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Tha problea of simultaneous diagonalizaciun of a sec of square 

matrices ariaas in th« d i scuss ion of nacural flavour conservation in 

Higga induced neutral currants ( e . g . . Sarcori (1979), Catto , ftorchio, 

Sarcori and Scrocchi (1980), Frere and Yao (1985)) . In t h i s context 

Che fol lowing cheorea was formulated: 

Then Theorem I: Let (A.,...,A».} be a aec of complex m«m matrices. 
chare exist unitary matrices U, V such that U A.V is diagonal for all 

• l * 
i - I H i f f the aeta S. - U j A . L . . „ and S, - (A.A.} . . 

i i j i,j"i,..,a t i i i.j-i...., 
are abelian. 

Thia ia che original version of Sarcori (1979) who, however, only 
sketched the idea of a proof in hia paper. Theorem I was discussed 
again by Catto, Morchio, Sarcori and Scrocchi (1980) who presented a 
proof under Che additional aesumption of e.g. A.A. being nondegencrate. 
More recently, Frcre and Yao (1985) referred to a aimilar theorem by 
Federbush where both che nondegeneracy of A.A. and the nonaingularity 
of the matrices A. seem Co play an eeaential rOle. The purpose of Che 
present note is twofold: firat we show chat theorem I hold* in ice 
original form, i.e. no asavmpciona concerning nondageneracy or non
aingularity of matrices need to be made. Secondly, if ac lease one of 
Che matrices A. is nonsingular it can be shown chac che commutativity 
of either S. or S, ia actually sufficient for ch« simultaneous diagona-
lisation of A^,...,^ (cheorea 2). 

Let us first prova theorem I. The commutativicy of S. and S, i» 
clearly neeeaaary for che existence of unitary matrices 0, V such that 
(I A.V are diagonal for all i * !,...,». The more interesting part of 
the theorem concerns Che opposite implication. If S. is abelian all 
«laments of 5. are normal matrices. Consequently, there exists a common 
orthonoraal basia of eigenvectors (x } . for all matrices of S 

" a a"l,...,m 

AT A. x - »7. x^ (!) 
i j a ij a 

with 3k?. (a - l,...,m; i,j - I....,») che corresponding eigenvalues. 
Let 'x.,...,x. ) be those vectors for which A.x • 0 for all i - l,...,N. 
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Then for all a > k (for k • • the theorea holds trivially because A. 3 0) 
there exists an index i such that A. x # 0. This allows one to define 

• i a a 
the norms Used vectors 

Xa " A. xj BA £ x j | . a - k*l » . (2) 

Using 

*?• - II*. x | ! 2 (3) 

u " l a" v 

one finds chat Che y font an orchonormal syscee) since 

( y o ' V * *i ia * .B / ( I l A i *«" " V t " }"*t ' '•• * k- ( 4 ) 

O S • P 

Furthermore, v* obc«io 

<\'AiV - x! ai « . B / A U ( 5 ) 

which iiiflies Chat «ach vector A.x. has only a y. cooponenc and a 
possible component in the space orthogonal co all y (a - k*l, ,m). 
To show that A.x. is in fact proportional Co y a it is sufficient Co 
prove 

| ( y 8 | A l x 0 ) | - llAj x $ | | . (6) 

AC this point Che coeawcaCiviey of S- enters. From 

Aj Aj Aj A. A. Xj - Aj A. Aj A^ A. x g (7) 

we gee che relation 

*! i »Jj - x f i »Jj - i * i j i 2 <•> 

using (I). With the help of (8) w« can derive (6) 
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i<yjA.«.>i -1»? .M/OTT -RT. - HA. *J\ 
( t 

Completing { y k H y^} to an orthonoraal bas i s { y , . . . . . y k , y k + | , . . - , y a 

w« can write* 

A. x • o . y i a l « i • I N; o • I , . . . , « (9} 

. • ) p. y xt • (y • »• i *•, i a a 7 I 
S 

• .y_) 
a-1 

o H» 1 

«V 
(10) 

Thus we have obtainad unitary matrices 

o - (y,...-.yB) 

» • (x x ) 
( I I ) 

which disgooaliza all A, eoaplecing the proof of thaoraa I. 
Tha coaaucetivity of boch S. and S, was crucial for cha proof. If, 

however, one of the aecricua A, (i • l,...,N) is nonaingular ic is 
already sufficient for ch« siaultaneous diagonalixability of che A. 
that cither S. or S- is abelian. This is tha content of 
Theor— 2; Lac A, be noosiagular and S, - {A.A.}. ,_, „ be an abelian — — — — i i i j i,j"i,...,a 
sec. Then chare esisc unitary aatrices 0, V such that tTA.V is diagonal 
for all i • I,...,I and thua Che sac 8, - {A.A.}. . , „ is also 
abelian. 

In order to prove cheoraa 2 we choose veccors {*_)_, as 
9 0*1f••. »a 

before and we define 

y. - *, V11-, «.II . • • i ! ' • • » • • (12) 

•) Of course, p? • 0 for a - l,...,k and all i. 
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The y exist for all a because At is nonsingular. As in (S) we obtain 

<'J\ V - x'i W^ti" • ( , 3 ) 

Since now (y.,...,y ) is a coaplete orthonormal basis of C* it follows 
iosHtdiately from (13) that A.x. is proportional to y_. .Vs for theorem I 
U and V are given by (II). 

In conclusion we want to note that the nonsingularicy of A. in 
theorem 2 is essential. For instance, it is not sufficient to demand 
only nondegeneracy of A.A.. Finally, we emphasise once again that no 
assumptions concerning oondegeneracy were needed to prove both theorems 
making their actual application much simpler in mast cases. 
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