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D(s), then we have

la this paper, we present explicitly the
equivalence of the dine domain and frequency domain
state feedbacks shown In Figs. 1 ;>nd 2, respec-
tively, as well as the dynamic state feedback and a
modified frequency domain state feedback, from the
closed-loop transfer function point of view. The
difference of Che two approaches are also shown.

There are two well known approaches for state
feedback design. One is time domain approach
(TDA), also called Luenberger estimation and feed-
back. (See [1-4).) Another Is frequency domain
approach (FDA), also referred to as input-output
feedback. (See [2-4].) The approaches share many
common points; however, they are also different.
In this paper, we will discuss and compare the
approaches. It is noted that there are mainly two
types of time domain approaches. In this paper we
are only concerned with the one shown in Fig. 1.

Consider a q x p strictly proper plant

C(s) - C(sI-A)-'B - N(s)D-'(s) (I)

whera {A, B, C} is a minimal realization of G(s),
D(s) Is column reduced, D(s) and M(s) are right co-
prime. The time domain state estimation and feed-
back Is shown in Fig. 1, where F Is the state feed-
back coefficient matrix. It is clear that the order
f the estimator is equal to the order of the plant,

n. The frequency domain state feedback is shown in
Fig. 2, where £ denotes the partial state. Usu-
ally, we choose the denominator of the compensator,
0 (a), to be row reduced with all row degrees equal
to vlj v is the observability index of the plant.

The transfer function of the closed-loop sys-
tem of TDA In Fig. 1 is

Gt(s) - C(sl-A + B

and the one of FDA In Fig. 2 ts

If we let

+ M

L(B)D(B)

(2)

(3)

(4)

where Dc(s) is Hurwitz and the column degrees of
F(s) are all less than the corresponding ones of

* Work performed under the auspices of the U.S.
Dept. of Energy.

Cf(s) - N(s) |Dc(s)D(s)

- N(s) [D(s) + (5)

In the following, we first build up the rela-
tion between " in (2) and F(s) In (5). Ue assume
that the transfer function reached by TDA of (2)
and FDA of (5) are equivalent. Equating (2) and
(5), considering (1), we have

N(s) - C(8l-A)-'BD(s) - C(sl-A + BF)"'B

(D(s) + F ( B ) 1 (6)

Omitting C, and multiplying both sides of (6) by
(sI-A+BF), yields

(sI-A + BF)(sl-A)-1BD(s) - [I + BP(sI-A]-lBD(s)

- BD(s) + BP(s) (7)

BF(sI-A)-1BD(s) - BF(s) (8)

F(sI-A)"lB - F(»)D" 1(B) . (9)

Thus, (9) is sufficient to msure the equivalence
of C,.(B) and Gf(s) In (2) and (5).

Let the column degree coefficient matrix of
D(s) be I. Let the column degree of D(s) be |ij,
1 • l,...,p, and let u " max In.}. We can write

which says

and

D(a) - diag 's dlag (s
(10)

and
... + D^diag {s

F(s) - Kj diag (s 1 } + ... diag (s

Following p ] , the controller realization of
F(s)D-1(s) is

-D -D ....
u u-l

F - [ F F

-D,

B -

u-l (14)

Note that all columns In D and F , 1 • 1 u>
corresponding to negative s-powers are all zero and
can be overlooked. ThuB (12) shows that the coeffi-
cient of F(s) in FDA consists of the state feedback
coefficient matrix F In TDA in the realization (12).
This reestablished the well known result of the
equivalence of TDA and FDA shown In Figs. 1-2 from
the closed-loop transfer function point of view.

To reach the same closed-loop transfer func-
tion, however, different state estimations are
employed. In TDA, all states are estimated. In
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FDA, only p state functions are produced. Thus,
FDA Is functional, TDA is not. It is known that in
order to obtain an arbitrary state function, the
sufficleut row degree in D (s) Is v-1. Thus, the
order of the compensator is p(v-l). If p Is snail,
the advantage of functional observer is obvious.
However, if p is not small, the order of the func-
tional observer may be large. We also note that,
in general, the compensator in FDA is proper; in
particular, D~'(8)1.(8) is strictly proper, and
D "1(s)M(s) is often proper, i.e., the state infor-
mation appearing on the output of the plant has
been employed in FDA. The compensator in TDA is
strictly proper. In order to use the state infor-
mation in the output of the plant directly, the TDA
in Fig. 1 can be modified by introducing a static
path from output to the estimated state. The order
of the compensator is reduced by q provided C has
full rank, but the computation is complicated.

In TDA, (sI-A + KC) must be Hurwitz in order
to ensure the asymptotical state estimation, and
the separation property Is unconditionally guaran-
teed. In FDA, D (s) oust be Hurwitz in order to
allow the cancellation of Dc(s). However, if in
the design, (4) is not used, the separation prop-
erty is no longer guaranteed, i.e., the separation
property is conditional. Instead of (4) we let

L(s)D(s) + M(s)N(s) - Dcl(s)F(s) (13)

where D ,(s) is from D (s) » D ,(s)D 2(s), and Is
HurwitzT D «(s) is not necessarily Hurwitz. The
degree of D^,(s)F(s) in (13) is the same as the one
of D (s)F(sJ in (4). Hence, the degree of F(s) is
equal to the one of D .(s)F(s). Now we have

Gf(s) - N(s)[Dcl(s)Dc2(s)D(s)
1

+ F(8)]-1Dc2(s)

- N(s)[Dc2(s)D(s)

(14)

We prove that this is equivalent to the so-called
dynamical state feedback in TDA, for example, see
[6], In dynamical state feedback, we write
F2-l(s)F1(2) instead of F in (2), where Y2~

l(a)
Fjfs) is proper. Equating the closed-loop transfer
functions, we have

C[sl-A (15)

- N(s){D (s)D(s) + F(s)J-1D (s)

Similarly to (6)-(9), we have

N(s) - C(sI-A)-1BD(s) - C[sI-A+BF2-
1(s)F1(s)]-

1

(16)

c 2 c 2

[sI-A+BF2-
1(s)F1(s)J(sI-A)-

1BD(3)

f
BD(s)+BDc2-

1(s)f(s) (17)

(18)BF2-l(s)F1(s)(sI-A)-lBD(s) - B D C

F2-
1(s)F1(s)(sI-A)-

1B - Dc2-
1(8)F(s)D-1(s) (19)

Simply let
Dc2(s) - F2(s) . (20)

Then Fj(s) represents F(s). Note that F 2 ~
1 ( B ) F 1 ( S )

is proper, If we assume that D ?(s) is row reduced.
The row degrees cf Fj(s) should be less than or
equal to the corresponding ones of F2(s), and
D 2(a). On the other hand, Fj(s) has dimension of
pxn. Recalling the realization (12), we can write
F(s) directly from F ^ s ) , where the degrees of f(s)
came from both the degrees of the elements in Fj(s)
and the positions of these elements. He give an
example to illustrate this, let p-2, n-5, u,"3,
^ * 2 , and let

( U

0 0

By using (11), we write

K r v2

0 5

7s 6s2

F,

3*

0 2a
] (21)

0 2s
v ] • [ ° 5

2][8

s 7s 6s2

F2

3s3+l 4s+5

S 8s2

1 0 0

<*>
Thus, we have proved the equivalence of dynamical
state feedback and the modified FDA of (14). It is
noted, however, in TDA, the dynamics of the dynami-
cal state feedback must be added, whereas in FDA,
it can be included in the denominator of the com-
pensator, and the design is only modified slightly.
It is known that another design employed Lyapunov
equation exists for time domain state estimation
and feedback. Subsequent research to the study
presented in this paper reveals the more intimate
relations between that and the frequency domain
approach, due to the fact that both of them are
functional. However, the approach employed
Lyapunov equation is found to introduce severe,
unnecessary restrictions in solving the problem,
and the design can be greatly simplified by the aid

of FDA. The result will be reported elsewhere [7].
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