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Ve inveacigace che rclacion between finiceness of a four-dimensional 
quantua field theory and global supersyaaetry. To Chia end we consider 
che esst general quancua field cheory and analyse che finiceness conditiona 
resulting froa Che requirement of the absence of divergenc coneributiona 
Co ehe renoraalisacions of the parameters of the cheory. In addition co 
che gauge bosons, boch feraions and scalar bosons turn out to b« a 
necessary ingredienc in a non-trivial finice gauge theory. In all cases 
discussed, Che supersyaatcric theory restricted by two well-known 
constraint« on the diaensionless couplings proves to be the unique 
solution of cha finiteness condieions. 
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EINGANG Fh 
I. Introduction 

The a»ac exciting feature of supersynaecry is its ability of soften­
ing the high-energy behaviour of quantum field theories by reducing che 
number of uacorrelaccd ulcraviolec divergences. Thia property rendered 
possible che construction of finite supcrsyaasecric quantum field theories 
in four space-ciae diaanaiona (I): Supersyanetry suffices co ensure 
finiccness in quantum field Cheories singled out from the general case 
by certain relations - called "finiceness conditions" - between che 
diaansionless coupling« in Ch« Cbeory. Siaple supcrsynaecry in co-opera­
tion wich Cwo finiteness condicions guarantees finiceness up to cwo loops. 
Extended superayaaecry impose«, of course, scill sure restrictions on a 
Cheory. As a consequence, (N - 2) aupeteyaaecric Cheories constrained jy 
only a single finicene'.s condition are finite Co «11 orders of perturbation 
cheory. 

In this work we invert Che logic and invescigace che problea: Which 
classes of theories «re allowed when iaposing che requireaenc of finice­
ness upon Che most general renorealizable quantum field cheory? In 
particular, we are incereseed in Che question if finiceness necessarily 
iaplies supersyamecry for the particle content and che interactions in 
Che cheory. To chia end we analyse che finiceness conditions obcained by 
deaanding Che absence of divergent concribucions Co Che renormalizations 
of Che parameters of a general gauge cheory. 

Mocivaccd by che observation ch«C supersymmetric cheories are free 
of quadratic divergences, siailar inveacigst ions have been performed 
previously wich respect to the absence of quadratic divergences in a 
renormal itabl« quantum: field theory [2]. In all special cases studied, 
ch« requirtaant of cha cancellation of ch« quadratic divergences - etcher 
up to two-loop order or with Ch« addicionel restriction of renoraalira­
tion- group invariance of ch« one-loop condicions - uniquely leads co che 
(softly broken) supersyaaacry of the theory. Supersyssnatry chen ensures 
the absanc« of quadratic divergences to «11 orders in cha loop expansion. 

This paper is organised as follows: In order to «abed che present 
investigation in Ch« on-going developments and co establish our notation 
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we give in Section II a brief sketch of supersymmetric finite quantum 
field theories. Section III is devoted to the renormalitat ion of a 
general gauge theory, la Section IV we formulate the finiteness conditions 
for an arbitrary gauge theory and deduce torn* immediate implications. In 
their aost general form these finitenass conditions constitute, however, 
an extremely complicated non-linear set of equations for masses and 
coupling constants. Consequently, in Section V, we consider a somewhat 
restricted class of theories which, nevertheless, still comprehends all 
supersyomrtric theories and hence all finite quantum field theories in 
four dimensions koown so far. Although not fully general, the discussion 
of these models is quite instructive in order to answer the question 
whether or not finiteness implies supersymmetry. Our conclusions are 
summarized in Section VI. 

II. Finite Supersymmttric Quantum Field Theories 

The aost general renormalisable, gauge invariant and (M • I) s-iper-
symmetric theory is described by the Lagrangian 

L(H-I> " ̂ d"9 ** ̂  * * { ^ d 2 9 l Z f W T t ^ a * W ( t ) 1 * h-c,} * ( 2 U 

Here the following notation is adopted: Vector superfields, which re­
present a massless vector boson V as well as a two-component Ueyl spinor 
\, both of them transforming according to the adjoint reoresentstion C 
of the gauge group, are denoted by V, 

V - (» a,V W> * C , V • V f I V^ T* . (2.2) 

Chiral superficlds, which represent a two-component Heyl spinor % a* well 
as a complex scalar boson A, both of them transforming according to soma 
representation R of the gauge group, are denoted by • , 

• . - (A-.X^ * t , Sj •. - 0 . (2.3) 
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The chiral field-scrength superfield W it responsible for che kinetic 
I —— -2«V '(V Lagrangian of gauge bosons and gauge fcrmions, U • - |- 00 « E> e* . 

D . 0. label Che SUST-covarianc derivaCives. W(t) is che so-called super-
O 9 

potential, a gauge invariant, analytic funrcion of che chiral superficies 

• . describing a l l lass terms, Yukawa couplings, and scalar self- inter­

actions in Che theory. Renornalisability rescriccs it Co be a polynomial 

of ac nose chird degree, 

W(») - s. a. • \ a.. • . a. • I c . . . a. • . a . (2.4) 
1 1 2 i j I l 3 tjk l j k 

Finally, 8 labels che fermionic Crassoann coordinates of che supcrspace 

a a 
The group invariants for a (possibly reducible) representation R 

are defined in terms of the generacors T as usually: The quadratic 
Casimir operator C,(R) is defined by 

I C 2 ( R o ) E ; k :- (T R
a T E

a ) . k . (2.5) 
0 

where E denoces Che projector onco Che irreducible representeeion R in 
the decomposition R • • R . The second-order Dynkin index T(R) is defined 

o • 
by 

T(R)« - b :- Tr(TR* T R
b] , T(R) - £ T(Ro> . (2.6) 

o 

These invariants are related to each other by Che dimension of Che group, 
d(C), and the dimension of the representation R, d(R), according to 

T(R)d(C) • I C 2(t o)d(R o) . (2.7) 
o 

Specified to the adjoint representation C, Che above definition! read 

C 2 ( C ) 4 . b : - <TCC T C C ) . b " f . c d fbcd - T f l V O " T ( C ) 4 a b • < 2 8 ) 

i . e . 

C 2(C) - T(C) , (2 .9 ) 
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where f ia th« structure constant censor of the gauge group, «be 
• i f . T . abc 

The only possible aupersyaajetric and gauge invariant extension of 
the Lagrangian (2.1) would be a so-called "0 term" 

l 0 - n /4-e V (2.10) 

associated with a U(l) factor of the gauge group. Thia 0 tera receives, 
at th« one-loop level only, a quadratically divergent contribution pro­
portional to the trace of the U(l) charge ( 3 j . It wi l l thus not be present 
in any theory based on a eeai-siaple gauge group. 

Suppressing a l l indices, one counts s ix renoraelizatioa constants 
for the theory characterised by the Lagrangian (2 .1 ) . v i s . the wave 
function raaorswliaacions for vector and chiral superfield. 

< / 2 v . z ' / 2 « (2.11) 

the gauge coupling constant renoraalisation. 

'• ' \ « ' (2.12) 

as well as the renoraaliastion of th« parameters in the euperpotential 
(2.*), 

•o - Z. ' • • 2-« . S • Zc c (2.13) 

However, not all of these renoraalizatioa constants are independent. Th« 
general line of arguatnts for thia runs aa follows: 

First of all, in th« background field aethod - whan eaployed - the 
•) Of course, the dependence of the wave function renoraalitation» on the 

gauge ' aanifesting itself in this particular ess« as ch« freedoa of 
choice to adopt the background field gauge or not - expresaas nothing 
else but the fact that th« corresponding divergences ar« not essential 
ones. 

I 
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produce of taug« coupling conacanc g ciaaa vector superfield V is not 
rcnoraelized at «11 [ 4 ) , g V - g», which iaplica the relation 

o o 

2 * y 2 - I (214) 

for th« corresponding rcnoraalisacion conatanta. 
Furtberaor*. there ia • noo-renorsalization ch«or««i, valid for 

theories i«variant under M-cxtcaded eupersyxeaetry. t« i c s g«n«ral for« 
Chi« theoreai states that in an R-ext«ad«d sup* ray east trie theory any 
euaatssi contribution to Che «ff«ctiv« actio« «use he an integral over 

« L —L th« full extended auperspace ( * . • . # . ) . L • 1 . 2 , . . . , * , end chat any 
* • — • * . « 

coacribucion arising above Che one-loop level «use be a gauge invariant 
function of th« natter superfields sad Che Tang-Mills pcctntials 
(connection«) A only [ 5 ] . , 

o 
In the case of (W • 1) eupersysnwtry Che above one-loop exception 

does not exist . The (M • I) non-renoraalization theorem sioply states 
Chat any quantum contribution to Che effective action has to be an inte­
gral over che coaplate superapace ( V , 6 ,5 . ) (6,71. Consequently, a l l 

a a 
counter tenas in th« Lagrangian (2.1) «use b« of ch« fox« 

t C T - fih9 f(V,v) . (2.15) 

wh«r« f is a function of ch« auperfielda and their covarianc derivatives. 
This in tum inplies that ch« superpotential W(#) - being integrated over 
only a subapac« of the whol« super space - i s not renomalixed ac a l l , 
which i s expressed by ch« rotations 

Z # l \ n - I , Zu Z # - I , Z c z j / 2 - I (2.16) 

for th« renoraslixacion cona cants of th« par astet er s in che superpocsncisl. 
As a consequence of Cos. (2.14) end (2.16), one i s lefc wich only 

two independent renorwlisstion conscanc», for instance Z and t.. For 
a supsrsysjMtric theory th« whol« ranoraalixacion procedure can b« carried 
through with eh« gauge coupling conscanc renoraalixation as well as wave 
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function renoraaütat ions of the chiral superfields. Only th« gauge 
b«ca function 0 "•• u T - » an' ch« anoaalous dimensions y.. :• > »u i j 

• (Z ) - . u ^- (Z ) . of th« chiral superfi«lds are of interest for 

th« discussion of the high-energy behaviour of suporsyssnttric theories. 
Th« on«-loop contributions co th« 8 function and the anomalous 

dimensions arc given by 

[K-(C> - T(t)) (2.1?) 
( * . ) 2 2 

y[\' — (g2(T*r*).. - c* c.. I . (2.!«) 

Hence, inposicion of the finitenes» conditions 
L 

3C,(G) - T(») (2.19) 
4. 

e I w eikt " »* c l* r'>ij ( 2- 2 0 ) 

guarantees the finiteness of an otherwise arbitrary supersyanecric theory 
at th« one-loop l«v«l . Even a certain aaount of «oft super syne« cry 
breakinj can be tolerated without upsetting on«-loop finiteness ( 9 ] . The 
anomaly-free solutions of Che finiceness condition (2.19) aay be found 
in te f s . [10] . 

Moreover, ic has been shown Chat (in supersyanecric theories) one-
loop finicen«ss auCosucically i«pli«s two-loop finiteness, i . « . ch« 
finiceness conditions (2.19) and (2.20) suffic« Co enforce Ch« vanishing 
oc ths two-loop concribucions Co Ch« 0 function and anoaalous di«ensions 
coo (M). Finitencss wi l l , how«v«rt in general be destroyed at ch« chree-
loop level (12). Nevertheless, accsnpes hav« been undertaken in order co 

• ) Not« chac 0 » 0 deaands C,(G) * 0, i . e . a non-Abelian gauge group, 
[ I ] » ' 

whil« y j . J • 0 requires non-vanishing super-Tukewa couplings c . . . . 
The latter i s ch« reason why ch« ««arch for a two-loop f ini te (• • I) 
supersyanacric pur« Yang-Hills Cb«ory wie neue «up«rpoc«nti«l was 
doomed co fail [0]. 
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construct a real is t ic two-loop finita SUSY SU(5) CUT [13]. 
•anormalisable (N - 2) supersyaaettric theories know of two basic 

building blocks: The (N * 2) vector aultiplet V _, transforming accord­
ing co the adjoint representation C of the gauge group, contains an 
(M - I) -sector superfield V and a chiral superficial 0 in the adjoinc 
represent ation, 

» w ' ( M ) ^ C i ? «v C . • • v C . (2.21) 

The hypenaultiplet H, transfonaing according co sosja representation t . 
of the gauge group, contains two chiral superfields • • - • ' opposite 
chirality - a circumstance which makes every (N - 2} supersyassetric 
theory non-chiral, i . e . vector-like, 

R - (•,.•*) •*• . ; • , - • . . V * * H ' ( 2 2 2 ) 

The most general renormalizabie, (N - 2) supersyametric Lagrangian, 
expressed in terms of (M » I) superfields, reads 

'„.»>• / « c . ; . ' " . , . . ; . - ! " T . , • .* . 2 " .i . 
(2.23) 

Note chat (N • 2) supersyaaaetry reacrices che superfotencial W(a) co a 
unique tri linear interaction fixed by gauge invariance, 

W ( » ) ( M - 2 ) - ig/Tsj*«, . (2.24) 

Rene«, chare is only a single coupling constant, that is the gauge 
coupling conscanc g, and only one independent renormalixation constant, 
Z . The gauge 0 function is the only relevant quantity for finiteness 
considerscions. 

Now, che application of che non-r enorme lizacle* theorem co che t* - 2 
case shows, on diajens.onal grounds, that (& • 2) supersyametric theories 
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are finice above che one-loop level [16]. The only possible concribucion 
Co Che B function arises from one-loop graphs and can be obtained by 
setting T(R) - C.(G) • 21(1^) in Eq. (2.i7), as demanded by Che (H - I) 
•uperfield concenc of Che (S • 2) supermulciplecs: 

->.3 

W " 2 ) (4.)* 2 ^ 
(2.25) 

Thus, finiceness co a l l orders of perturbatio* Chcory i s achieved for 

c2(o r f V (2.26) 

Again, this finiceness is preserved by certain soft supersyamecry break­
ing operacors (IS] . The solutions of Cbe finiceness condicioo (2.26) 
Cora a large class of finice (N - 2) supersysssscric ouancum f ie ld theories 
ia four space-tie« dimensions (16] . However, a l l effores Co build 
realiscic models, based on (N - 2) supersymaecry ««ended by suicably 
chosen sofc breaking cersts, face a number of Phänomenologiea1 obstacles 

(17J. 
The (M • 4) super-Tang-Hills theory proves Co be a cpecial case of 

Cbe (R • 2) theories for cht hyperaulciplcc R transforming according Co 
Che adjoinc reprcsencacion of che gauge group, i . e . I L * C. Renormal izable 
(Ü - 4) supertymaecric Cheories allow for exactly one (N • 4) super-
multiplet, namely che (N - 4) veccor mulciplec V„ . , which consists of 
an (K • 2) veccor sailciplec *__. and a hypermulciplec H in che adjoinc 
representeeion, 

The part; 
fields V 
spinor I: 
gat.«,e gr 
105 t o i 

be assur.-
siraplici' 
generali.: 
covarian-

V4'ffw .»'(»Vi'V% c (2.27) 

Fioiceness co all orders of perturbacion cheory, B ( N a 4 v - 0, is Chen a 
crivial consequence of Eq. (2.9) (IS). 

Table I summarizes the evolution of Che one-loop concribucion co 
the gauge 0 funccion from Che wall-known expression in a general gauge 
cheory Co i ts automatical vanishing in Che (M • 4) super-Yang-Hills 
cheory. 

where T 

. IWIHÜUWI 
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HI. Ueno«—ligation of a General Gauge Theory 

The «oat general renoraalizable quantua f ie ld theory i s (equivalent 
to) a spontaneously broken gauge theory [19] , described by the Lagrangian 

' I I * C l ( " " h"V*L * h c ' 1 " V U ) * ( 3 , ) 

• gauge-fixing tersn • ghost teras • counter tens« . 

The particle content of this theory consists of heroiccan vector gauge 
f ields V Associated with a coapacc M**g* group, tvo-coaponcnt tteyl 
spiaor fields *.- transforming according to teat representation F of the 
gauge group, *., ">• F, and heraitean scalar fields • transferring accord-

JLl* a 
ing to so**: representation S of the gauge group, a % S. All Sermion» cay 

c • T c 
be as»u«ed co be, say, left-handed because of *_ = C #_ - * , . (For 
s iapl ic i ty , we consider only the case of a siaple gauge group. The 
generalization to non-siaple gauge groups ia straightforward.) The gauge 
covariant field strength tensor F i s given by 

F a - » V * - » V * » g f w ¥ b 7 c . (3 .2 ) 
ii v u v v u • abc M v 

The covariant derivatives 0 acting on the feraion and scalar fields are 
given by 

DA - »„ * * f /V«t • ( 3 3 ) 

V " l\'l« \* L.>* - < 3 4 ) 

where T and L arc Che heraicaan represencacion avitrices for ch« generators 
of th« gauge group in ch« feraion represencacion T and in che scalar boson 
representation S, resp. Since, for ch« sake of generality, ch« scalars a 
are asauaed Co be real, che representation aacrices L have co be anti-
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syaattiic and purely iaegit.ary. Tht feraion «ass astris. a. aa well as 
the Yukawa coupling »atrices h.. era syaaetric in the feraion indices. 
Tu* scalar potential V(e) is a fourth order polynomial in the scalar 
fields a m . 

a a L an a n j : aap • n p *! anee, a n p e, 

with real and total ly syaatcric coeff icients. Caage invariance demands 

* • a... T.? - 0 (3.6) a.. »..• a.. T.. 

for the feraion aaaa, 

for the Yukawa couplings, and 

•„ Lna " ° °- 8 > 

b L* • b L* - 0 (3.9) 
pn pa pa pn 
c L* • cycl. para, (aap) - 0 (3.10) 
qnp qa 
d ^ t ^ • cycl. pen. (ansa) • 0 (3.11) 

for t va paraaatera in the scalar potential. 
At this point, a closer inspection reveals chat the linear cera in 

the scalar potential can be dropped v.l.e.g. »or gauge non-singlet 
scalers, in order not co violate gauge invariance explicitly, a haa co 
vanish as a consequence of Ee. (3.8). For gauge sieglet scalers Che 
linear car« can be asde to disappear by an appropriate shift of ainglet 
scalar fields without destroying che aanifcac gauge invariance of the 
Legrangian. Hence, i » 0 i« any case. 

Purcheraore, finiteness ia, of course, only relevant for the high-
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energy Hair of the theory, i . e . in the unbroken phase of the gauge 
syoaetry, far above all spontaneous symmetry breaking thresholds, while 
ac lower energies the decoupling of Che comparatively heavy degrees of 
freedoa wil l result in a non-trivial renoraalization-group behaviour of 
the parameter; of the theory. According to this sp ir i t , • i focus our 
cttention Co a theory with an unbroken gauge symmetry. Then the real and 
symmetric scalar boson mats-squared atatrix u 2 is given by u 2 » b 

en mn an 
The aost convenient gauge for performing high-energy investigations 

is the R gauge, which yields a propagator for sassiest vector bosons of 
the for* 

where the gauge parameter ( is lef t arbitrary. This choice determines 
the gacje-fixing and ghost terms in the Lagrangian (3.1) . 

The renormalization cor, canes required for Che renormalization of 
a general gauge theory are defined in the uaual fashion: 

v j - z y 2 ^ . * 0 - * J / 2 * . • o - z i / 2 * j < 3- , 3> 

a - a - 6a , n 2 • u 2 - ou 2 ; (3. U ) 

o o 

« o ' V - h o - Z b h { ( 3 , 5 ) 

a o - « a , c o - * c c - c o " * d d ' ( 3 ' , 6 ) 

where all group indices hava been suppressed. The one-loop contributions 
to Chest renoraalizacion constants, calculated by dimensional regulariza­
tion in 0 • * - 2 c space-tiat diaensions (20) in che ainiaal subtraction 
scheme, read for the vector wave function 

V« _ ]~r C2tT<-T-7>C2<c> - J T ( F ) - J T ( S ) | . 
v (*w) 2 « i i i. * i o 

(3.17) 
t. • » o 

for the fanion wave function 

., •**fäm&amwrv»°- * 
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I I Lnt t n x (Z -I).. : — (V T T • -j h"' h").. . 
* U (4«)2e t a a 2 ik 

for eh« scalar wave function 

(3.18) 

(Z.-I> • ((3"7)« 2a L > - IU Trlh" h n t]} ; (3. 
• • (4«)2e * a a an 

19) 

for che fcrmion aaas 

(« . ) . . ! - (3g 2 aT T - h n « V - i ( h V \ * . » " V ) ) . . . (3. 
" (4«) 2e * * * l * 

20) 

for ch« scalar aas« 

(«u2>. (3g 2(u 2L L ) • 4M Tri • / • % " * ] • 21* T r ( h V h V l 
I I U I (»•) 2 « 

- U»* U Tr[h ph B tJ • u 2 *• T t t n V ] «• 
£ S B CO 

• d u 2 • c c )} ; 
aapq pa. ispq npq' 

for ch« gauge coupling constant 

8 (*•) 

for eh« Yukawa coupling constants 

((Z. -Oh)' • — \ 
h l k ( 4 . ) 2 c 2 

i l3g 2[(h*r aT a) i k • C h V . ^ 1 

( 2 h W • i h W • i h W • 

* h° It« T r [ h " V , l > u > ; 

for Ch« paraaetsr of ch« linear t«ra in ch« scalar potential 

(«a). 
• ( 4 , ) 2 e 2 « P np 

(3.21) 

— J g2C-y C2(C) - | T in - y T(S)] , (3.22) 

H-23) 

(3.24) 

((Z - 1 ) . c 

and for 

DiT.c 

arise ir. 
as in c 
can only 
cerm in 
The quad 
evalua: 

and 

( « i 2 ) 
no 

sine* 

PBPPI«I«PIPPBP 
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for Che three-scalar coupling constant 

(<* -Dc> ! j H 3 g 2 ( L L ) - Re T r { h V t J ) c -
c mnp / A _ \ 2 , 2 » « • ? "P<1 

1 ' e (3.25) 
- Site T r d W V ) - d c } • cycl.perm.(smp) . 

anqr pqr 
and for the four-scalar coupling constant 

( < ^ - , ) d > - , n a — 7 »3g-{L ,U> fL .L.» - 8P4 T r ( h W h q t J • 
N ( 4 « ) 2 e W 

* d -nr« d

M r « * evcl.per».(npq) 1 - <3.26) 
anrs pqrs 

- [(3g 2(L L ) - Re Tr[h"h r +])d • evel .pen», fampq) ?' 
° a a MX ' npqr 

Dimensional considerations show that quadratic divergences can only 
arise in one- and two-point Green's functions of scalar fields as « s i l 
as in cwo-poinc Creen's functions of vector f ields. More precisely, they 
can only appear in the renoraaligation of the parameter of che linear 
term in che scalar potential end of Che scalar and vector boson susses. 
The quadratically divergent one-loop contributions Co S* and 4u 2 , 
evaluated by cuc-off regularization , are 

A* I (oa) - - -* \ (4Ra T r C . V j • c ) • 0(ln A2) (3.27) 

and 

<ow2) - —£- (3g 2(L L ) - 2 1 s T r f h V f ] • I i ) • 0(ln A2) , an „ _ , ) a a an i snpp 
(3 .28 ) 

whsre A denoces che aoaencusi cut-off. On the other hand, the quadratically 
divergenc contribution to Che vector boson mess - which turns out co be 
proportional co C,(C) - T(F) • -j T(3) - violates gauge invariance and i» 

•) Quadratic divergences do noc contribuce in dimensional ragularizacion 

.2^0 ' k2..2 
since there lia / • 0. 
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aerely an artefact of a bad reguler izat ion scheae. l a order co restore 

gauge invariance 'be rc.ioraalized vector boson aas a aust be required to 

vanish (which can be achieved by an appropriate counter t e n ) . The above 

coabinaticn of group invariants vanishes, however, automatically in a 

tupersvaaetric gauge theory. 
f 21 F ina l ly , we w i l l a l s o make use of the two-loop contribution 8 to 

the gauge 6 function [21], 

i[2] ^ - i~ [C 2 (G)]2 - l-!J C,(C) • 2C,(F)lT(F> -
« ( l t n ) * 3 2 3 2 2 

* ' (3 .29) 
- l \ C,(C) • 2C,(S)]T(S) • —1 T r [ h " V T T ] } , 

3 2 2 g*d(C) a m 

where in Che Ceras C,(K)T(R), R - F,S, suaaation over irreducible repre­
sentations is implicitly understood. 

IV. Ceneral Considerations 

The point in the discussion of finite quantum field theories which 
daserves aost care and actencion is Che definicion of what is meant by 
che cero "finiteness". In a acre technical sense, the crucial point is 
the formulation of Cha finitenese conditions, i.e. the eircuctatances 
under which che cheory will be regarded as finice. The fundamental problem, 
which entails a lot of ambiguity, is represented by the gauge dependence 
of the wave function renoraalicat ions. The rsnoraalisation of fields 
depends on Che chosen gauge whereas che renoraalisacion of che paraaerers 
entering in che Lagrangian, i.e. aasses and coupling constants, is gauge 
independent (in che miniaal subtraction scheae). 

As far as the renoraalitation behaviour of supersymaetric cheories 
is concerned, the simple state of affairs sketched ia Sec. II relies 
heavily on the aaintenance of aenifesc supersymswtry by adopcing super-
graph techniques throughout Che whole computation of Green's functions. 
On Che oeher hand, caking inco accounc, in a component formulation of th« 
theory, only the physical degrees of freedoa of the (N - I) vector 
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supenaultiplec (2 .2 ) correspond« Co Che employment of che Uess-Zuainu 

gauge which breaks supersymmecry by e l iminat ing a l l Che gauge degrees 

of 'reedom Chat would otherwise show up in the vector »upennultiplet 

(and contr ibute to che Green's funct ions) . In that case Che renormaiiza-

cions of Che component f ie ld« belonging co one and Che sane supermulcipl-jt 

are no longer i d e n t i c a l [ 2 2 ] . In f a c t , in the non-supersyomecric Wcss-

Zusu.no R, gauge the wave function renornal i tat ion constants read for the 

vector s u p e m u l t i p l e t (2 .2) 

Z v - I ' g 2 l 4<3 -7>C,(G) " T < R > 1 <*• »> 
(4»)*e Z ' l 

Z - | . ! g2[> C { c ) » T ( R ) j f ( 4 2 ) 
(4»)2e C Z 

and for the chirsl supermultiplet (2.3) 

Even in a finite theory these wave function rationalisations will not 
vanish. In contrast to that, Che evaluation of che renormalisation 
constants (3.20) - (3.26) for the supersymmetric values of the para­
meters shows that in an (• • I) SUST gauge theory all renormalications 
of masses and coupling constants vanish at the one-loop level, provided 
che gauge group, matter rcprasancacion R, and super-Yukawa couplings c... 
are related by the finiteness conditions (2.19) and (2.20). 

In view of che above, as infinity encounterec in the computation of 
Green's functions has to be regarded as an essential divergence with 
respect to finiteness only if it cannot be absorbed into soma vave func­
tion renormalizations. Consequently, we find our finiceness conditions 
by the requirement of the absence of all divergent contributions to the 
renormelisacions of che physical parameters, i.e. masses and coupling 
constants, of the quantum field theory. (For coupling constants this 
requirement is equivalent to demanding finiceness of che S-metrix elements 

(4.3) 

(4.4) 

http://Zusu.no
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without divergent renonealizations of coupling cons-ants.) Accordingly, 
finicenesa aeaas that the bare parameter* of the Lagrangian are related 
to Che renormalized one« by a finite amount of renoraalization and thue 
are finite theaaelvea. 

In order to conatruce a non-trivial finite gauge theory lee u» atarc 
with the requirement of a vanishing one-loop 0 function (cf. Eq. (3.22)) 

II C2(C) - 2 T(F) - il(S) - 0 , (4.5) 

which inpliea chac, in addicion co che vector boaona, fermions or acalara 
emiac be present in Che theory. 

To begin with, let us try to find a nodeI without acalara, i.e. a 
nodal which containa only gauge boaona and fermiona. In this case one 
baa only two one-loop finitensss conditions, viz. fro« the gauge coupling 
rcnoraalization (3.22) 

II C2(G) - 2 T(F) , (4.6) 

and fron che feraion avsss renormalizacion (3.20) 

• T . T a (4.7) 

I 

which simply states that gauge non-singlet fermiona nuac be mass less. Ic 
is not hard Co find groups and represencaeions in accordance wich Eq. 
(4.6) which Chus constitute a large sec of one-loop finite gauge models. 
However, finiceneaa ia destroyed already at the tvo-loop level. Insert­
ing (4.6) into the cwo-loop eoncribucion (3.29) co the 0 function yielda 

.(2] 
(4») 

iHC2{G)]* • 2C2(F)T(f)) , (4.8) 

which shows chat 0 won't vanish except in the crivial case C.(C) « T(P) -

• 0. Conaequencly, we can sake Che following observations: ( i ) The occur­

rence of scalar particles ia inevitable in a f inite gauge theory, ( i i ) 

Contributions fron beyond the one-loop level have Co be taken inco account 

' » ' Ht_ .lyyinm""" 



I " 

in order to obtain a definite answer in the search for a finite quantum 
field theory. 

As our next step, we attempt to banish all fermions from the theory. 
In this case, by inserting the relation which results from (3.28) when 
one demands a vanishing quadratic mass renormalization of the scalar 
bosons into (ft. - l)d) • 0 derived fro* (3.26), one obtains c nonn 

3g*(2(Tr[LaLb])* • { V S W ' v V m n ' " ^ » W W ^ * 
(4.9) 

• d d - 0 . 
ortpq mnpq 

The left-hand side of this condition is a sum of squares of real quantities 
which implies g " d • 0, 6u z from Eq. (3.21) then gives c » 0 mnpq nn npq 
for the same reason. Thus fermions art elevated to an unavoidable ingre­
dient in a finite gauge theory. 

Sunsaarizing, we arrive at the conclusion that in a (non-trivial) 
gauge invariant quantum field theory vector bosons, fermions, and scalar« 
must be present in order to solve the finiteness conditions - the occur­
rence of one particle species calls for both of the others. 

V. Soat Simple Models 

Unfortunately, the finiteness conditions for a general gauge theory 
are, already at the one-loop level, extremely complicated. Consequently, 
we will concentrate our discussion to the investigation of several some­
what simplified models. 

The simplest class of gauge theories one can imagine in this respect 
is characterised by consisting of the particle content of the (K - I) 
supersytsmetric Yang-Hills theory of Sec. II but allowing for arbitrary, 
i.e. non-supersysnetric, values of the coupling constants. The Lagrangian 
defining these models is then, in the notation of Sec. II, given by 
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L - - { 'ul f*l * * \ * \ * * »t * *L * ( D u A ) t ^ * 

* ( 2 A I X . C R A ! j »jt * f i . j k \ * j \ *kL * H C ) * " • '> 

" "i j .kt A i *j < A I * — • " " - • 

Apart fro« che obvioua syaaecry requirements 

r i . j k " r i . k i ' < 5 2 > 

d i j . k l - d j i , k l - d i i . t k ' ( 5 3 ) 

ch« coupling* a.., T. ... and d.. ., are coaplecely arbitrary. (N - !) 
supersynaerry would specify chair value* Co 

S , . . , i J l T . ! I O.M 

r . iv " " c . ;w (totally syaaetric) , (5.5) 
• » J * «»J » 

Since masses and three-scalar couplings ar« of no relevance for the pre­
sent diacusaion, only finiccnes* conditions relating solely diaenaion-
le*a coupling constants have to be taken into account. At the cnc-loop 
level we obtain as our finicenes* conditions for the aodel (5.1) froa 
the gauge coupling rtnoraalization (3.22) 

3 C2(C) - T(») (5.7) 

(which coincides, of course, with Eq. (2.19)), froa th« Yukawa coupling 

renoraalication (3.23) for 4*. 

i » 2v c> 4!k • i «2<A*Wik - «iMri\JU' 
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- a* k Tr[Ä*Ä b t ) - 0 ( 5 . 8 ) 

•ad for r. .. i . j k 

i « 2 r i , j k

( v .> i . - « W K » - r i . k j r j:« r j .«t * ( & * v ^ i -

' I r j . U t r j ! « r i . „ • ^ V ' ) . . ] • <k - 1) - 0 . (5.9) 

fro« Cha four-scalar coupling renornalication (3 .26) 

- 8<eV f) (oV f ) - «r ..r V.r ..r \ . • 
P« qn «.'.J P .JK n .kt q . t i 

* V « V i - * M - - d - - " ( 5 ' , 0 ) 
pq ak.pt nt,qk 

3 .2 

* d . j , N l r j V . l k t * » C - V ^ . l • to - • > • < • - v - 0 . 

and fro« eh« quadratic aaea ranormalizacion (3.28) of cha scalar bosons 

I ^ . V u - 2 ( A V t ) i j - r i V j . k t * djk,ik • ° • «*•»•> 

Beside chas« 00«"loop finictness condiciona, che vanishing of cha two-
loop contribution (3.29) Co cha gauge 0 function will also be an essential 
cricarion: 

3[C2(C)J* - 2C2(C)T(I) - X 2 (R)T(») • (5.12) 

* « ^ ( C 2 ( G > T r t A V + ] * 'V.'ij^Vt.ki * <""-%» - 0 . 

http://ak.pt
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One solution of the above finicer.es« condi t ions i s c e r t a i n l y pro­

vided by the two-loop f i n i t e (N • I) supersyosaecric sauge theory of Sec. 

II . It i s easy to check chat the auperayanctric v j lues (S .4) - (5 .6 ) of 

the diaaaaionleaa coupling constants , when r e s t r i c t e d by the constra ints 

(2 .19) and ( 2 . 2 0 ) . s a t i s f y Eqs. ( 5 . 8 ) - ( 5 . 1 2 ) . Soft supersymmetry break­

ing of the for» Mentioned in Sec. I I i s , of courae, always p o s s i b l e . 

However, as can be e x p l i c i t l y aeen already fron Eqa. ( 3 . 2 2 ) , ( 3 . 2 3 ) , 

( 3 . 26 ) , ( 3 . 2 8 ) , end ( 3 . 2 9 ) , the corresponding stass tones and t h r e e -

scalar couplings do not a f f e c t the f ini tcneaa condi t ions for dimension-

l e s s couplings. 

Now the following question a r i s s s : Is che supersyaasetric theory 

defined by (5 .4 ) - (5 .6) and ( 2 . 1 9 ) , (2 .20) the unique s o l u t i o n of the 

f in i tenesa condit ions (5 .8 ) - (5 .12) or do o t h e r , non-supersyaaaetric 

so lut ions ex i s t? To i n v e s t i g a t e t h i a problem we consider severa l spec ia l 

cases which we obtain fro» the c l a s s of node Is ( 5 . 1 ) by iapoaing see« 

group-theoretical ly ac t ivated conacraints i n order to e i a p l i f y the 

ana lys i s . 

where y. 

Model I 

Thia aodci i s defined by the Lagrangian (5 .1 ) and the fo l lowing 

additional constra ints : 

( i ) t. i s an irreducible representation r of che g*uge group, % • r. 

( i i ) The adjoint representation occurs only once in Che Kronecker 

product r *r. 

( i i i ) The s i n g l e t occurs at cost one« la che cubic Kronecker product 

r » r « r. 

The • • e i l e s t poss ib le (anomaly-free) group and representat ion which 

solve 3C 2(C) • T(r ) , i . e . the requireaent ( 5 . 7 ) of a vanishing ona-locp 

gauge 0 function, and s a t i s f y the constraints ( i ) - ( i i i ) i s SO(9) with 

r - 84 [ 2 3 ] . Mere the adjoint representation i s C • 36 and 84 * 84 • 

• I s • 36 • *4j • 84 • higher representat iona. 

Constraint ( i i ) i a p l i e s that d*. i s proportional to the generator 
a t _ in the irreducible representat ion r, 

correspor 

coupling 

Our 

four-sea 

»truccur 

depend or 

che seal . 

http://finicer.es�


a". - t c\ , (5.13 

where the perameter T can b« eade real by an appropriate phase trans for­
mation on the fermions X . Constraint (iii) leaves the two possibilities 
open that either there exists no invariant tensor of the for« *•-. a' 

»j * 
all, I % r*r »r, or y... ia uniquely determined up to an arbitrary factor, 
— l^ * 

I t r » r * r. In the latter case we normalize y... according to y., ,t . , -
l jk i » jKt 

• 6 . . . Then the Yukawa coupling T. .. will have the form 

i . j k ' T i j k = " c i j k - ( 5 . 1 4 ; 

where y. . . eust be completely symmetric in order to meet the syosaecry 
requirenent (5 .2) . Inserting (5 .7) , (5.13) and (5.14) into (5 .8) , (5.<^ 
and (5.12) yields 

T ( T 2 - i - ) - 0 , 

<[\*\z - g 2 C 2 (r ) ] - 0 . (5.15) 

— ( | « | 2 • T 2 (C 2 (C)*C 2 (r)J) - C2(C) - 3C2(r) » 0 . 

which has che unique solution 

(5.16) 
|« 12 - g*C,(r) , 

corresponding just Co che supersymmteric form (5.4) of che Yukawa 
coupling a?, and to Che finitcness condition (2.20). 

Our lasc task is Co satisfy Cqs. (5.10) and (5.11). The form of the 
four-scalar coupling d.. . . , i . e . ch« nuaber of different types of vertex 
structures as well as their explicit expressions, wi l l , in general, 
depend on eh« gauge group and on ch« representation R according Co which 
che scalar f ields A, transfor«. Hare we assume chat d.• . . contains only i l j . k i 

«ami 
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chose interaction t*rm» which one encounters also in a supersyaoecric 
theory. Hence we ewke che ansatx 

d ü . k t - - c ü . s i . • » « ' ^ i Tt ai • V j T t\> • » • » > 

where a, 0 ar« two parameters Co be deccrained. Eq. (5. II) Chen inplies 
o • 6 » 5/ft, whil« inserting this ansact into (5.IO) gives a - I, B - 1/4, 
i . e . the supersyasnetric for* (5.6) of d.. , as only possible solution. 

Model II 

In eddicion to the Lagrangian (S.I) Che group-theoretic constraints 
defining this aodel are: 

( i ) > i s th« direct sua» of two identical irreducible representations r, 
I • r • r, where again: 

(ii) The adjoint representation occurs only once in th« Kronecker produce 
r » r. 

( i i i ) Th« singlet occurs at «ose once in the cubic Kronecker produce 
r * r * r. 

Her« che »aallast possible (anoaaly-frce) group and representation 
satisfying 3C.(G) - 2T(r) i$ SO(IO) with r - 5* [23}. The adjoint repre-
i encat ion is C • 45 and 54 * 54 • l_ • 45. • 54. • higher representations. 

For our further discussion we replace th« indes i by ( I , a ) , where 
I - 1,2 i s a ault ipl ic i ty index corresponding to R • r • r while a i s 
rtlated co the irreducible representation r with generators t* . With 

«a 
this convention 

T * - « u t ; e . (5.18) 

r i , j k " ' l . J K ^ Y * < 5 - 2 0 ) 

where 1 • ( I ,a ) , j - (J ,8) , k • (K,y). tf an appropriate rotseion of eh« 
fields A, and x, . *,, can be transformed into a real, posieiv« seai-
dtfinit« diagonal aatrix 
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T j j " 0 l « JJ , ° l L° ( n o »"• o v e r * > • ( S . 2 ! ) 

The normalization of T . again reads y , v . , - t „ -«By ay6 8Y* aß 
eriag Che relation 3C_(C) * 2T(r) which guarantees the one-

loop finitenesa of the gauge coupling constant, che finiceneas conditions 

(5-8). (5.9) and (S.I2) now cake che for» 

3ti'C 2(C) • g 2 C 2 (r) - 2C 2(r) 02 - I T(r) [ o * ^ « I K • 

* 2 ,1 l2*L.KM «I.LM °L " *L.MK "l.HI °I " K*,U1 "l.LM " l 1 ' ° <5""> 

(no sua ovar I,K) , 

O » 2 - 2p* - p* - P ^ C , ( r ) « I j a * 2C 2(r)Oc l f I K p t * L • « ^ Oj P r) -

p . • • • 

" w w . It» *M,HP "M.LP * "Sl.KM ^M.SP 'i.LP * "M.KL *M,NP 'l,K?' 
H,H,r 

O 

(no sua over I,K,L) , (5.23) 

3[C,(C)]2 • 9C,(C)C,(r) - £i£l { [ c ( G ) • C.(r)} £ p* • £ \K. _ J 2 > 

(5.2i) 

The invariant tensor y _ is either totally syaaecric or totally 
•By 

antiayaaetrie. Let us look at chase two cases in «ore detail: 

If t - ia totally antisyaaetric, c. ,„ aust be antiayaaetric in asy I,JK 

J, K ia order to preserve the syaawtry (5.2). In this case a supersyase-

trie solution of our finitenass conditions cannot exist because in two 

diaensioos a totally antisyaaetric object « „ _ vanishes identically so 

that the finiteness condition (2.20) cannot be satisfied. Esquiring, 

however, only natisyaaatry of «. ,- in J, K, our independent variablea 

are p., p-, «. ... and «. ... A straightforward calculation then shows 
I a> I | I a * f I * 

that Cos. (5.22) - (5.24) have no solution at all. 

If Y . is totally syaaacric, c. J K aust be syaaetric in the Use 

two indices and our independent variables ara o,, P 2 > *, ,,. «, ) 2» 
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r , , , <, ,» <- , , . and « , . . . In this case a tedious calculation gives 
as che only solution of Eqs. (5.22) - (5.24) 

»2 -o? - £ P? - P 2 2 * 

" | , 1 2 " "2.11 ' "1.22 " C 2 . I 2 ' 

corresponding to the supersymmetric form (5.4), (5.S) of Che Yukawa 
couplings, and 2 oVf* 

4 " 

I "I.ICL 'j.KL " g 2 C 2 ( r ) 4 U ' ( 5 2 6 ) - M T J ' 

which is just the finiteness condition (2.20). Again, anaats (5.17), , d sn,!c when inserted into Eq*. (5.10) and (5.11), leads Co Che supersymmatric 
form CS.6) of Che quartic scalar self-coupling. + d 

i an.p 
t 

Model III . 
•• i . 

This andel is characterized by the following two basic assumptions 
regarding the Yukawa couplings in the Lagrangian (5.1) : (2. „2 

a a 4 

(i) The coupling a., is proportional to che group generator T.. in the 
(arbitrary) represencation I, 3 r c .-, 

»Jj - t t* . (5.27) 

(£i) Tht coupling r. .. is totally «jnnMCric, 
1 v JK 

r. . f c • - c . . f c (tocally symmetric) . (5.28) 

In chis case, introducing for convenience che abbreviation 

K i j : - c ! k x c i k t • <»•") 

•) Note chat, in contrast Co the previously discussed models, here we do 
not impose any (explicit) constraint on the representation R. 

2 
oper­

as the 
reiu i r>; 



Che finieeness condition« (5.8) - (5.12) read 

t U f g2C 2(C)-|T|*T(R)!T. Ä

k • 3<{ g 2 - | x | 2 ) (T* T b T 6 ) ^ - 0 . (5.30) 

U i | a i l ( j g 2 - | t | 2 ) ( T * T*)^ - K^] • (k - t)> • 

• c j k t [ 2 | T | 2 ( T * T*)^ - K j ] Ll - 0 , (5.3D 

* pa qn ?• qn 

- 4 J T | 2 ( T * T*).. c* . c . - *c . . c* c . . c* . • 

• d d. • 4d . d . . * 

tan.pj 2 qj qj 

• d^. l (2 ir |* - \ |*)<T* T*) . n • K j nJ • (m ~ n) • (p - q) - 0 , 

( ^ 2 - 2 ! r | 2 ) ( T - I * ) . . - l y • * j k p i k - 0 . (5.33) 

3[C (G)] 2 * 2 ( i l ü - nC,(C)T(R) • (2 - W - - 3) J C 2(R a)7(R g) «• 
d 2 I 2 « 

• =—Tr[T* T* Kj - 0 . (5.34) 
g2d(G) 

Now, first of a l l , for representation* satiafying the finieeness 
condicioa for Che gauge coupling constant, 3 0 , ( 0 " T(R), Eq. (5.30) 
allow« for che two solutions T • 0 and | T | 2 • 1 g 2 . When, however, in-
aeread iaco Eqs. ($.31) and (5.34), T - 0 resulca in a trivial theory, 
leaving thus the supersyeaecric value 

| T | 2 - ^ g * (5.35) 

as the only possible solution of Eq. (5.30). For chis value of T cht 
rtaaining finiceness conditions are given by 
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C i k « I g : ( T * T Ä ) B t " *»l] * C y C l P * n * ( U t ) " ° • ( 5 ' 3 6 ) 

I *"«' T b > a .
{ T * - T b " ' a n " i*"^ T b ) o - ( T b T , L * <• p« qn pa qn 

- 2»2(T* T*).. c* . c . - 4c . . c* c . . c # . . • 
J 1 P<U *nj » l J PJk A U qti 

an,kl kt.pq ak.pt nl.qk an.pj' qj 2 • ' q j ' 

• «L „ - l R ; - * 7 « 2< T* T*);-J • (• — o) • (P — q) - 0 , (5.37) 

d

j k . i k - l * 2 ( T * T ' > i j - K i i - ° . < 5- 3 8> 

Tr[T* T*(K - » 2 T b T b ) l - 0 . (5.39) 

Onct again we adopt cha ansacz 

for cha quarcic scalar coupling d.. ., ancering in Eqs. (5.37) and (5.38), 
ij vk,& 

cha laccar of which than read* 

(o-DK.j • (fl - { g2)(T* T 1 ) ^ - 0 . (5.41) 

Ac chia poinc ona hat co distinguish cha following cwo post ibi l ic iaa: 

Caaa (A): Tha paraaattr* a and 0 caka cha auparsysnatric valuaa 

a - I, • • £ • ' (5.«) 

which aolva Eq. (5.41). Dafir.ing for bravicy cha haraicaan matrix 

°ij : ' *ij " , 2 ( T * ^ i j ' flt " ° ' ( 5'* 3 > 

on« is lafc wich cha finicanass conditions 

http://ak.pt


Cikm n«£ * c y c l - P e r m - ( i k £ ) - 0 , (5.4-.) 

• • • 
pjk ank j q pqk ai)k j n pqk anj j k 

• (a —• ti) • (p ** q) - 0 , ( 5 .45 ) 

Tr[T* T* Q] - 0 . (5.46) 

By Baking use of cht gauge invsriance of the Yukawa coupling c... , Eq. 
(5.45) can b« reduced to Eq. (5.44). Eqs. (5.44) and (5.46) can be 
coabined to Tr[Q2l » 0, which implies Q • 0 due to the hermiticity of 
0, i.e. the finiteness condition (2.20), 

*.. -g*(T* T*).. . (5.47) 

Case (B); If a 4 J, 6 * j I3 Eq. (5.41) shows that K.. has Co ba 
at A 

proportional to (T T^>..; the factor of proportionality «ay be read off 
fron Eq. (5.39): 

« i j " « 2<T* T * ) £ j (5.48) 

sat i j f ies Eqs. (5.36) and (5.39). By a careful analysis one can than 
convince oneself that in case relation (5.48) holds th« reaaining fin ice-
nets conditions, (5.37) and (3.38), hava no solution except th« super-
syasMtric on«, 

a • I , B - | f 2 . (5.49) 

Thus, in any case on« ends up with th« supersytmet-ic four-scalar 
interaction (5.6) and th« finiteness condition (2.20). 
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VI. Summary 

In Che present work we have discussed che coeditions for the finite-
ness of the most general renormal i sable quancum field theory. This 
fioiceness criterion yields, order by order in the loop expansion, a set 
of relations between the paraaecers of Che theory. A large class of 
solutions of these finiceness condicions, provided by Che supersymmetric 
theories described in Sec. II, has already been known for some time. We 
were thus particularly interested in the question whether there exist 
non-supersymmetric finite quantum field theories. 

General considerations showed that within a non-trivial gauge theory, 
in addition to the gauge bosons, tensions »» wall as scalar bosons have 
to be present in order to be able to solve the finiceness condicions ac 
all. The most general case being, already ac the one-loop level, raCher 
involved, wa focused our attention to a somewhat simplified class of 
theories. In all models studied we were unambiguously led Co supersyamecric 
relations between the dimensionless coupling constants. Supersymmetry 
together with the finiteness conditions (2.19) and (2.20) proved to be 
the unique solution of th« finiteness requirement for these models. 
Consequently, all our finite models belong to the class of constrained 
SupersymmtCric theories of Sec. II. Thus che analysis of Refs. [II] 
applies. Although we did not need the full cwo-loop divergence structure 
for our investigation, Che models discussed will nevertheless be finite 
up to the two-loop level. 
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Table I 

The gauge fl funccion fro« N • O to N • 4. 0 :» u — > — b • 0(g 
( 4 » ) j 

Supcrsyaoetry S u p c n u l t i p l e t Contribution Co b 

N - 0 V -v C 
li 

• -v S 

I I 
3 c 2(o 
2 

" 3 T(F) 

1 T(S) 

4£ C2(C) - ^ T<?> - ± T(S) 

N - I V - (X,V ) -v. C 3 C2(C) 

• - (A,x) 1 * T(*> 

3 Cj(C) - T(«) 

« - 2 V „ . 2 - <V,#) % C 2 C 2(C) 

H -<•,.•;> * • „ - 2 T(IL> <V 

2 {C2(C) - TC«,,)! 

« • 4 V* - «W« * C 0 


