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Résumé

Une équation du premier ordre, permettant de calculer la cinétique de
la température moyenne à l ' in tér ieur d'une barre cylindrique de
combustible, a été établie en faisant la moyenne de l'équation
thermique, dépendant du temps, au travers de la section efficace du
combustible. L'aplatissement du f lux est inclus mais son effet est
relativement mineur sur la constante de temps du combustible.
L'équation résultante est u t i le pour simuler les variations transi-
toires de nature thermohydraulique.
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ABSTRACT

A first-order equation for the kinetics of the mean temperature in a
cylindrical fuel rod is derived by averaging the time-'dependent heat
equation over the fuel cross section. Flux depression is included but has a
relatively minor effect on the fuel time constant. The resulting equation
is useful in thermalhydraulic transient simulations.
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INTRODUCTION

In certain reactor transient simulations, such as therraalhydraulic
stability studies, a detailed mathematical description of the fuel
temperature distribution is unnecessary, since the mean fuel temperature
adequately describes the main features of temperature feedback. Such a
simplification is also desirable from the point of view of computational
simplicity and efficiency, where the fuel temperature calculation may be
only part of a larger code. In this report a method of averaging over the
cross-sectional area of the fuel, based on some simplifying assumptions, Is
used to convert the time-dependent partial differential equation for fuel
temperature (with sources) into a first-order differential equation for the
mean fuel temperature during transient reactor operation. The method
Includes the effect of flux-depression on the source term, and it is shown
that this has a relatively minor effect on the fuel time constant. Finally
the accuracy of the method is evaluated by comparing the results with the
exact mean temperature obtained when a source is switched on at t=0.

THE PROBLEM

The transient temperature in a very long cylindrical fuel rod with
rotational symmetry will be considered. As preliminary simplifications, the
variation of fuel and sheath properties with temperature will be neglected,
and the sheath will be treated as very thin. Thus the transient storage of
heat within the sheath, whose fundamental time constant is generally In the
milli-second range, Is also neglected. The equation for the fuel
temperature T(r,t) is then

oT/ot = (\/pc)[32T/ar2 + (l/r)oT/5r] + Q/pc, 0<r<a [1]

The boundary condition at the fuel surface r = a is

-\oT/or , = h[T(a,t)-T ] [2]

where a Is the fuel radius, X, p and c are respectively the mean fuel
conductivity, density and heat capacity, Q(r,t) is the heat source density,
T o is the coolant temperature and h is the composite heat transfer
coefficient from fuel to coolant, which consists of the sheath-to-fuel
contact coefficient hc, sheath coefficient hs and film coefficient hf
in series,

h = [h^1 + h^1 + h j V 1 [3]

The film coefficient may represent free or forced convection, with
or without surface boiling.

METHOD

To obtain an equivalent kinetic equation in place of [1] and [2],
the temperature is represented as

T(r,t) - 9(t) + f(r) ¥(t) [4]

where 9(t) is the mean fuel temperature, i.e.
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0(t) = (wa 2)" 1 (2n) J* T(r,t) rdr [5]

and where f(r) is a shape function describing the internal temperature
profile, which must have zero mean value by [5]. The expression [4] will be
chosen to satisfy the boundary value problem [1] and [2] "on the average."
The source term Q(r,t) is assumed to have the form,

Q(r,t) = [1 + P(r/a)2] q(t)/(l + p/2) [6]

where the quadratic term contains the effect of flux depression caused by
fuel blackness. The flux depression factor is therefore

Q(0,t)/Q(a,t) = (1 + p ) " 1 [7]

The factor (1 + p/2) in the denominator of [6] ensures that q(t) represents
the mean spatial power density,

(TIE2)-1 (2TC) /* Q(r,t)rdr = q(t) [8]

In order to generate a reliable differential equation for the mean
temperature 9(t), a realistic spatial variation, represented by f(r), will
have to be assumed. During an actual transient, some distortion of the
profile will occur. In situations which increase the fuel temperature,
there is a general tendency to broaden the profile, whereas in situations
where the temperature is decreasing, its distribution becomes more peaked.
Choosing f(r) to represent the exact steady-state solution avoids a bias
towards either of those possibilities. Naturally, the accuracy of the
model will be best for slow, i.e. quasi-steady, transients. The
steady-state solution with a quadratic source of the form [6] will contain
both quadratic and quartic terms in (r/a), with the ratio of the coefficient
of (r/a) to the coefficient of (r/a) equal to p/4. A suitable expression
for f(r) which has zero mean value when integrated over the fuel
cross section is then

f(r) = [1 - 2(r/a)2] + (p/6)[l - 3(r/a)4] [9]

Substituting [4] and [5] with [9] into [1], integrating the result over the
fuel cross section and dividing by na gives the equation,

de/dt = -[(8 + 4p)\/pca2]Y + q(t)/pc [10]

Substituting [4] into [2] gives

(4 + 2P) (\/ah) f = 9-To - (1 + P/3)Y [11]

The function f(t) can be eliminated between [10] and [11], leaving the
first-order kinetic equation for the mean temperature 6(t),
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d6 (8\/pca2) (6 - T )
— = - + q(t)/pc [12]
dt [(l+p/3)/(l+p/2) -f- 4\/ah]

When [12] is used in reactor transient simulations, an initial value for
6(t) will have to be specified. If this represents an equilibrium value due
to an intially steady heat source q(t) = q0, it can be calculated from
[12] by setting d6/dt = 0.

DISCUSSION OF FUEL TIME CONSTANT

The fuel time constant in [12] is tf = [(l+p/3)/(l+p/2) + 4/C]/(8\/pca2),
where C = ah/X is the conductance ratio for the fuel and sheath. If the
fuel has very poor conductivity (\ small) or if the composite sheath
coefficient h is very small, the rod is effectively insulated, and the
kinetic equation [12] simply describes the storage of heat in the fuel,
d9/dt " q(t)/pc. On the other hand where the fuel conductivity is very
large, and most of the thermal resistance is at the surface, the limiting
form of the time constant is Xf « pca/2h. The effect of flux depression
on tf occurs only through the factor (l+f3/3)/(l+p/2) and is therefore not
very large. A flux depression at the fuel centreline of 10% decreases tf
by less than 2%, whereas a flux depression at the centreline of 50% (f3=1.0)
decreases tf by less than 12%.

COMPARISON WITH EXACT SOLUTIONS

To test the model, [12] was solved for the case of a uniform steady
source with no flux depression (f3=0), switched on at t=0. The initial
temperature of the entire system is To. The solution of [12] can then be
written as

[9(t)-T0]/[(qa
2/8\) (1+4/C)] = l-exp(-8z/(l+4/C)) [13]

where z=\t/pca . The exact solution of Eq [1] and [2] for these conditions
is given by Eq [3] of Section 7.9 of Ref (1). Integrating this solution
over the cross-sectional area gives the exact expression for the mean fuel
temperature, which, for ease of comparison with [13], can be written as

°° exp(-a z)
[T (t)-T ]/[<qa2/8\)(l+4/C)] = l-[32C2/(l+4/C)] J n [14]

n=l (oc2-K:2)c^
n n

The an are the roots of,

aJi(a) - CJ0(a) [15]

where Jo and J} are the usual Bessel functions.
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It is noted that whatever the value of C, the two solutions are the same
near t=0, that is, the storage term initially dominates, and that the
asymptotic solutions are also the same. Thus any departure of the
approximate solution [13] from the exact solution [14] occurs at
intermediate times. Since the approximate model is exact in the limiting
case C=0, it is expected to provide the least accurate approximation in the
other extreme case, C=<», but a better approximation at values in between.
This was verified by evaluating [14] for a number of values of C and z and
comparing the result with [13]. The roots of [15] were taken from Table III
of Appendix IV of Ref (1). The results of these calculations are given in
the following tables, which give the right-hand-sides of [13] and [14] for
the approximate and exact solutions as a function of the dimensionless time
z, for C = 1, 10 and <°.

0.05
0.1
0.2
0.4
0.6
1.0
1.5
2.0
3.0

RHS (13) (Approx)

0.0769
0.1479
0.2739
0.4727
0.6171
0.7981
0.9093
0.9592
0.9918

RHS (14) (Exact)

0.0766
0.1472
0.2716
0.4686
0.6124
0.7937
0.9062
0.9574
0.9912

10

c = GO

0.05
0.1
0.2
0.3
0.4
0.6
1.0

z

0.05
0.1
0.2
0.3
0.4
0.6
1.0

0
0
0
0
0
0
0

A

0
0
0
0
0
0
0

.2485

.4353

.6811

.8199

.8983

.9676

.9967

pprox

.3297

.5507

.7981

.9093

.9592

.9918

.9997

Exact

0.2293
0.3964
0.6259
0.7674
0.8554
0.9441
0.9916

Exact

0.2758
0.4617
0.6990
0.8312
0.9053
0.9702
0.9971
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