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1. IHTRODUCTIQN

It has been proved that the kinetic energy differential operator that

belongs to the Schrodinger wave equation in not intrinsically self adjoint

(Bloch 1957; Lane m.a Robson 1966 and Morsy and Ata 1971a). Some or the

implications of this fact, that have been investigated concern: resonance

scattering (Bloch 1957; Lane and Robson I966; Morsy and Ata 1971a ana El-Ashry

1985), direct interactions (Morsy and Ata 1971b), and quantum dynamics (Horsy

and Ata 1975).

The reason behind such non-intrinsic self adjointness is due to the

presence of some boundary terms upon extracting the adjoint, which do not vanish

except under some appropriate boundary conditions. In fact, there exist some

dynamical problems, which are provided with boundary conditions that cannot

annihilate such boundary terms.

Hermitisation methods (Bloch 1957; Lane and Robson 1966 and Morsy and Ata

1971a), have been introduced in this respect, and employed for restoring intrinsic

self adjointness, independently of any representation. This has been accomplished

by adding appropriate boundary terms, that can compensate the extra boundary

terms. These appropriate "boundary terms can be expressed in terms of left-and

right-handed differential operators (Morsy and Ata 1971a). Hovever, such terms,

that are required to ensure intrinsic self adjointness, have been found by

inspection (Bloch 1957; Lane and Robson I966; Morsy and Ata 1971a and Morsy, Ata

Rabie and Shaker 1977), and which by turn gave rise to finite number of hermitized

versions.

The main purpose of this paper is to establish a formal procedure for

extracting all possible hermitized versions (Embaby 1978) that correspond to any

arbitrary differential operator.

This can be accomplished "by introducing an associate differential operator

(ADO), which is simply a linear combination of all the individual ordinary

differential operators that belong to the adjoint of the composite linear

differential operator under consideration. Upon extracting the adjoint of this

ADO, and employing the criterion of intrinsic self adjointness, one gets a set

of algebraic equations, that govern the expansion coefficients of the ADO, and

which in turn provide an explicit expression for the ADO, that is intrinsically

self adjoint. Some of the expansion coefficients are left arbitrary, and as

a consequence, one gets an infinite set of hermitized versions for any given

composite linear differential operator under consideration. In fact, the
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proposed procedure is quite general, and all previous hermitized versions can be

reproduced by appropriate specialization.

In order to illustrate the proposed procedure, "both the momentum and

kinetic energy differential operators that belong to the Schrodinger wave

equations are rendered self adjointo

In Sec. 2, the basic criterion for intrinsic self adjointness is est-

ablished for any arbitrary linear operator. Sec, 3, contains a brief expose of

the adjoint extraction process for any ordinary differential operator with

arbitrary order. Therefrom, the Schrodinger kinetic energy differential

operator is emphasized not to be intrinsically self adjoint. In Sec. k, the

effect of the non-self adjointness of the Schrodinger differential operator on

the completeness of its representation is briefly discussed. Sec. 5, is devoted

to the task of establishing the hermitIzation procedure, which is based on the

concept of the ADO, that is capable of generating an infinite set of hermitized

versions for any arbitrary linear differential operator. Sec. 6, contains

a particularization of the proposed procedure for hermitiiing the momentum and

kinetic energy differential operators. Finally, a brief summary and some

concluding remarks ej~e outlined in Sec. 7.

2. BASIC CRITERION OF INTRINSIC SELF ADJOIHTHESS

Let A denote an arbitrary linear operator, that is defined on Hilbert

space $f, assigns to each ket | g > in §i a ket | h > In J7£ namely:

= M> (2.1)

which can be converted to the bra-form, by taking the adjoint:

(2.2)

where A denotes the adjoint of the operator A. On multiplying scalarly

the above two equations successively by an arbitrary bra < f | and its adjoint

I f >, then after eliminating the scalar product < g \ f >, it is possible to

verify that:

< f l ^ l > < j M 1 | / > (2.3)
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which amounts that adjointness implies transpositions and cooiplex conjugation.

Further if:

A = A (2.It)

then A is said to be intrinsically self adjoint,

becomes:

In this case Eq, (2.3)

(2.5)

3. ADJOINTNESS OF DIFFERENTIAL OPERATORS

Let us begin t h i s section by considering the l inea r d i f f e r e n t i a l

operator:

N
(3.1)

in which p (x) are assumed to be continuous and possess continuous derivatives

up t o the U-th order V x e [x , X.J and J)£ denotes the ordinary

dn

differential operator .
dx

In order to evaluate the adjoint of j t , let us first extract the

adjoint of Dn. This can be accomplished by considering the matrix element:

(3.2)
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where f(x) and g(x) are two arbitrary functions which possess continuous

derivatives up to the n-th order ¥ x £ [xn»
 x-, ] •

By employing integration "by parts n-times successively, we get:

(3.3)

The boundary terms that occur on the right-hand side can be converted into an

integral, in terms of the so-called extended Dirac delta function (Morsy and Ata

1971a), which is simply the difference:

in which S(x - x . ) ; i = 0, 1 denotes the Dirac delta function (Roubine 1970)

By virtue of the arguments of the appendix, and by employing right- and left-

handed differential operators, i t becomes possible to correct such a boundary

term to an integral form as:

>- /

a

Therefrom, one can re -express the r igh t -hand s ide of Eq. (3.3) a s :

G A;
*>=,

( 3 . 5 )
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which in view of the definition of adjointness, as given by Eq* (2.3), yields

for the adjoint, the explicit expression:

Q 2> (3.6)

The presence of the boundary terms on the right-hand sides of the above two

equations emphasizes the fact that both of the momentum and kinetic energy

differential operators are not intrinsically self adjoint. Furthermore, and

in view of Eq. (3.10), one can express the adjoint of the Hamiltonian differen-

tial operator H = T + V as;

This relation reveals the fact that the differential operator D is
x

not self adjoint by itself. However, self adjointness can be restored for

even order and if the boundary terms are forced to vanish under imposing

appropriate boundary conditions.

By particularizing the general relation, as given by Eq» (3.6), to

i = l and n = 2, one gets respectively:

D+>-'

and

T> -r - ST>

(3.T)

(3.6)

t
H = H ~ (3.11)

which proves that the Hamiltonian operator is not intrinsically self adjoint,

even if the potential V = V(x) is restricted to be real. The above relation

can be expressed in matrix representation as:

(3.12)

Therefrom, one can express the adjoints of the momentum operator p = — D

and the kinetic energy operator T = - — D respectively as
£- m x in which w[f, g] denotes the Wronskian determinant

(3,9)

and

W (3.13)

(3.10)
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It. NON SELF ADJOINTNESS AND COMPLETENESS

In order to investigate the effect of the non hermiticity of the

Hatniltonian operator H = T + V on the completeness of i t s representation

(Morsy and Ata 1971aK let us expand an arbitrary function i(i(x) in terms of an

orthonoonal set of discrete functions {1J1 (x)} as a uniformly convergent series

in the region x e [xQ, x. ] :

= 2. °

How, if we substitute for g(x) in Eq. (3.12) the difference

CO

\)j(x) - X a <f (x) which i s zero toy hypothesis, then we get

u=0

,n\'

In view of the fact that the first member of the right-hand side vanishes by

hypothesis, i t is possible to express the remaining parts as:

V=t,

Z
t

-T-

Once more, the f i rs t part of the second member of the right-hnnd side of the above

equation vanishes by hypothesis, and as a consequence (Morsy and Ata 1971a). we

get

which indicates that the operator H and the summation V~* commute everywhere

u=0

for x €. [x , x ] except at the two boundary points x = x and x = x due

to the presence of the boundary term on the right hand side of the above

equation ( Morsy and Ata 1971).

This boundary term vanishes if the function i|i obeys the same boundary

conditions as the discrete set {$,(*}} at the two "boundary points x = x.
A X

and x = xg; namely:

Such boundary condition requirements can only be satisfied for bound

state problems. However, the derivatives of the basis

function iKx) i° n°t match in scattering problems.

} and the expandable

Alternatively, such boundary terms can be avoided if the kinetic energy

differential operator T is replaced by any one of its hermitized versions

through the use of hermitization technique (Morsy and Ata 1971a).

5. HERMITIZATION PROCEDURE

In this section, it is preferred to expose first the usual inspection

method of hermitization (Morsy and Ata 1971a). This can be accomplished by

considering an ordinary differential operator with arbitrary even order,

namely:
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The corresponding adjoint, in view of Eq, (3.6) reads: and

r

(5.1)

£ = E+ 0

(5.5)

•which together with

which upon being examined, i t is possible to cast the series as a difference

between two quantities, each of which is the adjoint of the other, and as a

consequence, one can rewrite the above equations as

£ = E + 0 - O (5.2)

in which

0 =
3

O 1) (5.3a)

and

0 =0

(5.31))

On subtracting (f from E, or adding 0 to E, the extra boundary terms

cancel out, and one gets^respectively two hermitiaed versions s and E of the

form:

E = E-0
(5M

(5.6)

constitute a family of three members, each of which is intrinsically self

adjoint.

However, it is to be noted that this hermitization prescription is not

only restricted to even order, but also gives rise to a limited number of

henuitized versions.

In order to relax such restrictions and limitations, we have to look

into the matter more closely. In this respect, it is to be noted that each

member of the hermitized family, as given by equations (5.1* - 5.6), is simply

a linear combination of the individual differential operators that arise upon

extracting the adjoint, as indicated from Eq. (5.2).

In view of this, we might sugges* that one can introduce an associate

differential operator (ADO) for any given linear differential operator that is

required to be hermitized. This ADO can be expanded in terms of the individual

differential operators that belong to the adjoint of the linear differential

operator that is given, in view of their linear independence upon extracting

the adjoint of the ADO, and employing the basic criterion of intrinsic self

adjointness, one gets a set of inter-relationships between the ADO expansion

coefficients, that ensure the intrinsic self adjointness of the ADO. This; by

turn, generates in principle an infinite number of hermitized versions for the

given linear differential operator, in view of the arbitrariness of the ADO

expansion coefficients. This may provide us with a formal procedure for

heraitizing any arbitrary linear differential operator with even or odd order.

* • •

¥

1
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In order to make this idea feasible, le t us hermitize the ordinary

differential operator D in vhich n is assumed to be arbitrary. For this

purpose, let us denote the corresponding ADO by Dn, and expand i t in terms of

all individual differential operators that belong to the adjoint D , namely:

f>\ CD C

( 5 . 7 )

in which {C } ¥r = x, 2, . . . n are expansion coefficients, which axe

generally assumed to be complex. The adjoint of the above expression reads:

a c :r

which by virtue of Eq.. (3.6) becomes

» tv H - >

r"

Although the two series, that occur on the right-hand side of the above

equation, seem to be very different, yet they can be rendered common, by

performing the sum for any of then backwardly. In other vords, if the index

U is replaced by the index v such that:

i - l = n - y

-11-

one gets

—T
= C-i) C T> a s >) c *• c

• * - !

Now, it is possible to render 5 to be intrinsically adjoint by

employing the basic criterion given by .Eq. (2.!+), This implies equating the

relevant coefficients that occur on the right-hand sides of Eqs. (5.7) and

(5.8). Thereupon, one gets:

C =

(5.9)

and

c s c-

together with the restriction:

I CJ = /

(5.10)

(5.11)

Such a set of algebraic eguations provides the necessary relationships between the

expansion coefficient {C } that guarantee the intrinsic self adjointness of

D., as represented by Eq. (5.7). The outcome of this representation i s , in

fact, an infinite set of hermitized versions for differential operator D , in

view of the arbitrariness of some of the expansion coefficients.

Before leaving this section, i t should be remarked that, by virtue of

D as represented by Eqs. (5-7),- (5.9-5.11), one can construct the ADO for

any composite linear differential operator as that given by Eq. (3.1).
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6. APPLICATIONS

In this section, ve shall apply the results of the preceding section

to hermitize the momentum operator p = — D and the kinetic energy operator

T = - ̂ — D . This, in fact, can be accomplished ty particularizing the D*1

as represented by Eqs. (5.T), (5-9-5.11) for the specific cases n = 1 and

n = £ successively.

For the case n = 1, th? corresponding ADO becomes

where

c = - c

and

These relationships imply

C -

and

= -- ir
in which a is a free real parameter. Therefrom, Eq. (6.1) becomes:

(6.2)
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which can be verified to be intrinsically self adjoint for every value of the

parameter a

By virtue of Eq. (6.2), one can express the ADO for the momentum p as:

Ip = -•

f
(6.3)

which represents an infinite set of hermitlzed versions of the momentum operator

in view of the arbitrariness of the parameter cu For the choice a = 0, one

gets the simplest version for the momentum, namely:

Bow, let us move to particularize Eqs. (5.7), (5.9-5.11) for the latter

case n = 2. The corresponding ADO reads:

(6.5)

in which

a n d

r - C*+ C*

In view of the last three relations, we can rewrite Eq. (6.5) as

(6.6)
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in which a is a free complex parameter. Evidently, the ADO as given by
Eq. (6-6) can be proved to be intrinsically self adjoint for every value of o.

Bu virtue of Eq. (6.6), one can express the ADO for the kinetic energy

T = - f D2 as2m

(6.7)

which in view of the arbitrariness of the parameter a, represent an infinite
set of hermitized versions of the kinetic energy operator. However, if we
consider, in particular, o = 0, 1, 1/2 successively, then Eq. (6.7) becomes:

(6.8)

(6.9)

and

(6.10)

which represent a three-member family of hermitized versions for the kinetic
energy operator, that can be extracted by eaploying the previous prescription
(Morsy and Ata 1971a).
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7- CONCLUSION

In this paper, it has been shown that completeness does not hold, as

indicated by the presence of extra-boundary terms, in view of the fact the

Schrodinger kinetic energy differential operator is not intrinsically self

adjoint. These boundary terms may vanish under imposing appropriate boundary

conditions. However, if such appropriate boundary conditions are not available

then completeness cannot "be reserved unless the kinetic energy differential

operator is hermitized.

In this respect, a hermitization prescription has been proposed for

rendering any arbitrary linear differential operator to be intrinsically self

adjoint. This has been accomplished "by introducing the concept of the associate

differential operator (AD0}5 in which an infinite set of hermitized versions,

for the operator under consideration, can be embedded. The procedure of

constructing the ADO can be summarized in the following steps:

1. Evaluating the adjoint of the linear differential operator under

consideration, and therefrom identifying the individual ordinary

differential operators that are involved, as a basis,

2. Expanding the ADO in terms of this "basis, and regarding the correspond-

ing expansion coefficients as complex quantities,

3. Evaluating the adjoint of the ADO expansion, and employing the criterion

of intrinsic self adjointness for rendering the ADO to be hermitized.

Thereafter, one gets a set of algebraic equations that govern the expansion

coefficients, in terms of which an explicit expression for the ADO can be fixed.

In view of the arbitrariness of some of these expansion coefficients, an infinite

set of hermitized versions are embedded in the ADO.

Hermitization of momentum and kinetic energy differential operation have

been accomplished in the frame of the proposed procedure, with.the outcome of an

infinite set of hermitized versions for each of them.

As a matter of fact, the proposed hermitization procedure, turned to be

not only conceptually transparent and easily applicable, but also is juite

general, such that all possible herraitized versions, that have been previously

established by inspection, can be reproduced by appropriate specialization.
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APPENDIX

Let us s t a r t from the well-known proper ty of the Dirac d e l t a function

(Eoubine 1970), the so ca l l ed Dirac Measure, namely:

(A.I)

which is valid for any function f(x) that is continuous at the point x = x .

In view of the above defining equation, one can represent any boundary

term as an integral, namely:

fa,) -

which upon introducing the abbreviation:

becomes

U.2)

(A.3)

(A.I*)

Partitioning the interval ]- », «[ into three consecutive intervals as

one can express the above equation (A.1*) as

(A.5)

-17-
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However, in viev of the fact that both the points x = a and x = b l i e

outside the f i r s t and l a s t in te rva l s , the only contribution to the right-hand

side of the above equation (A.5) comes fora the second one: [a - £ , b +e],

and as a consequence, the above equation reads

b+i

f a) - (*,•», 4)

v.'hich in the l imi t as £ •+• 0 finally becomes

i

fib) -/ft) = ft
4

U.6)

Therefrom, one can assert tha t the interval ] - •», «[ is- equivalent
effectively to the interval [a, b] of the above integral . As a consequence,
one can write.

(.A.I)
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