie on an n-dimensional torus, V

(i.e., quasiperiodic

motion involving n frequencies), most "nearby" systems
x = F(x) +6F
have a strange at tractor, provided that n > 3 .

What this theorem establishes is that for most dynamical systems, if
a system goes through a series of bifurcations from one frequency
frequencies,

to two

(quasiperiodic motion), then the next bifurcation is 'most

likely" to lead to a strange attractor, rather than quasiperiodic motion
involving

three or more frequencies. What this theorem does not prove is

that it necessary holds for the Navior-Stokes equations or any specific
form of ODE. It simply establishes that for most such dynamical systems of
OD equations, the bifurcations will tend to lead to a strange attractor
behavior, rather

than quasiperiodic motions involving

three or more

frequencies. There is, in fact, some experimental evidence which tends to
confirm

the idea that higher order quasiperiodic motions do not occur in

many systems. There is however a good deal of controversy about what these
results mean, and undoubtedly
concerning

there will

be many more investigations

the way in which chaotic motion and

established as some control parameter is varied.
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turbulence

become

Unfortunately, in the course of these lectures, I will not have an
opportunity to discuss several other important areas which you may not be
familiar with, but which stand

'off stage" ready to enter into the

mainstream of the theories of nonlinear dynamics. One of these areas is
the controversial area of elementary catastrophe theory, which owes its
birth to Rene Thorn. This theory has received some very sharp criticisms,
based largely on the fact that some of his disciples have applied this
theory in a rather grand and casual fashion in a variety of situations
( H.J.Sussman, Science 19Z, 821

(1977); G.B.Kolata, Science 196, 287

(1977); S.Smale, Bull. A.M.S. 84, 1360

(1978) ). The theory, however,

should not be judged on the basis of misapplications of its principles,
but should be considered more on its potential merits in the future ( For
visions of the future, seft: R.Thorn, Structural Stability and Morphogenesis
(Benjamin, 1975) ). I have included here a very brief outline of the ideas
of elementary catastrophe theory, but I will not have any opportunity to
discuss it.

Elementary Catastrophe Theory
( For example, see: I.Stewart, Catastrophe Theory in Physics, Rep. Prog.
Physics. 45, 185 (1982) )
Is restricted to gradient systems whose equations of motion are
x = -VV(x,c) = F(x,c)
C- control parameters
The fixed points ( i = 0 ) are the extreme of V(x), V V = G .
The essential point is that: For most functions. V(x,c), the fixed
points are structually stable. Let x* be a fixed point of F(x) so
F(x*) = 0. Now change F(x) — Fix) + SF(x) . What is the new fixed point
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x* + Sx* ? Assume 5x* is small for small SF

( structually stable fixed

point), then
fj(x+) + 5x*- (dFj/dx)x* + 6F<ix*) = 0
This can be solved for 6x* ( and hence it is proportional to SF(x*) )
provided that

det

| |£i |s det | _*?£_ I

# 0

For most functions V(x,c), at their extreme, where
V V(x) = 0

,

they satisfy

Hence most gradient systems have structurally stable fixed points.
However, at particular values of the control parameters we can have

This set of control parameters is called the catastrophe set, K.
Finally, a mathematical structure is obtained by studying those K-sets
which are themselves structurally stable. This leads to the classification
of K-sets. such as "folds", "cusps", "butterflies", etc., depending on the
dimension of the control space.
Another area which is drawing increasing attention is cellular
automata. This, as I mentioned before, was originally developed
Neumann and Ulam

in the

by von

'50's, and in recent years, has received an

increasing amount of attention in the nonlinear dynamics community. Once
again, I am including a very brief summary of this interesting area. For a
recent collection of many interesting ideas in this area, see Physica 10D.
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1984 (Cellular Automa; eds. D.Farmer, T.Toffoli and S.Wolfram).

Cellular Automata - the dynamics is entirely
Time is discrete
Space is discrete

discrete

(like map dynamics)
(cells,

or lattice

points)

Functional values in cells are discrete

and finite

number (/().

One-dimensional case:

F: transition
Possible values:
quiescent

function',

r'- range of

interaction

Xj=0,l,...,K-\

(vacuum) state:

{XJ=O) , F(0)=0

One advantage: there is no round off

error

dynamics is

exact-conserved

quantities are conserved.
Famous example: "Game of Life"

(Conway, 1971)

r = 1, K = 2
Tuio-dimensional
Let Y[

= the sum of

the eight

neighbors

NW N NE

w C
sw S

E
SE

c(t)

i/S = 2

0

i/ £ < 2 or X] > 3

1

i/ I = 3
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of C(t)

(modulo

2)

Question; Ts cellular automata a better description of nature than
differential equations?

The last question which is raised in that summary is potentially of
great importance. Feynman has remarked that one of the things that has
always bothered him is that our

theories are based on differential

equations, which require an infinite amount of inf _>rmation in

an

infinitely small region of space or time. It's difficult to understand why
nature requires an infinite amount of information in an infinitely small
region, in order

to proceed

to the next step (this is, of course, a

paraphrase). The theory of cellular automata on the other hand, does not
require such infinite amounts of information, and in this respect would
seem to be (perhaps) closer to what nature needs in order to carry out its
dynamical mission. One could discuss a number of aspects of this point of
view, if we had time, which unfortunately we do not, so I will have to
leave it at that,

(see, e.g., articles by Magolus, Vichniac, and by

Toffoli in Physica 10D.)
One of the final ideas I would like to bring to your attention is the
very

important studies in the future concerning the relationship between

the coherent dynamics on the one hand, and chaotic dynamics on the other.
In complex systems, both types of dynamics undoubtly exist. We already
have some clues about the ways that can occur, even in simpler systems. We
have, for example, the cases of intermittency in time, in which almost
periodic motion is broken up by chaotic periods, only to return again to
almost periodic motion, and so on. This is illustrated in the following
figure.
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.I

•periodic

«r«.
On the other hand, we can have apparently coherent "islands' of motion
a

troubled

sea

in

of chaos, such as in the case of the Poincare surface of

section, which we have already seen. That's illustrated in

the

following

figure.

"ChitoTxc"

There

are

also

examples

of

small

amplitude

chaotic

essentially on the top of the larger scale coherent
for

example,

in

the

turbulent

state

motion existing

motion.

This

occurs

of Taylor vorticies which I will

discuss later. A really intriguing area is the possible role of chaos, or
what

we

understand to be chaos, in the maintenance of coherent dynamics;

that is to say. whether or not "chaos" may
requirement

for

some

coherent

dynamical

be

in

motions.

example of this is shown in the following figure.

- 48 -

fact

be

a

necessary

A somewhat fanciful

Here we have a case of many complicated motions which go on in the brain
and the digestive system, which from our present point of view and state
of knowledge may appear quite chaotic, but which in fact have a direct
bearing on the organized motion of the system whole. I will show you later
another nice example of

"chaotic" and "coherent" brain dynamics which

contradicts our intuition and elementary conceptions of these terms. We
are only beginning to probe this rich area of dynamics.
A perhaps even more whimsical

description of our present lack of

knowledge and possible future discoveries, is given in this quotation from
Feynman's Lectures in Physics:

'The next great era of awakening of human intellect may well produce
a method of understanding the qualitative content of equations. Today we
can not. Today we can not see that the water flow equations contain such
things as the barber pole structure of turbulence that one sees between
rotating cylinders. Today we can not see whether Schrodinger's equation
contains frogs, musical composers, or morality - or whether it does not.
We cannot say whether something beyond it like God is needed or not. And
so we can all hold strong opinions either way'

In this lecture I have attempted to give you some idea how a few of
the concepts in nonlinear dynamics developed during the past century. One
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of the main points which is clear is the important role which was played
by the exchange of ideas between the various branches of science, the
mathematical community, and the maturing area of computer science. The
dynamics which we are beginning to attempt to describe and analyse is too
sophisticated to be left to the ingenuity of any particular group. We all
need

the help of others in this adventure. The inbreeding, which von

Neumann warned about in abstract mathematics, applies as well
subfield of science, and we need

to guard against

to any

this scientific

provincialism. Besides, and this is probably the essential point, it would
be madness to remain isolated when there are so many exciting ideas, both
old and still fermenting, which can expand our insight into Nature's
wonders.
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APPENDIX
CONCEPTS RELATED TO NONLINEAR DYNAMICS
A HISTORICAL OUTLINE

The Analytic Period (before 1890) - characterized by the search for analytic solutions and perturbation methods;
searches for integrals of the motion, particularly time independent, algebraic integrals.
Main areas: Classical mechanics, celestial mechanics - Newton, Euler, Lagrange, Laplace, Jacobi, et.
al..

Hydrodynamics

- e.g.,

Rayleigh (who briefly considered limit cycles and bifurcation

concept) Kinetic theory of gases - Boltzmann
complexity

arises

from

the

interaction

equation: stosszahlansatz

(implied

concept:

of many particles); the H function, statistical

concept of entropy.
S. Lie (1879-1900) - A general principle
equations,

by

for

obtaining

integrals

of

nonlinear

partial

differential

determining the invariance properties under a continuous group (Lie groups);

most frequent application is invariance under some scaling ("similarity transformation")
Relevant abstract mathematical concepts: Non-Euclidian geometry; set

theory; Cantor

sets;

transfinite

numbers; The continuous, space-filling curves of G. Peano; Painleve transcendentals.

Three_Ji_is.torica,l_the_or_enis:
Bruns_ __',.! 887.1: The

only

independent
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algebraic

integrals of the motion of the three-body

problem (which has 18 integrals) are the ten
momentum,

'classic integrals"

(energy, total linear

total angular momentum, and the time-dependent equations for the motion of the

center of mass).
Poincare (1890): If the Hamiltonian of a system, when expressed in terms of action- angle
variables (J,0), is of the form H(J,O,A.)=//oU)+W\ (J.0) . where H\(J,8) is periodic in every
&i (.i-],. . . ,/V), and if the Hessian does not vanish

identically,

| d2Ho/d J;d4| # 0 , then

there exists no analytic, single-valued integral of the motion, I(J,9,l) = X L ^" In(J>6) >
which are periodic in G, other than the Hamiltonian, II(J,B,l).
Painleve H 8 9 8 K The only independent integrals of the motion of the N-bodv problem, which
involve the velocities algebraically (regardless how the spatial coordinates enter), are the
classic integrals.
Stability of motion - results of A.M. Liapunov (1892)
Korteweg and de Vries demonstrated the existence of finite amplitude solitary water waves
(1895)
POINCARE

(during

1880 - 1910): Emphasized the study of the qualitative, global aspects of dynamics in phase
space; developed topological analysis: generalized bifurcation concept: introduced
in Bhasg space

mappings

(difference equations); surface of section: introduced rotation numbers of

maps; index_of_a_clos.ed_curve in a vector field; initiated the recursive method of defining
dimensions (influenced by Cantor and Peano).
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Whittaker

obtained

the

adelphic

integrals

for

coupled

harmonic oscillators, where the

integrals are nowhere analytic functions of the frequencies (1906)
Mathematics: the theory of dimensions
theorems

(Brouwer,

(Poi-ncare, Brouwer,

Poincare-Birkhoff);

Menger,

Hausdorff,

et

al.); fixed

point

the development of topology, differential geometry

(Backlund transformations);
Birkhoff studied the abstract dynamics of analytic
the

various

sets,

categories

hyperbolic

and

of

asymptotic

elliptic

fixed

one-to-one

transformations,

emphasized

sets (alpha and omega limit sets, various periodic
point

neighborhoods,

recurrent

motions

of

a

discontinuous type, etc. )
1920 - 1930

Numerical

computations

by Stormer, and students (!), of the dynamics of solar particles in

the dipole magnetic field of the

Earth

(a

nonintegrable

system),

during

1907

-

1930.

W.C.Bray first observed chemical oscillations (1921 )
E.Fermi

attempted

to

generalize

Poincare's

theorem

in

order

to prove ergodicitv. JJhe

averaging method of perturbation theory is further refined (Bogoliubov-Krylov-Mitropolsky)
Mathematics: The introduction of the concept of structural stability of equation of
and

Pontriagan

(1937);

gradient

motion

by

Andronov

dynamics; symbolic dynamics; embedding concepts; logical

foundations (K.Godel, 1931); computational foundations (A.M.Turing, 1936)
Van der Pol: the

extensive

perturbation

study

of_Jjjn_it

cycles.

reJ^xaiion__Qscll_laLtions,

leading

to

singular

theory^. Studied the forced van der Pol oscillator with van de.- Mark; observed
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suhharmonic generation, hysteresis, Ineisyj regions, in parameter space. A variety of
bifurcation phenomena.
Kolmogorov's spectrum for the case of homogeneous turbulence.
THE DIGITAL COMPUTER: THE ENIAC, built at the Moore School of Electrical Engineering, the University of
Pennsylvania (1943-46)
The studies of Cartwright and Littlevood, and of Levinson (around 1950): Gave a mathematical
19_5Q

proof that the forced van der Pol oscillator has a family of solutions which is as "chaotic"
as the family of all sequences of coin tosses: a dynamical example of Birkhoff-s abstract
discontinuous dynamics; the first demonstration of the existence of a

(later called)

"strange attractor'.
Von Neumann: Investigated the problem of self-reproducing

automata: with Ulam, introduced cellular

automata, whose dynamics is exact (no roundoff errors). He emphasized the heuristic use of
computers, to discover general dynamic characteristics.
S. Ulam: emphasized the interaction between man and computer ("svnergesis"): looked for the
asymptotic properties of certain nonlinear maps; studied the growth of patterns in cellular
automata.
The Hopf bifurcation: a local bifurcation from a fixed point to a limit cycle.
The Fermi-Pasta-Ulam computer study of lattice dynamics: the search for relaxation to equilibrium; found
no simple relaxation (non-Boltzraann, non-Fermi), but nearly behavior
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(simple motion in a

"complex" system 1. This is known as the FPU phenomena.
The Kolmogorov-Arnold-Moser

theorem: proves that, for a special class of solutions of systems whose

Hamiltonian satisfies Poi neare's theorem. a canonical

transformation exists to

new

action-angle variables, when the Hamiltonian is weakly perturbed; this class contains most
solutions, as the perturbation tends to zero: most tori which are ergodically covered by
solutions only become distorted, but not "destroyed", by sufficiently small perturbations;
these tori are preserved in phase space. The preserved tori are known as KAM surfaces.
Von Neumann's proof of the existence of universal, self-reproducing automata; manuscript
completed after his death (1957) by A.W. Burks.
Mathematics: Kolmogorov-Sinai concept of dynamic entropy; concept of mixing; Arnold's "cat map':
Smale's

'horseshoe map"

(inspired by strange attractor dynamics of the forced van der Pol

Oscillator).
1960

The computer studies of the continuum lattice (Korteweg-de Vries equation), by Kruskal and
Zabusky, inspired by the FPU phenomena: rediscovery of solitary waves in nonlinear
dispersive media; discovery of

"soliton"

(stability)

property

in

multiple-soliton

configurations; nonlinear "basis" set.
Coherent,

periodic

oscillations

in

oscillations; low dimensional attractor
chemical compounds).

- 5 -

chemical

systems - the Belousov-Zhabotinskii

in a high dimensional

phase space

(around 30

Computer study of the Benard problem by Saltzman; the discovery of sometimes 'erratic'
dynamics in solutions of the Navier-Stokes equations.
The Lorenz equations: an ordinary differential equation approximation of the Navier-Stokes
equations for the Benard problem. Solutions biffurea te to "chaotic dynamics' - a *,« ^ranee
attractor' in an autonomous system. Also has homoclinic orbits, "perturbulence'• and stable
limit cycles.
The bifurcation sequence of general one-dimensional. single-maxima maps of the interval into
itself (Sharkovsky, 1964).
The logistic map, developed in biology; period-two bifurcations, chaotic regions, windows of
periodicity.
Inverse cascading (to shorter wavelengths) in two-dimensional hydrodynamics.
The breakup of KAM surfaces: the area preserving map of Henon-Heiles, motivated by
astronomical problem. The estimates of breakup, based on overlap of resonances, by Chirikov,
The development of the concept of fractral structures - sets with fractional dimensions - by
Mandelbrot.
The introduction of the concept of topological entropy.
The heuristic use of the computer, by Codd,

to simplify von Neumann's

self-reproducing

automata.
Castrophe theory, both elementary and general, as visualized by R.Thorn; in part, a study of

the structurally stable sets in parameter space where a system is structurally unstable(l);
many ethereal and imaginative generalizations are visualized by Thorn.
The Inverse Scattering Transformation, due to Gardner, Greene, Kruskal, and Miura: a method for obtaining
the general solution of a particular Cintegrable") class of partial differential equations;
this discovery proves that not all analytic methods have been discovered!
The proof of the existence of Liapunov exponents for systems of ordinary differential
equations (Oseledec, 1967).
1970

The school of "Synergetics" becomes more formalized, and expanded, by Zabuslcy,
Haken, et. al..
Solitons found in the discrete Toda Lattice.
Computer and Poincare map used to test for integrabilitv: Ford predicts the Toda lattice is
integrable.
Toda lattice is proved to be intearahle - but no use is made of all those integrals of the
motion, even when they are known explicitly! Why not? Better yet, how? Are they
"macroscopically controlable"?
"Direct method" of obtaining soliton solutions - another analytic method, by Hirota.
Strange attractor in the two-dimensional map of Henon's; explicit example of Birkhoff's
dynamics.
Ruelle-Takens introduce the "strange attractor" characterization and definition
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(variously

modified later).
The cellular automata game of "Life" is invented by J.H. Convay. Qualitative "universal"
features of the bifurcation patterns of many one-dimensional

maps is discovered by

Metropolis, Stein, and Stein.

Solitons found in many partial differential equations: generalizations of the inverse
scattering transformation (Zakharov-Shabat, Ablowitz-Kaup-Newel1-Segur)
The logistic map is "discovered" by many people, thanks to the article by R.May (1976).
Quantitative "universal" features are discovered in the bifurcation sequence of the logistic
and similar maps, by Feigenbaum; importance of renormalization concepts.
The dvnamo problem: advances are made in the self-consistent theory of geomagnetic dynamics;
simplified models immitate the chaotic flip-flop of the Earth's magnetic field

(Lorenz

equations).
Experimental determination of bifurcation sequences in hvdrodvnamic systems (Gollub-Swinney,
Ahlers, et. al.) spatial patterns, intermittent spatial patterns; bifurcation

sequences

differ from theoretical "generic" predictions.
Protein molecules: possible soliton energy transmission (Davydov); experimentally determined
"fractal dimension" (Stapleton, et. al.).
The semi-periodic dynamics of the logistic map- similarity with weather "periodicity".
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The homoclinic bifurcation in the Lorenz system - "preturbulence".
The Newhouse. Ruelle, Takens theorem - roughly, most systems which are nearly the same as
system

whose

dynamics

consists

of three or more periodic components, will have a strange

attractor. This suggests that the bifurcation sequence to chaos is from a
periodic,

then

doubly

a

fixed

point,

to

periodic, and then "turbulence" (a strange attractor). This theorem

was preceeded by the Ruelle-Takens theorem (1971).
Con lecture on the relationship between the capacity of an attractor and the spectrum of

the

Liapunov exponents (Kaplan and Yorke, 1979).
The possible relationship between the Painleve property and integrability.
I960

Theorems concerning attractors in infinite dimensional systems.
Conjectured criteria concerning the breakup of KAM surfaces in the standard map.
The possible use of embedding concepts in chaotic dynamics.
Experiments

on

the

bifurcations and possible chaos in homogeneous chemical oscillations -

embedding dimension of attractor.
The study

of

the

KAM

breakup

in

the

standard

map

using

renormalization

methods

-

Kadanoff-Greene-Mckay.
Studies of "soliton" interactions in higher dimensions.(Yajima, et. al)
Nonlinear (3D) instability of Poiseuille flow in the'Navier-Stokes equations.
Cellular

automata studies - spatial patterns and growth; self-reproduction which is simpler
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than "universal" type, but not trivial; statistical characteristics of dynamics.
'non-universal * behavior

of bifurcations in solid state devices, etc.; experimental

dimensions of chaos.
Generalization of Hirota's direct method - analytical extensions of soliton solutions.
Reversible cellular automata: has the maximum number of constants of the motion; is it a
basic description of nature? Can quantum phenomena be described

in a cellular automata

scheme?
Map_g: reverse bifurcations; non-Schwartzian maps; catastrophe-like maps in higher parameter
space.
Nondiffusive behavior in the chaotic region of standard map - "sticky island" effect.
Topological character of the homoclinic bifurcation in the Lorenz equations.
Spatial order vs. temporal chaos", spatial pattern competition leading to chaos.
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LECTURE II
The Logistic map

In the first lecture of this series I attemped to give a historical
sketch of the development of some concepts which have been found

to be

useful in analyzing nonlinear dynamics. I particularly wanted to emphasize
the importance of the interplay of empirical observations, mathematical
concepts, and finally computer heuristics ( or "synergesis", using Ulam's
terminology ). It is going to be increasingly important in the future
development of nonlinear dynamics that we remain aware of the new ideas
and phenomena discovered in each of these areas. In a two hour lecture I
was able to discuss only briefly some of the fundamental concepts, due to
Poincare, Birkhoff, Andronov and Pontriagan, Cartwright and Littlewood,
Levinson, von Neumann, Ulam, Fermi, Pasta and Ulam, Kolmogorov, Arnold,
and Moser. I did not have time to say much about more recent applications
and advances. In the following lectures I plan to expand upon these
historic ideas and to give some indication of the more recent discoveries
and speculations, which probe further into this unexpected world of
dynamics that we are discovering.
Perhaps the simplest introduction to complex

"dynamics', which

retains some possible connection with the real world, is the logistic
map("dynamics' now, of course, in the discrete time step sense). In
contrast with Birkhoff's analysis , the logistic map is one-dimensional
I,,*I = F(x,,,c) (0< Xk i l ;

(c'-control parameter)

so that it maps the interval (0,1) into itself. By a "map" we mean that
for each value of i,, the function F(xn,c) gives only one value of xn«i
(

there is a unique future point ). If F(x,c) # F(y,c) when x =v y , then
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the map is called one-to-one. This means that no two distinct
into

the

points

map

same ("future") point. In particular all of Poincare's maps are

one-to-one, and Birkhoff restricted his analysis to such maps. All of

the

Poincare maps are one-to-one, because of the uniqueness of the dynamics in
either phase space or his extended phase space. Other maps,
be

two-to-one

however,

may

( or many-to-one ) if two ( or more ) points map into the

same point. This can only occur from dynamics by using some form of higher
order

projection

about the

basis

approximately

than
of

valid

was

done by Poincare. We really do not know much

many-to-one
when

maps,

but

they

are

believed

to

be

describing complex systems, (e.g., biological,

social, economic, turbulent, etc.). Graphically these ideas look like:

The logistic map is not one-to-one, but rather two to one (two points
can

map

into

the

same

point), and this gives rise to very interesting
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dynamics ... but that is getting ahead of the store. The "story", by the
way, is told in a very enjoyable fashion by Robert May in his article
"Simple Mathematical Models With Very Complicated Dynamics", Nature 261,
459

(1976). I recommend that you read it, since I will not have time to

discuss some of the aspects he mentions. This article was responsible for
many of us more ignorant physicists "discovering" the intriguing world of
"simple chaos".
As I mentioned, the logistic map is two-to-one map, and hence is not
a Poincare map. It is not surprising therefore that its "geneology" comes
from a different branch of the "emperical sciences"

( in the broadest

sense) - namely the dynamics of populations, economics, evolutionary
interests (Darwin), and biology. I will discuss very briefly this origin,
because it makes the map more recognizable as a model of a part of nature.
The idea that the population at one generation is proportional to the
population in the last generation
P U + 1 ) = a P(t)
dates back to at least the very influential article by Rev. T. Malthus,
"An essay on the principle of population as it effects the future
improvement of society" in 1798! This, of course, leads to an exponential
growth in population
P(t) = P(0) a(
if

( a > 1 or decay, if a < 1 ; so a = 1 is a bifurcation value). This

exponential growth, when coupled to a' linear growth in food supply
/(i+1) = f(t) + A,

leads to some pretty grim predictions about the

future. Another possibility, however , is that a decrease in the food
supply will reduce the urge to reproduce - that is, will decrease the
reproduction rate, a. Perhaps, as others have suggested, the people (or
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fruitflies, etc.) are simply shy, which accounts for the decrease of the
reproduction rate with increasing population. For example, we might have
a = c ( l - p ) , s o that
p(t+l) = c ( 1 - p(t) ) p(t)
where p is normalized so that a( p=l ) = 0. This is the logistic equation.
We will write the logistic, equation in the form
xnf\ = c xn ( 1 - xn )

(0 =S xn i 1).

This is a one-dimensional

map of the interval f 0 . 1 ]

into itself,

provided that 0 S c ^ 4 . It is also a difference equation. Note that if
we consider the logistic differential (rather than difference) equation

r

-

x
then

x(t) =

v + ( A/xo -

II

) e,-u

The nonlinear effect in this case produces a saturation, but nothing more
interesting.
The interesting dynamics of the logistic equation corresponds

to the

unstable approximation of the differential equation by a difference
equation.
To determine xn+i , we graph the function cx(l-x) vs. x
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CZ(i-X)

; Note that c < 4 in order for x,,»i ^ 1 for all n ). We note that a fixed
point, x*, is one which maps into itself, x* = Fix*) (see the following
figure).

For larger values of ~, an initial value, JO , near x* moves away from it
- the fixed point is unstable. When is x* = F(x*) a stable fixed point? To
determine this, set
XQ = x* + A
Ihen

(A:

small).

xi = F(i 0/ -= F( x* + A } ~ F(x*) + A ( dF/dx V
= x* + A ( dF/dx )x-

Also

A = XQ - x*, so

I X|_~ i* I _ I , d_F , ^ I
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This ratio is less than one ( so x* is stable : if

For the logistic case, F = cx(l-x). so

x* = c x* ( 1 - x+ ) or x* = 1 - i
c
which is stable if
c i, 1 - 2 .i* ) | < 1 or 1 < c < 3 s C|

.

If c > C] - 3 . the fixed point of F(x) is unstable, and points are mapped
toward

two other points xj\ xz { if c is not too large - see below . Thus

! X|, .12 ' are in the u-limit set ; in Birkhoff's

terminology':

in this

case.

The period two points of F(x) are now
F;i\) - x$

and F(X9) = xf

which is the map equivalent of a limit cycle in differential equations. We
can write the "two-step" mapping function as
F--x)

- /MF(I)) ,

and determine the behavior of this function of x. If you work this out you
wi'l

discover

that

it has two maxima, as shown above, xi are the fixed
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points of F~ (a) ,
F2(x£) = 4

( fc = 1. 2 )

These are stable if c > ci . ( i.e., c is not too large

). This can be

seen from the fact that the xjt- are near the place where dF2/di

is nearly

zero, hence stable. F2{x) has another fixed point - the fixed point of
F(x), and it is unstable ( labeled U above ). Now it can be shown that, if
(xo. xi,....xn] are period-n points of F(x), then the slopes
I d F"/dx L t

( k = 0,...n )

are all equal. Thus if one fixed point goes unstable, all become unstable,
| d F"/dx |1|c > 1 . In the logistic case F2(x) is given by
F 2 (x) = F(F(x)) = c • cz(l-x) [ 1 - cx(l-x) ]
which is getting complicated ( plotted above ). As c is increased further,
the slope of F 2 (x) at the fixed points

( x|, x*> ) increases, and they

finally become unstable at some c = C2

fc=l,2 )

c > c2

In the case of the logistic map, we find that c 2 = 1 + 6I/2 ~ 3.45

For

f

c ;> C2 most points are mapped toward the fixed points of F (x). which are
stable

( indicated by S in the figure). That is, the asymptotic limit set
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of most points is this

set

asymptotic

) set of points toward which most points tend as a

( co-limit

with

period

four.

function of c (see the figure). This begins with
bifurcates

into

We

can

one

then

fixed

plot

point,

the

then

two (period-two) points at c = c\ , which then bifurcates

into £? = 4 points at

c = cz • This

bifurcation

diagram

looks

like

a

sequence of (farmer's) pitchforks. Sometimes the unstable center points of
the pitchforks are also indicated by dashed curves ( as shown )

To repeat, the asymptotic ( stable ) motion of most points is:
period 1 i/ c S cj ; period 2 if c\ < c i cz ; period 4 = 2 s if cz

< c ^ C3
Generally we

have

period

2"

if

c, < c s cn<.\ . These

are

sometimes

referred to as " period-two " bifurcations. An important feature, which is
certainly not obvious, is that the bifurcation values, cn , have

a

limit

less than 4 as n goes to infinity,
lim cn = c M

< 4

( cn clearly can not be greater than four , but the limit might be four ).
In the case of the
computer

studies

logistic

map,

it

is

-

- A 8~

that

c«, ~- 3.57.

From

Feigenbaum (J.Feigenbaum, J.Stat. Phys. 19, 25 (1978) )

discovered that, for large n,

C

found

( n

) or

- 8

lira - ^

£=- = 6 -

n — co C n <-2

4.6692016091...

Cn-r\

At present there is no theoretical ( analytic ) derivation of this number,
but only a numerical determination. This result is frequently said to
yield a quantitative form of " universality", because this 5 " must appear
as a natural rate in oscillators, populations, fluids, and all systems
exhibiting

[ An infinite ]

period-doubling

route

to

turbulence"

'According to Feigenbaum, 1983). That is, the " universality " is for this
class of systems, and not all systems behave this way, as we will see.
Thus the terminology

" universal " is rather grandiose, and should be

understood to be less than truely " universal ".
The occurrence of an infinite number of period-doubling

bifurcations

depends on F(x) having a negative " Schwarzian derivative " everywhere.
The Schwarzian derivative of F(x) is
{ F, x } = ( d3 F/dx3 ) / ( dF/dx ) - | ( ( d2 F/dx2 )/( cF/dx )]2
Singer (1978) was the first to note the importance of 1 F, x }. He proved
that, if (a) d3F/dx3 exists and is continuous, and (b) F(0) = F(l) = 0,
(c) dF/dx = 0 only at one point x, , in ( 0, 1 ] , and (d) {F, x ) < 0
everywhere in ( 0, 1 ] , then there is at most one stable periodic
solution of xnf\ = F(xn), and its basin of attraction contains x,. We'll
use this theorem later.
Next we will examine the structure of the sat of attracting points
( the period 2" points ) in the limit n — =°

( c -> cTO ). To do this we

first need to discuss what is a Cantor set. To illustrate a Cantor set
take the points in the interval [ 0, 1 ]
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First of all discard the points 1/3 < x < 2/3

( the middle third ),

leaving the two intervals indicated here.

Next we discard the middle third of each of these two parts, leaving the
four intervals shown here.

Continuing this process, yields next

The set of points which remains after an infinite number of such discards
is called the Cantor "middle-third' set, C(l/3). Note that the end points
of the intervals are not discarded in this process, so there are points
which remain after an infinite number of discards.
Some of the properties of this set are:
1) Every point in C(1/3) is a limit point of the set. All limit
points are in C - this is called a "perfect set".
2) The set is nowhere dense in [ 0, 1 ] . i.e., in any interval,
there is a subinterval which does not contain a point of C.
3) On the other hand, the usual measure of various Cantor sets can be
anything between zero and one ( the set C(l/3) has measure zero, because
the intervals which are discarded add up to one.). The "fat" Cantor sets
( which have a non-zero measure ), might have some physically
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measurable

properties - this gets into a large ( and important ) area, namely the
relationship between mathematical
which is generally

concepts and empirical measurements,

ignored, and which we likewise do not have time to

explore ( this is one of the recent concerns in the area of cellular
automata, and fundamental

descriptions of nature, which I mentioned

briefly in the last lecture).
One of the properties of sets which might be of empirical interest is
their capacity. What is fic for the Cantor middle third set?

If we take c = ( 1/3 ) 2 . then we know that we can cover all points in
C(l/3) with four such cells, so n(e) = 4. Reducing e, we can cover

the

3

points in C(.l/3) more accurately. For example, taking c = ( 1/3) , we see
that we can cover the points of C(l/3) with eight cells.

Therefore, if e = (1/3) 3 , then we have n(c) = 8 = 2 s . Continuing

this

reduction of e, we find that, if we take
£ = ( 1 / 3 )k, then n(e) = 2* .

Using the definition of capacity, we find that
«••.'-'".

0

Since c(l/3) is simply a set of points, its topological dimension, Dj , is
zero. Since DL > 0, ( Dc > DT) • this set is an example of what is
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frequently called a "fractal" ( the terminology is due to Mandlebrot, see:
B.B.Mandelbrot, The Fractal Geometry of Nature (W.H.Freeman, 1982) ).
The above Cantor set has a special
Cantor

sets

property

( not

to

be

larger

by

a

by

then

all

scaling

lie

on

the

all

factor (3) k , then these two points can be

located at 0 and 1. All the set points which lie between these two
will

to

) namely, it is self-similar. If you take two points of the

set, separated by c = (l/3)fc, and you expand the region,
distance

common

points

locations of the original Cantor set. This is an

example of self-similarity.

If

you

look

at

this

Cantor

set

with

a

microscope, it looks the same as the complete Cantor set.
This

self-similarity

by scaling is the basis of all renormalization

concepts. For example Feigenbaum studied the problem of determining a

map

g(x) which satisfies (exactly) the renormalization condition
- a. cj{ g(x/a) ) = g{x)
i.e.,

both

x and the magnitude of g are scaled. There is only a solution

if a = 2.502907875

and the function g(x), of course, has

a

"wild"

structure. Physical systems are not self-similar at all levels, as in this
mathematical study, but can be approximately self-similar over some
of magnification or reduction.
Now, lefs return to the logistic map when c = cx
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range

This

map satisfies Singer"s theorem (above) so the point x = i« = 1/2

is attracted to the limit set ( period 2", as n - «
figure

r; £ i g i|, and remain there. Next, we see that these points

eventually

the

nearly

all

points

eventually

two region 1 2 S i S X4 and 13 S 1 g 11. Clearly we could

continue this analysis, and find that the points
larger

map

above

the region

into

that

the

into

map

note

). From

eventually

map

into

a

number of smaller regions. At each step of this process we discard

some central regions of

each

previous

interval.

If

you

look

at

our

previous construction of a Cantor set, you will see that it is essentially
the same, so what is left is a Cantor set - but it
Hence,

when

r = c«, .

the

Dc -- 0.5379

for

not

self-similar.

points map asymptotically toward a Cantor set

( not C(l/3), but another Cantor set). It
that

is

this

set.

has

This

recently

is

been

determined

determined

by

numerical

computations, rather than the previous simple analysis.
This attracting Cantor set is what you might call "curious",
is

but

it

not a "strange" attracting set ( in modern terminology ) - because the

Liapunov exponent is zero. Nearby points

do

not

separate

exponentially

fast ( there is no sensitive dependence on the initial conditions ).
The

rate

at

which

nearby

points

separate,

averaged

along

a

"trajectory", depends on the slope of F(x) in the simple fashion,

I - n lim n- 2J In —a ; — —
- °°

k '0

\l: Liapunov exponent for the imp

*k

The behavior of A(c) has been determined numerically (Shaw, 1982), and

is

shown in the following figure; note that l( cTO ) = 0 , as I just mentioned
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Next Question : What type of dynamics occurs when 4 s c > cm

?

Answer : Many types, depending on the precise value of c.
When c > <?„ ( but close to c M

) the Cantor set of points is replaced by

an infinite number of bands which join together in pairs as c is increased
' see the following figure

). This is a form of bifurcation which is

sometimes called "reverse bifurcation" ( because of the decreasing number
of bands). The dynamics

in this region is quite interesting. It is not

strictly periodic, but has values which are randomly located
which are visited

in bands

in a periodic sequence. Lorenz termed this type of

dynamics semi-periodic. It behaves ( for example, in the case of four
bands

) something

like the temperature in the four seasons - there is a

spread in values in each season but the seasonal ranges are periodic each
year. In other words, the value of xn can only be predicted within bands
and x goes through these bands of possible values in a periodic fashion.
In the top figure (below) you can see regions ( of c values ) where there
is one band, two bands, and four bands-the rest you have to imagine! They
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are not resolved in the figure.

The

Top
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Next

in

the list of various types of dynamics, when c > c™. is the

infinite number

of

c-values

where

there

is

stable

periodic

motion,

c = c(P); period = P. The top figure clearly shows the regions where there
are periods P = 3, 5,

6,

and

imagined

is

slightly above c(P), there is another series of

). When

c

others

can

be

seen

"pitchfork" bifurcations, but now they "pitchfork"

( or

from

once

each

of

again,

the

P

periodic points. This produces periodic motions with periods
P x 2**
These

are

( fc = 0,1
called

)

'windows'

windows because the periodic motion is stable in these

regions, so that the mapped points tend toward them
means

asymptotically.

that there is no chaos, and the region looks "clear", like a window

between curtains. In the top figure only the wider windows
but

there

is

can

previous

be

seen,

an infinite number of them. Also when c is in the range of

any window, the Liapunov exponent is negative, or zero at c =
figure,

for

some

examples),

because

points

c(P),

designate

as

c^{P)

(see

do not separate

exponentially when they are periodic. The "end" of each window
might

This

(which

we

) consists of a new Cantor set, with its own

dimension ( S.J.Chang and J.McCown, Phys. Rev. A, Rapid Commun.

30,

1149

(1984)). Just beyond Coo(P) the dynamics again becomes semi-periodic, with
positive Liapunov exponent.
Next, it is important to consider what occurs just "before" a window,
that is when c < c(P) . We first examine what type of bifurcation produces
these periodic solutions at c = c(p). It is not a "pitch-fork" bifurcation
(

which occurs because | dF"/dx \Ik becomes larger than one ), because at

the start of a window periodic points
points,

as

c

increases

do

not

split

into

two

periodic

toward c(P). Instead, a very "chaotic" dynamics

16

"collapes" into simple periodic motion. This type of bifurcation is called
a "tangent" bifurcation, for reasons which will soon become obvious.
The simplest case to consider is the "last and largest' window, the
one associated with period-three dynamics. In that case 1 + */a = c(3).
We now consider

the map F 3 , for a value of c slightly less than

c(3) > 3.828 = c . This function is plotted in the figure.

.3 „

VT*
When c is increased through c(3), the three extrema in the figure cross
the diagonal

( become tangent at c=c(3)). The significance of this

tangency is that three fixed points are "born" out of nowhere - that is,
they are not related to previous fixed points. Since the map is F3 , these
fixed points are periodic points of F, with periodic three.

The

bifurcation scheme is illustrated in the figure. We see that there are
indeed pairs of fixed points, but one of them is unstable

( a

"broken

pitch fork"?). Similar tangent bifurcations occur at the beginning of each
window.
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What is interesting about tangent bifurcations is not
feature,

but

rather

the

new

so

much

type of chaotic dynamics that occurs when

c < c{P', . When c is slightly below e(P) the dynamics exhibits a
which

this

behavior

is called intermittency. When the mapping function conies very close

to the diagonal line, then you can see ( from the figure } that the change
in the value of x is very small for a number of steps. The neighborhood of
the three periodic points for a large number of steps.

In the case shown in the figure, the motion is nearly periodic
33

time

steps

for

about

( that is, eleven cycles ). Then for a while, it will be

entirely nonperiodic only to return to this nearly periodic behavior again
(

and again, etc. ) The "periodic" motion is "intermittent" - it occurs at
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irregular times for an irregular periods of time. The dynamics becomes
near-periodic for longer

time intervals as c approaches c(P). where F3

becomes tangent to the diagonal. This 'approach-to-periodicity', by way of
intermittency, produces a power spectrum

which changes something like

shown.

J/w)

AH.J

where only the primary frequency, UQ , is shown ( not its harmonics, which
are also present ). The side structure may be produced, depending on the
nature of the regularity of the interruption, of the periodic motion.
(e.g., K.Shobn, T.Ose, H.Mori, Prog. Theor. Phys. 71, 458 (1984)). The
more time the motion appears to be periodic, the larger the central
( at t'o

)- whereas the more regular the recurrence of this "periodic"

motion, the more we observe the side structure in S(<a).
motion

peak

Intermittant

is frequently observed in "turbulent" fluids (e.g., The Rayleigh -

Benard system ) and chemical dynamics ( Belousov - Zhabotinskii ), which I
will discuss later.
Let me comment on a few generalizations of the logistic map :
I

) Apparently all maps which satisfy Singer's conditions have the

same qualitative properties as the logistic map, including the "universal"
behaviors.
II ) There

is

a

very

general

theorem,

due to Sharkovsky

( A.N.Sharkovsky, Ukr. Mat. Zh. 16(1), 61 (1964) ) which gives an ordering
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for the coexistence of all possible periodic motions ( all of which may be
unstable ^ for any C°, f.I - I = [0, 1 ] , /(0) = /{I ) = 0, and /(i) has
only

one

root, df/dx - 0. This, however, may be of more theoretical than

practical interest, because most of these periodic motions are

frequently

unstable.
Ill) Some
of

apparently very general qualitative "universal" properties

one-dimensional

Metropolis,

maps

Stein

and

were
Stein

discovered

maps

with

one

number

(. N.Metropolis,

J.Combinatorial Theory 15, 25 (1973)
continuous

a

). They

of

years

M.Stein,

considered

ago

and
a

by

P.Stein,

variety

of

maxima ( not necessary differentiable ). They

then considered ( among; other things ) the values

of

c = c\ , where

the

maximum point, xm , has periodic p
x. = /*"( I,, c*p )
There

is

no apparent physical implication to this - presumably they were

simply exploring various dynamic
depend

on

the

particular

features.

The

values, cj, of

map. However they discovered the curious fact

that the number of different c£ values is 'independent' of F(x)
large

class

of

course

functions.

Specifically

they

found

-

that

for

a

, if

Np = number of values of c*p , then these numbers are

N2 = 1, A/4 = 2 , Afe = 5, Afe = 16
A/3 = 1, A/5 = 3 , N7 = 9 . Ng = 2 8

etc1.

for any function in this large class of functions. Apparently no "use" has
yet

been found for this "universality", but it remains an interesting and

not deeply understood feature of these bifurcations.
the pattern produced by the map of x» when c = c*p
If

f*(Xm.Cp)

> i. c a H the mapping R
< x,, call the mapping L
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They

also

consider

If p = 6, we might observe, for example, the pattern
xl,-R-L~L~R~L-xm
or simply R L~ R L . What they discovered was that the sequence of these
patterns, as c is increased, is common to many map. They called this
sequence a U-sequtnce ("universal", of course!). This sequence ( as c is
increased ) is
R, RLR, RLR3, RLR*, RLR2, RL&LR, RL, etc
Portions of this sequence have, in fact, been observed experimentally, as
I will discuss shortly.
By way of self-adventisement, I might also mention some research I
did with Anders Bondeson, during my visit at the Institute for
Electromagnetic Field Theory

( Chalmers University, Goteborg, Sweden )

this summer. We were interested in seeing what effects might result from
dropping the assumption

that F(x) has a negative Schwarzian derivative.

The point is that, empirically, it is nearly impossible to guarantee that
a measured Fix) satisfies

{ F(x), x } < 0 everywhere. A few percent

change in Fix) can easily produce a positive Schwarzean derivative at same
point. It is a very delicate condition ( as Singer appreciated ). I don't
have time to discuss this in any detail, but I will simply show you
several figures which illustrate the drastic changes which can occur in
the bifurcation scheme, when F(x) is changed by only a few percent.
Clearly this not the old familiar period-two bifurcation sequence - and
many such difference are observed experimentally, as I will
shortly.

indicate

3.2

3.4

3.6

9.4
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Now

let's

return

to reality and consider some experimental

observations. There have been a number of interesting studies of various
chaotic and periodic motions in a variety of physical systems. Many of
these studies have been reviewed, and others referenced, in the issue
"Order in Chaos" ( Physica 7D (1983) ). I will not have time to do these
investigations justice, and I suggest that you look at these articles more
seriously - after all, they are what this research is suppose to be all
about !
One of the areas of general interest is the way systems

"approach"

chaos, that is, the types of bifurcations which occurs as some physical
parameter is changed, leading to some form of
commented
observed

"turbulence". As Swinney

in Physica 7D, the period-doubling route to chaos "has been
in experiments

on

Rayleigh-Benard

convection,

nonlinear

electrical oscillators, acoustics, shallow-water waves, a hybrid optical
system, and the Belousov-Zhabotinskii reaction. At least two or three
period doublings were observed in each of these experiments". While that
is certanly interesting, it is also certainly a long way from the infinite
number

of

bifurcations

which theoreticians dream about in their

calculations. In any case, experimentalists have determined Fergenbaum's 6
value

( assuming

that it exists

) as best they can from this limited

information. An example is shown in the following figures
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0-

-KJ-20 \

-30>-

(From P.S.Linsay Phys. Rev. Letters 49, 1349 (1981) )
They applied a constant frequency signal, with a voltage amplitude

A\ ,

across a RLC circuit, in which the capacitance is highly nonlinear ( a
varactor diode has a capacitance under constant reverse conditions given
by

c - co / [ 1 + ( Vc / .06 ) ]l/2 ,

where Vc = q / c, and "zero"

capacitance in the forward condition ). The sequence of bifurcations in
the power spectrum which he observed as A V is increased is shown in the
figure. The bifurcations begin with the applied frequency, f\ and its
first subharmonics, /i/2. The next bifurcation introduces /i/4 and, of
course, one always has the harmonics of any frequency in nonlinear
oscillations. This continues up through period 16 bifurcation ( frequency

/i/16 , before the bifurcations are lost in noise ( if they exist
"turbulence"

occurs.

Using

these

). and

observed results, he estimated

Feigenbaunfs 8 as shown in the figure. ( compared with Feigenbaum's value
of 4.669... )

TABLE I. Measured value of the convergence rate

threshold
Subharmooic

/./*

(V)

4.

3.2 ±0.02
4.4± 0.1

A/4
0.72 ±0.02

4.5±0.6

A/8
0.16±0.02

A/is

This seems to indicate some relationship between simple maps and these
experiments. It is not clear, however, what this tells you about this
system, except this possible connection with a general ("universal")
behavior. It is certainly interesting, but it could also use some
elucidation.
Other studies of this system have been made by several people. The
following shows some results by J.Testa, J.Perez, and C.Jeffries. (Phys.
Rev. Letters 4a, 714 (1982))
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Here we see the voltage observed across the varactor, Vc , as a function of
the driving voltage, VQ . Certainly one figure has portions which look very
much like the period-two bifurcation sequence of the logistic map, but
then there are other very different regions. These complications can be
presumably be "understood"

in terms of the breakdown of the negative

Schwarzian derivative property, which I outlined, but the details are
certainly

not clear at present. Also, if you look at the lower figure,

which is blowup of a region in the upper figure, you will see that the two
rising

"boundaries" do not meet the two dropping "boundaries" at a single

point. This is another
sophisticated

indication that the system dynamics is more

than that found a simple logistic map. Note that this

complicated dynamics can come about because the system is forced from
outside

the

( it is nonautonomous ). Hence the usual second order dynamical

equations associated
dimensional,

with RLC circuits

becomes

essentially

three

i.e., the dynamics is only unique in the extended phase

space, with its periodic t axis ). It is this 3D motion which

"permits"

the complicated dynamics observed here ( which is possibly represented by
some two to one maps ). They also observed some connection between the,
patterns of voltage peaks (where "on" = R and "off" = L ) , and the sequence
of Metropolis, Stein and Stein universal sequences. The connection is a
little sketchy, but other such connections have also been observed by
Swinney.
Swinney and others have made interesting studies of the complicated
Belousov Zhabotinskii chemical dynamics. Chemical oscillations were first
observed in 1921, but were widely believed

to violate

thermodynamics

hence to be due to spurious effects. Much later, in the '50's and '60's
they obtained respectability through the research of Belousov and
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then

Zhabotinskii.

H.L.Swinney's

discussion of his observations of the

Metropolis-Stein-Stein universal sequence can be found in the Physica 7D
issue - which contains many interesting studies.
Let me mention briefly the research of J-C.Roux and H.L.Swinney in
this issue(pg 57-68) and their observation of intermittency,

illustrated

in the following figures.
11290C
Pot set 187
Nbr of pts =16364

1639

3278

6555
8193
Channel number

9831

The upper figure shows the oscillations of the concentration of a chemical
compound in a stirred reaction container

( the flov rate of injected

chemicals is the control parameter in these systems). The intermittency
which is observed can be immitated by the dynamics of a near-tangent map,
illustrated in the lower figure. For details, see their paper.
I have attemped

in this lecture to introduce you to some of the

dynamic features which are exhibited by one dimensional
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maps,

as

illustrated by the logistic map. In addition I have given an all-too-short
discussion of some experimental results that indicate that some rather
complicated systems, with very complicated dynamics, may be closely
related to such "simple" map dynamics. I don't think that one should get
too impressed yet by what we know from all of this, because it is by no
means clear where this is leading to. On the other hand

it is rather

impressive that some features of complicated dynamics, particularly their
bifurcation features { which is an area that was rarely examined
past

;. may be related

to simple maps, and have some "universal"

relationship to one another. It is from such
disconnected complicated

in the

threads, joining otherwise

behaviors, that we may be able to build some

fabric with a pattern (to be a little poetic! ). In any case, there are
exciting suggestions here which are well worth pursuing in the future.
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LECTUREJJ!
Strange Attractors

We have seen that a one-dimensional map, which is two-to-one, such as
the logistic map, can have a variety of
forms

of

regular

(^periodic) and

chaotic

dynamics, depending on the parameter values in the map. Some of

the forms of chaotic motion involves the attraction to a

Cantor

set

;at

c - Cvo >. which however has zero Liapunov exponent: attraction to various
bands, yielding; semi periodic motion with positive Liapunov exponent, and
intermittant

forms

of

Associated with these
band joining
noted,

forms

of

also

with

dynamics

positive
are

Liapunov exponents.

period two bifurcations,

or splitting" bifurcations, and tangent bifurcations. It was

however,

two to one

chaos,

that

map

can

all

only

Poincare

maps

are one to one, so

that

a

be obtained from dynamics by some higher order

"projection" of the motion (say from three or more dimensions down to one
dimension . Generally,

however,

such a projection down to one dimension

does not yield a well defined (unique) map, so some generalization of

the

concept of a map will be required in this case.
The
which

question

have

naturally

chaotic

one dimensional

arises whether or not real dynamic systems,

dynamics,

maps,

or

can

be

represented

to)

perhaps need to be represented by other means.

While one dimensional map dynamics is interesting
will

(related

and

quite

varied,

we

see that real dynamical systems can, in addition, also exhibit other

bifurcation
•represented

phenomena
in

and

quite

patterns,

different

which

must

be

characterized

ways than by such maps. To illustrate

some of the.se- ideas, I will begin by discussing the case of a periodically
forced

van

dt:r Pol oscillator, then consider some features of the U'rcny.

system, which is an autonomous system (no time dependent external action).
and

then

discuss some experimental methods which have been used to probe

these complicated forms of dynamics.
The "complicated" dynamics which I
referred

to

as

will

ibid,

is

now

generally

"strange attractors", a terminology introduced by Ruelle

and Takens in 1971 ( D.Ruelle and F.Takens,
;1971K

discuss

23,

Comm.

Math.

Phys.

20,

167

1 (1971) ). This type of dynamics can occur in either

autonomous systems or systems which have a periodic force applied to them.
In

all

cases,

however, the system must be nonconservative, in the sense

that most volume elements in the phase space

contract

as

they

move

in

time, according to the equations of motion (the system is not a "Liouville
system'). This contraction is what
dynamics.

gives

the

"attractor"

of

the

The most interesting part, however, is the "strange" aspects of

the dynamics, which is related to the fact that,
generate

part

although

the

solutions

contracting volume elements, they nonetheless will separate from

most nearby solutions at an exponentially fast rate in time. Finally,

all

of this dynamics tends to some limited region of phase space. The only way
that unique solutions can contract in one direction and expand in

another

direction, and remain bounded in some finite region of phase space, is for
the expanding motion to somehow become 'folded over" into the
direction,

contracting

and this requires at least three dimensional dynamics. This is

roughly "imilar to the way that bread dough is kneaded,

or

some

candies

(like taffy; are made, which can be achieved by a variety of mapping forms
of "dynamics", and loosely visualized as follows:
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This particular

"stretching

oversimplification,

because

and
here

folding",
the

however,

volume

is

a

significant

is not forever decreasing

(otherwise there would be nothing left to eat! ).
Before discussing the forced van der Pol oscillator,

let

me

remind

you about some of the features of the ordinary van der Pol oscillator.

dt'
In

this

0

A'(r--] )x + x = 0

system,

the ordinary harmonic oscillator has an additional term

which is proportional to x, whose coefficient is positive for large
which

produces

damping,

and negative if x

2

x~

,

is small, producing negative

damping (excitation). Therefore, for small values of x 2 the orbit tends to
grow in size, while for large values of x2 it tends to shrink in size, and
what gets squeezed in between is a limit cycle, shown here
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At the end of the '40's, Minorsky, in his famous
dynamics,

said

that

the

principle

activity

dynamics at that time was the identification of
precisely

at

discovering
oscillators,

the

time

entirely
making

that

new
a

Cartwright,

features

total

about

change

in

book

on

nonlinear

in the study of nonlinear
limit

cycles.

This

was

Littlewood, and Levinson were
the

forced

van

der

Pol

our understanding of nonlinear

dynamics.
Now, if you increase the coefficient K in the van der

Pol

equation,

the oscillations, rather than just being sinusoidal, takes on a very steep
shape, like shown,

which are known as relaxation oscillations. This feature is

common

to

a

broad class of oscillators, of the form
PY

2^4 + K$(x)x + x = 0
dtwhere

$(x)

likewise changes from positive to negative as x 2 decreases. A

particular useful example is the one used by Levinson.

-\

+1

In this case you can trivally solve the equation in each (linear) region;
the

nonlinearity

comes

from

matching

the solutions at the boundaries.

Relaxation oscillations occur in a number of

physical

systems

from

the

bowing of a violin string (and Professor Ichikawa has heard many nonlinear
oscillations of a violin string! ) to the discharge of a neon
RLC

circuit.

tube

in

an

They occur anytime something builds up for a while and then

rapidly discharges.
The system considered by van der Pol and van der Mark (1927) was

the

one involving a neon discharge tube, into which they introduced a periodic
potential ( B.van der Pol and J.van der Mark, Nature 120,
What

they

were

363

(1927) ).

most interested in was the production of subharmonics of

the driving frequency.

»
if i*
C (ur*j*Fi CAP A «/ TAvie
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In the figure
(multiples

we

of

see

the

applied

period

and

about

17

subharmonics

the applied period), which occur as the capacitance in the

circuit is changed. Although they indicated that there is hysteresis
(as

C

is

increased and decreased), and also noisey irregularities, they

made no comment about these very interesting features of this
Apparently

it

vas

these

results

experiment.

of van der Pol and van der Mark which

stimulated Cartwright and Littlewood in their initial analysis of the
der

Pol

here

system

van

( M.L.Cartwright and J.E.Littlewood, J.London Math. Soc.

20, 180 (1945) ).
For the sake of brevity, the only analysis which I will discuss
is

the

one

by

Levinson,

which

makes

use

here

of that nice function $(x)

( N.Levinson. Ann. Math. 50, 127 (1949) ). Here we now have a

forced

van

der Pol (like) oscillator

E ^ 4 + *(.T)i + ex = bsint(.t)
di~
where e = \/K. and we are interested in small c (relaxation oscillations;.
Note that, if z = 0 then the highest order derivative term is dropped.
c

comes

off

from

zero,

the

analysis

is

related to what is known as

singular perturbation theory, namely you are changing
differential

As

the

order

of

the

equation at that point. The magnitude of the forcing term is

given by the coefficient b

in

this

dynamics looks something like
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equation.

Now.

schematically,

the

r\

r*s

\y
so that, instead of simple relaxation oscillations, you have a number of
little oscillations built "on top", which doesn't look very interesting or
exciting. You see a little more character to it when you look at it in the
phase plane, in which there are a number of velocity reversals, before it
jumps to the other side.

The other trajectories are, of course, coming in on this dynamics in some
wiggly fashion, and it was this dynamics that they (i.e., C-L & L) wanted
to study.
The analysis breaks into two parts:
I ) To show that, for small c and for certain ranges of the forcing
coefficient, b, this system has a chaotic family solutions, which will be
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defined later.
II) To

show

that

essentially all solutions tend to a region which

contains this chaotic family, as t — +«>.
The analysis which is required to establish these facts is quite long
and

tedious,

and

what

I'll give here is rather a drastic distillation,

which will hopefully still give you at least some idea of

what

precisely

was established.
PART

I: If you consider the b-axis, it turns out that if b is larger

than 2/3. then the solution always goes to a simple periodic solution - so
nothing

interesting

happens

up

there.

However,

below

2/3, there are

intervals B\, A\, B>, A? » and so forth, with small gaps in between.
If b is in these A; regions, then there is (at least) one stable
solution

to

these

equations, and it has a period (2n{£ ) +1 )2~ . In other

words, it has a period which is an odd number of periods
force

(which

has

period

2K

). On

the

of

the

driving

other hand, if b is in the B,

regions, then there at least two stable period solutions,
periods

periodic

and

they

have

(2n!.e) ± 1 )2x . Hence, these two periodic solutions have a period

difference which is twice the driving period.
Now, what Levinson showed was that, for b in any B, rsgion. you could
start

with

some

initial

conditions

at x=-l, and in a certain range of

velocities and range of times (which he had to select); and
able

to

show

at

i=+l,

which

a

was

another

little

is the mirror image of the original band fit has a

range of velocities which is simply the negative of
and

he

was that there is a continuous group of such solutions, in

this little band of velocities and time, which will cover
band

what

the

original

range,

similar time range). Moreover this "mapping" of the original group

onto the region about x=+l, will occur at either the later
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times

;2n 1 m

or (2n+l)(T, where n is an integer. In other words, this is some odd number
of half-periods after they started out from x=-l. The importance
fact

is

of

that, when these solutions arrive at a=+l ( and with x < 0

force has also changed sign (from what it was when the solutions

this
)- the

were

at

x=-l, with x > 0 ).

But

what

this means is that, from the group of solutions which cover the

region near (2) (see the figure), we can also find

solutions

which

will

cover the region (1), precisely in the same way that some solutions in (1)
made it over to the region (2). This
likewise

occur

"mapping"

from

(1) will

at either a :ime (2n-l )x or (2n+l) 7r after they leave the

region (2). Since now the force is back to what it
the

(2) to

was

originally

(when

solutions were first in the region (1)), and all the other conditions

are identical, it follows that these

results

can

be

extended

for

all

times.
The

result

of all of this is the following: you can select a set of

solutions near the region (1) which will reach
either

a

time

(2n-l )iz or

a

region

near

(2) at

(2n+l )it . From these solutions you can then

select a subset of solutions which will
either

the

reach

the

region

near

(1 ) at

time (2n- 1 )TZ or (2n+l )ir later, and from these solutions you can

select a subset ... (etc.). Each one of these selection processes involves
picking the number +1 or -1, corresponding to the two times. Thus we could
pick the sequence (+1, +1, -1, +1, -1, -1, . . . ) , or any other combination,
and

for

any

such

sequence

we

can find a solution of the equations of
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motions which is related to the sequence
through

the

regions

near

(1) and

by

the

times

that

it

passes

(2). This

means

that we can find

solutions which can be put into a one-to-one relationship (correspondence)
with

any

infinite sequence (+1 , ± 1 , + 1 , ±1 ,. . . ) . Put more picturesquely,

there is a family of solutions whose members
other

as

sense,

different

a

chaotic

deterministic,

so

sequences
family

of

of

a

are

as

unrelated

to

each

coin toss. This family is, in that

solutions

(note

that

each

solution

is

this is not a family of chaotic solutions, such as you

would obtain from stochastic differential equations).
It should also be noted that this analysis shows that
are

very

of this

the

solutions

sensitive to the initial conditions, because all of the members

chaotic

conditions,

family

fall

within

nonetheless

they

are

different sequences of

coin

a

as

tosses.

very

small

range

of

initial

different from one another as two

This

extreme

sensitivity

to

the

initial conditions is one of the hallmarks of strange attractors.
This

"Bernoulli

sequence', (+1, + 1 , + 1 , . . . ) , of Levinson's, was the

inspiration for Smale's later invention of the so-called "horeseshoe" map,
which I may be able to discuss in a later lecture, if time permits. In any
case, this is a nice example of the mathematical abstraction of
results,

which

was emphasized by von Neumann. In more recent years there

has been invented a number of such abstract map
various

empirical

dynamics,

to

illustrate

possible dynamical features, and I will discuss a few in the next

lecture.
PART II'. This takes care of the first part of Levinson's analysis, to
show

that

there exists a chaotic family. The second part is to show that

most solutions go to this chaotic family as t — °° . To do this,
used Poincare's T-advance map. I remind you that, for an equation
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Levinson

i = F{x,t); F{x,t+T) = F(x,t)

a solution, x(t), whose initial condition is P$ = (xoi), x;(to) = xoi . is
uniquely related to P\ = (Xj(i+T)) . In other words, Po — Pi

is a map,

which can be written
Pi = T P o
this is a map only because the applied force is periodic and the phase
points which are being associated with one another, differ in time by this
period, T. This was Poincare's idea, and it gives what we will call a
T-Advance" map, which I discussed

in the first lecture. Levinson's

analysis was based on the use of the iterates of this map
pk = 7* P o s T ( 7*"1 Po ) .
The analysis here, in contrast to the first part, is nice, but we won't
have time to go into any of its details. Briefly what he showed first was
that there is a fixed point of this map in the phase space.shown in the
figure.

You can show quite easily that , if you draw a small closed curve,Co,
around

that fixed point, it gets "blown out" for successive iterates of

liie map, so the enclosed area increases. This simple means that the fixed
point is unstable. Next, he showed that there is another closed curve. Do•
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at a large distance from the fixed point, which contracts after sufficient
iterates

of the map. So what you have is an annular region between Co and

Do which is getting squeezed by these iterates.
What he showed next was that the area of this annular region goes
zero.

Indeed

you

might

think

that this region simply goes to a closed

curve. However this region must contain all
since

all

of

of

the

periodic

solutions,

the other "outside" regions, which are being contracted or

expanded,

cannot

solutions

repeat.

contain
In

the

periodic

particular

the

solutions,

contracting

because
annular

periodic

region must

contain those two stable periodic solutions which were found in Part I
the

analysis.

Therefore

th'.s closed

periods)

associated

of

region can not be a simple closed

curve, because a closed curve cannot have
different

to

two

periodic

solutions

(with

with it. Put another way, a closed curve,

which maps into itself, can only have one rotation number associated

with

it, which is the period of any periodic solution contained in the set.
This limiting set of points, towards which all solutions tend (except
the fixed point), Levinson denoted as /<"o. Some of the properties

of

this

set are:
a) It is a closed, connected set with zero area.
b)

It is a boundary between the interior and exterior region, but it

is not a simple closed curve (it

contains

two

periodic

solutions

with

different periods).
c) KQ contains the chaotic family of solutions (Part I).
d}

/\o is a singular set, with points which cannot be reached along a

continuous curve which lies entirely in the exterior or interior regions,
e) Kb contains a Cantor set ( M.Levi, Memoirs A.M.S. £2, 1 (1981) ).
This set, A'o > is

an

example

of
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what

is

now

called

a

strange

attractor. It should be remarked, however, that there is no precise
definition of a strange attractor, which is probably a good thing, because
of the variety of strange behaviors which are known to occur (and it would
be too bad to use this nice description for only one of them! ). There are
now known to be many other strange attractors, resulting from periodically
forced damped nonlinear oscillators. However many of these results are
deduced from numerical analyses ( An interesting experimental study of a
mechanical oscillator has been made by F.C.Moon, pg. 487, in New Approach
to Nonlinear Problems

in Dynamics ( P.J.Holmes, ed., SIAM, 1980) ). The

above mathematical analysis is particularly

interesting, because it

illustrates what can be established on purely theoretical grounds. It
should be noted that none of the above properties,
established

(a-e), can be

simply by using numerical analysis. Nor can they be obtained

by empirical methods - And this obviously raises some

interesting

questions obout the relevance (indeed, the "reality") of such mathematical
results. This gets into an area which I call

"nonempirical mathematics',

which may soon become very important, but which is only beginning to take
shape.
Perhaps it is useful
deterministic.

to repeat

that this form of chaos

is

It is chaotic in the sense that you can not predict the

future behavior, given the past mapping history of the solution, nor can
you predict the future behavior of a solution, given its initial
conditions only to some limited accuracy.

In other words, it

is

mathematically deterministic (given the usual precise mathematical initial
conditions), but it is empirically

nondeterministic

(due to the usual

limitations on the accuracy of physical initial conditions).
So far I have only discussed the case of nonautonomous systems. The
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classic example of an autonomous system which has a strange attractor, is
the Lorenz equations. Lorenz is a meteorologist at MIT, and these
equations came out of the interests of meteorologists to obtain

equations

which exhibited some of the "statistical", or random characteristics of
weather — which is certainly one of the more unpredictable

form of

dynamics that we are all familiar with. Saltzman, in the early '60s, was
doing some numerical calculations of the Rayleigh-Benard instability. This
involves a fluid between two horizontal plates

with the lower plate at a higher temperature than the upper plate. If
there is only a small
conduction

temperature difference, then there is heat

to the upper plate. However, if the temperature difference is

increased above a certain amount, the conduction
convection,with

vortical

is

replaced

by

fluid flow (as illustrated in the figure'- the

buoyancy becomes too large for gravity to hold the fluid down, and
fluid flow occurs. This is the famous Rayleigh

the

instability, and he

predicted the critical "Rayleigh" number required for the onset of this
convection. The analysis is based on the hydrodynawic equations, which can
be written
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it *** +*£gp-»**-*>¥,* 0
K X? ft = 0
a c

d U,z)

H dx

Here V is the stream function
iii = — dip/dz,
and 0 = T - 7 o - J T ( l
f. om

the

— z/H)

Uz = dip/dx.

is the departure

of

the

temperature

one which occurs when there is simple conduction. Thus 0 = 0 if

there is no convection. In these equations we also have
g : gravitational constant
a = p~l(dp/dt) = coefficient of thermal expansion
v '• kinematic viscosity
K • thermal conductivity
Therefore, for small

AT , ip = 0

and

6 = 0,

and

there

is

only

heat

conduction. For larger J T , fluid coivection occurs, and it has the form
ip = to sin( ic a x / H ) sin( x z / H )
G = e0

cos( it a x / H ) sin( w z / H )

which contains two spatial variations in both the flow and the temperature
deviation. This occurs if
R = g a H3 AT/(uK)>Rc=
R '• Rayleigh

( K * / a2

) (1 + a

2

}3

number

and the minimum value of Rc is Rc - 27 K 4 / 4 , when

a2 = 1/2

(see

the

figure).
If

the

temperature

difference

is

increased

further,

then these

vortical rolls become unstable, and the system goes into a time
state.

Saltzman

dependent

analysized this stituation numerically, by expanding the

variables in seven spatial modes (so he
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was

considering

an

approximate

solution), and studying their time dependence. He found that, in some
cases, only three of these spatial modes persisted for long values of the
times. What Lorenz did was to consider the equations which resulted from
ignoring all modes (for all times), except the three which Saltzman had
found to sometimes be the asymptotic solution. He therefore assumed that
the stream function and temperature variation have the following form
Pi/2

ii -- x(t)

/I

^—u,+u

_|-rf2 "\

;

sin(

ic a x / H ) sin(

- z / H )

n

ol/2

"c cos(

6 = y(t)

K

a x / H ) sin(

%z / H )

7Tn

- z(t)

^

sin(

2 %z / H )

where now Uie coefficients are functions of time.
confusion here, because x(t),y(t),and

There can be s* iie

z(t) are not the (x,y,z) spatial

coordinates, but simply the unknown functions of ti ,e. This convention is
by now well established, so it will also oe used here. The above ansatz
for Tp and 0 is the same as Rayleigh's spatial

form, except for the

additional spatial part, proportional to z(t),in 8.
So we now have three functions of time, and if you substitute his
ansatz into the fluid equations;, and ignore all spatial terms which do not
agree with the ansatz solution, you obtain the famous Lorenz equations
(E.N.Lorenz, J.Atmos. Sci. 2Q, 130 (1963)).
dx/dt = -a (x-y)
dy/dt =

-ax-y-xz

dz/dt - -bz + xy
where r = R/Rc» o = H / K , and 6 = 4 / ( 1 + a 2 ) . The "canonical"

values,

which Lorenz used (based on Saltzmar's calculations) are a = 10, 6 = 8 / 3
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and the control parameter is taken to be r (very recently, there has been
a more thorough study of the dynamics, in which the parameter b has also
been varied. This was done by Alfsen and Froyland, 1S84). Before I discuss
the analysis of the Lorenz equations, let me mention some other cases for
which these equations apply.
First, however, let me point out
geophysical

problem, involving

a

fascinating

outstanding

the fact that the Earth's magnetic field

h_s reversed its polarity many times in the past (be warned of the fact
that

the Lorenz equations probably have nothing to do with

this

phenomena! ). The following figure shows the apparent motion of the north
magnetic pole

(i.e., the magnetic field polarity) about 15 million years

ago. The dots along the trajectory represent 500 year intervals.
OCOOMAMc NOKTM

Soufh
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The accuracy of such a trajectory is probably questionable, but the
essential point is that the magnetic field reversed its polarity relative
to the rotational axis The second figure (D.rf.Strangway, History of the
Earth's Magnetic Field (McGraw-Hill, 1970) ) shows the long-time history
of
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these reversals. The black strips indicate one relative polarity, and the
white strips the opposite polarity, over a period of 170 million years.
The mean period for these reversals was 340,000 years, but you can see
that there is a wide variation in the duration of these polarities - one
might even say it looks pretty

"chaotic". This data, by the way, is

deduced from a variety of sources, but basically depends on the fact that

-18-

crystals become oriented by the magnetic field when they settle in rock
formation

(e.g., in molten states, or in the sediments of rivers, etc.).

There is a beautiful record of six or seven such reversals on the floor of
the ocean, off the California coast, produced by the outflow of magma from
the rift in the ocean floor. This outflow produces the plates which move
away from the rift, and thereby produce a chronological record of the
magnetic field, recorded as a function of the distance from the rift. Well
this is getting a little off the track, since nobody yet knows what is
responsible for the Earth's magnetic field, much less how these field
reversals occur ( see for example: C.R.Carrigan and D.Gubbins, Sci. Amer.
240(#2), 118 (1979); Physics of the Earth's Interior, ed., A.M.Dzievonski
(North-Holland, 1989) ).
Historically, therefore, people have considered much simpler systems
which might immitate this erratic reversal of a a self-sustained

magnetic

\n /

field. An example of such a system

J*""^i

^

"^

T: applied torque
Resistance:
R: coil
Rb: Brush
Rs: Shunt
Inductanco
L: coil
Lb: Brush
M: mutual inductance of coil-disk
J: moment of inertia of disk
is the self-sustaining dynamo, shown in the figure. A conducting disk on
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a shaft, has a constant torque (tau) applied to it and some seed magnetic
field, to get things going. This produces a current. which then flows
through a coil (only one turn is shown here, r JT simplicity), which also
has a shunt resistance. The current in the coil produces a magnetic field
which will then produce the current in the disk - so the current-field
coupling can be self-sustaining. The question is, what is the dynamics of
that system? The equations of motion are easily obtained,

taking

into

account the torque, T, and the friction of the shaft ji.and balancing the
voltage drops. This gives the third order system of equations

J ii = T - M I( J + I s ) - /i a
L t + R I + Lb ( 1 +ls ) + Rb ( I + h ) = M w I
Rs Is + Lb ( 1 + ls ) + Rb ( I + Is ) = M a I

By introducing the variables

x = a

one can again recover the Lorenz equations , with a suitably scaled time,
and selection of ( a, /?, y ), provided the coefficents are given by
n

_ ( R + Rs ) Lb
L'

r=

, _

fi Lb
J ( Rb + Rs

( + +RR}}

Lb ( R + Rs ) ( ¥

¥>

The point to note here is that the current is proportional to the variable
x in these equations, and moreover the sign of the current corresponds

to

the polarity of the magnetic field. Therefore, if the dynamics of this
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system produces a change in the sign of x, this corresponds to a flip-flop
of

the

magnetic

same direction .
nothing

field,

even though the disk continues to rotate 4n the

This system is a fun system to deal with,

but

it

has

to do with the Earth"s magnetic field, because this system is not

simply connected (it is a torus), whereas the Earth's interior
connected.

That

is,

of

course,

is

simply

one of the difficulties in obtaining a

theory of the geomagnetic system.
There are several other physical systems which are
Lorenz

governed

the

equations, including laser systems (approximately), and a fluid in

a vertical circular tube, heated differentially along its side
So

by

(exactly).

these equations have some general physical interest, but, in any case,

have proved to be of great heuristic value - as we

will

now

proceed

to

s°e.
To begin with, there is a fixed point at the origin, and possibly at

r = y=±

If

r<l,

[ b ( r - l ) )

1 / 2

;

z = r - 1

there is only a fixed point at the origin (corresponding to heat

conduction),
(corresponding

whereas,
to

denote by C+ and C-.

if

vortical

r>l,

there

are

two

new

fixed

points

flow, in opposite directions), which we will

The stability at the origin is

determined

by

the

characteristic equation

(l+b)(Zr+(o+l)l+o(\-y)) = 0

which

becomes

unstable if r>l (the Rayleigh instability). The stability

of the fixed points C+ and C- is determined by the characteristic equation
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A3 + (a+b+l)l2 + (r+a)6A + 2ab(r-l) = 0

One of these roots is always negative, and the other

two have negative

real parts is

r < rt = a(a+b+3) / (a-b-1)

When this condition is not satisfied, the vortical rolls are unstable, and
the motion becomes time dependent (there are no stable fixed points).
Therefore, the origin always has at least two stable directions and
the fixed points,C+ and C-, always have at least one stable direction.
When these are in fact the only stable directions, we say that their
"stable manifold' is two-dimensional and one-dimensional, respectively. In
other words, the stable manifold is the set of points in phase space which
tends to the fixed point as t goes to plus infinity. The set of points
which tend to the fixed point as t goes to minus infinity, is called the
unstable manifold. Thus, for example, when r>l, the origin has a onedimensional unstable manifold, and a two-dimensional stable manifold. This
is standard jargon these days, so you need to become familar with it.
The

Lorenz

system also has two other very important global

properties.
I ) All volume elements contract in size as they follow the flow,
defined by the Lorenz equations. This follows from
V

' ^ £

< ± )+ ^ j ( w > + £ (i: > = - a - 1 - 6 < 0 .

II) All solutions of the Lorenz system asymptotically enter, and
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remain in a bounded region of phase space. This follows from
1 di

( x2+

^ 2 + u 2 > = ~ax2 ~ V2 ~ b{u+±(r+o)f + ±

where u = z - r - a . Since the right side is negative outside the
ellipsoid in the figure, we have

Now, when r > n

(which, for the canonical values of b and a, is

about 24.7), C+ and C- are unstable, so the incoming solutions have no
fixed point to go to. They, of course, might go to a limit cycle, but , if
r is not too large, they do not go to a limit cycle but continue to roam
around in this bounded region of phase space. Actually, Lorenz found that
they tend toward a 'butterfly'-looking region (except that the butterfly
wings interlace with each other!), as is illustrated in the figure.
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The plane is parallel to the x-y plane, and passes through the the fixed
points C+ and C-, and the dotted curves are below this plane. You can see
that the trajectory which is shown spirals away from C+- or C-, and then at
some stage it drops in the neighborhood of the other, only to spiral away
from it

...

and so on. Moreover, the flip-flop between the C+ and C-

neighborhoods appears to be quite erratic. Note also that this flip-flop
involves a change in the sign of x, which corresponds to a change in the
polarity of the magnetic field, in the case of the self-sustaining dynamo.
What Lorenz then did was a very clever thing. He noticed that the
local maximum values of z (in the coarse of this spiraling motion) would
tend to grow in an orderly manner, then suddenly drop when the flip-flop
occured, and repeat

(but only approximately). So he decided to plot the

maximum value of z at one time vs the maximum value which z takes the next
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time. If A/n is the n'th maximum value of z , then he obtained the
following figure, (from E.N.Lorenz, J.Attnos. Sci. 2X), 136 (1963))

IS'

3S-

Thus he found that there /as this type of regularity in this otherwise
highly irregular flip-flop dynamics.
What Lorenz obtained, by this figure, was what looks very much like a
map - that is, for each value of Mn it gives (if you draw in a smooth
curve) a unique value at the next maximum. This is quite a different type
of map than any which had been considered up to this time - it certainly
is not a Poincare map, nor anything like what Birkhoff had considered. If
one believes that the smooth curve really represents the situation, then
what we have is a one-dimensional map for three-dimensional dynamics that is something very new and important (however, this sentence begins
with an

"if"!). Let's assume that this is a map, then it is certainly a

very pretty map. It is very different from the logistic map, or any
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similar

map

with

a

smooth maximum - the Lorenz "map" has a cusp ! More

importantly, it has a slope which

is

everywhere

greater

than

one

(in

magnitude). Lorenz appreciated what this implies (do you?), and it allowed
him to draw an important <onclusion about this motion.
I mentioned that the solutions might settle down onto a

limit

cycle

after a long time. Lorenz"s calculations did not indicate this, but it was
possible that he simply had not waited

long

enough.

His

"map".however,

indicated that there are no stable limit cycles - an important conclusion.
This follows from the fact that the fixed point of this
(using

the

proof

from

map

is

unstable

out discussion in the logistic case - namely the

slope is greater than one), and so are the fixed points of all iterates of
the

map

-

and

that is the essential point. You can prove this by using

differentiation by parts (Mark Kac has called differentiation by parts the
second

most useful mathematical operation, after substitution ! ). Namely,

you can show that the slope of the n'th iterate of a
points,

equals

the

one

at

its

fixed

product of the slopes of the basic map, evaluated at

the n periodic points. Since all of these slopes
than

map,

have

magnitude

greater

(for the Lorenz "map" ), it follows that the fixed point of the

n'th iterate map is also unstable. In that case, there is no stable period
point, and hence no stable limit cycle - a very pretty result.
Thus,

for

this

value

of

r

(and all values, say. below 100), the

solutions flow into a bounded region in which there are
points,

and

also

no

stable

fixed

no stable limit cycles (from Lorenz's result). To make

matters worse for these solutions, all volume elements must be contracting
(for

all

time). You might conclude that these solutions therefore settle

down on some surface in the bounded region,
i,. jause

but

that's

not

possible

-

trajectories on a bounded surface must either go to a fixed point
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or a limit cycle (the Poincare-Bendixson
excluded

for

most

theorem),

and

these

are

solutions in the present case. Therefore, this region

towards which the solutions tend, is a very unfriendly region - they
no

"home*

to

settle

down

to.

So,

although

all

take

up

have

volume elements are

contracting, they can not contract to a two-dimensional surface,
they

both

nor

can

any fixed three-dimensional region - so they tend toward a

set which has a fractal dimension. The "butter-fly" region is

a

fractal,

whose dimension ( capacity ) is about 2.1 .
The

dynamics

of

the

Lorenz system has been studied also for large

values of r, where there are indeed stable
J.Appl.

Math.

36,

457

(1979)

), but

limit
I

cycles

would like to emphasize some

features about the approach to this Lorenz chaotic state,
discussed

very

frtquently

( K.A.Robbins,

which

are

not

, and which give quite a different picture of

the way a system can approach a chaotic sate. We have

seen

quite

a

bit

about period-two bifurcation sequences, band-splitting, and intermittency,
but the present situation is very different from these.
Let me remind you

first

about

a

homoclinic

orbit.

An

orbit

is

homoclinic if it tends to the same fixed point as t goes to plus and minus
infinity. This is illustrated in a two diraentional situation.

<po<V>T
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Using this configuration, we can obtain a global bifurcation, which can
not be detected from a perturbation analysis around the fixed points
(i.e., their stability does not change during this global bifurcation).
This

global

bifurcation

is illustrated

in the following figures

illustrated with changing a control .jarameter. The limit cycle, in the
first figure.

grows in size until it becomes a homoclinic orbit (second figure), which
then breaks free as the control parameter is changed more- completing

the

bifurcation process. You will note that the fixed points have not changed
their character in this process. On the other hand, the flow

to the

elliptic point in the last figure originates at infinity, whereas,in the
first figure, the flow to this point was only from a nearby region. So.
gl )bally, there has been a big change in the flow pattern. What Kaplan and
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Yorke discover in the late '70's, was that the Lorenz system
homoclinic

orbit

(now

has

a

in three dimensions), for a value of r near 13.9,

that is, much below the critical value for
24.7)

also

the

onset

to

chaos

(around

( J.L.Kaplan and J.A.Yorke, Comm. Math. Phys. &7. 93 (1979) ). This

orbit is illustrated in the figure.

The unstable trajectory ('manifold") from the origin, comes
origin

(and

hence

unstable

is

a

plane

trajectory

homoclinic),

then

near

must
the

be

stable

above trajectory. Also, when r
trajectory

to

the

therefore is part of the stable manifold of the origin). The

stable manifold of the origin is two-dimensional, as I
and

back

the

origin.

part

of

manifold
is

the

mentioned

before,

On the other hand, since the
stable

manifold

(if

it's

must bend around to contain the

increased

above

13.9,

the

unstable

which was attracted to C+ (for example), now becomes attracted

to C-.
I was curious about how this trajectory got "past, through, or
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over"

the stable manifold of the origin, in order to reach the "other side" the other C fixed point. Since the stable manifold cuts the phase space
into two parts (dividing the basins of attraction of C+ and C-), another
trajectory can not simply pass "over, around, or through" it, because the
solutions are unique. So I spent some time this summer in Sweden finding
out how this, and some other things are accomplished by these equations. I
will only tell you about this briefly, by showing you some pictures. The
stable manifold near the z-axis has a spiral structure, like shown. Every
point on this surface goes to the origin.

a? +ka Orpin's
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Stabl

The points on one side of this surface go to C+ , and those on the other
side go to C-. On the larger scale, it looks something like shown here

(where the surface has been cut by two planes parallel to the y-z plane,
and two parallel to the x-y plane, so we can see "inside"), and a
particular set of trajectories, which are collected
illustrated. Further out along the x axis, this

at

C+,

are

'hanging curtain'

formation gets rotated in an interesting fashion, but I will not take time
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to go into that (a report is available for those who are foolhardy).
What I do want to show you is what happens at the homoclinic point
and immediately above this point. As r approaches 13.9, the innermost
portion of the stable manifold, which is not near the z axis, "tucks up"
underneath the group of trajectories shown in the figure, to become
parallel with the x-y plane. At the homoclinic point, the stable manifold
near the origin looks something like shown

The unstable trajectory from the origin moves along this surface back to
the origin

(down the 2 axis). Now, when r is increased further, the

horizontal portion rises above the x-y plane, allowing the unstable
trajectory from the origin to pass "over" the cylindrical portion, to the
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other C fixed point. However, the points on that portion of the stable
manifold come from the positive z direction,so the surface must extend
back in that direction. The beginning of this process is illustrated in
this figure

This spiral action does not end where shown, but continues back beside
itself,for an infinite number of spirals. Thus, part of the phase space is
divided

into an infinite number of rolls, with alternating basins of

attraction for C+ and C-. This means that it can take the dynamics a long
time to get out of this spiraling motion (around C+ and C-, and in any
prescribed sequential combination!), before it settles down on one of the
fixed points. As r increases, the volume of this "confusing" region
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increases, and finally, at r near 24.06, another spectacular event occurs.
It turns out that inside this infinitely rolled up surface, near the
fixed points, C+ and C-, there is an unstable closed orbit. Most of the
points near this orbit move away from it, but there is one direction along
which the points can move toward this closed trajectory. When r is near
24.06, the unstable manifold of the origin in fact settles down on this
unstable limit cycle! It is like landing a plane on an icy mountain
ridge , but the equations do it ! This trajectory is called a heteroclinic
trajectory

- it goes to one periodic trajectory (a fixed point in this

case) as t goes to minus infinity, and to another periodic trajectory as t
goes to plus infinity. That is something quite unique to my experience - I
know of no other example of this . At this point I have only a speculative
idea what happens to the global structure of the stable manifold, which I
just sketched for you.
When r is between this heteroclinic value, and Lorenz's chaotic
value, there are an infinite number of homoclinic bifurcations which
occur, in which the unstable trajectory from the origin returns to the
origin after spiraling about C- (say) N times, where N is any sufficiently
large integer! This well-scrambled phase space has been called

a

"pre-turbulent' state, by the discoverers of this phenomenon, Kaplan and
Yorke. The precise details of what this implies about the dynamics has
apparently not been established as of yet, but it appears that, in this
preturbulent state, there may coexist both a chaotic basin, and a basin of
attraction

to the stable fixed points, C+ and C- (at least statements of

that sort appear in the literature). Even before this preturbulent state,
when r is larger

than 13.9, there are initial states which can take an

arbitrarily long time to reach the neighborhood of either C+ or C-. So one
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can see that the dynamical situation is much richer and more complicated
than we have encountered before, and all of this occurs for r values which
are below the value required for Lorenz "chaos".
The outline of the complete "road to chaos" for the Lorenz system is
summarized in the following figure.

Hovn.ec.limc.

+00

CiVnies C.
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The onset of the Lorenz chaotic state comes about when the unstable
limit cycle

(second to last figure) shrinks down to the fixed point, C-

(as shown, for example), and this fixed point becomes unstable. This is
the inverse of what happens in the usual Hopf bifurcation (where a stable
fixed point becomes unstable, with a surrounding stable limit cycle). The
present bifurcation, which involves the annihilation of a limit cycle,
rather than the birth of one, is referred

to as a subcritical Hopf

bifurcation.
Now let me discuss some experimental results- results from the real
world. The figure shows some of the experimental studies which have been
made of strange attractors, and related effects.
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The first involves the periodically forced nonlinear oscillator (a
solid state, nonlinear capacitance is frequently used). The second figure
shows a tank into which chemicals flow, and are stirred. With the proper
chemicals, one can observe oscillations in the concentration of certain
compounds(first studied in detail by Belousov and Zhabotinskii, in the
late '50's and early

"60's), and also the chaotic dynamics of such

concentrations, under suitable conditions. In this case the control
parameter is the flow rate of the incoming chemicals. The third example is
the

Rayleigh-Benard system, which I have already outlined

discussion of the Lorenz system

(which is, of course,

a

in the
severe

approximation of the real-world situation). The last figure concerns the
behavior of a fluid between two rotating cylinders,the Couette-Taylor
system. In this case, as the rotation speed of the cylinders is increased,
vortices are produced in the liquid - like stacked doughnuts around the
vertical axis - which are very pretty to see (the flow is made more
visible by mixing in some very fine particles which reflect light). As the
rotation rate is increased, these vortices become unstable, and the system
goes into a series of time-dependent states, which I will

.unfortunately

not have time to describe. Fortunately, there exist a number of good
reviews of these experimental works (one can begin with recent issues of
Physica D, and work back).
What I will do, instead , is to describe some recent experimental
uses of a concept which dates back to the '30's, but whose application to
experiments was only suggested in 1980-81 by Packard, Crutchfield, Farmer,
and Shaw, and by Takens. This idea is very nice, because it effectively
generalizes the concept of a phase space, in a way which is experimentally
accessible. The problem which this method addresses is how to analyse a
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complicated system

, such as the above fluid or chemical systems, which

have very high dimensional phase spaces (in the chemical case there may be
30 reactants, giving a 60-dimensionai phase space and , of course , the
fluid has an infinite number of dimensions!). Quite in general, there is
no way to simplify the analysis, but in many cases, particularly those
which involve attractors, the dynamics is not as complicated as it might
be

(given the dimension of the phase space). This was the observation of

Saltzman, which led Lorenz to study his truncated system of mode
equations. To describe how this feature can be exploited I need to
describe, briefly, the concept of embedding.
The dynamics of our systems takes place in a simple

n-dimensional

Euclidean space, but we would like to represent it (if possible) in a
lower dimensional Euclidean space, which we can visualize more easily(and
possibly

build a model in our 3-dimensional room, if we can). This is the

type of problem addressed

in the concept of embedding. Part of the

question is what does one mean by "represent" ? Clearly we want some type
of

"faithful"

or

"accurate"

representation

of

the

original

dynamics(trajectories). What we mean by such words is, of course, up to us
to decide - let me give you some examples of what the mathematicians
decided. Consider the set of points (a curve) in ft3 ,

= y2, z = y2 + y
/
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Since y uniquely determines all of the points on this curve, it can be
used to map this set into a one-dimensional
possibility

is s=y. This one-to-one association is called an embedding of

the original set into R1
s = y2?

space, fi1 . A simple

(s = y3

would do just as well; how about

). Note that, in this case, the original set is one dimensional,

and it was mapped into a one-dimensional space.
Consider another one-dimensional set, namely a floppy circle

x 2 + y2 = 1
Z = 3 - I/2

We can "represent" this set by one variable, 0, using x = sin 8, y = cosB,
and z = 3 - cos9 . However, 6 is not in R1 , because G and 0+2rr must be the
same point of the set, which is not the case if 8 is in fi1 (that is, if 6
is measured along a line). The lesson is that, in order to represent this
floppy circle in a Euclidean space, we need two dimensions, even though
the circle has only one dimension.
In addition to having this one-to-one faithfulness, it is also useful
to require that the mapping between the two sets be smooth
say

, differentiable

,that is to

(which means that the two sets will not only be

topologically alike, but will have measurable similarities - such as
Liapunov exponents). If a map is both one-to-one and differentiable, it is
called a terrible name - a diffeomorphism - and embeddings involve the

-39-

association of two sets by some diffeoraorphism. That is what is considered
to be a "faithful" or

"accurate" association of two sets of points

(trajectories).
We saw that a closed curve (dimension one) could not be embedded in a
Euclidean space with dimension less than two. On the other hand we were
not forced to use three dimensions for this embedding. There is a famous
embedding theorem which ensures that something like this is true in
general, namely: a smooth manifold (set of points) of dimension m in a
phase space can be mapped by a diffeomorphism
n >

into R", provided that

2m.

To give one more example, consider a Kline bottle, which is a
two-dimensional manifold. We can try to represent it in ft3, as shown

This , however, is not a faithful representation of a Kline bottle
because, where the above surface intersects itself, the mapping is
two-to-one. Therefore, we need R* to represent this set, and the embedding
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theorem insures that we do not need a higher dimension. Fortunately, in
many cases you do not need the full 2m dimensions. A spherical surface
(20) can be embedded in R 3 , and a disk (2D) can be embedded in ft2.
Now the clever idea of Packard, Crutchfield, Farmer, and Shaw, and of
Takens, was to construct a new "phase space" using only one variable of
the system

(say density, or some velocity component, etc.), but measured

at different times.
x'f), x(t+T), x(t+2T),

Thus

the

coordinates

x(t+mT),

of

this

space

are

where x(t) is the variable selected,

and T is an essentially arbitrary fixed time. This Euclidian space has
dimension m+1. Moreover, the dynamics one observes in this space will be a
"faithful" representation of the dynamics in the original phase phase
space, provided that m is large enough ( At least if the dynamics is on a
smooth manifold ). Put more technically, the above representation of the
dynamics is an embedding (i.e., a homeomorphism between the phase space
and the new space

),provided that m+1

is no larger than twice the

dimension of the set in the original phase space. This whole process will
only be useful, of course, if m can in fact be taken to be quite small, so
the above upper bound is really only of academic interest - we need
something much smaller than this, to make this method useful. Fortunately,
Mother Nature frequently smiles upon us, and she appears to have done so
in some nice recent experiments.
The experiment which I will discuss briefly is the one done by
J.C.Roux, R.H.Simoyi, and H.L.Swinney (Physica 8D,257 (1983)) involving
the complex Belousov-Zhabotinskii chemical reaction (I recommend that you
consult the original paper for more details).
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In one case there is regular periodic oscillations, with a sharp

power spectrum (lower figure). The

figures

on

the

right

show

chaotic

oscillations, with a broadband power spectrum. The following figure shows
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/ \

"

what they obtained when they constructed the dynamics of the periodic case
in the two-dimensional space (B(t),B(t+T)), using different values of T
(the numbers refer to the multiples of their sample times). Clearly there
are significant (topological) differences between the first two figures
and the others - and, of course, many of these figures show intersections.
This shows that this respresentation is not an embedding, because the
dynamics
tfcj-to-one

ir. phase space is unique, so the above intersection is a
mapping.

representation

They

then

considered

the

three-dimensional

of the dynamics, which is illustrated schematically in the

following figure (adapted from their figure).
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This illustrates both the set and the Poincare surface of section which
they used

to analyse the dynamics. The lower figure shows how the

trajectories tends to flow toward a

"surface" in one direction, and

diverge from each other in another direction (positive Liapunov exponent).
Since this motion remains in a bounded region, this expansion must feed
back into the contraction, which produces a "folding" operation - which
they were able to show with the help of the Poincare surface. Let me
illustrate this aspect of their results with their following figures. The
top figure shows a two-dimensional projection
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of their three-dimensional dynamics, in the case of chaotic motion,

(the

third dimension is normal to the plane shown). The lines cutting through
the "surface" represent the projection of various Poincare sections which
are normal to the plane of the figure. They go around in a figure 8,
beginning counterclockwise, and ending up clockwise. When a trajectory
passes through a section a dot is recorded, and the collection of these
dots is then shown in the lower nine figures. One can see quite clearly
hew the "surface" is stretched and folded over, to yield quite a broken
(fractal) structure in figures 7, 8, and 9 - only to return to a rather
smooth structure at the surface of section 1. These results show rather
conclusively that the chaotic dynamics in this system is produced by the
internal dynamics, and is not a result of external perturbations on a
"delicate" system - which some chemists have argued is the case. This
experimental study is a nice application of this new type of phase space.
The last experimental

results I would like to mention concern the

study of Taylor vortices by Brandstater, Swift, Swinney, and Wolf (Phys.
Rev. Letters 51, 1442 (1983)), and particularly

their use of this

embedding phase space, to determine the dimension of the turbulent state
of this system. What they did was to construct different dimensional
spaces from their data of the fluid flow velocity at some point, using
different numbers of delay times

(the number in>. They then considered

cells of size e in these spaces, and determined the number of data points
which fall in a cell, N(c). This can be done for different values of
epsilon in each of the spaces, of dimension m. Moreover, to get an
accurate result, a number of cells must be used in each space, in order to
get and average N(£). Clearly, all of this takes a considerable amount of
storage and counting of data points. From this information some type of
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dimension of the attractor set in this experiment can be estimated, using
the expression
D = lim

I log e |

The estimate of this limit can be obtained by plotting N(e') vs. c, and
seeing what is the limiting slope. They did this for a number of
dimensions, m = 1,...,8, with the results shown in the figure. The idea is
that, when the answer no longer changes

(a)

•SLOPE

3
log N
2

m • ••«•

-2

log€

as one increases the dimension of this representation space, then
presumably one has obtained the actual dimension of the strange attracting
set. As you can see from the inset, the dimension in this case appears to
be only slightly greater than 3 (and it took a Euclidean space of more
that six dimensions to embedded

this dynamics). For other

interesting

aspects of this technique , you should consult this paper.
Well, I'm afraid that this lecture has given an all-too-quick look at
some of the complexities which occur in strange attraetors in higher
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dimensions. These complexities are rather formidable, at least in their
details. However, because of their attractive
other

aspects of their dynamics

(contractive) properties,

(such as dimensions, and mapping

characteristics) can be studied rather thoroughly with the aid of
embedding techniques. The various methods of embedding these higher
dimensional flows in lower dimensional spaces, where maps can then be
studied,

appears

to

be

a

particularly useful idea for future

investigations. In the next lecture, I am going to drop back to the more
managable case of two dimensional maps, where we can describe some of
these complexities more realistically than in one dimension , but without
all of the details (which are hopefully unimportant) associated with flows
in three and higher dimensions. We will then examine some of the features
we might find in such lower dimensional maps.
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LECTURE IV
Two-dimensional Maps

Poincare was the first to introduce the use of maps to anal.-se
nonlinear dynamical systems. He introduced a variety of maps, some
applying to autonomous systems, and another

type which applies to

periodicall^perturbed system. In the case of autonomous systems, one can
make use of a surface of section ( if you can find it ), through which
essentially every trajectory passes an infinite number of times, to define
a map which relates successive intersections of a trajectory with this
surface. On die other hand, if there is a periodic orbit, we can consider
a small surface normal

to this orbit. The points sufficiently near the

orbit on this surface, will again pass through this surface
once

( at least

), which defines a "first return map". This type of map can be used

to study the stability properties of the periodic orbit, and does not
require a global surface of section ( i.e., valid for all trajectories ).
In the case of systems subject to a periodic "external" disturbance
( period T ), the points in the phase space can be uniquely related

to

their location at a time T later. Moreover, since the disturbance is
periodic, the successive relationships ( at times 2T, 3T, ...) will be the
same, so that a ( time independent ) map is thereby defined for the whole
phase space. This is sometimes visualized in an "extended" phase space, in
which the time axis is introduced, and is made to close on itself after a
time T ( so the time axis is a circle, or one-sphere, S' ). This phase
space is then periodic along its time axis, and the above map is obtained
by taking the Poincare surface of section to be perpendicular

to this

axis. There is, of course, no physical significance to all of this - it is
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simply a "neat" method of visualizing the map.
If you have a hounded two-dimensional

phase space, this extended

phase space is a solid doughnut

The usefulness of maps is usually limited to one, two, and sometimes three
dimensional maps. The case of two-uimensional maps, which I will discuss
today, is sufficiently general

to describe a wide variety of dynamical

featur. ', and is the highest dimensional map commonly studied. These maps
fall

into two broad categories:

(A) "area" - preserving maps, (B)

"dissipative' maps ( in which areas are usually decreased by the map ). It
is possible to also have maps which are not area-preserving, but which do
not everywhere produce a decrease in the area. These types of maps have
not yet been widely studied, and I will not consider them in this lecture.
Area-preserving

maps

Kolmogorov-Arnold-Moser

are

associated

with

such

phenomena

a

(KAM) surfaces, dynamics near hyperbolic and

elliptic fixed point, homoclinic points, and various other amazing
features discovered by Poincare. Dissipative maps, on the other hand, are
closely related to strange attractors, Cantor sets, and the like. Thus
these

two

categories

of maps describe quite different dynamical

situations, and are meant therefore to discribe quite different physical
systems. There are, moreover, many other two-dimensional maps which are
not related in any way to Poincare maps, but are simply abstract maps
which are intended to illustrate some possible dynamical feature. One of

the first in this category is Smale's "horseshoe map", which was inspired
by Levinson's analysis of the forced van dar Pol (like) oscillator. This
is a nice example of the process of mathematical
Neumann noted

abstraction, which von

in the quotation, given in the first lecture. Since then,

there have been a number of abstract maps invented
illustrative

purposes

(e.g.,

Arnold's

"cat

for

map",

the

various
"baker

transformation", etc.). I will not have time to to discuss these in any
d.tail, but I vill attempt to mention a few points along these lines.
I will begin this discussion of maps with the case of area preserving
maps, and specifically the so-called standard map or, more generally,
twist maps. To give some physical motivations for considering such maps, I
will first sketch several cases in which the standard map

(or something

similar) occurs.
Let's begin with a very simple physical system - a ball bouncing on a
vibrating plate, as illustrated

V? « V
When the ball bounces off the plate, the change in its velocity

is 2V P .

Now let vn be the speed (not the velocity) of the ball prior to the n'th
bounce, at time be tn , then
iVi = vn + dv = vn + 2 V sin( a tn )
or

tv! = vn + 2 V sin%; p n = a tn

provided, of course, that the right hand side is positive
required

(which is

for the ball to catch up with the plate ). Also, working out the
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time of flight between collisions, and if we ignore the displacement of
the plate,

<A,+1 = % + a A tn*i
where

A tnt\ = tn+I - tn = 2 un+i / g.

Set a = 2 co / g, then
?Wi =<fi, + a ife+i .
Finally, set rn = a vn, then
rn+i = rn + K sin ?>„
«Wl = 9n + rn+i

( J^ = 2Va = 4Vco/g )

This map from step n to n+1

is now usually called the standard map,

introduced by Chirikov, who has studied

it extensively

( B.V.Chirikov,

Physics Reports 52, 265 (1979) ).
It will be noted that it has been assumed that the collison of the
ball with the plate is elastic (no energy loss) and the consequence of
that is to give an area preserving map (similar to the Liouville theorem
in Hamiltonian flows). The area preserving feature is established

by

considering the Jacobian of the transformation

d

( ryi,

enl.\

d{rn,

9n)

) _

1

fccos9n

_ j

1 + fcCQS0n

A presumably more sophisticated situation where this map arises, is
in the microtron accelerator. This involves the relativistic motion of an
electron, which is accelerated

in a small gap (width d ) , by a periodic

electric field, and bent in a circular track by a perpendicular
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magnetic

field (see the figure)

This electric field causes a change in energy
A E - e eo a sin(

at)

Outside the gap, the period around the circular orbit i s
J t = 2 x ( mc/efi ) = 2x ( E/eBC )
where E i s the electron's r e l a t i v i s t i c energy If £„ i s the energy prior to
the n'th entrance into the gap (at phase <pn = oitn ), then

£71*] = En + e eo d sin <pn
and

<pn<.\ = </>„ + 2KU En+\/(eBc)

setting

r n = (2zu/eBc)

En, K - ( 2ma cod/Be )

r n ^i = r n + if s i n <pn

Vm-i = ¥>n + rn+] .

standard nap

Note, again, that any radiation loss of the electron has been ignored,
making the process conservative (area preserving). This derivation ignores
the variation of the electric field during the passage of the electron
(just as we ignored the motion of the vibrating plate), and that is
usually a very good approximation in this application, since the velocity

of the electron is nearly the velocity of light.
There are other examples where the standard map arises. One is the
Frenkel-Kontorova model in solid state physics

(e.g., see S. Aubry,

Physica 7D, 240, (1983)). Consider a harmonic lattice which is subjected
to a periodic spatial force

x,- = position
Fj =

of j'th

particle,

subject

to the force

fc(x>*|-i;-Z)-fc(i;—a:,--|-Z)+Vsrji(ax;-)

where / = equilibrium separation distance ( if V = 0 ). This distance
drops out of Fj , so

where the potential energy is
CO

P

=

v-i
1
?
V
2_i o k(Xj+\-Xj) + i - -°°

cos (ax,-)

The equilibrium state is where all Fj -• 0
XJVI + x,--i - ZXJ + (V/k)sin(ctXj)

Set

<(>j = ax,,

rj = (x,- - Xj-\ )oc

=0

.

K = (aV/k)

sinl-

and (guess what! )
rj*i = r ; + fc s i n q>j
<Pj = a Xj = rj + a

XJ-I

standard

imp.

(look-alike)

= rj + <p;-i

Note, however, that <p's which difler by 2<r are physically distinct (i.e.,
ip i R ). The general problem

is different in this situation, but

frequently it is specialized to the periodic case.
There is another example of the use of this map, which is well-known
around here, and this is the area-preserving map which is produced
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by a

toroidal magnetic field.

1

et Q, be a region in the cross-sectional plane of the torus, and Q,,ti be

its image, following the field lines. Since
V-6 = 0 ,
it follows that the magnetic flux through Qn and Qn+\ is the same

I

Bz dxdy = /

Bz dxdij .

Since Bz > 0 , the map generated by the field lines on the

x-y

cross-section is "area"-preserving (We could introduce new coordinates in
which the area would be preserved, but that is not necessary).

In other

words, by area-preserving, all that we require is that the value of some
integral
/ a( x, y ) ck dy

( where o( x, y ) > 0

)

is the same for the original and mapped regions. That is, in the last
situation, o - Bz , whereas it is simple area-preserving if a = 1. Either
one of these will do equally well for the properties we will soon discuss.
There are other area-preserving maps which have been widely studied. One
is the Henon map ( H.Henon, Numerical Study of Quadratic Area-Preserving
Mappings, Quart, Appl. Math. gZ. 291-312 (1969) ).
in, i = cosa x,, - sina (t/n - xi;)
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= sina xn + cosa (yn -

so
cosa+2sina xn
sina—2cosa xr,

-sina
cosa

=1

which shows that it is area-preserving. This map is polynomial rather than
trigonometric, as is the standard map, but, for small (x,y) it reduces to
in*i = cosa in - sina yn
yn+\ = sina xn + cosa yn
which has the rotational solution

xn = R cos(n a + <p ),
This

rotational

behavior

yn - R s i n ( n a + tp ) .
of the map is common to the standard map also,

and more generally, to a class of maps known as twist

maps

(for reasons

which will soon be obvious).
Returning

to

the standard map, and the simplest case, when K=0, we

have
fV\ = rn

8n*i = Qn + rn

Then

6n*i - 9n = rn (= constant, independent of n )

so the radius remains constant, and the larger circles rotate faster
linearized

form

of

the Henon

map does not have this property, but the

nonlinear form has the variable rotation rate). It is from
rotation

rate

(the

this

variable

(the twisting of the plane), that these maps obtain their

classification as twist maps.
An important measure

of

this

rotational

- 8 -

motion

is

the

rotation

number, p. Let
9n*i = /<0n>rn)

(df/dO > 1, 'orientation preserving')

Then the average rotation rate is indicated by
1

p =^
and

Pf

lim —

( rotation number ),

the number is the same for all points on an invariant close curve

(i.e., it does not depend on the initial 60. on this curve). Also, we can
identify angles in such a way that p < 1 always holds. A point is
periodic only if p = m/n (is a rational number 0 SI m < n ) where m and n
are relatively prime numbers. For example

If p = m/n, then the period is n.
The standard map, of course,can be studied for all values of K, but
there are two classes of problems .depending on the value of K, which are
usually of interest in different applications. Thus, in the case of the
microtron accelerator, the case of greatest interest is when K is large
(producing a large energy gain on each orbit). On the other hand, in the
case of the toroidal magnetic field, interest usually centers around small
values of K, when most of the magnetic field lines are "well-behaved", and
therefore ("hopefully) most of the plasma in this field is likewise under
control. We will return to this later.
We now consider the case of small values of K, and a set of points on
a circle r = m/n . We will call this circle C. All of the points on C have
period n, when K =0, and we want to see what happen near this circle when
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K is small. The result that follows is what Poincare conjectured, and
which was later proved by Birkhoff ( G.D.Brikhoff, Trans. A.M.S. J4, 14
(1913) ). It is often called the Poincare-Birkhoff fixed point theorem.
Now, let S represent the standard map (any twist map will do just as
well), so that, when K=0, for every point P on C
S" P = P

( P onC )

S" : C - C
That is, by considering the map 5", rather than S, all of the points of C
become fixed points of this n'th iterate, and such fixed points are easier
to deal with. Let C be r > m/n
And C be r < m/n ,
So S" C

rotates the C

points counter-clockwise,
and S" C

rotates the C

and points clockwise,
as illustrated.

When K is small, from continuity considerations, we can conclude
that there must be a curve D (in L.he vicinity of C, between the circles C+
and C-), such that
S" : ( R(B), 0 ) - ( r', e )

(i.e., same 9)

In other words, the points of D do not rotate when mapped by S" (the curve
D reduces to C when K goes to zero). Since S" is a twist map, any fixed
points of S" must lie on D. Moreover the points on D can only move
radially when mapped by S". Now we make use of the area-preserving

10

property of this map. Because of this property, the area enclosed by D and
S"D must be the same, as illustrated.

You can readily convince yourself that this implies that there always must
be an even number of intersections of the curves D and S"D.section But
D

intersects

if

S"D. then that intersection did not move either radially or

angularly - that is.it is a fixed point of the map S".
This yields the Poincare-Birkhoff theorem: If an area-preserving

map

rotates two closed curves in opposite directions (e.g., near the curves C+
and C-), then between these two curves there are at least two fixed points
of the map

the intersection points of D and S"D).

What is the map like near one of these fixed points ?
Take the fixed point to be (0,0), and linearize any map
X,H - F(xn,yn) ;

yn+i = G(x,,,yn)

about this point. This yields

xn-i =

c

—

)o xB + ( - ^

)o yn ,

or
xn-i = Mil xn + Mi2 y,,
II nA = M2| X n + A/22 Vn
Area-preserving means that these coefficients satisfy

11

A/|i
A/21

d (x n , a,,)

A/12
A/22

-I

An eigenvector satisfies

LW21

Afe _l L y J

*LyJ

So the eigenvalues, A, are
A/M-A
A/21

A/12
Afc-A

= 0

or

A = I ( A/,, + A/12 ) + I [ ( Mn + Afe f - 4 ]

I/2

where we used Det|A/| = 1 (area-preserving). Thus the two eigenvalues
satisfy
A, A2 = 1 ,
and either
a) A| and A2 are real with |A|| ^ 1 and U 2 | = 1/Uil ^ 1 in which
caso the fixed point is called hyperbolic, or
b) A| = e'e , A2 = e~'e and the fixed point is called elliptic.
To see this pictorially, we plot curves along which the points map in the
plane (note that these curves are not the same as trajectories in a phase
space, because

the motion along them proceeds in steps. The curve, then,

is simply a collection of points which map along that curve - it is called
an

invariant curve). Here the figure is drawn for any twist map. T (e.g.,

S").

-
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{
Thus: any rational invariant circle ( when fc = 0 ) breaks up into a finite
number of hyperbolic and elliptic pairs of fixed points ( when fc =v 0 ).
All rational invariant circles are "destroyed" by any perturbation fc # 0.
We now will discuss what happens in two regions:
I ) In the region of a hyperbolic point.
II) In the region of an elliptic point.
Consider

first the points which come near a hyperbolic fixed point.

First of all, Moser proved that, while the point is in the neighborhood of
the hyperbolic fixed point, it maps along hyperbola - in other vords,
nothing very exciting takes place. The situation is illustrated

in the

figure.

The invariant curves which are mapped into the hyperbolic point are called
the stable manifold of that point, and the invariant curves which map
"backward"

into the point, are called the unstable manifold of the fixed

point (these manifolds, of course, extend off into the plane, in some
fashion).
Ws = { x: lim S" x = x 0 }; Wu = ( x: lim S~n x = x 0 }
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While this local behavior

is very simple, the global situation is

usually very complicated, as Poincare conjectured, due to the occurence of
a homoclinic point. A horaoclinic point, x* , is one which asymptotically
maps to the same point, backwards and forward,
lim S" x* = lim S~n x*
Poincare conjectured that the common situation is for the stable and
unstable manifolds of a hyperbolic point to cross each other at some
point, x* . In that case, the intersection point, i*, lies on both the
stable, 14 ,and the unstable, Wu , manifolds, and. is therefore a homoclinic
point.

Poincare then pointed out that, if there is one horaoclinic point,
then there is an infinite number of homclinic points. This is illustrated
in the following figure
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Consider the homoclinic point, x* , and its "forward" map, Sx* , which
is shown. This must be on the stable manifold, because any forward iterate
of a point on I/s must remain on !v's (by definition). On the otherhand, the
"backward" iterate of x* , is clearly the point S"'x* , which is on the
unstable manifold. Hence S"'x* must also be on Vu . In other words, Ws

and

!/„ must again cross at S"'x* . The same analysis clearly holds for all
forward iterates, S"x* , and also backward iterates, S~nx* , and

therefore

there are an an infinite number of homoclinic points.
It will be noted, in this figure, that there is another crossing
point of It's the and Ii'u between x* and Sx* . This must occur if the map is
orientation preserving. Note that, at x*,the vector along lt'u lies to the
left of the vector along li's, and this orientation is preserved by the map
S. Hence it must hold at Sx* , and this requires an intermediate crossing
of Ws and Wu .
This fact shows that the similarly shaded regions map into each
other. Moreover, and this is what produces a fantastic "tangle" between Ws
and lt'u, the area of each of the similarly shaded regions must be the
same!! This is due to the fact that the map is area preserving. The figure
is only approximately faithful to this condition, and one quickly despairs
in trying to draw very much of the structure of this tangle. Note that,
although 14 and Wu must become more and more "wild" in their wanderings,
in order

to continually cross and maintain the constant enclosed area,

they can not, in this process, cross themselves - because the mapping is
one-to-one.
Now let us again consider the region of the hyperbolic point. As I
said, Moser proved that the mappings in this region simply follow smooth
hyperbolas, so this motion does not produce any chaos in this region, but
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we now see that the occurence of a homoclinic produces a fantastic tangle
in this region. Moreover this tangle indicates that there is a chaotic
family of solutions, which is similiar

to the chaotic family which

Levinson found for the forced van der Pol equation....namely the members
of this family can be put into correspondence* with any member of a
Bernoulli sequence. To see how this can be done (H. Hirooka, N. Saito, and
J. Ford, J.Phys.Soc.Jpn. 53,895 (1984)), label the regions around the
hyperbolic fixed point as shown,

and consider the shaded regions in the previous figure. There are various
possibilities when a point starts near the fixed point, maps away from
this region, and then returns to the region.

I ) If it starts in region 0, and in
a) the region £|§) > then it goes to region 1
a) the region J J

, then it goes to region 0

II) If it starts in region 1, and in
a) the region Q % 0 , then it goes to region 0
a) the region [)

* then it goes to region 1

However, because of the homoclinic structure (see the figure)
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the region » 3 overlaps both 6 S $ and Q J in 1
the region pig overlaps both £s§^ and f j in 0

Moreover

this

overlapping is dense near the fixed point. What this means

is that there are solutions in the left-hand

shaded

regions,

which

map

into either thj new shaded region or the clear region (on the right of the
last figure). These two possibilities are,
option,

'"'jnce, near

and

the

"coin-toss"

the hyperbolic fixed point there are solutions with

any sequence of O's and 1's (in
point),

effectively,

the

successive

passes

near

the

fixed

these solutions are dense around this point. This shows that

there exists a chaotic

family

of

solutions,

and

that

they

have

the

property of sensitivity to initial conditions (because they are dense). So
the region around a hyperbolic point is indeed chaotic, when one considers
mappings which leave, and then return to this region.

II) Now

we turn to the question of what happens to the map dynamics

near an elliptic point, when K =¥ 0 ? Moser proved (1962)

that,

for

any

smooth area-preserving map of an annulus (A: a S r S b) onto itself:
?Vi = rn
any

"nearby"

0,^-1 = 9n + a(r n ) ,
mapping of A into the plane will have invariant curves with

all the rotation numbers, p, present in the original

map,

provided

that

these p"s satisfy the "sufficiently irrational condition"

I P - * Ife7 n*
for

all

integers

m,n > 0 ,

and

some

positive

y,

~ ( C.L.Siegel and

J.K.Moser, Lectures on Celestial Mechanics (Springer-Verlag, 1971);
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J.Moser, Stable and Random Motions in Dynamical Systems, Ann. Math.
Studies

(Princeton Univ. Press. <9f73) ). In other words, if p is not "too

easily' approximated by a rational number, then a small change in the map
will simply change this circle into another invariant closed curve.

A
If T = 2 + £

*

( £>0) , the number (measure) of p's which do not satisfy

this condition, goes to zero with y. Hence, most of the irrational
surfaces are preserved, for small fc (recall that all of the rational
surfaces broke up for any small fc). These preserved surfaces are commonly
called KAM surfaces
theorem proved

(Kolmogorov-Arnold-Moser), due to a corresponding

for Hamiltonian

systems

which

satisfy

Poincare's

conditions.
What else is known near an elliptic point? Zehnder proved (1972)
that, for any area-preserving analytic map with an elliptic fixed point,
any

"nearby" area-preserving map has a homoclinic point in every

neighborhood of this fixed point. ( And we just saw the "tangle" produced
by homoclinic point! ). So any perturbation ( fc =v 0 ) in the standard map
generates an infinite number of homoclinic points in every region around
the elliptic fixed point. These homoclinic points come from the breakup of
the circles for which p is not sufficiently irrational.
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A totally inadequate representation of this complexity is illustrated
below.

( between the KAM curves shown there are an infinite number of

horaoclinic points! )
CUrvtS.

That completes the analysis about both the hyperbolic and elliptic
fixed points. I will now illustrate this briefly with some widely-studied
examples. One is the area-preserving quadratic map, invented

by Henon,

which I already mentioned briefly,
xn+i = cosa xn - sina (yn - z£ )

(H'-lf - ft2)

yn*i = sina xn + cosa (yn - ij; )
The twist character of this map is due to the quadratic terms, and the
following figures ( from R.H.G.Helleman, On the Iterative Solution of a
Stochastic Mapping, in Statistical Methods, Theory and Applications
(U.Landman, editor, Plenum, 1977) ) show an "island" structure near

the

orbit p =1/5. Inside this island chain can be be seen three (of the
infinitely many) KAM surfaces. Between these surfaces are the

"destroyed"

rational curves (of the linear equations), but they do not show up on this
scale. The %¥

an

d X label the elliptic and hyperbolic fixed points of the
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fifth iterate map, H 5 (i.e.,these points have period five). Some of the
details of the chaotic family near a hyperbolic fixed point,

is

illustrated in the figure on the right. In these figures, cosa =0.24. The
other islands that you see in the figure, occur around other periodic
solutions with larger periods.

Another example of such maps, which you are all very familiar with,
is the case of toroidal magnetic fields. The following figure shows some
data taken a long time ago which indicates the magnetic field map in a
stellarator. The top figure shows the experimental data, obtained by
sending a weak electron beam along the magnetic field (so that is tightly
bound to a field line). The lower figure shows the theoretical magnetic
field map, based on calculations using the coil configuration of the
stellarator. These are , of course, all vacuum calculations. The magnetic
surfaces

which enclose the principal magnetic axis, represent the

intersection of a simple torus with a plane. These are the KAM surfaces of
this system. The

"magnetic islands" around the period-six points are

clearly visible, but none of the chaotic trajectories are shown. The
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islands are the intersection of a torus (whose structure depends on the
rotation number) with a plane.

An ex^mp1

of how the stochasticity of the vacuum magnetic field can

be reduced, by adjusting the coil windings, is shown in the following
figure - which many of you are familiar with since it was presented
by Hanson and Cary in February.
0.3

0.2 -

0.1 -

Z 0
-0.1 -0.2 , , ,

-0.3
0.7
Tig- I.

0.8

,
0.9

,

,
I.Z

L3

Surfaci of stetioa for ui unoptlaiscd st«llarator -with
l n - J and B,, • 5.
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here
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Tig.
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1.1
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Surface at section far the optimised stetlarator. The
amplitudes of the harmonics of the coil winding law

This is, once again, in a vacuum situation. As soon as you put a plasma in
there, the stochasticity will returu - but the hope is that it will not be
as bad as it would be without t'lis adjustment of the coils. Many studies
are trying to determine the conditions for the break down of KAM surfaces.
In troidal magnetic field device.5, KAM surfaces act as 'dikes', preventing
magnetic field lines from wandering very far in their stochastic behavior.
It

should be emphasized however

that these KAM surfaces are not

necessarily effective dikes against the wandering of plasma particles in
these fields. This is not only true because of collisions, but because of
the finite gyroradius, which means that many adjacent KAM curves can be
readily crossed, and banana orbit effects can become crucial. In addition
ambipolar effects (E>.B drifts, set up by the differential "diffusion" of
electrons and protons), will carry guiding centers off given field lines.
The study of "bimaps", involving

two particle species which map at
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different
by

rates (the time around the torus is different), and interacting

collective

considered,

E

the

dikes against

and

B

fields, has

yet

to

be

started.

Everything

magnetic KAM surfaces generally represent rather "leaky"

plasma

migration

-

certainly

the

Dutch

would

not

be

satisfied with that type of dike against the sea !
Nonetheless,

there

is

considerable

conditions required for the breakup of
area-preserving

maps.

Important

KAM

interest

in understanding the

surfaces

in

advances in this process have been made

recently by J. M. Greene, R. S. MacKay, L. P. Kadanoff,
most

"robust"

KAM

curves

two-dimensional

(as K

is

and

others.

The

increased) are believed to be the

"noble" curves, whose rotation numbers are the "most irrational"

m

p

c/rt (all m,n)

and various criteria are being examined
with

renormalization

numerically,

chain

(relative

chain), then the transition
surrounded

by

a

in

conjuction

methods, to obtain general statements. For example,

if pi is the rotation number of the field lines
islands

and

near

the

center

of

an

to the rotation about the magnetic axis of this
in

which

stochastic

( J.M.Greene, pg.3 in Statistical

sea,

the

chain

appears

Physics

and

breaks
to

occur

Chaos

in

into
if

islands,
pj >

Fusion

(Eds., C.W.Horton.Jr. and L.E.Reichl; John Wiley and Sons (1984) ).

\'Q:-
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1/6

Plasma

This result was illustrated by Greene using the quadratic map
£n+i = -yn + PxR - (l-P) x?
yn+i = xn - Pxn+| - (l-P) x^i
which yields the following figure (using p=0.24)

The figure shows five "islands' near the orbit p = 1/5. The chaos which
occurs near the hyperbolic point (in the box), is shown in the left figure
below. The figure on the right is the same case, but without the
stochastic orbit.
7V/V
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The chains of islands which can be seen in that figure, have

the

"safety

factors".q (the inverse of the rotation numbers), which are indicated. The
left-most chain of islands are connected (enclosed) by a KAM surface,
the

safety

factor

at

and

the island center (indicated by a subscript i ) is

q; = 6.77. The next chain of islands to the right have a safety factor
the

center

of

at

q; = 5.68, and the third chain, q* = 4.65. It can be seen

that the islands in the chain are already surrounded

by

a

chaotic

sea,

which agrees with Greene's numerical criterion.
One approach to predicting this breakup of the KAM surfaces, based on
similarity (scaling) considerations,
F.Doveil

(J.

Stat.

Phys.

was

26,257

initiated
(1981)),

by

and

D.F.Escande

more

and

formally

L.P.Kadanoff. and has been studied extensively by J. M. Greene and

R.

by
S.

Mackay. While the basic picture of infinitely many nested dynamical states
has been suggested for a long time is schematic figures (e.g., the book by
Arnold

and

Avez),

detailed

illustrations

are

illustration of the type of similarity which appears
critical

KAM

surface

(here

passing

following figure, by Greene.
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through

not
to

(0,0)

common.
exist

A

near

nice
the

), is shown in the

One can see that the features in the large box are repeated in
box

the

small

(when reflected through the vertical). The use of this scaling method

has been described in detail by R.S.MacKay ( Physica 7D, 283 (1983) ).
Even when the KAM surfaces are
mapped

destroyed,

the

"diffusion"

of

the

points through an "archipelago" (i.e., islands in the chaotic sea)

is known to be quite different than a simple random walk around obstacles.
The islands have a "sticky" property to them, which delays any point which
maps close to it (e.g., C.F.F Xarney, A.B.Rechester, and R.White,
4D,

425

(1982);

F.F.Karney,

T.Kamimura, and T.Hatori, in
(1984)

) This

produces

an

Physica

8D,

Statistical
altered

360

(1983)

Physics

form

of

and

Physica

; Y.H.Ichikawa,

Chaos

migration,

in

Fusion

with

longer

correlations than occurs in standard diffusion.
Unfortunately time will only allow

me

to

briefly

mention

another

important example of an area-preserving map, which is a Poincare map for a
system

of

two

Henon-Heiles

coupled

oscillators.

The

example

is

the

so-called

Hamiltonian Model, ( M.Henon and C.Heiles, Astrophys. J. 69,

73 (1964) ) with the Hamiltonian

H = 75 ( P? + P2 + <J? + <& ) + 9T <& - g (&

In this case a two-dimensional Poincare map
surface

of

section

is

generated

q\ = 0 ( q\ > 0 ) . The

KAM

two-dimensional tori (not torii!), which can not be
"pictures"

by

surfaces

embedded

using

the

are

now

3

in ft

(so

of them are schematic). The existence theorem for the KAM tori

in Hamiltonian systems is due to Kolmogorov, Arnold, and Moser ( see above
references of Siegel and Moser ).
The

break

up

of

some tori, as seen by their intersection with the

surface of section, is shown below. In higher dimensions the KAM

- 26 -

surfaces

do not act as

"dikes" which confine the stochastic motion - so that

"Arnold diffusion' can exist even when they are present.

-O-t

-G-i

3-Z

C-i

The above examples were for area-preserving maps. Such maps can
produce chaotic dynamics, but they can not produce what is called a
strange attractor. That is, area-preserving maps can produce strange sets,
but they are not attracting sets (because the area preserving feature does
not allow the contraction required for attracting dynamics). One example
of a famous attractive map is the Hgnon map ( M.HSnon, A Two Dimensional
Mapping with a Strange Attractor, Comm. Hath. Phys. 50, 69-77 (1976) )
!„,.i = 1 + yn - a xn

yn*i = 6 x n

When 6 = 0.3 and a = 1.4, this map yields a

"strange attracting set",

which is illustrated below. This illustration was obtained using 10,000
iterations- after discarding earlier iterations

(so that only

the

"asymptotic" set is shown). The fascinating thing about the left figure is
that, if you take the points in the little box, and blow the figure up,
you get the results in the right figure. Then, if you take the box in that
figure, and blow it up, you get the figure on the right below.
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up

m

<±kl.i«-a« -tt.e

Once again, blowing up the box in that figure , yields the figure on the
left. The similarity between the last three figures is striking, to say
the least. Of course, we are starting to run out of points to look at, but
otherwise all three figures look essentially identical. The structure
appears to be the same at all levels of magnification. Indeed, if you take
a cross-cut of the total set, using a transverse line, then the set of
points on this line looks very much like a self-similar Cantor set.
Therefore, in the two dimensions, the total set looks like a line "crossed
with a Cantor set' (sometimes written R X C). This Cantor structure comes
from

the 'stretching-folding' features of this attracting set, which also

produces the great sensitivity of the solutions to the initial conditions.
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Therefore this attracting set deserves the title of a strange attractor.
Another feature which is interesting about the Henon map is that, for
certain parameter values, this map can have two strange attractors. The
attractors lie in the same general region of the space, but they have
different basins of attraction.
Unfortunately I do not have any time to discuss other important maps,
which illustrate possible dynamical features. One which I had hoped to
discuss is Smale's

"horseshoe" map, which was inspired by Levinson's

analysis of the periodically forced van der Pol equation. This map has an
invariant set of points (that is, a set of points which maps into itself)
which contains trajectories that can be put into correspondence with any
member of a Bernoulli sequence

(an infinite sequence of (+1,-1)), as

Levinson found in his chaotic family of solutions. For further details, I
can recommend the articles by J. Guckenheimer , in Nonlinear Oscillations
in Biology (F.C.Hoppensteadt, Ed., Lect. Appl. Math. 17; AMS, 1979), or Z.
Nitecki, Differentiable Dynamics (MIT Press , 1971). Smale's invariant set
is not an attacting set, as is Levinson's chaotic family, so that Smale's
set is not a strange attractor. Another example of a set with a chaotic
family of solutions , is the logistic map, with c = 4 (the interval

(0,1)

maps onto itself). The dynamics is ergodic in this case, and the solution
can be written down explicitly, namely, if
x(n) = ( 1 - cos( 2 Ti 9(n) ) ) / 2
then 0Oi) = 9(0) 2". If 0(0) is written in base 2 notation

(after

discarding the integer part), the multiplication by two simply amounts to
a shift of all decimal digits to the left (again discarding the integer
part). The sequence of discards can then be imde to correspond to any
member of a Bernoulli sequence, so this system has a chaotic family of
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solutions. However, since the set maps onto itself, it is not an
attractor, just as in Smale's example. (See L.P. Kadanoff, Physics Today,
D e c , 1983, for a nice discussion).

cone I us i on

In this series of lecturer, I first attempted to give an over-view of
many of the concepts which have been developed for studying nonlinear
dynamics. Like a diamond, or a significant sculpture, nonlinear dynamics
must be viewed from many perspectives in order

to begin to appreciate

these concepts and their beauty. I attempted to sketch some of these
perspectives, more or less as they arose historically, but that short
review can not do the subject justice. I just discovered a very nice
review, which is both authoritative and enjoyable to read. I recommend it
to you: M.W. Hirsch, The Dynamical Systems Approach to Differential
Equations, Bull. Amer. Math. Soc. 11, 1-64 (1984).
Since some of you are fairly familiar with the coherent form of
nonlinear dynamics displayed by soli tons, I focused these lectures on the
various approaches to "chaos", both in the sense of bifurcation sequences,
and in the ways that we can try to characterize the resulting "chaos"
(e.g., Liapunov numbers, dimensions of attractors, dynamics entropies,
power spectra, etc. ).
In the case of one-dimensional maps we found:
bifurcations (P2" ) which lead to various Cantor set:

(a) period-two

(b) semi-periodic

motion in bands and reverse bifurcations; (c) tangent bifurcations, where
chaos disappears by the intermittency behavior
"windows');

(d) various

(the

beginning

of

"universal" features of bifurcations; (e) I did
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not discuss the "crisis" effect - at the end of the windows - where the
chaotic set qualitatively changes character.
In strange attractors of higher dimensions, we saw the first detailed
connection between a family of solutions and a sequence of coin tosses an important observation. We saw that, for the periodically forced van der
Pol oscillator, most solutions tend asymptotically toward this chaotic
family of solutions. In contrast to this nonautonomous system, the
autonomous Lorenz system also had most solutions convergins on a region of
zero volume, with no stable fixed points, or stable periodic solutions (if
r > 2 5 ) . In the Lorenz system, the approach to chaos went through a
homoclinic bifurcation, producing a major change in the basins of
attraction of C* , and then a very different form of heteroclinic
bifurcation (from the origin to an unstable limit cycle). This is followed
by a form of

"crisis' to a

"preturbulent" state, and the apparent

co-existence of two types of basins of attraction (one to the stable fixed
points, Cr , and the other to chaotic regions in phase space). The
bifurcation

processes

are

therefore

much

more complex than in

one-dimensional maps. Finally, some examples were given of how the concept
of embedding can be usefully employed in systems of higher dimension, to
experimentally determine the dimensions attractors. In addition, this
method can be used to distinguish intrinsic chaos from externally produced
chaos, by demonstrating the existence of a "stretching-and-folding" action
in the phase space dynamics.
The last lecture, on two-dimensional maps, came back to a lower
dimension, but could thereby discuss more of the details and general
features of chaos as it arises in area-preserving and (briefly) in
dissipative systems. This incredible land of tangled trajectories, which
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Poincare discovered, could not have been pictured in its full three (or
more) dimensional glory; one can see the power and usefulness of
Poincare's maps most forcefully

in this situation. The abstract maps

(Henon's attractive map, Smale's horeshoe map, Arnold's "oat map", etc.)
carry on in this tradition. Their purpose, however, is not to predict any
phenomena in nature, but rather

to understand some dynamic phenomena,

which hopefully occurs someplace in nature. This heuristic use of maps, as
in the case of computers, is a basic tool which we need to frequently

use

to uncover some of the secrets of nonlinear dynamics.
Finally

I must comment on an area which I have not said very much

about, and that is the interplay between "chaos" and coherence. This is an
area of research which is just beginning to take form, but it is clear
that it is an extremely important area of nonlinear dynamics. At present
our understanding of "chaos" is rudimentary, at best. We know it exists in
certain forms, but we know very little about the role that it plays innature

(aside from simple observations of "turbulence"). In particular,

the idea that "chaos" is somehow undesirable, and to be avoided, or that
it can play no useful role in orderly processes, is almost certainly
erroneous (not having said what
erroneous!). Certainly

"chaos" is, then I can say it is

the interplay between chaos and order is familiar

to the fusion community, which is trying its best to get these two states
of motion to co-exist

(with, of course, order in space and chaos in

velocities!). It is also clear

in many experimental

observations of

"turbulent" fluid states, that spatial patterns persist in an intermittant
fashion in various regions, while "chaos" exists in other regions

(this

occurs in the Rayleigh-Benard turbulence), or they may be superimposed (as
in the Couette-Taylor turbulence). Some advances in the understanding of
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these co-existence forms of dynamics have been made recently, and the
future understanding of these effects will undoubtly be exciting.
Examples of our lack of understanding of the role of

"chaos"

is

readily found in biological processes. The following example, noted by H.
Haken, shows clearly that orderly motion in higher dimensions does not
necessarily imply that the process is more useful or productive. The
figure shows the brain waves (EEG) of two individuals. The "chaotic" waves
at the top are the normal brain waves, while the orderly pattern below
belongs to an individual

in a epileptic seizure. No commentary

is

necessary.

^#V^p«^

I hope that these lectures will stimulate you to investigate further
the possible use of these concepts in your areas of research. Thank you
very much for your attention.

- 33 -

