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Abstract 
Quantization of a farad fiald interacting wich an external soliton 

potential is considered. Classes of interactions landing to unitarily 
equivalent reprcsentstions of the canonical anticosautation relations 
are determined, Soliton-like potentials conparcd to trivial ones yield 
ineauivalent representations. 
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INTRODUCTION U..--.*»••- • " 

Quantization of fermions interacting wich sol icons has attracted 
people during the lasc few years, since fractional charged states may 
occur [I]. Different approaches have bean advocated (for a review see 
[2]); the simplest situation with external soliton fields has been 
studied extensively too (3). 

Similar probleas describing the interaction of electrons with 
external electromagnetic fields have bean treated in a rigorous -*y 1*1. 
In particular scalar potentials decreasing rapidly enough at infinity 
allow the application of a Bogoliubov transformation which maps the 
free electron-Fock representation co the representation of the inter­
acting field. For a large class of potentials, the Shale-Stinespring-
Berezin [5] criterion shows chat tha Bogoliubov transformation yields a 
unitary mapping and tha Furry picture holds. 

We closely follow the above mentioned work dealing with electro­
magnetic interactions, but treat ehe one-dimensional case with potentials 
having either trivial asympcotics v_(x) » • or nontrivial "solitonic" 

x+±» asympcotics v_- - • • ±a. 
x*i~ . 

We study representations of the algebra of operators a ( f ) , a ( f ) , 
which satisfy tha canonical anticommutation relations 

U(f) ,a(g)> - 0 , U ( f ) , « + ( g ) ) - (f .g) I , (I) 

where f denotes a two component wave function f € 'A • L* flO 9 $* *nd 
(f,g) is tha scalar product of f and g in M. 

•y comparing representations related to first quantised Dirac 
operators ve determine classes of potentials belonging to unitarily 
equivalent representations. Comparing a problea with trivial asympcotics 
v. co a soliton situation v.. yields inequivalent representations; there­
fore a discussion of charge quantum numbers (which will be discussed 
separately [6]) has to be done with care and a regularixacion procedure 
has co be used. 
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BOCOLIUBOV TRANSFORMATION 

We atar i with the s e l f -ad jo in t Dirac operator 

H - o 4 - ^ - * B a t h x -
o i dx 

0 A' 

A 0 ' • f c - t h x (2) 

act ing on H and uac aa a repreaentation for a • - o . and for 8 - a , 

where o . ' a are Pauli aa tr i cea . There are two l inear independent solutiona 

to the Oirac equation (for fixed energy |C.[ >_ • ) , which correspond to 

p a r t i c l e s moving frca l e f t to right and v ice vera«: 

f j " ( k . x ) - e (k ) SÜ1 
- ik • a th x 

(3a) 

*J M (*,x) - 6(k) -
ikx 

/*7 ik • • th x 

TV 

(3b) 

where E* - k 2 • a 2, and i indicatea positive and negative energy solutiona. 

Beside the continuous speccrua there exists on« tero energy bound state 

solution 

\ ° 1 
£. (x) - -!-
' ft 

l 
[ch x] 

(3c) 

O 0 

Spectral resolution of H defines projection operators P +, P_ and 

P° onto the positive, negative respectively sero energy subspac« of H. 

The CAS (I) aay therefore be split into parte by defining 

t,: 
b(f^) • a(f+) , c(ff) - B(tt) . d(fj - • (f_) , (4) 
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where f denotes the Dir*c-Fourier transform o f f . f € P H, f € P°N and 
t i s s 

the zero node has been treated like positive energy states. 
The quantum oechanical «any body representation corresponding to 

the filled negative energy scat«« is defined by 
*(a(f)> - 0 . «»(a(f),a+(g)) - (f.(P° • P°)g) (5) 

and is related via che QfS coos cruet ion to Che usual Fock space realisation. 
Finally, the field operator can be expanded like 

• (f) - b(f^) • c(f g) • d +(f J . (6) 

U« compare the above situation Co another one starting from a 
"perturbed" Dirac operator 

H - o j {jj • 8 » n ( x ) , v u ( x ) - • th x • V(x) <7) 

assuming lim V(x) - 0. We obtain a different splitcing of M according 
Co projections onto continuous and discrecc specera of R. Finally, with 
an obvious notation, we may write a decomposition of the field operator 
of (6) like 

•(f) - »(*,) • CÜJ • Df(t.) . (8) 

To simplify notation lac us choose an orthonormai base (f^.) for 
?°H and similarly {f\ } for subapacas FJf" corresponding to H, Chen (6) s sn s 
and (8) can be expressed as 

»n ' <*-•«•.> b. • K>'f.>< * ^-J'i <9*> 

C • Ü$."t^)*m • < V V C * ^•''-• ) < lm ( 9 b ) 

°1 " <*-«•'•.>*. * <*-„• V c * <*-«•'—>'I { 9 c ) 

n ~n *m m *n a ~n ~m m 
where • • Kf .,,.) . . . . n *n 
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Next we follow standard procedures (4]: Let Q be th« vacuus corre­

sponding co Che bare representation defined by b H • d Q » 0, and u be 

Che vacuum corresponding co the dressed represencacion defined by B fl -

• 0 (1 • 0; assuae hoch representations are unitarily equivalent; ehere-
n 

fore chere «rises a dressing traneforaacion wich 

Q Ü3 . B - U b Ü 
n n 

-I C ' U c l l I D - U d U 
n n 

,-l (10) 

le is noc difficult co work ouC ch« explicit fora of U; an aabiguity 

resulting froa ch« discinccion becwecn so-called weak and scrong logoliubov 

cransforaaciona does noc aaccer for our present purpose (see [6]). 

Horaalizabilicy of 3 yields necessary and sufficient conditions for ehe 

unitary iapleaencabilicy 

and 

P - Pu 

K <H HS I». »:n H S * " ' 
(II) 

where !i'H H S denoees che Hubert Schaidc nora; not« chac concribucions 

froa ch« discrece speccrua do noc aaccer, since P and P ar« aaauaed Co 

finicc diaensional. 

Mexe we aay acac« our firac result froa 

PERTURBIHC ABOUND A KINK POTPTTIAL 

I d 
Theorea I: Let H » « T T - M J tbi and H > H * 8 V(x), and asauae 
« — — — — o l OX 0 

Chat {|v(| < • for I < p <_ 2; ch« two reprcscncaciona of Ch« CAK corre­

sponding co H and 8 are unicarily equivalent. 

Proof: Both conditions (II) ar« equivalent co finit«n«ss of J|P -P*ll «,-, 

which w« hav« co check; but projeccioo operacors can b« «xpr«ssed in 

ceras of corrssponding resolvcncs: 

11/ <** 
c 

P„ - fj • £ / da I*(i«> - t°(ix)J (12) 

t(s) - (H-s)" 1 , s i o(H) ; *°(s) - (H - * ) " ' . s < o<H ) , 
o 

wher« ch« path of inccgracion C consists of lines (-»,-eJ and fc»), 



s 
and a half circle connecting c to c in the lower complex half plane. 
(We note that, tine« we are interested in unicarily equivalent represen­
tations, we may suppose that o(H) - o(H )). 

o 
In contrast co Ref. [ 4 | . both H and H have a zero eigenvalue; vre 

o 
therefor« define 

l(s) • <I-P#)RU) , 1?(«) - (l-pJ)Ro(t) (13) 

and rewrite (12), using the second resolvent identicy as 

( U ) 

We note that both, ? and P are 2*2 «atrix operators with only ;he 
two-two component nonvanishing, therefore P 8 P gives no contribution 
and only three cenu in (14) have to be estimated. 

Since |jfc(z)|| - d i s t ( s , speed - P)H)~' and both %° snd ft have no 
zero energy bound state, the last contribution of (14) is estimated as 

11/ ds fc°<iz)6V t ( i » ) li H S < / dn(|Ko(in)flV|| H S — 1 — . 
C "" / l * n 2 

(15) 

where w« have put a - I. 
In order to proceed, we need the explicice for« of the free resolvent 

this is easy to get since A A • - d 2 /dx 2 • I, with A given in (2). Such 
a super symmetric quantum «schanical situation allows to write down ehe 
resolvent as 

» " ( i ) -

(«(A** - Z 2)"' (A+A - «*)"' A+ 

A(AfA - s 2 ) " ' i {A(AfA - s 2 ) " ' A f - I) 
(!•> 

with th« explicit kernel 

(A*A- t V u . y ) - - 1 — . l / 8 2 - ' l*-"l# t „ lm/sl.l , 0 . ( | 7 ) 

2 / s 2 - l 
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Next we have to find conditions on V such that the Hubert Schmidt 
nor» of I (in)BV in (IS) is f inite and o( l /n) for In! * •- We estimate o 
the none of a l l four Matrix clesents separately; for exaaple 

I , <_ » ifft(C 

« \\\(0 

!lrta(in)BVl M* < ' j L / a m / d y . - 2 / » 2 » « i « - y l |T(x)||V(y)I , 
n z*l (18) 

n € » . 

Holder and Young's inequality yields 

lilH o<in)0V] l | |!% s<||vj|J||.- 2 /'» I ; 7l 'r ' p * r ' 
(19) 

I < r < » 

Since we need at least sone decay for |n | * ", Che «1lowed range of 
r i s restricted to ( I , » ) , which t u n s into a range for p € (1,2] as 
imposed in thee rest I. 

The other natrix elements can ba estiaated in a similar way; che 
difference between [R ] . , and fÄ_],_. given by the rero energy bo>:nd 
state contribution, has Co be taken iato account. Again finiten«sa is 
replied by tha assumption on V. 

Thus i t recu ins to estiaate I. and I , : 

r i " H/ d * I F ! e v * ( l l ) | 1 HS • x2 * M / i x 7 *0<1«>»",!I HS • ( 2 0 ) 

c c 

We note that P°8V is a Hilbarc Schmidt operator for Che class of 
potentials above. Therefore 

t«Q — * c * half circls " • "* 

« l!rV||(.||H(0)|| • 2/-Ä-) «-
• e •»•! 

(21) 

where tha estiaate fll(ln) -%(- in) | | <. 2n(n 2+D* , n € 1 has b«en used. 
Finally wa have 

which prov« 

REMARKS: As 
potential i 

The s« 
trivial asy 
therefore ••• 

PERTURBING 

Theore» 2: 

for I < p « 
and H ara u 

REMARK: The 
one poterti 
asynptotics 
out of each 

This 1 

Theorem 3: 

aud H - o -T 

rspresentat 

Proof: If o 
expl ic i t so 
priate norn 

ESS." 
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l 2 i • !!»(0>ev|| H S * 2 liai / an fls^UrOfc^-in^VPjfl m <_ 
c^° c (22) 

< w >|t(0)av|| • 2 / 4 2 _ «iE (in)Bw|| HS • * ' ^ = ^ ""o*'""""HS * " 
0 / ! • ! , * 

which provaa theorea 1. 

RCTAJUCS: Aa we expect, a large cl*aa of perturbatioaa of a typical aolicon 
potential like achx do not change tha f ield theory representation. 

The aaae actually reaulta if one perturbs around a potential with 
tr iv ia l aayaptotice; th« technique to prov« thia ia a ia i lar to tha abova, 
therefore we state only tha result for 

PERTimaiNC AROUND A CONSTAMT POTENTIAL 

Theorem 2: Let H • » • ! • — » J« and H - H • IV(x) and aeauae that | |v| | < • o x dx o p 
for > < p <_ 2; th« two repreaentscions of cha CAR corresponding to V. 
and H are unitarily equivalent. 

REMARK; Tha a»at «asential question concema a eoapariaon of two probleas: 
one potential wich trivial aayaptotica v. to another on« with sol iton 
aayaptotiea v . . . To check thia, i t ia only ncccaaary to taka one exaaple 
out of each claaa and coapare both. 

Thia laacs to 

I d Theorea 3: Let H - o -r-r— • Sv_ with lia |vT -al - 0 and 
"••*-—~~*™~ o i a s 1 l * | ^ » 

and • " ' T d « * **II * * e o **• I*TT " • t n *l " °* *"• corraaponding 

rapraaencations of tha CAB ara not äquivalent. 

Proof: If one takea v_ • • and v . . • a t h x theaaelves, one «ay uaa tha 
explicit solutions for tha fraa caaa and eqa. (3a) and (3b). Tha appro­
priate nota turns out to be infinita 

I ' * ' ! " R S - / d » / * H , - t > Y t ? 2 - - . an 
- • o I • a* 
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REMARK; Cue to the above facts a rigorous discussion of the occurrence 
of fractional charges has to be done with care. We are presently study­
ing such questions following a constructive approach. 

[5] S. 

[61 H. 
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