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STELLINGEN

1. De veronderstelling dat de waargenomen verlaging van de excitatieenergie

van het He-quasideeltje in verdunde He- He mengsels bij toenemende

impuls ten opzichte van het door Landau en Pomeranehuk voorgestelde

spectrum in verband staat met de interne structuur van het superfluïde

He, kan onder meer worden getoetst aan de hand van soortelijke warmte

metingen aan deze mengsels onder druk.

Dit proefschrift, hoofdstuk 2

H.C.M, van der Zeeuw, L.P.J. Husson, M. Durieux, R. de Bruyn Ouboter,

17th Internat. Conf. on Low Temperature Physics, Elsevier Science

Publishers, Amsterdam (1984) 1245.

2. De experimentele resultaten betreffende instabiliteiten van in kwartsbui-

zen gemonteerde platin~</eerstandsthermometers voor hoge temperaturen

kunnen worden begrepen door aan te nemen dat metalen uit de verhittings-

oven in de vorm van oxyden door de kwartsbuizen diffunderen.

P. Marcarino, Comité Consultatif de Thermométrie (Bureau International de

Poids et Mesures), Document 84-52.

3. De conclusie die Polturak en Rosenbaum trekken uit hun soortelijke warmte

metingen aan verdunde He- He mengsels beneden 100 mK onder druk, dat de

door hen gemeten afwijkingen van het Fermi-gas gedrag reëel zijn, is aan

ernstige twijfel onderhevig.

E. Polturak, R. Rosenbaum, J. Low Temp. Phys. 43 (1981) 477.



4. De kansen om in de Volksrepubliek China nieuwe zaken te doen, kunnen in

belangrijke mate worden geschat aan de hand van haar handelsbalans over de

voorafgaande twee jaren. Deze handelsbalans vertoont een cyclisch karak-

ter; mede gezien de lengte van de cycli verdient het aanbeveling deze

nieuwe zaken met voortvarendheid af te handelen.

5. De wijze waarop Greywall de rotonparameters berekent uit de door hem ge-

meten waarden van de soortelijke warmte van zuiver He, is onjuist.

D.S. Greywall, Phys. Rev. B18 (1978) 2127 en erratum Phys. Rev. B21 (1978)

1329.

6. De nauwkeurige metingen van de tweede viriaalcoëfficiënt van JHe-gas

tussen 0.6 K en 1.3 K met behulp van oen supergeleidende microgolf tril-

holte door Cameron en Seidel kunnen een belangrijke toets opleveren voor

berekende paarpotentialen tussen twee He-atomen.

J.A. Cameron, G.M. Seidel, private communication.

7. Ten onrechte onthouden verwijzende instanties vaak jonge stotterende zowr1

als niet vloeiend sprekende kinderen diagnostisch onderzoek en therapie op

basis van de aldaar heersende mening dat deze stoornissen spontaan zullen

verdwijnen indien de omgeving hieraan geen aandacht besteedt.

8. Het verloop van de oplosbaarheid van ^He in superfluïde ^He bij het abso-

lute nuipunt als functie van de druk, is op eenvoudige wijze te verklaren.

9. Bij de interpretatie van ODMR-metingen aan donor-acceptor recombinatie in

halfgeleiders dient men rekening te houden met de exchange-wisselwerking

tussen het electron en het gat.



10. Hoge energie electronendiffractie onder scherende inval is, gezien de

mogelijke hoeveelheid structuurinformatie die hiermee verkregen kan

worden, een sterk onderschatte oppervlakteanalysetechniek.

11. Het is opmerkelijk dat de overheid zowel bij de oprichting van het Wapen

der Koninklijke Marechaussee in oktober 1814 als bij de wederoprichting in

augustus 1945 als eerste taak van dit Wapen zaken noemt die in nauwe

relatie staan met het handhaven van de openbare orde.

In dit verband valt het verder op dat deze taak uit het takenpakket van de

Koninklijke Marechaussee de enige is die heden ten dage bij wet in formele

zin geregeld is.

Souverein Besluit, nr. 498, 26 oktober 1814.

Beschikking nopens het Wapen der Koninklijke Marechaussee, 1 augustus

1945.

Koninklijk Besluit van 6 februari 1954, Stbl. 45, houdende vaststelling

van de taken der Koninklijke Marechaussee.

De Politiewet, 1957.

Leiden, 9 oktober 1985 H.C.M, van der Zeeuw
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INTRODUCTION

The theory of Landau and Pomeranchuk ' which treats He atoms dissolved

in small quantities in superfluid He as particles of an "ideal" Fermi gas has

proven to be a powerful instrument for understanding the properties of dilute

He- He mixtures at low temperatures. In this model the He atoms are de-

scribed, independent of the phonons and rotons in the superfluid He, as a

system of quasiparticles with energy spectrum

fc
2i 2

where e , is the effective potential energy of a single He atom in pure He

and m* the effective mass of the He quasiparticle. The He atom is able to

move rather freely through the superfluid He. However, the He atoms have to

move away to let the He particle pass and thus a backflow of He atoms around

the He atom is generated. Like in classical hydrodynamics this will lead to

an effective mass for the He quasiparticle, m* which is greater than the

mass mg of a free He att.m,

This Fermi gas of He quasiparticles, characterized by the Fermi tempera-

ture Tp, has been extensively studied in the past thirty years in the classi-

cal as well as in the degenerate regime. Specific-heat measurements of de

Bruyn Ouboter et al- ' showed that in the classical regime the contribution of

the He quasiparticle to the total specific heat of the mixture is (3/2)kB,

the result of a non-degenerate ideal Fermi gas. Experiments of Anderson et

al. ' in the mid sixties on the specific heat of dilute He- He mixtures down

to about 5 mK confirmed within the experimental error the theoretical calcula-

tions of Stoner ' on the specific heat of an ideal Fermi gas in the degenerate

regime. These experiments are all in agreement with the Landau-Pomeranchuk
3 3

quadrat.c excitation spectrum and show that the influence of He- He inter-

actions is very small. Theoretical calculations of these interactions have

been given for instance by Bardeen, Baym and Pines '. The presence of small
3 3
He- He interactions is demonstrated in a number of experiments by the fact

that the effective mass m? is slightly dependent on the He concentration.

Brubaker et al. ^ showed in their second-sound experiments besides a

concentration dependency also a temperature dependency of the effective mass.

This they explained by a non-quadratic excitation spectrum of the He quasi-



particles and they expanded the Landau-Pomeranchuk spectrum with a p"* term. In

the seventies various authors discussed, using different arguments, the origin

of deviations from the quadratic excitation spectrum. Pitaevskii ' suggested

that the quasiparticle excitation spectrum co. ains a roton branch, like the

He excitation spectrum. Other authors, e.g. Bhatt , discussed the possi-

bility of the emission of He excitations at higher values for the wave number

k of the He quasiparticles.

High-precision measurements on the specific heat of dilute He- He mix-
n

tures by Greywall ) however suowed some remarkable results. His measurements

confirmed for the He contribution to the specific heat up to T » 0.25 K the

ideal Fermi gas model w • quadratic Landau-Pomeranchuk excitation spectrum,

but above that temperat ^ the He-quasiparLlcie specific heat started to de-

viate propo~tional with (T - 0.25 K) from this model- Furthermore, his results

suggest a relatively sharp Oiiset of this deviation at T ~ 0.25 K. Greywall

found that the deviation is proportional with the He concentration X.

These rather unexpected results for the specific heat of the He fraction

in the mixture initiated us to measure the specific heat of dilute He- He
—3 —3

mixtures in the concentration range from X = 1 x 10 to X = 3 x 10 and in

the temperature range from 100 mK to 600 raK. This has been done by means of a

thermal relaxation method. This method provides some interesting feacures and

is applied, to our knowledge, for the first time to dilute He- He mixtures.

To reach the required temperature range for our experiments a He circulating

He- He dilution refrigerator has been constructed. In Chapter 1 of this

thesis a description is given of the experimental set-up and the measurements

of the specific heat are presented. As will be shown, the results confirm the

deviation of the He contribution to the specific heat from the ideal Fermi

gas behaviour.

A discussion of the results is given in Chapter 2. After a more detailed

discussion of the Landau-Pomeranchuk model the deviation of the excitation

energy of the He quasipartic.es from the quadratic form is discussed. A

comparison is made with the excitation spectrum of electrons in a semiconduc-

tor, after establishing that lowering of excitation spectra when k is reaching

a value related to a relevant matter structure is not an unknown phenomenon in

nature.In Chapter 3 an alternative way of determining the specific heat of

dilute He- He mixtures Is described. Explicit use is thereby made of the

superfluid properties of these mixtures. The method, first proposed to us by



Kramers ', involves the excitation of second-sound resonances in a Helmholtz-

oscillator device. It is shown that the specific heat can be derived from the

measured resonance curves of the temperature response. For the analysis the

two-fluid description, in which the He quasiparticles form part of the normal

fraction, plays an essential role. The applicability of the method is first

demonstrated for the case of pure He and subsequently for two dilute mixtures

in the temperature range between 0.3 K and 0.7 K.
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CHAPTER 1

SPECIFIC-HEAT MEASUREMENTS ON DILUTE 3HE-4HE MIXTURES

BY MEANS OF A THERMAL RELAXATION METHOD

Synopsis

In this chapter we shall give a short description of the Leyden dilution

refrigerator, the experimental set-up and the specific-heat measurements on

dilute He- He mixtures. These specific-heat measurements are performed by

means of a thermal relaxation method and the required experimental conditions

will be discussed. The chapter will be concluded by a discussion of the exper-

imental results.

1. The Leyden dilution refrigerator

1.1 Introduction

Dilution refrigerators have become very important instruments to reach

the very low temperature region between 2 mK and 800 mK. The principle of its

cooling process, isentropic expansion of He in superfluid He, was first

proposed by London '. After the discovery of the phase separation of JHe- He

mixtures below 0.86 K at saturated vapour pressure by Walters and Fairbank ',

a proposal for a continuously working refrigerator was made by London et

al. '. The first dilution refrigerator was built by Das et al. '. Soon after

this, more powerful and effective refrigerators were built by Hall et al. \

Neganov et al. , Wheatley et al. , Lounasmaa ' and this technique became

standard for reaching the above mentioned temperature range. One of the major

problems in building He-circulating dilution refrigerators was the construc-

tion of efficient heat exchangers, to precool the He sufficiently, before it

enters the mixing chauber. Recently a lowest temperature of 1.9 mK was reached

by Frossati ' using sintered silver heat exchangers with extremely large

surface areas. For a large part this problem was solved in an almost ideal way

in the Leyden dilution refrigerator (L.D.R.). This dilution refrigerator was

I 1



built by Taconis et al. ' and instead of circulating He, He is circulated

through superleaks. For this reason this type is often called the superleak

operated refrigerator. In Fig. 1 the working of this refrigerator is explain-

ed. The refrigerator consists of a mixing chamber (M) and a demixing chamber

(D), connected with each other by means of a capillary (C). Both the mixing

chamber and the demixing chamber are connected with superleaks (S^,S2)> The

demixing chamber is thermally connected with a continuously circulating He

cryostat. While the He cryostat is in operation, the mixing chamber, the

capillary and the demixing chamber are filled with a He- He mixture in such a

way that after finishing the filling procedure the phase separation level is

in the demixing chamber. It should be noted that during the operation of the

refrigerator this phase separation level remains in the demixing chamber. As

only He can pass through the superleaks, He is locked up in the refrigera-

tor. The cooling process is started by circulating He. Via superleak S^

superfluid He, which has no entropy, enters the mixing chamber where it mixes

reversibly with the He. During the isentropic mixing process cold is produc-

ed. Due to the fact that the formed droplets of the dilute mixture which are

relatively cold, are heavier than the surrounding concentrated mixture, they

fall through the capillary C into the deraixing chamber. As the total He mass

flow is zero, He from the relatively warm demixing chamber is ascending to

the mixing chamber. The capillary C acts as a counterflow capillary and

precools in this way the He before it enters the mixing chamber. The dilute

mixture will demix in the demixing chamber and the He will leave the refrig-

erator via superleak S2> The produced heat of demixing is taken up by the He

cryostat.

Recently Satoh et al. ' reported a temperature of 3.4 mK, which is the

lowest temperature known that is attained with an L.D.R. Until these experi-

ments this temperature was about 8 mK '. From the experiments of van den

Brandt et al. ' with an L.D.R. made out of glass, it was assumed that this

temperature of 8 mK might be the limit of this type of refrigerator. From

their estimates of the sizes and the velocities of the falling droplets of

dilute mixtures as functions of the temperature, van den Brandt et al. calcu-

lated that at T = 10 mK a transition might occur from turbulent to laminar

flow, which would decrease the quality of the capillary C as an ideal heat

exchanger. The recent experiments of Satoh et al. ' suggest that in the

capillary C an abrupt change of the flow pattern occurs at a critical circula-

tion rate n, • More striking is the fact that above this critical circulation

4c

12



rate the temperature distribution along the capillary C fits very well the

ideal heat exchange model of Pennings et al. '• Below this critical value

n̂ , , the temperature of the refrigerator is limited to roughly 20 mK and the

temperature distribution along the capillary C shows a maximum at a distance

of 6 cm from the mixing chamber, which points out to energy dissipation at

that part of the capillary. Griffioen and de Bruyn Ouboter ' propose a tran-

sition to so-called slug flow as a possible explanation. The experiments of

Satoh et al. show that with an L.D.R. temperatures of about 3 mK can be

attained. As was discussed by Pennings et al. ', the cooling power of the

L.D.R. is the same as that of the He-circulating refrigerator. For our

specific-heat measurements we built an L.D.R. to enable us to reach the

required temperature region.

Cn

s , • • ) ; (

M

Ci F

D

S2:.:

!J

Fig. 1 Diagram of the Leyden dilution refrigerator;

M mixing chamber; C counter flow capillary; D demixing chamber;

euperleake; F filling capillary; Cr SHe cryoetat.

The refrigerator is placed in a vacuum can.

The arrows indicate the direction of the flow of ouperfluid 4He.

and So
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1.2 Description of the refrigerator

Fig. 2 shows a drawing of our refrigerator. The mixing chamber of the

refrigerator consists of two copper flanges which are screwed together. An

indium ring is used as vacuum seal. The mixing chamber has a volume of

1.0 cm . Superleak S^ is soldered onto the upper flange of the mixing chamber.

The superleak has an inner diameter (i.d.) of 1.35 mm but the outlet of S^

into the mixing chamber has been extended to a width of 6 mm, to decrease the

velocity of the instreaming superfluid He. Both superleaks S^ and S2 are made

of stainless-steel capillaries filled with jewellers rouge which iy tamped

thoroughly. The upper flange of the mixing chamber has two rods in which two

screw threads, 10 x 1 and m5, are tapped. This flange with rods is milled out

of one piece.

The mixing chamber is connected with the demixing chamber via the capil-

lary C. Pennings et al. ' performed some experiments to determine the optimum

geometry of this capillary. The capillary with which the lowest temperature

was reached (8 mK), was wound as a spiral with a slope of 0.25 and had

straight vertical ends. The total length was 27 cm and the i.d. 2.5 mm. We

chose the same geometry for our refrigerator. The demixing chamber has been

made out of copper and is soldered onto the 3He cryostat with silver. The

superleak S2 n a s a n i.d. of 2.5 mm but has a conical aperture with a diameter

of 10 mm to avoid the blocking of the superleak with % e . The refrigerator is

filled through two filling capillaries (F) connected to the demixing chamber,

one with an i.d. of 0.2 mm and the other with an i.d. of 0.18 mm and both have
o

a flow resistance of 0.1 mm. On the He cryostat a copper vessel is soldered

which can be filled with He to measure its vapour pressure for thermometer

calibrations; this vessel is not drawn in Fig. 2.

1.3 Thermometry

On the wall of the mixing chamber a CMN thermometer and a 220 Q, \ W

Speer resistance thermometer are mounted. The mutual inductance of the coils

is measured with a mutual-inductance bridge as was described by Wiebes et

al. '. In the demixing chamber as well as on the wall of the He cryostat a

germanium thermometer is mounted. The resistances of the germanium thermome-

ters and the Speer thermometer are measured by means of an a.c Wheatstone



c

s2

Fig. Z The refrigerator; M mixing chamber; C aountevflow eapillavy; D demixing

ahcaribev; S^ and Sg superleake; F filling capillary; Cr He eryostat; R 3He

return capillary. (Only one filling aapillary is shown).

The arrows indicate the direction of the flow of superfluid 'He.

15



bridge. The thermom' . rs are calib.ated against the He vapour pressure.

During this calibrate le refrigerator, i.e. the mixing- and demixing cham-

bers and the capillary ^, vas filled with He, so by this the refrigerator and

the He cryostat were in i thermal contact with each other. Heaters were

mounted on the mixing- and demixing chambers and the tamperature could thus be

kept constant by means of a heater current which is controlled by feedback of

the outpi • signal of the a.c. Wheatstone bridge.

1.4 The Leyden dilution refrigerator' in operation

Normally after the calibration of the thermometers as described in

section 1.3 the refrigerator is filled with a very concentrated mixture. The

best way to fill the refrigerator in order to avoid the blocking of the super-

leaks is the following. The refrigerator filled with He is disconnected from

the He supply system. By means of a motorpump the He rich mixture is pumped

via F into the refrigerator while another pump pumps at S2 and removes the

He. The moment that the phase separation level is reaching the aperture of

superleak S2 both pumps are disconnected from the refrigerator and the pres-

sure in the refrigerator is increased very slowly after connecting superleak

S^ again with the He supply system. Due to the pressure increase the phase

separation level will rise so that the aperture of superleak S 2 stands in the

dilute phase. The moment to stop filling the refrigerator is indicated by the

sharp temperature decrease of the He cryostat and the demixing chamber. This

is caused by the fact that no more (relatively warm) He can be put into the

refrigerator, because the phase separation level has reached the aperture of

superleak S2 and the pressure in the refrigerator balances very quickly with

the outlet pressure of the He pump, which has been kept constant during the

filling process at 1 x 105 Pa. The L.D.R. is able to work at pressures up to

25 x 10^ Pa. The normal working pressure of the refrigerator is between

3 x 105 and 5 x 105 Pa.

The He circulation rate through the superleaks can be increased up to

2 x 10"3 mol He s . Compared with a 3He-circulating refrigerator this

agrees, within the condition of the same cooling power, with a circulation

rate of 1.3 x 1O~4 mol 3He s"1. With a circulation rate of 10~3 mol He s"1 a

temperature of 25 mK was reached on the wall of the mixing chamber.

16



2. Specific-heat measurements on dilute He- He mixtures

2.1 Introduction

The conventional way of measuring the specific heat of the quantum

liquids is with the heat pulse technique. To a thermally very well isolated

cell filled for instance with a He- He mixture, a known amount of heat is

added. From the temperature rise the heat capacity of the cell is deduced and

the specific heat of the mixture can be calculated. The specific-heat measure-

ments of Greywall ^ were performed in such a way.

For our measurements we used the thermal relaxation method. This meth-

od * has originally been developed for measuring the specific heat of small

samples (1 - 500 mg) of solid materials, but it has been used by us for meas-

uring the specific heat of dilute He- He mixtures. This relaxation method is

described as follows. A cell with a heat capacity C is connected via a thermal

link with a reservoir at a constant temperature TQ (see Fig. 3). The heat

conductance K of the thermal link is such that if a constant heat flow is

supplied to the cell, the temperature of the cell will rise with AT. When the

heat supply is stopped at t = 0 the temperature of the cell will drop to the

temperature of the reservoir, TQ, by means of an exponential decay:

constant
heatflow Q c

cell at temperature

To* AT

heat link with
thermal conductance K

reservoir at temperature To -

Fig. 3 Diagram of the relaxation method for measuring the heat capacity C of a

cell thermally connected via a heat link with heat conductance K to a

reservoir at temperature TQ. Due to a constant heat flow $ supplied to the

cell, the temperature of the cell will rise with AÏ".

17



T'(t) = ATe~t/T (1)

where T'(t) is the temperature difference between the cell and the bath, and t

the relaxation time. The total amount of heat which will flow to the reservoir

is

Q = J °°KT'(t)dt (2)

From Eqs. (1) and (2) it follows

Q = KATT. (3)

As

Q = CAT, (4)

where C is the heat capacity of the cell, this simply implies that

C = K-c. (5)

The form of the mechanical construction of the heat link connecting the cell

with the reservoir is Irrelevant. Bachmann et al. ' showed that C in Eq. (5)

includes 1/3 of the heat capacity of the heat link. This contribution to the

heat capacity of the cell can be completely neglected in our experiments.

The condition for an exponential decay of T'(t) is that the internal

relaxation time of the cell T' is small compared with x. It will be shown

that in all our experimental situations t' « T.

2.2 The experimental set-up of and conditions for the speaifia-heat measure-

ments

2.2.1 The calorimeter

The heat capacity of dilute nixtures has been measured in a copper cell

which is shown in Fig. 4. Via two brass rods the copper cell is placed on a

copper table, which is screwed onto the mixing chamber. The two brass rods

18



Gl-Pt

C

O I 2 cm

Fig. 4 The calorimeter mounted onto the mixing chamber' C calorimeter; Gl-Pt

glass-platinum feed through; p filling capillary; B brass rode; T copper

table; Mu cupper flange of the mixing chamber; Sj superleak.

with diameters of 2.7 mm and 1.9 mm and both with a length of 9.5 mm, form the

thermal connection between the cell and the mixing chamber. The filling capil-

lary of the cell has an i.d. of 0.14 mm and has a length of 30 cm before it

makes thermal contact with the mixing chamber. A glass-platinum feedthrough is

used to connect the NbTi wires to the heater and the thermometer. This kind of

feedthrough is used to avoid the use of a common commercial feedthrough which

is normally made out of magnetic materials. The cell consists of two parts..

The lid, which has a thickness of 1 mm, is soldered onto the box which l:as an

i.d. of 16.4 mm and a height of 15.3 mm. The thickness of the wall of the cell

is 0.7 mm and the thickness of the bottom is 1 mm. The total mass of the cell

is 11.5 g. The contribution of the copper to the total heat capacity of the

cell, when filled with a mixture, is always smaller than 3%. As was mentioned

before, the contribution of the brass rods to the heat capacity of a filled

cell can be completely neglected.

The temperature of the cell is measured by means of a polished 75 Q

Matsushita thermometer with a thickness of ~ 30 ^m , which is glued onto a

0.5 mm thick quartz plate with a diameter of 4.5 mm. The resistance value at
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Fig. 5 Resistance of the thermometer of the calorimeter as a function of the

temperature.

room temperature Is ~ 2 kQ. In Fig. 5 the resistance of the thermometer is

shown as a function of the temperature. The resistance is measured by means of

an I.T. resistance bridge VS-3. The d.c. output of this resistance bridge is

used to register the temperature on a recorder. Heat is supplied to the cell

by means of a heater made out of resistance strip.

2.2.2 The internal relaxation time x'

As was mentioned in section 2.1, the internal relaxation time x' must be

much smaller than the relaxation time x. The internal relaxation dime T' is

related to the heat flow In the mixture due to small temperature differences,

which may arise within the cell.
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In making •:• reliable estimate of the internal relaxation time T' and in

comparing this with x, we are faced with the problem that the He- He mixtures

and the He, in case of the calibration measurements, are superfluids. Our

investigations were performed between 100 mK and 600 mK and in the concentra-

tion range between X = 1 x 10 and X = 3 x 10 , where X is the molar He

fraction. In these ranges the heat conductivity of those mixtures is by far

determined by the transport of heat by the normal component of the He. i.e.

the phonons. The presence of the He atojis causes a contribution to the heat

conductivity by means of thermal diffusion and mass d: 'fusion. Mass diffusion

is caused by the fact that a temperature difference in a mixture is accompa-

nied by a concentration gradient.

The heat transport of the phonons is hindered by the presence of the He

atoms because of the He-phonon interactions. Therefore the effective heat

conductivity K,, of the He- He mixtures, in which K-, includes all contribu-

tions to the heat conductivity, will be dependent on the concentration of the

mixture.

For our calculations we have used values obtained from measurements of

Ptukha18) and Abel and Wheatley19). Since Abel and Wheatley chose the
-1? —?

concentrations X = 1.3 x 10 and X = 5 x 10 for their measurements, we made
an estimate of the effective thermal conductivity at T = 100 mK starring from

_o

the vaiae X = 1.3 x 10 at that temperature. For the estimate of t' we took

X = 1.x 10 and X = 3 x 10 , because of the studied concentration range. The

calculations were done for both 100 mK and 600 mK.

For X = 1.3 x 10 the experiments of Abel and Wheatley show a thermal

conductivity at T = 100 mK of K,, = 3 X 10 WK~*m . These measurements were

done with a capillary with an i.d. of 2.5 mm. From experiments of Fairban'u and

Wilks20) and of Abel and Wheatley19) on pure ^He it follows that the heat

conductivity of pure He in a capillary is a function of an effective diame-

ter, the latter increasing towards lower temperatures. This is due to the fact

that the heat transport below T = 0.6 K is entirely due to the phonons. At

those temperatures the transport of heat is mainly disturbed by the scattering

of cne phonons on the boundaries of the capiiiary. From these facts and the

consideration of the geometry of the heat—capacity cell we concluded that for

both X = 1 x 10"3 and X = 3 x 10~3 at T = 100 mK, <^ > 0.5 WK~1nf1. For

T = 600 mK we made an interpolation of the values from the experiments of

Ptukha.

Table 1 shows the values we used in our calculations for K-,•
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Molar

concentration

X

1.0 x 10~3

3.0 x 1O~3

T

(mK)

100

600

100

600

>0.5

2.0

>0.5

1.6

Table 1

The worst case in our experiments is when a temperature difference is present

over the total height of the cell. We now define Tj as the temperature of the

bottom of the cell and T^ + AT as the temperature of the top of the cell.

Again T is the temperature of the reservoir.

If x' « T we can take T-̂  = constant in the expression for the internal

relaxation process. Thus

2K34
and

if we assume that AT is linear over the height of the cell. C is the heat

capacity of the cell filled with a mixture (or He), K34 is the thermal

conductance of the mixture in the cell and K is the thermal conductance of the

brass rods. In Table 2 the values for K are given for T = 100 mK and

T = 600 mK.

Table 2

T

(mK)

100

600

K

(WK"1)

5.2 x 10"5

3.5 x 10"4

The ratio T'/T can now simply be calculated. The results are shown in Table 3.

22



Molar

concentration

X

1.0 x 10"3

3.0 x 10~3

T

(mK)

100

600

100

600

T'/T

<4 x 10"3

6 x 1O~3

<4 x 10"3

8 x 10~3

Table 3

For pure He at T = 700 mK, T'/T < 1 x 10 . So we can conclude that in all

our experimental situations T' « T which is the condition for an exponential

decay of the temperature difference between the cell and the mixing chamber.

2.3 The measurements

The measurements have been carried out between ~ 100 mK and ~ 600 mK at

P = 0 and with molar 3He concentrations X = 1.02 x 10~3, X = 1.64 x 10" :,

X = 1.76 x 10"3 and X = 3.1 x 10~3. These values of X are deduced by fitting
3

the measured specific heat of the He quasiparticles to the specific heat of

the "ideal" Fermi gas with an effective mass m* = 2.34m. up to 250 mK. Like

Greywall's measurements , these values for X are within 3% agreement with

the measured values at room temperature when the samples were prepared. The

volume of the cell is calibrated by means of measuring the specific heat of

He, using the method as described in section 2.1. The results are fitted to

the specific-heat measurements of ^He by Greywall^1), from which the volume of

the cell could be deduced, and are shown in Fig. 6.

After filling the cell with a 3He-^He mixture the experimental run is

started. A constant temperature of the mixing chamber of the refrigerator is

established and first of all the heat conductance K of the heat link between

the cell and the mixing chamber is measured. At several (constant) heat inputs

Q in the cell, the temperature difference AT between the cell and the mixing

chamber is determined. From

Q = KAT (6)
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4 <r -

T •, K )

Fig. 6 Calibration of the volume of the calorimeter by measuring the specific

heat of He by means of the relaxation method, the airelee represent our

measurements and are fitted to the measurements of Greywall (solid line).

K can simply be derived. In Fig. 7 such a typical measurement of K is shown

for X = 3.1 x 10"^ at T = 289.6 mK. These measurements have been done for all

concentrations; they are in good agreement with each other as is shown in

Fig. 8. For each concentration a fit has been made of K as a function of the

temperature. As the heat link between the cell and the mixing chamber is form-

ed by the brass rods, apart from small contributions such as those from the

filling capillary or thermal contacts made by solder or grease, the heat

conductance K can be compared with heat-conductivity measurements of Haas-

broek ' on brass wire. Both results are shown in Fig. 8 and are in good

agreement with each other. As is expected, this comparison shows that the

brass rods form by far the greatest part of the heat link between the cell and

the mixing chamber. It should be noted however that how the heat link is

constructed and from what kind of materials it is made is totally irrelevant

for the specific-heat measurements. After measuring the heat conductance K,

the relaxation time T is measured. The constant temperature difference AT is
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Oer—

Fig. 7 Example of a measurement of the heat aonduotanae K of the heat link

between calorimeter and mixing chamber at T = 289.6 mK. The calorimeter was

filled with, a sHe-4He mixture with X = 3.1 x 10~3.

40

3.5

30

2.5

o
2.0

1.5

1 0

X =3 1 x l O ' 3

X ; I 7 6 x i O " 3

X = I 6 4 x ) 0 3

X = I O 2 X 1 O ' 3

HAASBROEK
BRASS WIRE

1
01

1

P. 2
i i

f'4
i l i J
OR 1')

( K)

Fig. 8 The heat conductance K of the heat link as a function of the

temperature. A distinction is made for the various concentrations.

The points noted by V are results from experiments of Haasbroek on brass wire.
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achieved by means of a constant heat supply to the cell. This temperature

difference varies from 3 mK at T ~ 100 mK to 6 mK at T ~ 600 nK. At T ~ 600 mK

the temperature of the mixing chamber is kept constant within 0.2 mK and at

T ~ 100 mK within 0.05 mK.

At t = 0 the constant heat supply is stopped and the temperature of the

cell drops to the temperature of the mixing chamber with an exponential decay.

In Fig. 9 an example of such a decay is shown for X = 3.1 x 10 at

T = 288.3 mK. The relaxation time i is determined by plotting log T versus the

time t. Typical examples for four concentrations and different temperatures

are shown in Figs. 10, 11, 12 and 13. They clearly confirm the exponential

behaviour of the temperature drop as a function of time as was discussed in

section 2.2.2. of this chapter. From the measured values of % and K, the total

heat capacity of the cell can be calculated. The heat capacity of the empty

cell is calculated by weighing the copper cell and using the specific-heat

measurements of copper of Phillips ' and Martin '.

The contribution of the copper cell to the total heat capacity has always

been smaller than 3%. The accuracy of the measurements is believed to be 2-3%

for the He- He mixtures and 5% for pure He. As the He measurements are done

at higher temperatures, the relatively low value of dR/dT of the thermometer

is responsible for the somewhat higher uncertainty of these measurements.

Fig. 9 Example of i,he temperature drop of the calorimeter when at t = 0 the

constant heat supply is stopped (X = 3.1 x 10~^, T = 288.3 mK).
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Fig. 10,11,12 and IS Determination of the relaxation time

T'/hT versus the time t.

Four typical examples are given for X = 1.02 x 10 -3

X = 1.64 x 10~S at T = 378.2 mK, X = 1.76 x 10~3

X = 3.1 x 10~3 at T = 288.3 mK.
at

by plotting log

at T = 96.8 mK,

T = 200.7 mK and
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2.4 Result*} and oonalusion

After measuring K and x the relation

C = K-c (7)

gives the total heat capacity of the cell. Subtraction of the heat capacity of

the empty cell gives the total heat capacity of the He- He mixture from which

the specific heat can be calculated. The specific heat per mole of a dilute

He- He mixture, C-ĵ  is given by the following relation

C34 = C3 + C4, (8)

in which C-j is the contribution of the He quasiparticles and C4 the contribu-

tion of the superfluid He. Below 0.6 K the only excitations in superfluid He

are the phonons.

Fig. 14 shows the results from our experiments for the specific heat of

the He- He mixtures. Also shown is the specific heat of pure He from the
oc\ 34 %

measurements of Phillips et al. '• For dilute He- He mixtures the He atoms

can be described as a (quasi) ideal Fermi gas having a parabolic energy spec-

trum

2

p 2m?

in which tat is the effective mass of the He quasiparticles. This idea was

originally proposed by Landau and Pomeranchuk (LP) '. As was discussed in the

introduction of this thesis, from this idea it would follow that the specific

heat of the He quasiparticles approximates the limit (3/2)XR for temperatures

T > 2Tp, in which T p is the Fermi temperature. By definition

(3,2n3)
2/3h2

in which n^ is the number density of He atoms in solution. Up to the specif-

ic-heat measurements done by Greywall , it was believed that this model

adequately described the specific heat of the He quasiparticles. However, our

results for the specific heat of the He quasiparticles confirm the conclu-

sions of Greywall's experiments that this is not the case, as is shown in
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D X = 3.) x 10'3

X = 1 .64 x tO'3

O X = 1 02 x 10'3

0.2

pune He

j . _ _ ] _ . . j.- - I i __L

0.4- 0.6 0.8
T (K)

-1

O

Fig. 14 The results from our experiment for the specific heat of the 3He-4He

mixtures as a function of the temperature.

Also shown ave the measurements of Phillips et al.' for the specific heat of

pure 4He.
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Figs. 15, 16, 17 and 18. In these figures our experimental results for the

specific heat of the He quasiparticles are shown and compared with those of

Greywall's.

The specific heat of the He quasiparticles is calculated from the

specific heat of the mixture by subtraction of the He contribution for which

we used the values of Phillips et al. Although our measurements do not reach

the very high precision of Greywall's, they clearly show, in agreement with

Greywall's results, that above T = 250 mK for all concentrations the specific

heat starts to deviate from the ideal Fermi gas behaviour. This deviation is

linear with the temperature and proportional with the concentration X.

Greywall empirically derived from his data that the specific heat of the He

quasiparticles could be described by the following formula

C, = c!rP+y XRS(T-T ), (11)
5 i 2. o

LP
with C„ the specific heat of an ideal Fermi gas, with an effective mass

mi = 2.34m, and

S = 0 at T < TQ

S = 0.2 K"1 at T > TQ and TQ = 245 mK.

The fact, now supported by our measurements, that the deviation from the ideal

Fermi gas specific heat is proportional with the concentration X naturally

implies that this deviation is not the result of He-^He interactions.

Furthermore, it should be noted that TQ is independent of the concentration X.

Greywall27' discussed in length the possibility of deviations from the para-

bolic energy spectrum of the He quasiparticles, see Eq. (9), but his conclu-

sion was that no spectrum based on qualitative arguments was found that could

fit the empirically derived formula given by Eq. (11).

In the next chapter an extensive discussion will be given of this sudden

deviation from the ideal Fermi gas behaviour.
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Fig. 15,16,17 and 18 The results from our experiments for the speaifia heat of

the SHe-quasipartiales divided by 3/2 XR as a funation of the temperature.

The solid line represents the fit to Greywall's experimental results which

showed that the Ee-quaeipartiole speaifia heat aan be described by

C3 = df + (3/2)XRS(T - To) with S = 0 at T < 245 mK and S = 0.2 IT1 at

T > 245 mK and Tn = 245 mK.
LP

The dashed line at T > 245 mK corresponds to CZ /<(3/2)XR).
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CHAPTER 2

DISCUSSION OF RESULTS

Synopsis

In the previous chapter measurements on the specific heat of dilute He- He

mixtures have been presented which showed deviations from the ideal Fermi gas

specific heat for the He-quasiparticles above TQ » 250 mK. In this chapter a

more detailed discussion of the Landau-Pomeranchuk model for these mixtures
3

will be given. The tendency that the He-quasiparticle energy is lowered, with

respect to the parabolic Landau-Pomeranchuk spectrum, when the wave number

increases, is compared with the behaviour of the excitation energy of elec-

trons in a semiconductor.

1. Introduction

The original LanCau-Pomeranchuk idea ' ' to describe the assembly of He

atoms in dilute liquid He- He mixtures as a quasi-ideal Fermi gas, has always

been, despite some extensions (see e.g. Refs. 3 and 4), a powerful instrument

for understanding the behaviour of these mixtures. One of the experiments that

could successfully be explained was that of Anderson et al. ' who determined

the specific heat of dilute He- He mixtures between about 5 mK and 200 mK; it

confirmed, within the experimental error, the Landau-Pomeranchuk approximation

of a parabolic energy spectrum of the He quasiparticles

where mi is the effective mass of the He atom, which is only slightly depend-

ent on the He concentration. Ebner and Edwards ', summarizing the work of

different authors, gave for m* in the limit of zero He concentration the

value 2.34mj. For low He concentrations (X < 0.01) the effective mass

increases with 3% per molar percent of He.

The later very high-precision measurements by Greywall ' of the specific
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heat of mixtures with molar He concentrations X < 0.01 were up to about

0.25 K in excellent agreement with the Landau-Pomeranchuk spectrum. Above this

temperature however, the experimental specific heat attributed to the He

fraction in the liquid diverged from the specific iieat calculated from the

Landau-Pomeranchuk spectrum. Greywall could represent his data by the empiri-

cal expression

C3 = C3? + f X R S ( T " V (2)

where S = 0 for T « TQ and S = 0.20 K"
1 for T > TQ with TQ = 245 mK. C3 is the

specific heat of the He fraction, i.e. the measured specific heat per mole of

mixture minus the specific heat of the He fraction under the assumption that

the latter is the same as in pure He; C, is the specific heat of the He

fraction calculated from the Landau-Pomeranchuk quasiparticle spectrum and a
3

Fermi-Dirac distribution over available energies. The term •=• XRS(T - TQ)

represents the deviation of the specific heat of the He fraction in the

dilute mixtures above about 0.25 K from tl = ideal quasiparticle-gas behaviour.

This deviation is now confirmed by the present measurements, which are

discussed in the previous chapter.

Greywall ' also compared his experimental data with specific heats

calculated from the more refined excitation spectra for the He quasiparticles

proposed by Bhatt ' and by Gb'tze et al. ' on theoretical arguments. It

appeared that the calculated specific heats started to deviate significantly

from the ideal Landau-Pomeranchuk behaviour at lower temperatures (than

0.25 K) and did not show the rather sudden deviation found experimentally (see

Ret. 8, Fig. 14).

From his second-sound measurements ' (which are in good agreement with

the measurements of van der Boog et al. ' ) , and his before mentioned specif-

ic-heat measurements of the dilute mixtures, Greywall derived two empirical

expressions for the energy spectrum. These empirical excitation spectra start-

ed to deviate from the Landau-Pomeranchuk spectrum at a higher energy than the

spectra of Bhatt and Gb'tze et al. A summary of the differences between the

experimental excitation spectrum of the He quasiparticles in dilute He- He

mixtures found by Greywall ' and the calculated spectra of Bhatt and of Gbtze
12)et al. has been given by Szprynger 7.
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2 The excitation spectrum of dilute He- He mixtures

2.1 Specific heat and excitation spectra

In a classical liquid there is a contribution of (3/2)kg to the specific

heat per particle due to the increase in kinetic energy of the particles with

increasing temperature. The potential energy of the particles, due to the

intermolecular forces, will in general be different for different spatial

configurations of the particles; this part of the energy spectrum, i.e. the

total potential energy of all particles of the system as a function of the

spatial coordinates of the particles, determines the contribution of the

potential energy of the particles to the specific heat. One could imagine that

the rapidly changing potential field which the particles feel, might be

replaced by a constant molecular field. In this case there would be no redis-

tribution of the particles at increasing temperature and thus no contribution

of the potential energy to the specific heat. We do not know an example of a

classical liquid where this is the case. The success of the Landau-Pomeranchuk

spectrum suggests that for a quantum liquid the situation might be different.

In order to determine the energy spectrum in quantum liquids, such as the

liquid He- He mixtures, one has to know the hamiltonian of the system, as in

the classical case, but then one has to solve the many-particle Schrb'dinger

equation. The hamiltonian which is mostly used in the calculations has the

general form

«-z 4- <+ï \ ve (3)

a a a,p

where v is the pair-potential energy between particles a and f3 ; subscripts

a and p refer to all particles (see e.g. Ref. 13). This form of the hamiltoni-

an implies that the non-additivity of the Interactions in clusters of three or

more particles is neglected. It is, of course, impossible to solve the

Schro'dinger equation for this hamiltonian by exact methods; approximative

methods are therefore necessary.

Aft'ar the intuitive approach of Landau and of Landau and Pomeranchuk for

predicting excitation spectra for pure liquid He and dilute liquid He- He

mixtures, It was mainly through the work of Feynman In 1953/54^'15) and Feyn-

man and Cohen ' that a quantum-mechanical basis was given to these excitation

spectra. Several authors have now calculated, using various methods, ground
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state energies and excitation spectra for pure liquid He and for the He

quasiparticles in dilute mixtures, partly in order to test approximative meth-

ods in many-body theories or, in case of the ground state energy, even to find

out which pair potential for two He atoms gives the best result. There is also

much interest in calculations of the He-quasiparticle interactions in view of

possible pair formation and superfluidity of He in the dilute mixtures at

very low temperatures. This pair formation depends in turn on the pair

potential.

In the next sections we will briefly review some of the ideas involved.

In section 2.2 we will discuss the excitation spectrum of pure He, in section

2.3 that of dilute He- He mixtures in the Landau-Pomeranchuk approximation,

while in section 2.A refinements of the Landau-Pomeranchuk idea will be

discussed.

2.2 The excitation speotvum of pure He

Landau proposed an excitation spectrum for pure liquid He as sketched in

Fig. 1. It is given by the expressions

e, = cp or E, = chk (for low p,k) (4)

and

7 7 0
<P - Po? ft <k - ko>

z, = A H ö or E, = A + ö (5)
4 2u 4 Zu(near the roton minimum of e)«

Recent values for the parameters c, A, p0, kQ and |i, are given in Fig. 1. This

excitation spectrum was verified through comparisons with accurate specific-

heat and other measurements and, more directly, by neutron-scattering experi-

ments '. Feynman found, using a variational method and a chosen trial wave

function, the expression

(6)

for the ^He excitation spectrum. The liquid structure factor S(k) is sketched

in Fig. 2; it is the Fourier transform of the pair-correlation function g(r),
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Fig. 1 The excitation spectrum for pure liquid He. (Symbols are as in

Eqs. (4) and (5)).
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Fig. 2 The liquid structure factor S(k) for pure liquid Hei /vtis* JR •* L
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the probability per unit volume of finding an atom at a distance r from a

given atom in the ground state liquid. In view of the later discussion of the

excitation spectrum of He- He mixtures it is useful to repeat Feynman's
_, 18)

argument for the bending of the excitation curve above k = 10 nm which

can be summarized as: the more the wave vector k of the phonons, which are

real density waves in the liquid, approaches the value where S(k) has its

maximum the more the energies of the excitations are lowered. De Boer has

mentioned the analogy with the phonon-dispersion curve in a crystal (see

Fig. 3) '; also in this case the phonon energy is lowered the more the vector

k approaches the value 2rc/a, where a is the periodicity of the lattice. In

both cases, the lowering of the energy of the excitation, I.e. of the density

wave (see section 2.4), when its wavelength \ approaches the periodicity in

the liquid or the crystal, can be understood from the fact that the density

wave can then adjust Itself so as to be in phase with the existing structure,

which leads to a state of lower potential energy.

2.3 The Landau-Pomevanahuk He-quasiparticle excitation spectrum in dilute

He- He mixtures

The Landau-Pomeranchuk excitation spectrum for He atoms in a dilute

liquid He- He mixture is based on the following arguments.

Firstly, one might expect that, because of the open structure of liquid

He, the He atoms in a dilute liquid mixture can move rather easily through

the liquid. The most simple excitation spectrum for these atoms would be that

of an ideal gas

2 2 2

Sacondly, at low temperatures there are very few excitations in pure He

so that one can, as a f-. st approximation, neglect interactions of the 3He

atoms with these excitations and describe the interaction of the ^He atoms

with the He atoms by an interaction with the He ground state. Even then the

He excitation spectrum can, of course, not be calculated exactly but one

could assume that the ^He particles move in an average potential field which

is constant over the whole volume. This would lead to the excitation spectrum
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3 The phonon-dispersion ourve for phonons in a crystal.

£o3

The constant energy e . does not contribute to the specific heat.

For a He "gas" of classical particles moving in a liquid the concept of

particles moving effectively in a position-independent potential field would

be very difficult to understand. The spatial distribution of the He particles

in the liquid would always be governed by a Boltzmann distribution over the

potential energies V of a He particle in different positions with respect to

the surrounding He particles, which would unavoidably lead to an

contribution to the specific heat. In the quantum-mechanical case a const it

average energy is, of course, immediately obtained from first order perturba-

t'on theory with a free particle zeroth-order wave function
3He .torn:

exp iic-r for a

£o3 = ÏÏ ' *

where Q is the volume, and thus

(9)

o3 H ƒ V(?)d? . (10)
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In this case the particle's position is completely undetermined which makes

the concept of the average potential field plausible. Eq. (10) would lead to

infinite values for E . (because V(r) Is infinite when the He particle Is at

the position of one of the He particles). In the simplest practical calcula-

tions of E . (see e.g. Ref. 20) one avoids this by using a trial ground-state

wave function for a He particle which is constant (and real) over most of the

volume but goes to zero where particles strongly overlap. A variatlonal method

then leads to the size of the "holes in the wave function". The ground-state

energy is obtained as the expectation value of the hamiltonian (Eq. (3)). The

calculations are still rather complicated.

An accurate experimental value for e , can be derived from the difference

between the binding energy at T = 0 of a He atom in the very dilute mixture

(e 0) and in pure He (e -) as obtained from measurements of the excess heat

of mixing by Seligman et al. ' J

(eo3 - e°3)/kB = -(0.312 ± 0.007) K • Ü 1 )

The value of E , can be obtained from accurate data for the heat of vaporiza-

°3 221

tion of pure He in the limit of T = 0. According to Roberts et al. '

Lo-j/R = (2.473 + 0.009) K. From a more recent He vapour-pressure equation the

slightly higher value L Q 3 / R = ( 2 . 4 9 2 + 0 . 0 0 9 ) K can be derived 2 3^, which

yields with Eq. (11)

e i/K = "(2.804 ± 0.011) K . (12)
OJ B

This is In excellent agreement with the value 2.79 K calculated by Woo, Tan

and Massey '.

In the Landau-Pomeranchuk model it is further assumed that the influence

of the ground state He liquid on a moving He particle can, apart from the

energy e ,, be accounted for by a backflow of 4He atoms around a He atom. If

the pattern of the backflow is independent of the velocity v of the He

^article and if the backflow velocity is proportional to v, then the total

kinetic energy of the He particle and the backflowing He particles can be

written as (l/2)m v . In the classical hydrodynamical case of a sphere with

mass m moving in an incompressible liquid, the effective mass Is given by

me
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where p and p are the densities of the sphere and the surrounding liquid,

respectively. For the He atom moving in liquid He this would give

m = L.671113 if one takes 4/3 for p./p • If one takes for p./p the ratio of

the macroscopic densities of pure liquid He and He one obtains

me » 1.9m3
25).

In the excitation spectrum for the He atoms proposed by Landau and

Pomeranchuk:

2 2

3 o3 2m*

mi is often treated as an adjustable parameter. It can be obtained from the

specific heat of dilute mixtures in the very degenerate region if this is

assumed to be the sum of the specific heats of the pure He component and of

the He quasiparticles. As mentioned e?rlier in this chapter, it was found

that in the limit of zero He concentration mt is equal to 2.34m3 and that for

low He concentrations it increases by 3 percent per percent of He '.

As an example of a quantum-mechanical calculation of the effective mass

the variational method used by Pandharipande and Icon ' will be briefly

described. These authors use a Jastrow-type trial wave function for describing

the motion of one He atom in the assembly of He particles:

f(S ) = e 1 Jn f n fmn • (15)
J m J m<n

The He atom, denoted by j, is when it is "far away" from any He atom

described by a plane wave with wave vector k,. Where the He atom comes In the

vicinity of a *He atom, denoted by m, the plane wav = Is modified by the two-

body correlation function fj . The He ground state Is described by the

product of the two-body He- He correlation functions -mn' (The Jastrow

approximation Implies that correlations between atoms 1 and 2 are not influ-

enced by the presence of other atoms, which is analogous to the assumption of

additivity of pair potentials). A variational method is used to determine the

best wave function, i.e. best values for the two-body pair-correlation func-

tions f4m, and then the excitation spectrum is calculated by taking the expec-

tation value of the hamiltonlan, Eq. (3), over the states represented by the

best wave function for different values of k. At first, the authors point out

that if fj m is real, spherically symmetric and independent of Ê. the excita-

tion spectrum becomes that given In Eq. (8). The only effect of the correls-
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Fig. 4 Two-particle correlation functions for a 3He atom and ^He atoms in

superfluid He according to calculations of Pandharipande and Itoh '. VAm is

the distance between centres of a He and a He atom, d » 0.6 run. The function

fo(v;m) shows that the He atoms do not come closer than » 0.2 ran. The function

fl(vjm) - fo(rjm) indicates at which distances r>jm baakflow ta
l.es piece.

tion function is then that it reduces the amplitude of the plane wave, inde-

pendently of k, in the regions where two particles would overlap. This spheri-

cal-symmetric effect clearly does not lead to a backflow of He particles

around a moving 3He particle. Admitting also complex and k-dependent correla-

tion functions in the trial wave function, Eq. (15), the authors obtain by

variational calculations the following form for the correlation functions f ^

in Eq. (16)

f, = ff (r, ) + lit..?.
jm "• o jm j j

tj ) - f (r, ))jm' o jm ' m
3 + m4

(16)

The functions fo(rjm) and f1(rjm) - fo(rjm) are shown in Fig. 4. The k-inde-

pendent part, fo(rjm), of the pair-correlation function makes that the ampli-

tude of the wave function quickly goes to zero where the particles would over-

lap while the k-dependent term represents the backflow of ^He particles around

a moving ^He particle. This can be shown perhaps more clearly by approximating

asfj m, for small kj'
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YV^V
(17)

with

f,(rj - f (r._
g ( r . ) f f

Jm W m3 + m4
Thus for small values of k̂  the wave function can be written as

iic.«r £(iic «r a(r. ))
*<* > = e J J(n 'c(r ))e J > *» n f . . (19)

m J m<n

In this approximation the •'He atom moves freeiy if it is far away from every

He atom ( f
o (

r W = 1> a = °) tut the amplitude of the plane wave

exp (ik.»r.) rapidly decreases to zero, through the correlation functions
3 4

fQ(r.jm), if a He at:om would overlap with one of the He atoms. In addition,

if the He atom approaches a He atom within a distance r ^ for which a(r. )

differs from zero, the He atom is temporarily trapped in the attractive
region of the pair potential and circulates around the moving He atom, the
velocity of the He atom with respect to the He atom being zero for G = 0 and

maximal (and opposite to k.) for 9 = 5-, where 9 is the angle between k. and
_̂  J J

r. . That the backflow leads to a larger effective mass than for pure hydro-

dynamic backflow becomes plausible by the following reasoning: the backflow

takes place in a relatively thin layer, corresponding to the width of

^l^r1m^ ~ ^o^rim^ •*•" F*8" **' *n o r d e r t 0 obtain the required volume displace-

ment the backflou velocity must therefore be higher, which results in a higher

kinetic energy and a larger effective mass.

Using the wave function given by Eqs. (15) and (16), Pandharipande and

Itoh obtain for the effective mass mS of a He quasiparticle 2.I1113 and 2.251113,

for a Lennard-Jones and a Bruch-McGee He-He pair potential respectively. The

latter potential is the more accurate one; however, the value for mt could

still be slightly improved by using the pair potentials proposed more recently

by Aziz, et al. ' and by Feitgen et al. '. The calculated values for mS can

be compared with the experimental value 2.34mj.
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2.4 Deviation of the He-quasiparticle excitation spectrum from the landau-

Vomeranakuk. nodel

The fact that the deviation from the Fermi gas specific heat above
q

0.245 K, is found to be proportional with the He concentration means that
•a

this deviation is not due to interactions between He quasiparticles but to

interactions of the He atoms with t'.- background He (other than those

already accounted for by the Landau-Pomeranchuk spectrum, i.e. other than

those described by the constant ground state energy e , and the ideal back-

flow). In theories like those mentioned in the preceding section, expansions

in k of the correlation functions and the calculated excitation energies are
2

repeatedly cut off after terms involving k and will then not reach beyond the

Landau-Pomeranchuk result. In principle, higher terms in k, and thus devia-

tions from the Landau-Pomeranchuk spectrum, could be calculated but there is

some doubt whether the trial wave functions are good enough to justify such

elaborate calculations '.

Several authors have suggested, using different arguments or different

methods of calculation, theoretical excitation spectra for the He quasi-

particles which deviate at higher k-values from the Landau-Pomeranchuk spec-

trum. The idea of Bhatt ' is that, when the He-quasiparticle momentum is

increasing, it will reach a value where emission of a He roton is possible.

This, according to Bhatt, will cause a lowering of the He-quasiparticle spec-

trum similar to the case of the He-excitation spectrum near k = 25 nm (see

Fig. 1). (In this region of the He-excitation spectrum the excitation energy

is at first increasing. Pitaevskii ' suggested, that at a certain energy

above the roton minimum the He excitation will decay in two excitations,

resulting in a bending downwards of the excitation curve. This excitation

spectrum is experimentally verified by neutron scattering experiments on pure

4He of Henshaw and Woods30)).

Like Pitaevskii, Bhatt used a Green's functicn to calculate the excita-

tlon spectrum for the He quasipartlcle in which the interaction parameter y^,

arising from the interaction hamiltonian X is proportional with
n n O/O / Int

k (1 - S£)s£' , where S k is the He-liquid structure factor. As Bhatt pointed

out, y. falls off rapidly at large k where S^ + 1; while on the other hand it

has a peak near the roton minimum.

Götze et al. ' assumed that the He quasiparticles at low values of k

can be described as undamped excitations because of the large energy gap with
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the surrounding He excitations. For the case that the energy of a He quasi-

particle is reaching the energy of the roton minimum these authors evaluated

by means of a mode coupling theory the probability of the decay of the He

quasiparticle by emission of He excitations.

The original suggestion by Pitaevskii ' of the existence of a roton

minimum in the He-quasiparticle spectrum has been worked out by several

authors. Stephen and Mittag ' constructed a wave function for a local excita-

tion in the ^He- He mixture of which one of the atoms is a He atom. The

condition of a totally symmetrical wave function, which is in pure Ke the

cause of the existence of loca.' excitations (rotons) only at relatively high

energies, will then relax. A fit of such a He-quasiparticle excitation spec-

trum to the experimental results from Greywall shows however, a very unreal-

istically sharp form for the roton minimum for which reason we will leave this

idea further out of this discussion.

In Fig. 5 a comparison is made of the empirical excitation spectrum from

Greywall and the theoretical excitation spectra from Bhatt and from Götze et

Fig. 5 Proposed He-quaeiparticle excitation spectra compared with the Landau-

Pomeranchuk spectrum (Szprynger^^')
n \

a) Greywall• ' (derived from experimental data).

b) Bhatt'9)

a) Götze et al.10)

45



al. Fig. 6 shows their results for the He-quasiparticle specific heat C_.

Szprynger's ' conclusion that Bhatt's relation for the He-quasiparticle

spectrum matches the experimental results better than the spectrum proposed by

Götze et al. can be endorsed but cannot answer unequivocally the question if

the He quasiparticle indeed emits He excitations at higher values of k.

More recently the excitation spectrum of He- He mixtures, including

deviations from the Landau-Pomeranchuk model, were calculated by Wei-Chan

Hsu 3 3).

One could try to develop a qualitative idea of the extra specific heat on

more simple or elementary grounds. Firstly, the fact that the extra specific

heat is linear in T over a large temperature range (0.25 K to 0.8 K) suggests

that its real cause must lie in a process taking place at a considerably

higher energy than e/k„ «< 0.8 K, analogous to the specific heat of an ideal
D

Fermi gas which is linear in T as long as one is far away from its "cause"-at

e„/k„ = T„, or the Schottky specific heat which is approximately linear in T
r D r

for 0.1 < k T/4E < 0.3 where Ae is the energy difference between the two
B ->

levels. Then, one should look for a reason why the He-excitation spectrum

lies below the Landau-Pomeranchuk spectrum at higher values of k.

In section 2.2 two cases are shown in which the excitation energy is

lowered when k becomes commensurate with the liquid or solid structure. In

these cases the critical value of k corresponds to the maximum in the struc-

0.4 0.6

T(K)

Fig. 6 The He-quaeipartiale specific heat following from the epeatva a, b and

c [Fig. S). Curve d gives the Landau-Pomeranchuk specific heat.
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ture function S(k), i.e. to k = 2u/a or \ = a, where a is the periodicity of

the lattice. One could ask whether a similar thing could happen for the He-

quasiparticle excitation spectrum. Is a lowering of the energy of the He

quasipartisle to be expected when its wave vector k approaches the value where

the structure factor S(k) of the He background has •:. maximum?

It should be noted that in the two cases of section 2.2 the excitations

are density waves and it is not obvious that He-quasiparticle movements are

associated with density waves. (When the He particle is represented by a

complex plane wave this is certainly not the case). However, a third example

of a relative decrease of the excitation energy when k is approaching a criti-

cal value, which may be more related to the He excitation spectrum, can be

found in the energy spectrum of electrons in a semiconductor in the vicinity

of the energy gap. We will first restate briefly the reason for the lowering

of the energy of phonons in case of super f luid He and in case of a solid,

after which we will describe the change in the excitation spectrum of elec-

trons in a semiconductor.

The explanation of the lowering of the phonon energy in a solid for

k = 2ir/a is straightforward: the displacement from the equilibrium position at

any time is the same for all atoms so that they can remain in their state of

lowest potential energy. The phonons in superfluid He are also sound waves,

i.e. real density waves '. When the wave number k approaches the value for

which the structure factor S(k) has a maximum, the phonon energy is lowered

because the movement of an appreciable part of the atoms is in phase with the

liquid structure. The excitation spectrum of electrons in a semiconductor is

treated in solid state textbooks e.g. Kittel ', and by Ziman '• In this case

the traveling wave, representing an electron moving in the periodic lattice,

is Bragg-reflected if k = it/a (\ = 2a), where a is again the periodicity of

the lattice. The incoming and reflected waves form a standing wave 4> and the
n St

probability \t> | to find the electron anywhere in the lattice oscillates as
S L

cos (2it/a)x. In this case the probability to find the electron can be high for

places with low potential energy and low for places with high potential energy

which will decrease the average energy of the electron. In all three cases the

lowering of the excitation energy when k approaches the values 2u/a or it/a (in

the semiconductor case) is due to the fact that for these values of k the wave

can adjust itself to an existing structure so as to take advantage of a lower

potential energy. This means, of course, that such an effect will always 1 •-

the energy of the excitations.
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Coming back to the question whether a similar effect is to be expected

for the He-quasiparticle spectrum a few remarks can be made. Firstly, a

calculation such as the one of Pandharipande and Itoh is, in practice,

restricted to k-values for which kr « 1 for relevant distances r ''. Specific

effects such as mentioned above are therefore already excluded from the wave

function (Eqs. (15) and (16)). In fact, one can think of the wave function

exp ik«r in Eq. (19) as a nearly constant, instead of a wave, when kr « 1.

Secondly, such a structure effect would always lower the excitation energy and

thus increase the density of states and increase the specific heat, in agree-

ment with experiments. Thirdly, if an effect similar to that of electrons in a

semiconductor would occur, one would expect deviations from the Landau-

Pomeranohuk spectrum to occur when k is of the order of n/a =< 10 nm~ . The

empirical spectrum by G: aywall shows that this is the case, as can be seen in

Fig. 5. The deviation from the Landau-Pomeranchuk spectrum at k = 10 nm~* is

of the order of 5%. One can also see from Fig. 5 that this deviaLon starts at

k =< 7.5 nm .

The situation for He in the mixture is too complicated to obtain a more

quantitative picture in such a simple way, also because the correction has to

fit in the Landau-Pomeranchuk model of a 3He particle with backflow of 4He.

However, the three given examples suggest that a lowering of the energy of the

excitations when k approaches some value commensurate with the background

structure is a quite general property •
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CHAPTER 3

THE SPECIFIC HEAT OF DILUTE 3KC-4HE MIXTURES MEASURED

WITH A SECOND-SOUND HELMHOLTZ RESONATOR

Synopsis

An alternative way of measuring the specific heat of superfluid He and dilute

He- He mixtures is described. Specific heat data are derived from the meas-

ured resonance curves for the temperature amplitude in a second-sound Helm-

boltz resonator. It is shown that the nature of the losses that govern the

sha^e of these curves, nee.l not to be known for the analysis.

The applicability of the method is first demonstrated by a series of measure-

ments on pure He in the temperature range between 1.4 K - 2.0 K; the results

are in good agreement with existing specific heat data.

Next, some measurements performed in the range from 0.3 K to 0.7 K on two

mixtures of molar concentrations X = 6.0 x 10 and X = 8.5 x 10 are

presented. Although the thermal anchoring of the resonator to the mixing

chamber of the Leyden dilution refrigerator did not appear to be optimal, so

that the precision of the results was not high, the feasibility of the method

also for the case of mixtures, could be shown. It is further shown that the

analysis of the data is somewhat more difficult for mixtures than for pure

He; this is due to less direct coupling between the amplitudes of the energy

and the temperature, caused by the accompanying oscillations in the concentra-

tion X.

1. The connection between seaond-sound resonances and the specific heat

1.1 Intvoduation

Kost of the measurements on the specific heat of pure He or dilute He-

He mixtures have been carried out by means of the well-known calorimeter

technique. With this technique the heat capacity of a thermally isolated cell,

filled with the liquid, is deduced from the increase of the temperature due to



the supply of an accurately known amount of heat to the cell. After subtrac-

ting the calibrated heat capacity of the empty cell, the specific heat of the

liquid is calculated.

A completely different way of measuring the specific heat of these quan-

tum liquids is described in Chapter 1 of this thesis. For this method the

calorimeter cell is connected by means of a thermal link to the bath. After

the temperature of the cell is raised uniformly by a heater, the heater is

switched off and the subsequent relaxation of the temperature back to the bath

value is registered. From the relaxation time x of the exponential decay and

the calibrated thermal conductance K of the heat link, the heat capacity C of

the cell follows as C = Kr (Eq. (1.5)). By again subtracting the heat capacity

of the empty cell, the specific heat of the liquid can be obtained. In Chapter

1 the utility of this method has been demonstrated for various dilute He- He

mixtures.

A third, unusual, method of determining the specific heat of the helium

liquids, in which explicit use is made of their superfluid character, will be

described in this chapter. The method was originally proposed to us by

Kramers ' and involves the measurement of the second-sound resonance curve of

the temperature amplitude in a Helmholtz oscillator. The specific heat appears

in the proportionality factor between the mechanical energy of the second-

sound oscillations and the square of their temperature amplitudes in the end-

volume. At the resonance frequency this energy can in turn be deduced directly

from the height and the width of the resonance curve for the temperature

response at a given driving power, irrespective of the damping mechanisms that

are responsible for the broadening of the curve, at least as long as the qual-

ity of the oscillator does not become too small.

In this first section of the chapter it will be shown In detail how the spe-

cific heat can be derived from the measurements, first for the case of pure

He and subsequently for a mixture.

In the next section the experimental set-up will be discussed and the experi-

mental results, as obtained for pure He and subsequently for two dilute ^He-

He mixtures with molar 3He concentration X = 6.0 x 10~3 and X = 8.5 x 10~3

will be presented.

The chapter will be closed with some concluding remarks regarding the useful-

ness of the method.
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1.2 Second sound in a Helmholts oscillator

Second-sound resonances in a Helmholtz oscillator have been used before

to study the properties of pure He ' and of dilute JHe- He mixtures '.

Helmholtz oscillators in their simplest form, consist of a reservoir connected

by a tube to a bath. The volume V of the reservoir is chosen large as compared

to the volume of the tube AL, where L is its length and A its cross-sectional

area (see Fig. 1). When second sound has to be excited in the oscillator,

which involves a temperature oscillation in the reservoir, a direct thermal

contact between the reservoir and the bath has to be avoided. In principle,

reservoir and tube must therefore be surrounded by a vacuum can.

One can, for instance, study the frequency and decay of free second-sound

oscillations. Such an oscillation corresponds to a standing wave ol second

sound in the tube, which transports entropy, carried by the normal component,

periodically into and out of the reservoir. It will thus show up as a tempera-

ture oscillation in the reservoir. From the measured frequency the second-

sound velocity is obtained, while the decay rate provides information on the

dissipative processes that are driven by the oscillation. Among the latter

belong not only the various dissipative transport processes taking place in

the bulk of the liquid itself, but also the irreversible thermal conduction

via the walls and the dissipative effects within a viscous penetration depth

near the wall of the tube, usually this latter one appears to dominate the
2 3}damping ' '.

Instead of studying free oscillations, the same information is usually

obtained by using the oscillator as a resonator. A second-sound oscillation is

then maintained by a periodic heat supply via a healer in the reservoir. The

temperature amplitude for a fixed heating power is then registered as function

of the driving frequency. As long as the damping rates are not too high, the

location of the top of this resonance curve will of course correspond to the

bath

V

A

-«—L—-

Fig. 1 Schematic drawing of a Helmholtz osaillatov. The volume V is connected

with a bath by means of a tube of length L and cross section A.•
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frequency of the free oscillations, the width of the curve yields again the

damping. If these data are combined with the third quantity that can directly

be obtained from the curve, namely the temperature amplitude at resonance for

the given heating power, the specific heat can be deduced as was stated in the

previous introduction.

1.3 The Helmholts ^"aillatov and the two-fluid description

The hydrodynamic properties of the superfluid helium mixtures are

described successfully by a two-fluid model '. In this model the liquid is

composed of a superfluid and a normal fluid fraction, with mass densities p

and p and independent velocity fields v and v . The He quasiparticles, with

effective hydrodynamic mass mi, are assumed to participate in th motion of

the normal fluid so that:

v, = v ; p = p + p = p + (p , + p „1 (1)
3 n K 's *n Ms lhn4 pn3 ; v '

Acoustic phenomena, which correspond to propagating small disturbances of the

global equilibrium state, are covered by the set of linearized two-fluid equa-

tions. On the non-dissipative level this oet reads as:

r̂ - + p V.v + p V.v = 0 nassbalance (2)

nassbalance 3He (3)

entropy balance (4)

roomentumbalance (5)

equation of motion for p (6)

S

The potential \L, that drives the superfluid, equals the chemical potential per

unit mass of ^He in the solution, as it is determined through the relations

for local equilibrium by the local values of the three independent thermody-

namic variables. For these the pressure P, the temperature T and the ^He-mass-

concentration x will be chosen.
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Two different longitudinal plane wave modes satisfy the above set of

equations, i.e. first and second sound. When the extremely small effects due

to thermal expansion are neglected, their speeds of propagation U^Q and U2Q

can be written as

U10 = c 1 0 ^ + ~ a2*2) first sound (7)

2 2 Ps 2 2
u20 = c ? 0 ^ ^ + — a--x J second sound (8)

where the following abbreviations are used

, ;, "1 , p ~2 p 5|i,
_ ^ _ f O 0 i 2 _ S S T s _, 4,
C10 " ^ T , x ^ 0 = ̂ ^ p-

n n ( 9 )

in which c_. = T(—) is the specific heat per unit mass of mixture. In

order to obtain U-IQ and U20 in the compact forms (7) and (8), use is made of
2 2

the fact that it appears quantitatively that c^- » c...

First sound corresponds to ordinary sound in classical fluids; the two compo-

nents move in phase with

Relation (10) implies that in mixtures the normal fluid moves considerably

faster than the superfluid does (vn' > v s ' ) , especially at temperatures well

below 1 K where p » p , = (m*/m,)px \

In second sound the two components move in opposite directions. For the case

of pure He the net massflow is zero, the waves manifest themselves as temper-

ature waves. In mixtures, however, a small massflow will result in addition,

almost proportional to tht-̂  He concentration ':

p v' + p v' » - - r ^ — v' (li)
^s s pn n 1-a x n v '

This is a clear consequence of the difference in mass and molar volume of the

two isotopes, resulting in a value of ax considerably different from zero.

Acoustic oscillators of the Helmholtz type have now been in use for clas-

sical fluids for more than a century \ Their first application to the case of
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superfluid helium was reported in 1960 '. In view of the variety of sounds

that can be excited in superfluid helium, not only first-sound and second-

sound oscillators have since been investigated, but also fourth-sound and even

third-sound oscillators. In the case of fourth sound the tube between the

reservoir and the bat", is very narrow or is replaced by a superleak, so that

the normal component is practically immobile '; in the case of third sound,

the inner walls of tube and reservoir are covered by an unsaturated helium

film9).

The theory of Helmholtz oscillators filled with a superfluid JHe-4He

mixture has been discussed extensively in Ref. 3. Here it suffices to show how

their behaviour is described in principle by the simplified set of two-fluid

equations represented by Eqs. (2)-(6). Integration of the linearized balance

equations (2), (3) and (4) over the volume of the reservoir yields

V |f = -A(p v' + p v') (12)

V |£E = - Apxv' (13)
ot n

v I f 1 ' -Apsv' (14)
ot n

where p, px and ps represent the mean densities in the reservoir and v' and
s

v' the mean transport velocities away from the reservoir. These equations can

now be combined with equations (5) and (6) applied to the tube and with equa-

tion (10) or (11), describing the supply through the tube for the case of

first sound and second sound respectively.

Considering first the limiting case, in which the variations in the densities

over the volume of the reservoir and in the velocities v ' and v ' as well as

in the gradients vu,> vP, vT and vx along the tube are fully neglected, one

obtains immediately for the time variation of all relevant quantities, for

instance for v ' . the harmonic oscillator equation:

v' + u2 ~ v' = 0 (15)
s o VL s

In Eq. (15) uQ represents the speed of first or of second sound, as are given

by Eqs. (7) and (8) respectively. When the variations along tube and reservoir

(assumed to be cylindrical with length LR) due to the finite acoustic wave-

length are taken into account, the eigenfrequency u„ is corrected up to first
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order in the small ratio AL/V into

L2
2 2 A r , ALf, , R \ n

"HO
 = uo vrf1 " avC1 + ^ 1

Li

In the above derivation all dissipative effects have been ignored. They

will of course lead to damping of the free oscillations, and can be taken into

account by allowing u to become a complex quantity ov, « For those contribu-

tions to the damping arising from the attenuation of the sound wave in the

tube, this is done by replacing uQ in Eq. (16) by a complex quantity u.

As has been demonstrated before » \ the damping in a second-sound

oscillator is in practice often dominated by the viscous dissipation occurring

within the viscous penetration depth 6 (to) near the wall of the tube of radius

R:

6 = / Ï2- (17)
n u>pn

where ri is the shear viscosity. This dissipation leads to

i ^ } (18)

and to the damping rate y of the free oscillations

Both quantities u9 and v
 a r e given here up to first order in the ratio 6 /R,

• ' T ) T)

which is made small by the design of the oscillatrr. Contributions to the

damping arising from the other dissipative processes that are driven by the

oscillations will simply add to y to yield the total damping rate y.

Helmholtz oscillators can also be used as resonators. Second-sound resonances

can be obtained by means of a periodic supply of heat W(t) to the reservoir.

In practice one has:

W(t) = W (1 + cosut) (20)

Variation of to at constant amplitude WQ, yields a resonance curve for the

amplitude of the periodic temperature response in the reservoir, T', like is
R
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shown in Fig. 2. The peak in this curve, T' , will be located at an angular

frequency w equal to the real part of u>„. From ui , with the use of Eq. (16),

the speed of second sound in the tube follows as the real part of U2»

The width Aw of the peak at a height T'(w) = (l/2)/2 T' equals twice the

decay rate y of the free oscillations, while y in turn will also be equal to

the attenuation rate of the second-sound wave in the tube, as long as damping

contributions coming f>:om outside the tube can be neglected. Possible differ-

ences between y and y can be found by confrontation of speed and attenuation

in Eq. (18), using the bulk speed for U2Q-

Finally the quality Q of the oscillator, given as

0 = ? total mechanical energy of the oscillation at resonance
n dissipation of energy per period

res
<P>

(21)

is found from the resonance curve, since as long as Au> « w

Aw
(22)

U)_ GO

Fig. 8 Resonance curve with width Aw at T' = (1/2) J2 T' . The resonance

res
angular frequency is ui .
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1.4 Determination of the meohaniaal energy at resonance from the resonance

curve

The periodic heat supply W(t) of Eq. (20) will eventually lead to a

stationary situation in which the temperature of the reservoir TR will vary

periodically and can be written as

TD(t) = T + AT + T'cos(o)t - <t>) (23)
K O O K

In Eq. (23) TQ is the temperature of the bath, AT the constant temperature

difference that will arise due to the average rate W at which thermal energy

is transported through the various parallel thermal resistances between the

reservoir and the bath, and T'(to) and 41(10) the amplitude and phase of the
K

periodic temperature response. The mean rate at which entropy is supplied to

the reservoir by the heater is <W/T„> while the mean flow of entropy that

reaches the bath equals W
O / T Q . The mean rate of entropy production <S> is

therefore given by:

W W (l + coswt)

< S > = ^ " < ^ T, > (24)

irrespective of the dissipative mechanisms that are responsible. Up to first

order in the small ratio's AT /T and T'/T expression (24) simplifies to:
O O K O

W AT K I J
^„v O O . O K , / « c \

<S> = — j — + — ~ — cosij) (25)
T 2T
o o

where t^e first term stems from the d.c. heat current through the tube. At

resonance cos<|> = 1 so that ^^res> the mean rate of dissipation of mechanical

energy at resonance, can be obtained from the measured values of T' r e s at

given WQ, according to

<P>res " To <»>«,. = S ^ Wo (26>

By using relations (21) and (22), the mechanical energy at resonance can

subsequently be deduced from the measured width of the resonance curve, Aw,

yielding

<P> T' W
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1.5 The relation between the meehanical energy and the temperature amplitude

at resonance

The driven oscillations can be considered as standing waves of second

sound in tube and reservoir, having a wavelength which is large compared to

the lengths L and Lj^. The two parts of these waves are matched to each other

at the boundary between tube and reservoir by the condition for continuity of

the temperature and the masstransports.

The total mechanical energy of the oscillations equals the volume integral of

the maximum kinetic-energy density:

Em = ̂ K V s 2 + K V n 2 ) d V (28)

The local velocity amplitudes, related to each other by Eq. (11), can of

course also be expressed in the temperature amplitude T1 of the second sound.
2 2

From the two-fluid equations (2)-(6) one obtains (again neglecting (C.Q/C.-JX

with respect to one) ':

1 + ^
, , p V ,. _,_ ps , C34 T' ....

PS
Vs = "PnVn 1 - a x = "P^1 + T V K ~ T~ (29)

x n s

Substitution of Eq. (29) into Eq. (28) allows ^ to be written as the volume

integral of the potential energy density

s T
«=34)

Since the distribution of T' over the volume is known, the integration can be

carried out straightforwardly. When the effects of the finite wavelength in

tube and reservoir are neglected by assuming a linear temperature profile

along the tube and constant amplitude TR' in the reservoir, one obtains

m 2 p T V(-1 3V)[-L -2 C34-|TR ( ;

s L

The error, introduced by this simplification, will not exceed a few percent

for the dimensions of the devices used in the experiments and for frequencies
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close to the resonance frequency*.

Combining Eqs. (27) and (31) with the experimentally determined values, one

obtains the thermodynamic entity

< 3 2 )

In the case of pure He, for which the concentration x is obviously zero, one

thus determines the specific heat C4 directly. For a mixture, however, the

additional factor can be considerably different from one. A fair estimate can

be obtained by applying the Landau-Pomeranchuk model , discussed already

extensively In Chapters 1 and 2. With this model the dilute solution can be

described as an ideal mixture of a quasi-ideal Fermi gas, formed by the He

quasiparticles, and pure superfluid He. The Gibbs function per unit mass of

the solution Is represented by

X ̂ 30 + M3
 Zn X K o + M4

 U l

Both \I~Q and \i,„ have to be evaluated at the pressure and temperature of the

mixture. The molar concentration X is related to the mass concentration x as

^ 4 4
X = xM. f (1 - x)M. " 3 x <34>

It now follows immediately that

r >X4N _ RT x dX_ RT .,,,.
X|-ox JP,T M^ 1 - X dx ° " x M3 ^ '

while s attains the value

(36)

* The main error stems from the cosine distribution of T^ in the reservoir.

This introduces an additional factor (1 + S -^ -=•) into relation (31), with g
3 V L 2

between the values -1 and +2, depending on where in the reservoir T„ Is regis-

tered.
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The approximations made in the second part of both equations are justified in

view of the low temperature range (0.3 K - 0.7 K) and low concentrations

(X < 0.01) prevailing in the present experiment. One thus obtains

, - ±S| ï * e> . , + Cx/(x !_, (J7)

It is pointed out that the results (35), (36) and (37) do not depend on the

particular form of the expression assumed for n ™ ; deviations from the para-

bolic Landau-Pomeranchuk spectrum, for instance, that would account for the

additional contribution to C34 proportional with the concentration discussed

in Chapters 1 and 2, will not affect them. If, for the purpose of obtaining a

fair numerical estimate, we substitute for C34 in expression (37) the Landau-
LP

Pomeranchuk limit c,, + (3/2) x R/M,, it follows that for the conditions

prevailing in the experiment, the value of (37) can be expected to be not much

different from 2.5.

2. The experiment

S.I The experimental set-up

The specific heat measurements in pure He have been carried out in the

threefold Helmholtz resonator, used before by van der Boog et al. ). For the

measurements in the He- He mixtures a similar resonator of identical dimen-

sions was built, differing only from the first one by the use of Stycast 1266,

instead of Epocast 202, as working material.

A drawing of the resonator is presented in Fig. 3. The volumes V[ 2 3 are

cylindrical and have an inner diameter of 1.40 cm and a length of 0.60 cm. The

tubes L-i 9 are both 0.90 cm long and have an I.d. of 0.30 cm. The figure also

shows how the resonator is connected to the mixing chamber of the Leyden dilu-

tion refrigerator described in Chapter 1. The connection, formed by a thick

copper strip, coated on both sides with a silver layer, provides for good

thermal contact. The part of the strip inside volume V2 of the resonator, is

sintered with silver powder, in order to increase the heat-exchanging surface

area. The resonator and refrigerator are surrounded by a vacuum can.
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O 1 2cm

Fzgf. 3 The resonator and its aonneetion to the mixing chamber.

HE: heat exchanger; 5^: superleak; Mu: upper flange of the mixing chamber.

In a symmetric, threefold Helmholtz oscillator, two types of Helmholtz

resonances can be generated, as Is discussed by van der Boog et al. ). One,

the symmetrical mode, is characterized by temperature oscillations in V^ and

Vg that are in phase and of equal amplitude and a temperature oscillation in

Vj of opposite phase. For the case that the three volumes are of equal size,

the amplitude in V2 will be twice that in V^ and V-j. The other mode, the anti-

symmetrical one, is characterized by temperature oscillations in V^ and Vj

that are of opposite phase and equal amplitude, while no oscillation of the

temperature occurs in V2»

In the pr<-jent experiments only the anti-symmetrical mode could be used,

in view of the thermal anchoring of the device via V^- Its temperature distri-

bution is sketched in Fig. 4.

The second-sound transmitters (SST) in both resonators are made out of

resistance strip. The second-sound detectors (SSD) in the Epocast resonator

are formed by a layer of aquadag painted on small strips of paper. In the

Stycast resonator polished Matshushita resistors are used, which are described

in Chapter 1.
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Fig. 4 The temperature distribution of the antisymmetric mode in the

resonator.

2.2 The measuring procedure

The second-sound oscillations are generated by an a.c.-voltage applied to

one of the transmitters. Different from the situation in the experiments of

van der Boog et al. , the accurate values of the supplied driving powers W

have to be known. Both the voltage across and the current through the trans-

mitter must therefore be measured. The current is determined from the voltage

measured across a calibrated resistor connected in series with the transmit-

ter.

The induced second-sound oscillations will have twice the frequency of

the driving voltages. They are registered by means of a detector in V^ or in

V-j, its resistance being modulated by the temperature oscillations. For this

purpose a small d.c. measuring current is applied to the detector and the

resulting a.c.-voltage is amplified and detected with a lock-in amplifier.

From the so determined amplitude R' of the resistance variations, the tempera-

ture amplitude T' is obtained by means of a polynomial fit through the cali-

bration data of the detector resistance as function of temperature. The values

of the driving power were chosen as small as was permitted by the detection

accuracy, in order to keep the disturbance caused by the unavoidable d.c.

component to the heat flow as small as possible.

The resonance curves for the temperature response at fixed driving ampli-

tudes, of which the heights T' and widths Aw need to be determined, are
rss

obtained from twelve to sixteen measuring points taken around the resonance

frequency of the anti-symmetric node, within the range where



(1/2)T' < T' < T' . The values of T' and Au are substituted Into the
res res res

right-hand side of Eq. (32), in which an extra factor of two must be added to

the denominator in view of the fact that Eq. (32) was derived tor a single

Helmholtz oscillator. Taking into account the 1% thermal contraction in the

linear dimensions of the device and applying a small correction for the

volumes of the transmitters and detector, the effective volume V' that enters

into the denominator of Eq. (32) becomes for the threefold oscillator

E v' = (1-79 ± 0,05) cni

2.3 Experimental determination of the specific heat of pure He

The measurements on superfluid He have been carried out in the tempera-

ture range between 1.4 K and 2.0 K at saturated vapour pressure. In this

temperature range the dilution refrigerator is of course not in operation. The

resonator is cooled by the surrounding He bath by me as of He-gas admitted

into the vacuum can. Thermometers and second-sound detectors are calibrated

against the vapour pressure of the He bath.

Some examples of the resonance curves obtained for different bath temper-

atures are shown in Fig. 5. Mean driving powers W Q between 10 W and

2 x 10 W were employed, resulting in temperature amplitudes T' varying

from 50 (iK at T = 1.45 K to 85 p.K at T = 1.90 K.

The observed resonance frequencies are plotted as a function of tempera-

ture in Fig. 6. The variation is mainly determined by the temperature depend-

ence of the second-sound velocity. This is demonstrated by the curve for

IO = c__(2A/V'L..) , calculated according to Eq. (16) with the thermodynamic

quantities in C2Q of Eq. (9) taken from literature '.

In Fig. 7 the observed damping, represented by the quantity

(AOJ/U)^_) = (2Y/WJJ O), is plotted against temperature. The lower curve In the

figure corresponds to calculated values* of (pg/p)(6 /R), i.e. the expected

damping in case the viscous dissipation in the penetration depth near the wall

of the tube dominates the damping (see Eqs. (18) and (19)). Comparison with

* For the calculations values of n as reported in Refs. 12 and 13 were used;
values for p /p were taken from Ref. 11.
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Fig. S Examples of resonance curves in pure Be. The eireles represent the

experimental points, renormalized for W = 0,1 mW.
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Fig. G The angular vesonanae frequency as function of temperature. The lower

curve is drawn through the measured resonance frequencies. The upper aurve

represents the calculated values for OJ„ = a^QfSA/V'L-^) l as function of

temperature.
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Fig. 7 The damping factor, (AOJ/OJ ) as function of temperature. The lower curve

represents the aalculated values for (p g /p)(è7S); (O) and (a) represent data

obtained from the temperature in volume Vj and V^ respectively.

the data shows that, particularly towards lower temperatures, other contribu-

tions to the damping become relatively less and less important.

Although the observed damping thus confirms the expected behaviour it is

repeated here that such understanding is not really necessary to obtain the

specific heat c^ from the observed resonance curves. The results for the molar

specific heat, C^, obtained from Eq. (32) in the form

V.Wk °
"4 V'T' AOJ

res
(38)

with V^ the molar volume, are shown i.n Fig. 8. Error bars, corresponding to an

uncertainty of about 5% seem to be appropriate in view of the uncertainties in

V' and T' and of the assumption that T' represents the average temperature
res res

amplitude In Vj 3 . Furthermore, the uncertainty in the absolute temperature

is significant because of the steep variation of C^ with temperature. In the

figure the results are compared with the specific heat data, tabulated by

Maynard '. It demonstrates the applicability of the resonance method as well

as its limitations set by the measuring accuracy.



T (K J

Fig. 8 The results for the speaifia heat of pure He; (Q) and (n) represent

data obtained from the temperature response in volume Vj and V^ respectively.

The drawn line is taken from tabulated values by Maynard1^'.

2.4 The experimental results for the dilute He- He mixtures

Due to a number of circumstances, only a few resonance curves for

mixtures can be presented here. Nevertheless, the few results obtained, demon-

strate the feasibility of the method. The analysis offers a number of sugges-

tions by which the method could be further improved.

For the mixture of molar concentration X = 6.0 x 10 the measurements

are restricted to only one curve, taken at T = 683 mK. Seven curves, spread

evenly over the temperature interval 0.3 K - 0.7 K were taken with a mixture

of which the concentration was at first unknown, but of which the results

could be proved to be compatible with the specific heat data reported in

literature for a mixture with X = 8.5 x 10 , as will be shown in this

section. All measurements were done at P = 0.
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In Fig. 9 some examples of the measured resonance curves for the mixture

with X = 8.5 x 10"^ are shown. Driving powers WQ, ranging from 5 u.W at the

lowest temperature T = 344 mK to 12 u¥ at T = 683 mK, were required. They

resulted In temperature amplitudes T' between 7 u-K and 15 uK. Thest values
rs s

of Wo also resulted in a considerable d.c. temperature difference between

reservoirs V-^ and V2 3, with a typical value AT ~ 30 mK. The resonator

temperatures, quoted in this section, correspond to averages over the three

volumes. All thermometers were calibrated against the vapour pressure of He

after the resonator was filled with mixture, using the calibration procedure

outlined in section 1.3 of Chapter 1.

Before deducing the specific heat values C34 from the measured curves a

few remarks should be made to explain the scarcity of results.

Firstly, the original mixture was made at room temperature with a molar

12

10-

T = 0 56CK
Vo =133 48 Hz
AV= 6 25 Hz

140

T = 0.374 K
Vo =109.4-5 Hz
AV= 5.80 Hz

120

V (Hz)

Fig. 9 Exairrplee of resonance auvves in the dilute Be-^He mixture with molar

aonaentvation X = 8.5 x 10'. The aivales represent the experimental pointe.

69



_ o

concentration X = 6.0 x 10 . After the first resonance curve at T = 683 mK

was measured, the refilling tube of the He cryostat became clogged up and the

whole device had to be warmed up to room temperature. The mixture was regained

and recondensed again into the resonator to carry out the second series of

measurements extending over the entire temperature region. When comparing the

latter results with the earlier one a large discrepancy appeared, unfortunate-

ly, as if, due to some unexplained effect, the concentration of the mixture

had changed from X = 6.0 x 10~3 to X = 8.5 x 10~3 during the recycling

process.

Secondly, the rather large d.c component WQ to the heat flow introduced

by the second-sounc' transmitter, not only leads to the steady temperature

difference AT, but will also give rise to a concentration difference AX by the

well-known heat-flush effect. According to the two-fluid description He will

move with the normal fluid away from the heater until due to diffusion in the

growing concentration gradient a steady state is reached. If one defines for

this state an effective thermal conductivity K _, by

LW

«eff '= AAT- (39>

the values one obtains for K .. fall in the range of a few tenths of a W/Km.

Such values are very we.M compatible with the results for X = 1.3 x 10"2 and

X = 5 x 10 obtained by 'l-cl and Wheatley ' in a thermal conduction experi-

ment with a tube of 2.5 mm diameter. In this description one can obtain the

value of AX that corresponds to AT from the condition ^^, = 0 (imposed by the

equation of motion for the superfluid, Eq. (6)) together with the assumption

that in the steady state VP is negligible. From the expression for u, intro-

duced in Eq. (33) it then follows that

'X - V 4 0 ? T (40)
1 - X RT

If we insert numerical values, for instance for the measurements at T = 462 mK

and X = 8.5 x 10"3 for which AT = 30 mK, one obtains AX = 6.0 x 10"^. The heat

flush effect is thus considerable snd it therefore puts severe restrictions on

the accuracy by which the specific-he^c values can be derived from the meas-

uring runs. We therefore decided not to extend the measurements to more con-

centrations, but to content ourselves with the analysis of the present runs

and with some suggestions how the heat-flush effect can be reduced by improv-

ing the construction and the thermal anchoring of the resonator.
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Table 1

Molar

concentration
X

6.0 x 10"3

8.5 x 10~3

T

(mK)

683

344

374

418

462

512

560

622

1
Wo

((iW)

11.6

5.3

8.0

7.7

8.2

8.2

9.9

11.7

T'
res

(|iK)

15.0

7.3

11.7

11.3

11.4

10.8

12.6

13.2

a)
0

Crad/s)

872

664

688

729

766

806

839

873

Aio

(rad/s)

41.8

39.0

36.4

36.4

37.7

38.6

39.3

39.9

AT

(mK)

~ 70

21

32

28

30

30

38

45

In Table 1 all the experimental resulcs obtained for the two mixtures are

compiled.

In order to obtain the specific heat from these data we first rewrite Eq. (32)

in molar form. In the approximation of an ideal mixture, i.e. using Eq. (33),

Eq. (32) becomes

RC34 W

[M
(41)

4s40

Values for the molar volume V^^(X) and S^Q can be obtained from literature ,

so that from the datapoint for X = 6.0 x 10 , the corresponding value of the

molar specific heat can be solved directly. The result Is plotted in Fig. 10.

In this figure the curve calculated for this mixture from the relation (see

Chapter 1 and 2)

C34 = C, + c}? + j XRS(T - T ) (42)

(in which S = 0 for T < TQ = 0.25 K and S = 0.2 K"
1 for T > TQ) has been drawn

for comparison. The agreement is quite good. The uncertainty In the measured

value, however, Is too large to confirm unequivocally the existence of the
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Fig. 10 The molar speaifio heat C-Ĵ J derived from the measurements through

Eq. (41) for X = 6.0 x 10~Z (0) and X = 8.5 x 10~3 (O).

The drawn curves through the data obey Eq. (42); the dashed curves

represent Cr (= C. + CrL ). The values for C4 are obtained from Ref. 11.

small additional term (3/2)XRS(T - T ), as is demonstrated by the curve for
LP
C-,, also drawn in the figure.

For the second mixture the unknown concentration X and ) cannot

both be solved from the data. One c?n, however, check the compatibility of the

results with the description given by Eq. (42). This is done by solving X nu-

merically for each individual data point from Eq. (41), by substituting

Eq. (42) for C34 and by checking subsequently whether the spread in the values

of X is acceptable. The mean value of X one finds in this way is

X = 8.5 x 10 . Fig. 10 shows the. experimental results for C-ĵ  as obtained by

using this value for X, as well as the corresponding curve calculated from

Eq. (42). In view of the measuring accuracy the agreement is surprisingly
LP

good. That this agreement seems better than with the related curve for C,,

dotted in the figure has little meaning, since a comparison of the data with
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the LP-description would require a redetermination of the value of X.

Finally we would like to remark that it remains of course unexplained how

such a large change in the concentration can have occurred 'spontaneously'

during the recycling procedure

2.5 Concluding remarks

The results obtained for pure superfluld He as well as for the dilute

mixtures have shown the feasibility of Kramers' orgininal suggestion that in a

second-sound Helmholtz-resonator experiment the specific heat of these quantum

liquids can be determined in situ from the resonant behaviour. The applicabil-

ity of the method could perhaps be extended beyond this goal if a number of

technical improvements were made, in particular those concerning the reduction

of the heat flush effect. Since the value of T' is determined by WQ through

the quality factor of the resonances, W Q can only be reduced by improving this

quality, for instance by suppressing the viscous damping through the use of

wider tubes. In addition, this would increase the effective heat conductance

at the same time. A further reduction of the heat flush can perhaps je real-

ized by thermally anchoring both outer reservoirs V^ and V3 instead of V^, and

then supplying a 'dummy' d.c. heat input W also to V3. Finally the use of

more than one second-sound detector to determine the mean temperature ampli-

tude in the reservoir, will improve the accuracy of the results.
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SAMENVATTING

Het thermodynamisch gedrag van He atomen die in kleine concentraties

zijn opgelost in superfluïde H° kan worden beschreven met behulp van het

Landau-Pomeranchuk model. In dit model wordt het He beschouwd als een gas van

excitaties, de He-quasideeltjes. De He-quasideeltjes hebben een effectieve

massa m* en een energiespectrum waarbij de energie kwadratisch afhangt van de

impuls. Indien, in het geval van voldoend lage concentraties, de He- He wis-

selwerking verwaarloosd kan worden, kan men dit systeem opvatten als een

ideaal Fermi-gas. De soortelijke warmte van deze verdunde He- He mengsels kan

bij lage temperaturen (T < 0.6 K) gelijk gesteld worden aan de som van de bij-

dragen van de afzonderlijke componenten. De bijdrage van de He-fractie aan de

soortelijke warmte van het mengsel zou dan, overeenkomstig het resultaat voor

een ideaal Fermi-gas, in het klassieke gebied gelijk zijn aan 3/2 X R per mol

mengsel, terwijl in het gedegenereerde gebied deze bijdrage evenredig moet

zijn met de temperatuur.

In hoofdstuk 1 van dit proefschrift worden soortelijke warmte metingen

beschreven aan verdunde He- He mengsels met molaire He-concentraties tussen

1 * 10"^ en 3 x 10"^ en in het temperatuurgebiad van 100 mK tot 600 mK. Om

deze temperaturen te kunnen bereiken is gebruik gemaakt van een voor dit doel

geconstrueerde Leidse mengkoelmachine, waarvan men de beschrijving tevens kan

vinden in dit hoofdstuk. In afwijking van de gebruikelijke wijze van meten van

de soortelijke warmte is in deze experimenten de thermische relaxatiemethode

toegepast. De resultaten bevestigen de opmerkelijke uitkomsten van de experi-

menten van Greywall en laten zien dat de soortelijke warmte van de He-quasi-

deelt jes boven T => 250 mK gaat afwijken van het ideale Fermi-gas gedrag.

In hoofdstuk 2 worden de resultaten nader geanalyseerd aan de hand van

het energiespectrum van het He-quasideeltje. Hoewel in de zeventiger jaren op

theoretische gronden verschillende correcties op het Landau-Pomeranchuk model

zijn voorgesteld blijken geen van deze kwantitatief in overeenstemming te zijn

met deze soortelijke warmte resultaten. In dit hoofdstuk wordt een andere be-

nadering voorgesteld die inhoudt dat indien het golfgetal van een deeltje een

waarde bereikt die past bij de interne structuur van de stof, de energie van

het beschouwde deeltje afneemt. Voor het energiespectrum van de ^He-quasideel-

tjes wordt in dit verband een vergelijking gemaakt met het gedrag van electro-

nen in een halfgeleider.
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In hoofdstuk 3 wordt aangetoond dat de soortelijke warmtes van puur

superfluïde He en van verdunde He- He mengsels kunnen worden bepaald met be-

hulp van tweede-geluid resonantie-experimenten in een Helmholtz oscillator.

Met behulp van het twee-fluïda model wordt een theoretisch verband tussen de

mechanische energie van de tweede-geluidsoscillatie en de temperatuuramplitude

bij de resonantiefrequentie afgeleid. In dit verband komt de soortelijke warm-

te voor. De mechanische energie van de tweede-geluidsoscillatie bij de be-

schouwde temperatuur kan worden berekend uit de vorm van de resonantiekromme

en het gestookte vermogen in de resonator. De toepasbaarheid van deze methode

wordt bewezen met metingen aan superfluïde He in het temperatuurgebied van

1.4 K tot 1.9 K. De ret>ultaten voor de soortelijke warmte zijn in goede over-

eenstemming met waarden uit de literatuur. Vervolgens worden metingen gepre-

senteerd aan twee verdunde He- He mengsels in het temperatuurgebied van

300 mK en 700 mK. De uitkomsten van deze experimenten zijn, binnen de meet-

nauwkeurigheid, in overeenstemming met datgene wat men op theoretische gronden

en uit eerder verkregen resultaten aan mengsels met vergelijkbare He-concen-

traties zou verwachten.
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NAWOORD

De experimenten beschreven in dit proefschrift hebben plaats gevonden onder de

inspirerende leiding van wijlen Prof. dr. H.C. Kramers. Na zijn overlijden in

1982 zijn de analyses van de resultaten van de thermische relaxatiemethode

verricht in nauwe samenwerking met de eerste co-proraotor. De totstandkoming

van het derde hoofdstuk vond plaats onder begeleiding van de tweede co-promo-

tor. Een grote stimulans heb ik ondervonden uit de discussies en samenwerking

met Dr. L.P.J. Husson. Met genoegen denk ik terug aan de discussies die ik heb

gevoerd met Dr. A.G.M, van der Boog, Dr. R.R. IJsselstein, Drs. M.P. de Goeje

en Drs. R.M. Mudde. Gedurende de experimenten werd ik geassisteerd door Drs.

E.W. Brouwer, Drs. T.J.M, de Groen, Drs. H.W. Jentink, Drs. C.E.D. Ouwerkerk,

Drs. R. van Royen en Drs. A.L. Reesink. Laatstgenoemde heeft tevens bijgedra-

gen aan de overbrugging van de afstand Eindhoven-Leiden. De heren T. Nieboer

en L. van As vervaardigden op kundige wijze, in samenwerking met de technische

staf van het Kamerlingh Onnes Laboratorium, de cryogene apparatuur. Electro-

nische problemen werden opgelost door de heer W. Klijn. De heren J.D. Sprong,

J.A.Th, van Schooten en J. de Vink verzorgden de aanvoer van vloeibaar helium

en vloeibaar stikstof. De tekeningen zijn van de hand van de heer W.F.

Tegelaar. Het manuscript werd getypt door mevr. E. Salman.
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